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Abstract. We prove symmetry, and some related properties, of positive
solutions of second order elliptic equations. Our methods employ various
forms of the maximum principle, and a device of moving parallel planes to a
critical position, and then showing that the solution is symmetric about the
limiting plane. We treat solutions in bounded domains and in the entire space.

1. Introduction

1.1 In an elegant paper [8], Serrin considered solutions of second order elliptic
equations satisfying over-determined boundary conditions. For equations with
spherical symmetry he proved that the domain on which the solution is defined is
necessarily a ball and that the solution is spherically symmetric. The proof is based
on the maximum principle and on a device (which goes back to Alexandroff; see
Chap. 7 in [3]) of moving parallel planes to a critical position and then showing
that the solution is symmetric about the limiting plane.

In this paper we will use the same technique to prove symmetry of positive
solutions of elliptic equations vanishing on the boundary — as well as related
results (including some extensions to parabolic equations). Some of the equations
we treat are related to physics and our techniques should be applicable to other
physical situations. We study solutions in bounded domains and in the entire
space. The simplest example in a bounded domain is

Theorem 1. In the ball Q:|x|<R in R", let u>0 be a positive solution in C*Q) of

Au+ f(u)=0 with u=0 on |x|=R. (L.1)
Here fis of class C'. Then u is radially symmetric and
ou

a <0, for O0<r<R.
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The point of interest is that the result holds no matter what f is. We should
note that f(u)=0 for all u, implies that any nontrivial solution is automatically
positive in Q.

Theorem 1 is a special case of Theorem 1’ in Sect. 2. Another simple special
result is:

Theorem 2. Let u>0 be a C? solution of (1.1) in a ring-shaped domain
R <|x|=R.
Then

du R'+R
a <0 for

SIx|<R. (1.2)

This implies that u can have no critical point in this larger half of the ring. Note
that no condition is imposed at the boundary |x|=R'.
A third simple result (see Theorem 3" in Sect. 3 for a more general form) is:

Theorem 3. Let u(x) be a C? solution of the ordinary differential equation
u+bx)u+ f(u)=0 on O<x<t, (1.3)

with u continuous on 0<x =<1 and u(x)>u(1) for 0<x<1. Here feC', and b(x) is
continuous in 0 <x < 1. If b(x) =0 everywhere then

u<0 on i<x<l. (1.4)

Furthermore if i(3) =0 then u is symmetric about 5 and b(x) is necessarily identically
zero.

As an example: u=1—cos2nx is a solution of
i+4ni(u—1)=0, 0=x<1
satisfying all the conditions of the theorem.

1.2 Our interest in these questions grew out of a study of positive solutions in IR”,
n>2 (n=4 in particular) of the equation
n+2

Au+u-2=0. (1.5)
This is the Euler equation for the function (“action”)

_ 2n
a2

1 ,
Aw)= | (5 lgrad u|* — F) dx, f

R»

Equation (1.5) and the associated action are conformally invariant in the sense
that if u is a solution, then after a conformal mapping x—y the function

2—n

o(y) =u(x)J 2" (x), (1.6)
where J is the Jacobian, is also a solution. lfgr n=4, Eq.(1.5) as well as the

corresponding, but simpler, equation Au=u""2 studied in [5], and the linear
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equation u=0, give rise to bona-fide solutions of the classical Euclidean Yang-
Mills equations via ‘t Hooft’s Ansatz [1,9]. Equation (1.5) has the explicit
solutions (replace x by ix in the solutions of page 250 of [5])
n-2
[n(n—2)2%] ¢
(}»Z-l- |x_xo|2)n/2— 1

u(x)= (1.7)

for >0, x e R". These solutions yield the well-known one-instanton solutions in a
regular gauge of the Yang-Mills equations. We used the same methods as in the
proofs of the preceding results to show that these are the only positive solutions in
R" with reasonable behaviour at infinity, namely u=0(|x|>""). This behaviour
follows from the finiteness of the action — as was proved by K. Uhlenbeck (private
communication). This uniqueness result together with the well known properties
(see [5]) of Adu=u"*2/"=2 and of Au=0 ([4]) show that anY finite action solution
of the full Yang-Mills equations given by ‘t Hooft’s Ansatz is self-dual.

Subsequently it was brought to our attention by R. Schoen that our uniqueness
result is equivalent to the following geometric result due to Obata [6]: A
Riemannian metric on S" which is conformal to the usual one and having the same
constant scalar curvature, is in fact the pullback of the usual one under a
conformal map of S” to itself.

As a demonstration of the use of our methods in the full space we present a
related result for equations which are rotationally, but not necessarily confor-
mally, invariant. For convenience we suppose n>2.

