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Figure 1. On the left, the plot of the surface of a rectangular
waveguide without twisting; in the right, plot of the surface of the
twisted rectangular waveguide. Bold line represents the boundary
of ω.

Hamiltonians

H̃0
ε = −∆ and H̃V

ε = −∆ + V (x) in L2(Ωε)

with Dirichlet boundary conditions at ∂Ωε. The operator H̃V
ε is associated with

the closed quadratic form

Q̃V
ε [ψ] :=

∫

Ωε

[

|∇ψ|2 + V (x) |ψ|2
]

dxds , (2)

with the form domain D(Q̃V
ε ) = H1

0(Ωε).
Given a test function ψ ∈ C∞

0 (Ω) it is useful to introduce the following shorthand,

∂τψ := y∂zψ − z∂yψ. (3)

As usual in such situations, in order to analyze the operator H̃V
ε we pass from

the twisted tube Ωε to the untwisted tube Ω by means of a simple substitution of
variables. This gives

QV
ε [ψ] =

∫

Ω

(

|∇sψ|2 + |∂xψ + εα̇(x)∂τ ψ|2 + V (x) |ψ|2
)

dxds ,

with the form domain D(QV
ε ) = H1

0(Ω) and with the notation

∇sψ := (∂yψ, ∂zψ) .

In other words, the operator HV
ε , associated with QV

ε and unitarily equivalent to
H̃V

ε , acts on its domain in L2(Ω) in the weak sense as

HV
ε = −∂2

y − ∂2
z − [∂x + εα̇(x) ∂τ ]2 + V (x) = HV

0 + UV
ε ,

where

HV
0 = −∂2

x − ∂2
y − ∂2

z + V (x)

3

FIG. 1: The Hilbert space of the system: an effective super-
selection rule appears as the coupling K to the apparatus is
increased.

U I(t) = limK→∞ U I
K(t) satisfies the intertwining prop-

erty U I(t)P I
n(0) = P I

n(t)U I(t), i.e. maps HP I
n
(0) onto

HP I
n
(t):

ψI
0 ∈ HP I

n
(0) → ψI(t) ∈ HP I

n
(t). (18)

In the Schrödinger picture

ψ0 ∈ HPn
→ ψ(t) ∈ HPn

, (19)

whence

ρ(t) = e−iHtU I(t)ρ0U I†(t)eiHt = U(t)ρ0U†(t), (20)

where U(t) has the property (15) and the probability to
find the system in HPn

satisfies Eq. (9) and is therefore
constant: if the initial state of the system belongs to
a given sector, it will be forced to remain there forever
(QZE).

Even more, by exploiting the features of the adiabatic
theorem in greater details, it is possible to show that, for
time independent Hamiltonians, the limiting evolution
operator has the explicit form [22]

U(t) = exp[−i(Hdiag + KHmeas)t], (21)

where

Hdiag =
∑

n

PnHPn (22)

is the diagonal part of the system Hamiltonian H with
respect to the interaction Hamiltonian Hmeas.

Let us briefly comment on the physical meaning. In the
K → ∞ limit, due to (15), the time evolution operator

becomes diagonal with respect to Hmeas, [U(t), Hmeas] =
0, an effective superselection rule arises and the total
Hilbert space is split into subspaces HPn

that are invari-
ant under the evolution. These subspaces are defined by
the Pn’s, i.e., they are eigenspaces belonging to distinct
eigenvalues ηn: in other words, subspaces that the ap-
paratus is able to distinguish. On the other hand, due
to (22), the dynamics within each Zeno subspace HPn

is governed by the diagonal part PnHPn of the system
Hamiltonian H . This bridges the gap with the descrip-
tion (1)-(9) and clarifies the role of the detection appa-
ratus. In Fig. 1 we endeavored to give a pictorial rep-
resentation of the decomposition of the Hilbert space as
K is increased. It is worth noticing that the superselec-
tion rules discussed here are de facto equivalent to the
celebrated “W3” ones [23], but turn out to be a mere
consequence of the Zeno dynamics.

Four examples will prove useful. First example: recon-
sider H3lev in Eq. (10). As K is increased, the Hilbert
space is split into three invariant subspaces (the three
eigenspaces of Hmeas = τ1): (level |1〉) ⊕ (level |2〉 + |3〉)
⊕ (level |2〉 − |3〉).

Second example: consider

H4lev =







0 Ω 0 0
Ω 0 K 0
0 K 0 K ′

0 0 K ′ 0






, (23)

where level |4〉 “measures” whether level |3〉 is populated.
If K ′ ' K ' Ω, the total Hilbert space is divided into
three subspaces: (levels |1〉 and |2〉) ⊕ (level |3〉+ |4〉) ⊕
(level |3〉−|4〉). Notice that the Ω oscillations are restored
as K ′ ' K (in spite of K ' Ω). A watched cook can
freely watch a boiling pot.

