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Results: Existence of ASD-BH structures on hyper-
bolic and parabolic Inoue surfaces and their small defor-
mations is shown by the twistor method of Donaldson-

Friedman.



M compact oriented smooth 4-manifold

A Bihermitian structure (BH structure) is

a triple (|gl; Jy, J2), where
e [g]: a conformal structure
e Ji, Jo: complex structures
such that
a) J; are compatible with oritentation
b) g gives hermitian metrics on
S; = (M, J;), 1=1,2
c) J1 # £



Anti-self-dual bihermitian structure is

(lg]; J1, Jo) with [g] anti-self-dual
ie., Wi =0 (self-dual Weyl curvature)

Example:

Hyperhermitian structure is:

a pair (g, {Jt}4cg2), where
e J+: complex structures on M

® g: a Jy-invariant metric

Take Jy = Jy, Jo = Jy,a,b € 8%, a # +b;
then (|g], J1, J2) are ASD-BH



Necessary conditions

([g], J1, Jo) ASD-BH structure on M which is

not hyperhermitian.

Then for S = 51,59 we have:

e S is a surface of class VII
(i.e. by =1 and kK = —00) (Boyer)
e S admits an effective and disconnected anti-

canonical divisor (Pontecorvo)



Classification of surfaces as above

with m{ = Z

(Nakamura, Pontecorvo, Dloussky, Apostlov-Grancharov-Gauduchon)

1) S minimal: S is one of the following:
e diagonal Hopf surface (by = 0)
e parabolic Inoue surface (by > 1)

e hyperbolic Inoue surface (by > 2)

2).S not minimal: S is a blowing-up of one
of the surfaces in 1) at a finite number of
points lying on a fixed anti-canonical divi-

SOI



The above surfaces are all diffeo. to
Mm] = (ST x SB)#mPZ

# connected sum

P’ complex projective plane with ori. reversed



Anti-canonical divisors of surfaces in 1)

e diagonal Hopt surface
—K =F1+ E»
E; smooth elliptic curves (in general unique)
e parabolic Inoue surtace
—K=FE+C
E a smooth elliptic curve,
(' a cycle of rational curves (unique)
e hyperbolic Inoue surface
—K =C1+Ch

C; cycles of rational curves (unique)



Known examples

e S diagonal Hopf surface
S=(C*=0)/{u),p: (2,w) — (az, fw)
0<lal,|8] <1
S carries ASD-BH |a| = ||
(Pontecorvo)
e Certain blowing up diagonal Hopf surfaces

and certain parabolic Inoue surfaces carries

a ASD-BH structures (LeBrun)
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Main Reustls:

S': hyperbolic Inoue surface with by = m > 2

Theorem 1

3 real m-dimensional smooth family
{(glts J1.t: J2.0) heer

of ASD-BH structures on M|m)

with U a smooth manifold such that
S1+ =S, Sy =tS

where S is a transposition of S.

The family is universal at each t.
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Theorem 2

3 real 3m-dimensional smooth families
{(gle; J1ts Jot) Hrev

of ASD-BH structures on M |m|
with V' a smooth manifold,
extending the above family, such that:
if an ‘anti-canonical pair’ (57, C") is sufficiently
close to the given (S,C), S’ = S1 ¢ for some
teV.

The family is universal at each t.



12

Idea of Proof

S hyperbolic Inoue surtace with
o
I M = Mm)
Penrose correspondence

(9l J1t, Jop) <= (Zt, ST S5

e /; : twistor space with smooth fibration

p: Ly — M
oL, =plx)re M= P! twistor lines

e 0/ — /: real structure
o S];tt C Z: smooth sections of p

o -conjugate to each other



13

Start of construction

1) smooth K-action on mPQ, K :=5Stx 8!
2)3 an (m — 1)-dim. smooth family of K-
invariant ASD-structures on mP> (Joyce)

3) Z : associated twistor space with

G-action, G := C* x C*
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Donaldson-Friedman method