Theorem 4. Let v>0 be a C? solution of an elliptic equation
F(v,lgrad v|*,) v o0 . tr A tr A2, tr 4)=0 in R" (1.8)

where A=the Hessian matrix {v,;}, here FeC! for v>0 and all values of the other
arguments.

Assume that near infinity, v and its first derivatives admit the asymptotic
expansion (using summation convention) :

1 a.x, a,x.x 1
= ——lay+ L 4 Ik 0(—
lxl'"( o T e TN

m ax; a; 2x; 1
Ux,:_lxln1+zxi a0+ |X| +]X'm+2 _l |m+4 1 j+0 l lm+3

Jor some m, a,>0. Then v is rotationally symmetric about some point and v, <0 for
r>0 where r is the radial coordinate about that point.

(1.9)

Here, to say that an equation G(x, v, v;,v;,) =0 is elliptic means G, is a positive
definite matrix for all values of the arguments.

It is natural to ask under what conditions one can assert that expansions of the
form (1.9) hold. Here is an example:

Proposition 1. Let ve C***, 0<u<1, be a positive solution of

Av+ f(v)=0 (1.8)
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n+2 k.
P go)=flop " s
n—2

Holder continuous on 0<v=uv, where v, is the maximum of our solution. Then
expansions (1.9), with m=n—2, hold for |x| large.

with v(x)=0(x]*>"") as x— . Assume that for some k=

Example. The function
o) = (1 +]x]) 20

satisfies (1.8)" with

n+6 4 1/2
f(u):(n2—4)07~7(u2—"—1) .

n+4

This satisfies the conditions of the proposition with k= >
n—

1.3 Our results are based on a well-known form of the maximum principle [ 7] for
a C? solution u<0 of the differential inequality (we use summation convention)

Lu=a;{x)u, . +bxu, +c(x)uz0 (1.10)

in a domain Q (open connected subset of R"), and the corresponding Hopf
boundary lemma [7]. Here L is a uniformly elliptic operator, ie., for some
constant ¢, >0

a,&:EZcolél, (1.11)

j=r=

and the coefficients of L are uniformly bounded in absolute value.

Maximum Principle. If u vanishes at some point in Q then u=0.

We use the Hopf lemma in the form:

Lemma H. Suppose there is a ball B in Q with a point PedQ on its boundary and
suppose u is continuous in QUP and u(P)=0. Then if u%=0 in B we have for an
outward directional derivative at P,

Ju

5;(P)>0,

in the sense that if Q approaches P in B along a radius then

. u(P)—u(Q)
o IP=g)

This is well known in case ¢(x) <0 (see Theorem 7, p. 65 of [7]) but, as already
observed by Serrin in [8] p. 310, the more general result follows by the same
argument used to prove the maximum principle in the form above. For the
convenience of the reader we include the derivation, using the well known result
for case c=0.

Proof. With

>0.

v=e *u, a>0
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one obtains
0L Lu=e"'L'v+vL(e*)

where L' is an elliptic operator containing no zero-order term. Thus
0<Lv+v(a,,2*+ba+c)=Lv+cv.

For a sufficiently large, ¢’ =0. Hence, since v <0,
Lv=0 in Q.

As v(P)=0 we have by the usual form of the Hopf lemma,

ov

5,(P)>0,

and the desired result follows since u (P)=e*"'v (P).
We shall also use the following consequence of the maximum principle.
Corollary. Suppose in (1.10) that for some positive constants m, b, ¢,
a,zm>0, b, z2-b, c=¢.
Assume that Q lies in a narrow region
a—e<x,<d,

and u is a solution of the inequality (1.10) in Q with u<0 on 0Q. Then u<0 in Q
provided

¢, exp(2be/m)<c, +2b*/m.

The proof makes use of arguments in [2] pages 330-331; for convenience we
present it here. See also [7] pages 73-74.

Proof. For o.=2b/m the function
g=e
is positive in Q and satisfies
—Lg=(a,,0*+b,x)e™ —c(e™— ™)
= (mo? — ba)e™ — ¢ (e — ™).
Thus
—e ™ Lgz=mu*—by+c, —c e*
2b? .
= +cy—ce*  (since a=2b/m),
=0 by our hypothesis.
Consequently the function

u
v=—
g
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satisfies

L’v—l—ng—g =0 in Q

where L’ is an elliptic operator with no zero-order term. Since Lg/g <0 and v <0
on 0Q, the usual form of the maximum principle yields v <0, and hence ¥ <0 in Q.

