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The purpose of this course is to review recent mathematical results and methods
used in the derivation of mean-field PDEs from the classical or quantum dynamics
of large particle systems.

Describing the evolution of large particle systems with the motion equations
based on the fundamental principles of physics is in general impossible in practice.
For instance, writing Newton’s second law for each gas molecule in 1 gram of argon
would result in a system of about 2 · 1023 coupled differential equations. Even if
solving the Cauchy problem for such a large system of differential equations was
possible, one would need to know precisely its initial data — i.e. the position and
momentum of each gas molecule in the gas, which is of course impossible.

For that reason, one seeks to replace the first principle description of large par-
ticle systems (which one can think of as an axiom of physics) by reduced models
governing the evolution of the “typical” particle in the system. In particular, the re-
duced model will involve few degrees of freedom — exactly as many as are involved
in the description of a single particle.

The mean-field limit is one of the regimes where such reduced models can be
derived rigorously from the fundamental principles of physics. The key idea in all
mean-field models is that the typical single particle is driven by the potential created
by the cloud of all the other particles, and that this potential can be expressed in
terms of the single particle number density. In other words, the single particle
density is driven by the self-consistent potential which it creates.

The mathematical justification of the mean-field limit involves very different
ideas and methods. This course is aimed at giving a concise, and yet precise de-
scription of the main approaches to the problem of the mean-field limit in the field
of mathematical analysis.

The main approaches used on this type of problem are:

(a) the method based on the formalism of the BBGKY hierarchy ,
(b) the method based on the empirical measure ,
(c) the method based on a direct analysis of the N -body Liouville equation ,
(d) other methods.

One of the main purpose of the present work is to outline the respective merits
of each of these methods on a few typical examples.

There is a considerable amount of literature on the subject of mean field limits.
The course is focused on the rigorous derivation of mean field equations from the
N -body problem in the context of classical mechanics, and in quantum mechanics.
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The following topics will be discussed in detail in the course.

(1) Derivation of the Vlasov equation from the N -body problem in classical mechan-
ics for Lipschitz continuous force fields (following Neunzert-Wick [10], Braun-Hepp
[1], Dobrushin [2]);

(2) Same problem as (1) on the case of singular force fields (following the work of
Hauray-Jabin [6] or Lazarovici-Pickl [8]);

(3) Derivation of the Hartree equation from the N -body problem in quantum me-
chanics (following Spohn [11]) for bounded potentials;

(4) Same problem as (3) in the case of singular potentials (following Erdös-Yau [3]
or Pickl [9]);

(5) Uniformity in the Planck constant of the mean-field limit in quantum mechanics
(following [4], [5].

Prerequisites:

The course does not assume any advanced knowledge in quantum or statistical
mechanics. The physical meaning of the mathematical objects involved in the anal-
ysis of the mean-field limit will be discussed during the course, whenever necessary.

Some familiarity with the theory of evolution PDEs will be assumed, together
with some basic knowledge on functional analysis and operator theory (especially
the definition of compact, Hilbert-Schmidt and trace-class operators).
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