1) L;, L; : twistor lines
z Lz
U U
Q:I11Q; — Li[1L;

blowing up with exceptional divisors
Qr = p ' (Lg),k=1i,j, = P' x P!
2) ¢ Q; — Q; : suitable isomorphism
7 = Z/p : singular twistor space
with singular locus Q) = Q).
3) Z¢: smoothings of Z by complex analytic
deformations; they are twistor spaces over

M|m)| for ‘real’ t
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+
Surfaces S it
+ o .
® (5,5, ), 1<k<m+2:
o-conjugate, G-invariant and S]zt Ly =1
o S]f are smooth toric surfaces,
intersect transversally along
L = S]j NS, G-invariant twistor line
e Choose 7 and j with |i — j| > 2
Ogi, Si, [=1,7:
+. 5 5ot
proper transforms of S;" in Z, Z (S}~ are
disjoint with ordinary double curve con-

tained in Q)
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Smoothing
D = (Z, SA,&i, S]i) — Dy = (Zy, St

1,07

=+ .
S5)
a smoothing such that

[

oy Sj-ct: hyperbolic Inoue surtaces which are

transpositions of each other
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Structure of S lit

1) C'-i: anti-canonical cycle of SZ.jE
2) L; € C= with L? = 1

)
3) SjE is a blow-up ofp € C’i
4) = identification of L; and E;
5) is thus a singular toric surface with

ordinary double curve
6) 34 smoothing S = , of 57 57 which is a hyper-

bolic Inoue Surface (Nakamura)
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Important facts

e Any hyperbolic Inoue surface is obtained
in this way

e By suitable choice of K-action and 7, 7 any
toric surface as above is produced

e Any smoothing Sli — Sl:i:t extends to a

smoothing D — Dy



Smoothing result for (Z, S)

(Z,S): our main object, where
S = g@USj,Sl = SZFUSZ_
Kuranishi family of log-deformations of (Z, S)

g:(2,8) =T, (Z,,S)=(2,5), oeT
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Theorem 3
1) T is smooth, dimT" = 3m,
1D = UZQZ%O D; divisor with nc in T
such that
oift € T'— Dy, Z; is smooth and Slj’—Lt s a
smooth surface of class VII with discon-
nected anti-canonical divisor
o/ = ﬂgzbl D; (smooth, dim I = m)
ift € I — Dy, Slj,_: ~ S S the given
hyperbolic Inoue surface and its transpo-

sition (by a suitable choice of the initial data)
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2) g is universal and ¢ induces a real structure

on 7' canonically.

[ft € T'— Dy is a real point, (Z, Sﬁ, S;—Lt)

1s a desired twistor triple.
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Computation of cohomological invariants

Theorem 4
1) (Obstructions)
H%(Z, O, (—log S)) =0
Ext%Z(QZ(log 5),0,) =0
2)  (Dimensions of moduli)
dim H'(Z,0 ,(—1log S)) =m — 1
dim Ext})Z(Q 5(log S),0,) = 3m
3) (Automorphism group)
dim Ext%Z(QZ(log S), 0O,)=0
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Problems:

Hyperbolic Inoue Case:

In By = (lg]s, J14, Jo4) the m-dim. parameter is di-
vided into (m — 1)-dim. parameters for the initial Joyce
metrics and 1-dim. smoothing parameters.

e Does the ‘period’ £[3]; € H'(M[m], R) = R goes
to &=00 when ¢ — o along the smoothing parame-
ter.

e What are the global moduli space of our structures
like as a smooth orbifold 7

e A generalization of the construction: Start with a
finite number of Joyce ASD structures and form
a cycle of (blown-up) Joyce twistor spaces. Then

try the same deformation construction. Are new

ASD-BH structures obtained ?
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e Relation of our ASD structures on M |m] with those
constructed by Joyce, which are invariant by local
K-action.

Both have the same m-dimensional parameters.
Note that the universal covering of hyperbolic In-
oue surface is a K-invariant domain of a toric sur-
face.

In our case the universal covering of Z admits a

(G-action.
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Parabolic Inoue Case:

e Compare our ASD structures with those by LeBrun
which are invariant by the semi-free S*-action. In
our case (Z,5) admits a C*-action. They seem to
have the same number of parameters m + 1.

e [s the algebraic dimension of Z; one for some ¢7?