In Sect. 3 we will also make use of an extension of the Hopf boundary lemma,
at a corner, due to Serrin (Lemma 2 in [8]). Since it may be of further interest we
present a slightly more general form (requiring however a bit more smoothness of
the coefficients):

Lemma S. Let Q be a domain in R" with the origin O on its boundary. Assume that
near O the boundary consists of two transversally intersecting C? hypersurfaces ¢ =0
and o=0. Suppose 9,0 <0 in Q. Let w be a function in C*(Q), with w<0 in Q,
w(0)=0, satisfying the differential inequality (1.10) in Q with uniformly bounded
coefficients satisfying (1.11). Assume

4;0,0,,20 at 0. (1.12)
If this is zero assume furthermore that a;;e C* in Q near 0, and that
D(a;0.0,)=0 at O, (1.12)

for any first order derivative D at O tangent to the submanifold {¢=0}n{o=0}.
Then, for any direction s at O which enters Q transversally to each hypersurface,

¢
a_w <0 at O in case of strict inequality in (1.12),
s

0 A2
6—W <0 or i v; <0 at O in case of equality in (1.12)
s 0s

(1.13)

Note that conditions (1.12) and (1.12') are invariant under change of coor-
dinates, and of the choices of the particular functions ¢ and ¢ representing the
bounding hypersurfaces. The proof will be presented in the Appendix together
with a rough extension in case (1.12) is weakened (see Lemmas A.1 and A.2).

1.4 In addition to the maximum principle and Lemmas H and S we use the
procedure of moving up planes perpendicular to a fixed direction as in [8], and we
shall now describe it geometrically.

In the following Q is a bounded domain in IR" with smooth boundary. (Some
domains with corners will be discussed in §3.) R

Let y be a unit vector in R" and let T, be the hyperplane y-x = 4. For A=/ large,
T is disjoint from Q. Let the plane move continuously toward Q, preserving the
same normal, i.e., decrease A, until it begins to intersect Q. From that moment on,
at every stage the plane T, will cut off from Q an open cap Z(4),, the part of 2 on
the same side of T, as T;. Let 2(4) denote the reflection of 2(4) in the plane T,. At
the beginning, 2'(4) will be in Q and as 1 decreases, the reflected cap 2'(4) will
remain in Q, at least until one of the following occurs:

(i) Z'(A) becomes internally tangent to 0Q at some point P not on T,
or
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(ii) T, reaches a position where it is orthogonal to the boundary of Q at some
point Q.

We denote by T, :7-x=4, the plane T, when it first reaches one of these
positions and we call X(4,)=2, the maximal cap associated with y. Note that its
reflection 27 in T lies in Q.

One of our main results will be that if u>0 is a solution of an elliptic equation
in Q satisfying certain conditions, with u=0 on €, then y-gradu<0 in 2.

It may be that if we decrease A below 4, the reflection 2'(2) of X(4) in the plane
T, continuous to belong to Q as in the following example:

Fig. 1

In that case 2’(Z) will remain in @ for 1 in a maximal interval
MyEA<o0,  J,=A.

We will call the cap X(4,) the optimal cap corresponding to the direction y. Clearly
either 2'(/,) is internally tangent to 0Q at some point not on T, , or T, is
orthogonal to 6Q at some point.

A word on notation: For a set S in 0, by a neighbourhood of S in Q2 we mean
Qn (an open neighbourhood of S in R").

Section 2 contains the main results for general second order elliptic equations —
including the proofs of Theorem 1-3. Some extensions are given in 3 and
straightforward extensions to parabolic equations are briefly described in Sect. 5.
Section 4 is concerned with the proofs of Theorem 4 and Proposition 1. This may
be read independently of the other sections. The Appendix contains the proof of
Lemma S.

2. Principal Results and Proofs

2.1. Theorems 1 and 2 follow from a single result which, for simplicity, we first
present in a special form. The more general form is presented in Theorem 2.1".
Consider a solution ue C*(Q) of

Au+b,(x)u, + f(u)=0 inQ (2.1)
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with b,eC(Q) and feC!. Here Q is bounded with smooth boundary Q; for
xedQ, v(x) is the exterior unit normal.
In our construction of caps in the introduction, let 7 be the unit vector

(1,0,...,0) and assume max x, =4 Let X=X =2X(4,) be the corresponding
maximal cap; the corresponding plane T, containing part of its boundary is
X, =/ <lg.

The reflection of X in the plane T, is called 2.
Concerning the solution u we now require
(@) u>0in Q, ue CHQn{x, >4,}), and u=0 on QN {x, > 1, .
Note that no condition on u is required on the rest of the boundary.
For any x in Q we use x” to denote its reflection in the plane T, :x, = 4.

Theorem 2.1. Let u be as above, satisfying condition (a) and assume
by(x)z0 in ZuX.
For any /. in /., </ <2/, we have
u (x)<0 and ux)<u(x?) for xeX(A). (2.2)

Thus u, <0 in X. Furthermore if u, =0 at some point in Q on the plane T, then
necessarily u is symmetric in the plane T,

Q=202"U(T, NQ), (2.3)
and b,(x)=0.