Third example (decoherent-free subspaces [24] in quan-
tum computation). The Hamiltonian [25]

Hmeas = ig
2

∑

i=1

[b |2〉ii〈1|− H.c.] − iκb†b (24)

describes a system of two (i = 1, 2) three-level atoms in
a cavity. The atoms are in a Λ configuration with split
ground states |0〉i and |1〉i and excited state |2〉i, while
the cavity has a single resonator mode b in resonance
with the atomic transition 1-2. Spontaneous emission
inside the cavity is neglected, but a photon leaks out
through the nonideal mirrors with a rate κ. The (5-
dimensional) eigenspace HP0

of Hmeas belonging to the
eigenvalue η = 0 is spanned by

{|000〉, |001〉, |010〉, |011〉, (|021〉− |012〉)/
√

2}, (25)

where |0j1j2〉 denotes a state with no photons in the cav-
ity and the atoms in state |j1〉1|j2〉2. If the coupling g
and the cavity loss κ are sufficiently strong, any other
weak Hamiltonian H added to (24) reduces to P0HP0
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Metastable states in a model of spin 
dependent point interactions

The analysis of time decay of resonances will proceed as follows:

(1) define an “unperturbed” Hamiltonian Ĥ0 in a way such that the spectrum
has one eigenvalue embedded in the continuous spectrum

(2) define Hamiltonian Ĥ as a self-adjoint perturbation, in some suitable
sense, of Ĥ0

(3) show that the embedded eigenvalue turnes in a resonance

(4) estimate the decay times of such a metastable



Point Interaction: a very short introduction



Gk(x− y) =
eik|x−y|

4π|x− y| k > 0

satisfies, in the sense of distributions, the equation (−∆− z)Gz = δy, where δy

is the three dimensional Dirac delta centered in y.

(Hα − k2)−1 = (H − k2)−1 +
4π

4πα− i k
(Gk̄(· − y), · )Gk(· − y)

Being D(Hα) = Ran[(Hα − k2)−1] it is easily seen that

D(Hα) =
{

ψ ∈ L2(R3) : ψ = ψk + qGk(· − y); ψk ∈ H2(R3),

q =
4πψk(y)
4πα− i k

, k2 ∈ ρ(Hα), k > 0, −∞ < α ≤ ∞
}

(Hα − k2)ψ = (H − k2)ψk

Function ψk(x) is called regular part and often constant q is referred to as
charge.
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Hαψ = −∆ψ ∀ψ ∈ C∞0 (R3\y)

Point Interaction: a very short introduction



Point Interaction: a very short introduction



Point Interaction: a very short introduction
The spectrum of Hα:

σac(Hα) = [0,∞)

If α < 0, Hα has one eigenvalue

σpp(Hα) = {−(4πα)2} −∞ < α < 0

the corresponding normalized eigenfunction is

φ0 =
√

2|α|e
4πα|x−y|

|x− y|

If α ≥ 0, then σpp = ∅.



Point Interaction: a very short introduction
The spectrum of Hα:

σac(Hα) = [0,∞)

If α < 0, Hα has one eigenvalue

σpp(Hα) = {−(4πα)2} −∞ < α < 0

the corresponding normalized eigenfunction is

φ0 =
√

2|α|e
4πα|x−y|

|x− y|

If α ≥ 0, then σpp = ∅.

For every k ∈ R3 the generalized eigenfunction of Hα corresponding to the
energy E = |k|2 in the continuous spectrum is given in closed form by

Φy
±(x, k) = eikx +

eiky

4πα ± i|k|
e∓i|k||x−y|

|x− y|
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R̂0(z) = R(z) +
∑

σ,σ′

(
(Γ0(z))−1

)
σ,σ′〈Φz̄

σ′ , · 〉Φz
σ z ∈ C\R ,
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Let −∞ < α !∞, then

D(Ĥ0) :=
{

Ψ ∈ H
∣∣∣ Ψ = Ψz +

∑

σ

qσΦz
σ ; Ψz =

∑

σ

ψz
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4
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4
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For all −∞ < α < 0 the lowest eigenvalue, E0,−, is below the threshold of
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√
2β ! α < 0 the second eigenvalue is embedded

in the continuous spectrum, −β ! E0,+ < β.

d = 2.
E0,− = −β − 4e−2(2πα+γ) ; E0,+ = β − 4e−2(2πα+γ) . (2)

The lowest eigenvalue, E0,−, is always below the threshold of essential
spectrum if −(ln(
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Turning to resonances



R̂ε(z) = R(z) +
∑

σ,σ′

(
(Γε(z))−1

)
σ,σ′〈Φz̄

σ′ , · 〉Φz
σ z ∈ C\R ,

Let −∞ < α !∞ and 0 < ε# α, then

D(Ĥε) :=
{

Ψ ∈ H
∣∣∣ Ψ = Ψz +

∑

σ

qσΦz
σ ; Ψz =

∑

σ

ψz
σ ⊗ χσ ∈ D(H); z ∈ ρ(Ĥε) ;
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For d = 1, 2, 3 the point spectrum is given by real roots of equation det Γε(z) = 0.
There exists ε0 > 0 such that for all 0 < ε < ε0

d = 1. If 0 ! α ! ∞ the point spectrum is empty. If −∞ < α < 0 the point
spectrum consists of one simple eigenvalue Eε,− < −β.

d = 2. For α =∞ the point spectrum is empty. For all −∞ < α <∞ the point
spectrum consists of one simple eigenvalue Eε,− < −β.

d = 3. If 0 ! α ! ∞ the point spectrum is empty. If −∞ < α < 0 the point
spectrum consists of one simple eigenvalue Eε,− < −β.
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Conclusions

The system we have analyzed is made of a localized q-bit, a two level model atom, and a 
particle, interacting with the q-bit via zero range forces.

We have reproduced in a solvable model the mechanism of formation of a resonance.

The generalization to an N-level atom is straightforward.

Model with a gas of non interacting particles are under study.


