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Background results

Model Problem

Dynamics:

ẏ(t ,u) = f (y(t),u(t)), y(t0) = x t ∈ (t0,∞]

Cost functional:

Jx (u) =

∫ ∞
t0

L(yx (s,u),u(s))e−λs ds, λ ∈ R+

Value Function, DPP and HJB

v(x) := inf
u(·)∈U

Jx (yx ,u(·)),

v(x) = min
u∈U

{∫ t

t0
L(yx (s,u),u(s)) ds + v(yx (t ; u))e−λs

}
,

λv(x)−min
u∈U
{f (x ,u) · Dv(x) + L(x ,u)} = 0.
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Background results

Figure: 2009: Master Thesis (left), 2014: PhD Thesis (right).
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Background results

Numerical Simulation in my Bachelor’s Thesis
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Background results

Thanks to Simone Cacace
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Background results Model Predictive Control

Model Predictive Control

Discrete dynamics:{
y(tn+1,u(tn)) = F (y(tn),u(tn)), t ∈ (t0,∞],
y(t0) = x ,

Discrete Cost Functional:

Jx (y(tn),u(tn)) =
∞∑

n=0

L(y(tn; u),u(tn))

Finite Horizon Problem:

min
u∈U

JN
y(n)(y ,u) =

N−1∑
k=0

L (y(tn+k ,u(tn+k )))

NO TERMINAL CONSTRAINTS, NO DISCOUNT FACTOR
A. Alla (Universität Hamburg) On the coupling between MPC and DP methods for OCP 9 / 22



Background results Model Predictive Control

IDEA of MPC (thanks to Prof. Grüne)

y

t0 t1 t2 t3 t4 t5 t6
t

y6

Philosophical Question!
What’s the smallest N which ensures (asymptotic) Stability?
Relaxed Dynamic Programming Principle
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Background results Hamilton-Jacobi-Bellman equations

Bellman’s Equation

Dynamic Programming Principle:

v(x) = min
u∈U

{∫ t

t0
L(yx (s,u),u(s)) ds + v(yx (t ; u))e−λs

}
.

Discrete Approximation (Value Iteration)

V k+1
i = min

u∈U
{e−λ∆t I

[
V k
]

(xi + ∆t f (xi ,u)) + ∆t L (xi ,u)}

This algorithm converges for any initial guess V 0.

Error Estimate:

max
i∈NG

‖v(xi)− Vi‖ ≤ C(∆t)1/2 +
Lf

λ(λ− Lf )

∆x
∆t

.

NG : number of nodes, Lf : Lipschitz constant of the dynamic f .
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Background results Hamilton-Jacobi-Bellman equations

Advantages and Disadvantages of the methods

DP’s PROS
1. Knowledge Value Function.
2. A-priori error estimates in L∞

3. General approach
4. Computation of feedbacks

DP’s CONS
The "curse of dimensionality"
1. computational cost
2. huge memory allocations.

MPC’s PROS
1. Easy implementation
2. Short computational time
3. High dimensional problems

MPC’s CONS
1. Feedback along one traj.
2. Selected problems
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Coupling MPC with Bellman Equations

MPC–HJB Algorithm

Algorithm

Start: Inizialization
Step 1: Solve MPC and compute yMPC

x for a given initial condition x
Step 2: Compute the distance from yMPC

x via the Eikonal equation
Step 3: Select the tube Ωρ with distance ρ with respect to yMPC

x
Step 4: Compute the constrained value function v tube in Ωρ via HJB
Step 5: Compute the optimal feedbacks and trajectory using v tube.
End
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Numerical Tests
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Numerical Tests

Infinite Horizon Problem for the Van der Pol dynamics

Dynamics: 
ẋ(t) = y(t)
ẏ(t) = (1− x(t)2)y(t)− x(t) + u(t)
x(0) = x0, y(0) = y0.

Cost Functional

Jx (u) :=

∫ ∞
0

(x2 + y2)e−λt dt .

Parameters
λ = {0.1,1},u ∈ [−1,1],#contr value = 21,#contr traj = 3,
ρ = 0.4,Ω = [−6,6]2,∆tMPC = 0.05 = ∆tHJB,∆xHJB = 0.025,
x(0) = −3, y(0) = 2.
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Numerical Tests

Infinite Horizon Problem for the Van der Pol dynamics

MPC & HJB TRAJECTORY IN THE TUBE
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Numerical Tests

Infinite Horizon Problem for the Van der Pol dynamics

λ = 0.1 MPC N=10 HJB in Ωρ HJB in Ω

CPU 65s 112s 152s
Jx (u) 14.31 13.13 12.41

λ = 1 MPC N=10 HJB in Ωρ HJB in Ω

CPU 11s 27s 46s
Jx (u) 6.45 6.12 6.07
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Numerical Tests

Minimum time problem for Zermelo dyanmics

Dynamics: {
ẋ(t) = 1 + Vb cos(u(t)), Vb ∈ R
ẏ(t) = Vb sin(u(t)) t ∈ [0, tf ).

Cost Functional

Jx (u) :=

∫ tf

0
`(x ,u)χT (t) e−λt ,dt

with T = Bε(0), ε = 0.2, running cost `(x ,a) = ‖x‖2

Parameters:
λ = 0.1,Vb = {0.6,1.4},U = [−π, π],#contr value = 72 = #contr traj,
ρ = 0.4,Ω = [−2,2]2,∆tMPC = 0.05 = ∆tHJB,∆xHJB = 0.04,
[T0,T ] = [0,1], x0 = [−1,−0.5].
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Numerical Tests

Minimum time problem for Zermelo dyanmics
MPC & HJB TRAJECTORY IN THE TUBE
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Numerical Tests

Minimum time problem for Zermelo dyanmics

Vb = 0.6 MPC HJB in Ωρ HJB in Ω

CPU 1.36s 11.15s 24.47s
FV 0.35 0.34 0.34
Vb = 1.4 MPC HJB in Ωρ HJB in Ω

CPU 0.92s 6.39s 17.61s
FV 0.23 0.2 0.2
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Numerical Tests

THANK YOU FOR YOUR ATTENTION!!!
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