Theorems 1-3 are immediate consequences.
Proof of Theorems {. Applying Theorem 2.1 we see that

u, <0 if x>0

- for any choice of our x, axis. It follows that u, >0 if x;, <0. Hence u, =0 on
x; =0. By the last assertion of Theorem 2.1 we infer that u is symmetric in x,. Since
the direction of the x, axis is arbitrary it follows that u is radially symmetric and
u, <0 for 0<r<R.

Proof of Theorem 2. We may again choose any direction y as positive x, axis. It
follows from Theorem 2.1 that in the corresponding maximal cap 2, - gradu <0.
The union of these maximal caps is the region (R'+ R)/2 <|x|<R.

Suppose for some point y with |y|=(R"+ R)/2, u,(y)=0. Then with y=y/|y| we
conclude from the last assertion of Theorem 2.1 that Q=X uX’ which is
impossible.

The proof also shows that for |x|>(R'+ R)/2, v-gradu(x) <0 for any vector v
making an angle less than (n/2 — 0) with the vector x (see Fig. 2).

Proof of Theorem 3. There are sequences ¢,, ,—0 such that u(x)>u(1 —¢,) on the
interval ¢,<x<1—¢, Applying Theorem 2.1 to u(x)—u(l—¢,) on that interval
and then letting n— oo we easily obtain the result.
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Fig. 2

2.2. For convenience we write u, =u; etc. Before proving Theorem 2.1 we first
apply the maximum principle and Lemma H to derive two preliminary results.

Lemma 2.1. Let x,€0Q with v,(x,)>0. For some ¢ >0 assume u is a C* function in
Q. where Q,=Qn{]x—x,/<e}, u>0 in Q and u=0 on IQn{|x—x,|<e}. Then
36 >0 such that in Qn{lx—x,| <o}, u, <O0.

Proof. Since u>0 in £, necessarily, u, <0, on 0Q2n{|x—x,|<e}=S, and hence
u, =0 on S, for v, >0 everywhere there, which we may assume, by decreasing ¢ if
necessary.

If the lemma were false there would be a sequence of points x/—x,, with
u,(x)=0. For j large the interval in the x, direction going from x/ to éQ hits S at a
point where u, £0. Consequently, by the theorem of the mean,

u(xg)=0 and wu,(x,)=0.

Suppose f(0)=0. Then in Q,, u satisfies

Au+byu, + f(u)— f(0)=0 2.1)
or, by the theorem of the mean, for some function ¢,(x),

Au+bu +c (x)u=s0.
Applying Lemma H to the function —u we find

u(x,)<0, andso u(x,)<0

— a contradiction. So suppose f(0) <0. From (2.1) we see that at x,, gradu=0 and
Au= — f(0). But then it follows that

u,. == [0y, at x,.

X x;
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In particular u,,(x,)>0 — again a contradiction. The lemma is proved.
Lemma 2.2. Assume that for some 4 in A, SAi<i, we have
u,(x)<0 and u(x)Su(x*) but u(x)Eu(x?) in X(}). (2.2)
Then u(x)<u(x*) in 2(7) and u,(x)<0 on QNT,.
Proof. In 2'(2)=the reflection of X(4) in the plane T,, consider
v(x)=u(x");
note x*e X(4). In X'(4) v satisfies the equation
Av—b,(x*v, + f(v)=0
and v, 20. If we subtract (2.1) we find
Av—u)+b,(xX)v—u), + [ ()= fw)=(b,(x")+b,(x),
0 (2.4)

in 2’(2), since v; 20 and b, 0. Using the theorem of the mean in integral form we
see that in 2'(/)

wx)=o(x)—u(x)<0, w=0,

v

and
Aw(x)+ b (xX)w, +c(x)w =0 (2.1

for some function ¢(x). Since w=0 on T,NnQ it follows from the maximum principle
and Lemma H that w<01in 2’(2)and w, >0 on T,. Buton T,, w, =v, —u, = — 2u,,
and the lemma is proved.

Proof of Theorem 2.1. It follows from Lemma 2.1 that for A close to Ay, £ <4, (2.2)
holds. Decrease A until a critical value u= 4, is reached, beyond which it no longer
holds. Then (2.2) holds for 4> u, while for 2=y we have by continuity,

u(x)<0 and u(x)<u(x*) for xeZ(u).

We will show that = 2,. Suppose u>4,. For any point x,e€ d2(u)\T, we have
xfeQ. Since 0=u(x,) <u(xf) we see that u(x)Zu(x*) in Z(u). We may therefore
apply Lemma 2.2 and conclude that

ux)<u(x*) in X(u) and wu, <0 on QnT,.

Thus (2.2) holds for 2= pu. Since u; <0 on QN T, we see with the aid of Lemma 2.1
that for some ¢>0

u, <0 in Qni{x,>u—se}. (2.5)

From our definition of ¢ we must then have the following situation. For
j=1,2, ... there is a sequence i/,

hy <Ko,
and a point x; in X(Z/) such that

. 2
u(x;) 2 u(x;
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A subsequence which we still call x; will converge to some point x in Z(u); then
xj"—»x” and u(x) = u(x"). Since (2.2) holds for 2= p we must have xe 02 . If x is not
on the plane T, then x* lies in £ and consequently

0=u(x)<u(x")

which is impossible. Therefore xeT, and x*=x. On the other hand, for j
sufficiently large, the straight segment joining x; to x%" belongs to Q and by the
theorem of the mean it contains a point y; such that

uy(y;)=0.

Since y;—x we obtain a contradiction to (2.5). Thus we have proved that u=2,
and that (2.2) holds for 2> 4,. By continuity, u,(x) <0 and u(x)<u(x*) in 2.

To complete the proof of the theorem suppose u, =0 at some pointin Qon T .
By Lemma 2.2 we infer that

u(x)=u(x*) in 2.

Since u(x)=0 if xedQ and x, =4, it follows that u(x’*)=0 at the reflected point
and thus (2.3) holds. Finally, suppose b, >0 at some point xeQ (we may take
x¢T, ). Then from the Eq. (2.1) and the (now proved) symmetry of the solution in
the plane T, we see that

by (g (x) = by (x* )y (x*1).

If xeZ, the left-hand side is negative while the right-hand side is nonnegative —
impossible ; similarly if xe2’. Q.e.d.

Theorem 2.1 admits various generalizations and applications.

2.3. Remark 1. (This was pointed out to us by Spruck.) In some equations of
interest, of the form (1. 1) the function f(u) is not in C'. For example, in a certain
plasma problem, f(u)=(u—1)* =the positive part of (u—1). In case f is
monotone increasing the result of Theorem 1 still holds ie. we have, more
generally :

The results of Theorems 2.1 and 1,, and of Lemmas 2.1, 2.2 hold if f(u)= f,(u)
+ f(u) where f, e C' and f, is monotone increasing. In particular the results hold if
fis locally Lipschitz continuous.

The proofs are the same as before. We have only to verify that Lemmas 2.1, 2.2
continue to hold; it was only there that the C!' hypothesis on f was used. In the
proofofLemmd 2.1the C! C_hypothesis was used in the argument assuming f(0)=0.
In that case in place of(7 1) we have

Au+blul +f1(“)_f1(0)§f2(0)_fz(“)éo

since f, is increasing, and the argument proceeds as before. Similarly in the proof
of Lemma 2.2 we have from (2.4)

Aw=u)+by(x)o—u); + f1() = fi(w) 2 fr(u) — f5(v)
0

v l
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and the proof proceeds as before. In fact if f is monotone increasing (i.e., we take
f1=0) we need only the usual form of the Hopf boundary lemma.

It is natural to ask whether Theorems 1 and 2.1 hold if the condition u>0in Q
is replaced by the condition: u=0, u=0 in Q. This is not the case in general as we
see from the example after Theorem 3. If however f(0)=0 in both theorems, then
u=0, u%0 in Q implies u>0 in Q. For, with f = f, + f, f,e C', f, increasing, we
have, from (2.1),

Au+byu, + fi(w)— f,(0)= f,(0) = f5(u)— f(0)

éo,

and the results follow with the aid of the maximum principle. In particular if £ is lo-
cally Lipschitz continuous, f(0)=0,and u=0,u =0 in Q then the results of Theorem
2.1 hold. If the condition of Lipschitz continuity is weakened to Holder continuity
the results need not hold. For example, if p> 2, the function w(x)=(1—|x|?)” in
Ix]£1, w=01n |x|> 1. is in C*(R") and satisfies (1.1) with

f(W): —Zp(p_z)wl~2/p+2p(n+2p_2)wl—1/p‘

The function f is Holder continuous with exponent 1 —2/p, and f(0)=0. However
the function

u(x) =w(x) +w(x —x,),
with some fixed x, satisfying |x,|=3, satisfies (1.1) in |x|<5 with the same f.
Obviously u does not satisfy the conclusions of Theorem 1.

2.4. Theorem 2.1 extends to a class of nonlinear elliptic second order equations.
With Q, X(1) etc. as before, consider a C? solution u in Q of such an equation

Fx,uug, ity g, tt,,)=0 (2.1

> “nn
which is elliptic, i.e., for positive constants m, M
MIEPZF, &&zmil.

The function F(x,u,p;, p) is assumed to be continuous and to have continuous
first derivatives with respect to u, p; and py, for all values of these last arguments,
and xeQ, and to satisfy the following conditions:

(b) On 0Qn{x, >%,} the function g(x)=F(x,0, ...,0) satisfies

g(x)=0Vx, or g(x)<O0Vx.

(c) Forevery 4in 4, £4 </, and for xe 2(4), and all values of the arguments u,
pj Py with u>0, p, <0,

F(stLla _pppza "'apmplla "Pua ‘-'3pﬁ7)2F(xsu’p1spaspij)' (26)

Here i, j range from 1| to n and «, 8, v from 2 to n. Note that condition (b) is
automatic in case F is independent of x. Furthermore, in the first case in
condition (b), it follows from condition (c) that g(x) =0 for x in a neighbourhood in
Q of 0Qn{x,>7,} — because g(x) is a decreasing function of x, there.
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Theorem 2.1'. Let u satisfy condition (a), and F satisfy conditions (b) and (c). Then
(2.2) holds, and u,; <0 in X. Furthermore if u, =0 at some point in Q on T, then,
necessarily, u is symmetric in the plane T, and (2.3) holds.

The proof of this is exactly the same as that of Theorem 2.1, in particular
Lemmas 2.1, 2.2 hold, and is left to the reader. As an immediate application we
have the following symmetry result:

Corollary 1. With Q as before, suppose that A, =0, and that Q is symmetric about the
plane x,;=0. Suppose our solution u>0 in Q, u=0 on ¢Q. Assume F satisfies
condition (b) and, in place of condition (c), conditions

(c}) F is symmetric in x, and decreasing in x, for x,>0.

(¢3) F(x.u, —py,p,piss ‘puepﬁy)zF(xa“splapwpij) if u>0.

Then u is symmetric in x; and u, <0 for x, >0.
Proof. Conditions (c}), (c5) imply condition (c) since, by (c)), for 2, <7, the left-
hand side of (2.6) = the left-hand side of (c’,). By Theorem 2.1" we find

u,(x)<0 and wu(—x,,x)=u(x,;,x") for x,>0.

If we replace x, by —x,, Le., reverse the x,-axis, we may apply the theorem again
and obtain just the opposite inequalities. Here x'=(x,, ..., x,).

e Ay

2.5. We also obtain generalizations of Theorems 1 and 2.

Theorem 1'. Theorems 1 and 2 hold for f = f(r,u) depending also on r, with f, f,
continuous, provided f is decreasing in r.

One might ask whether positive solutions u in a ball |x| <R, vanishing on the
boundary, of

Au+ f(r,u)=0

are necessarily spherically symmetric — even if f is not decreasing in r. This is not
the case in general. For example, let w be an eigenfunction of

Aw+/w=0, w=0 on [|x|]=R,

which is not spherically symmetric. Then for & >0 small, the function u=R? —|x|?
+ew, 18 positive in |x] <R, vanishes on the boundary and satisfies

Au+ u+2(r*—=R*»)+2n=0 in |x|<R:

but u is not spherically symmetric.
Using Theorem 2.1’ one may prove further symmetries. The following, whose
proof is left to the reader, is an example. See also Remark 2 at the end of Sect. 3.
Let Q be the unit ball in R*" and denote the points in R*" by (x, y), x, yeIR".

Corollary 2. Let ue C¥Q), u>0 in Q, be a solution of

Au+ f(x,y,u)=0 in Q, u=0 on Q.
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Assume f and f, are continuous in Q x {u=0} and
(1) f(x,y,0)=0 everywhere on 0Q, or f(x,y,0)<0 everywhere on 0Q.
(i) S,y u)=f(y,x,u).

(i) For every point (x,x)eQ and for every vector ze R" and Yu >0, the function
S(x+sz, x—sz, u)

as a function of s>0 is nonincreasing (wherever defined).
Then u(x, y)=u(y,x) and for x,ze R, |x|< 1/]/5

—u(x+sz, x —s2)<0
ds

for
1 I
0<s< B Vi—Ix?.

The function f(x, y, u)=g(lx — y|, u) with g(t, u) decreasing in t, for t >0, satisfies
the conditions (ii) and (iii).

Theorem 1" admits extension to still more general rotationally symmetric
equations. In particular, if Q is rotationally symmetric with respect to some of the
x variables, say (x4, ...,x,) and the Eq. (2.1') also has this property, then one may
prove an extension of Theorem 2.1’ showing, under suitable hypotheses, that u is a

k

function of (¢,%, 4, ..., x,) for g=7) x7, and u,<0 for ¢>0.
1

2.6. We also have the following extension of Theorem 3.

Theorem 3'. Let u be as in Theorem 3 but satisfying a more general equation than
(1.3):

i+ flx,u,i)=0 on O0<x=1.
Here f(x,u,p), f, and f, are continuous. Then u(x)<0 for L<x<1 provided f
satisfies

S, u, —p)z [x,u, p) (2.6

whenever u>u(1), p<0, and y+x>1, y<x. Furthermore if u(3)=0 then u is
symmetric about x=13.

The following is a simple consequence:
Theorem 3. Let ue C*(R') be a positive function satisfying
i+ f(u,1)=0 on R!

with feC* and f(u, p)= f(u, —p) for u>0. If u(x)—0 as x— =+ oo and u assumes its
maximum at the origin, then u is symmetric in x and u(x) <0 for x>0.

2.7. Here is another application of Theorem 2.1 with a novel conclusion.

Corollary 3. Let Q be a convex domain which is close to a ball |x|<R in the sense
that their boundaries are close in the C* topology. In Q let u be a positive solution of

Au+ f(u)=0, u=0 on 09Q. 2.7)
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Then all stationary points of u in Q, in particular wherever u takes its maximum, lie
in a small neighbourhood of the origin.

Proof. According to Theorem 2.1 u has no stationary point in any maximal cap.
Their union covers all of Q except for a small region about the origin.

This result suggests the following:

Problem : Suppose u>0 is a solution of (2.7) in a bounded domain Q in R", u=0
on 0Q, say ue C*(Q). Is there some ¢ >0 depending only on Q (i.e., independent of f
and u) such that u has no stationary point in an ¢-neighbourhood of ¢Q?

This is true for n=2 in case f(u) =0 for u=0, but for n>2 the problem is open.

Proof. Given any boundary point x, of Q@ we will show that there is a
neighbourhood of it in ©Q, determined solely by the geometry, which contains no
stationary point of u. The desired result then follows. Let D be a closed disc
touching Q only at the point x,,. For convenience we suppose it is the unit disc with
centre at the origin.

We perform a reflection in the unit circle

X
XY= -—5
x|
and set
u(x)=u(y).

The image Q of Q, lies inside D, and @ touches the boundary only at x,. A simple
calculation shows that in Q, v(y) satisfies

Av+ " f(0)=0; 2.7)

for n>2 the equation has additional terms.

Let =2 be the maximal cap of Q corresponding to the direction X, which
we may take to be (1,0). Since Qs strictly convex near x,, 2 contains a full
neighbourhood of x, in Q. Since f=0 for u=0, we see that condition (c) of
Theorem 2.1" is satisfied. We may therefore apply the theorem and infer that
gradv=0 in X. Hence grad u=0 in the image of X under the reflection in the unit
circle. This image contains a full neighbourhood of x, in €, in fact it is Qn{a
circle passing through the origin with some radius >1}, and the proof is finished.

As a direct application of this and Theorem 2, whose details we leave to the
reader, we have:

Example. Suppose u is a positive solution of (here f is locally Lipschitz):
Au+ f(u)=0 in R <Z|x|<R, in R?,

which vanishes on the boundary. Suppose f(1)=0 for u=0. Then all the critical
points of u are in the region

2R'R N R"+R

R'+R

2
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Remark 1. As in Remark 1, the results of Theorem 2.1', Corollary 1 (Theorems [,
3" and Corollaries 2, 3 respectively) hold if F=F, +F, (f=/; +/, respectively),
where F( f}) has continuous first derivatives with respect to u, p;, py. and F,( f;) has
continuous first derivatives with respect to p;, p;.and F, is monotone increasing
in u; both F, F, are to satisfy conditions (b) and (c).

2.8. Theorem 1 yields a positive response to a question put us by C. Holland. For
p>1. is the positive solution u of

Au+u’=0 in |x|]<R, u=0 on |x|=R (2.8)
unique? (The question is still open for other domains.) According to Theorem 1
the solution is spherically symmetric, and so satisfies

¥

—1
u,,r-l—n—r~u,,+u”:0, O<r<R. u(0)=0. (2.9)

with u(R)=0, and u,(r) <0 for r>0. We use

Lemma 2.3. Let u and v be positive solutions of (2.9). For 7.2*~Y=u(0)/v(0),
u(r)= 72" Yyp(r).
Proof. The function w(r)=/%""Yp(ir) is also a solution of (2.9) and at r=0 it
agrees with u(0).

As solutions of the elliptic Eq. (2.8), u and w are analytic, i.e., they are analytic
functions of 2. But in fact all their derivatives at r=0 may be computed in terms of
u(0) showing that w=u. For example if we let r—0 in (2.9) we find

nu, (0)+u?(0)=0.

By further differentiation we may compute all the derivatives, and the lemma is
proved.

From the lemma it follows easily that the positive solution of (2.9) vanishing at
R is unique.

3. Further Results

3.1. In this section we take up extensions of results of Sect. 2 to optimal caps and to
special domains with corners. We shall use the same notation.

We first try to extend Theorem 2.1" to optimal caps. Consider a solution u of
2.1y with F independent of u,, for a>1:

F(xouyujuy g u,)=0; (3.1)

here j ranges from I to n and %, § from 2 to n. This includes Eq. (2.1).
Assume that u satisfies, in place of (a) of Sect. 2.1:
(A) ueC?*Q), u>0in Q, u=0 on oQ.

We assume that F satisfies conditions (b), (c) as before but in an optimal cap:
(B) On 0Qn{x,>4,} the function g(x)=F(x,0,...,0) satisfies

g(x)=0Vx, or ¢g(x)<0Vx.
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(C) Forevery Zin 2, <A</, and for xe 2(2) and all values of the arguments
U, Py Pjk with u>0, p, <0,

F(X Uy = DysDos s Dar Py 1o Pag) Z FOGU D5 Do Do) (3.2)
Theorem 3.1. Assume conditions (A), (B) and (C) are satisfied. Then for /., </ <7,
u,(x)<0 and u(x)<u(x?) for xeX(}). (3.3)

Furthermore, if u; =0 at some point on QNT, , then u is symmetric in the plane T,
and

Q=3(2,)uZ(2,)U(T,,NQ). (3.4)

Proof of Theorem 3.1. The proof begins like that of Theorem 2.1. By Lemma 2.1
(see Sect. 2.4), for 4 close to 4,, A <Z,, we find that (3.3) holds.

Decrease 4 until a critical value u=1, is reached beyond which it no longer
holds. Then for 2=y we have

u(x)<0 and u(x)Su(x*) for xeX(u). (3.5)

We will show that y=7,. Suppose y>/,. For some point x,ed2(u)\T, we have
xfe. Since 0=u(x,) <u(xp) we see that u(x)Eu(x") in XZ(n). In Z'(1) we set

v(x)=u(x"),  w(x)=uv(x)—u(x) (3.6)
so that w=<0, w=0. The function v satisfies, v, >0 and

Fx,v(x),v), 0,4, 0,5)
= Fe u(x), — 1ty (5, 1, (x), 3 (3, 4,(x")). (3.7)
Since x*eX(u) and u,(x") <0 we see from (3.2) that the last expression is

2 F (e, ,0) 4, (69).t,(64)

—0. (3.8)

Using F(x,u,...)=0 in X’(1) we may apply the theorem of the mean in integral
form and conlcude that w satisfies a differential inequality of the form (1.10) in
2'(w) with a,,=0 for o> 1.

By the maximum principle, w <0 in X’(x), and by Lemma H, since w achieves
its maximum, zero, at every point of T,

O<w,=-2u; on TNQ.
Thus
ulx)<u(x*) for xeX(pw) and u, <0 on QNT,; (3.9)

in particular (3.3) holds for A=pu. Furthermore, by Lemma S, at any point
QeoQnT, where T, is orthogonal to 0€,
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for any direction s at Q entering 2'(1) nontangentially. At Q however the functions
v and u have the same normal derivative to ¢Q2 and zero tangential derivatives, so
that dw(Q)/és=0. Hence

240

N
b

2 (0)<0. (3.10)

’\)i

From our definition of i one of the following holds:
(i) There is a sequence y; converging to some point y on T, with
()20
or
(ii) There are sequences //, 2, </~ y, and X;€ 2(79) such that
u(x ) Zu(x;). (3.11)

Consider case (i). Clearly u,(y)=0. By (3.9), y must lie on ¢Q. Suppose T, is not
orthogonal to ¢Q at y. Then necessarily v,(y)>0, and by Lemma 2.1, 4, <0 in a
neighbourhood in  of y —a contradiction. Thus T, must be orthogonal to 6Q at y:
we may suppose Vv(y)=(0,...,0,1)=e,. Choose the direction s to be

(— 1/]ﬁ,O, L0, =1y |/§). Then according to (3.10)

p A2
( + —) w<0 aty

C\'l cX
ie.,
[ b \ 2 bl ;o 2
+—,!—f v<|z— u aty.
(X1 X, (\1 /'\n
But 1.71 1 =Ll] 1 U"”=Ll””, Upn= —Uyy at Y, SO

u;,>0 at y and hence near y.

If we integrate this on the segment in the ¢, direction from y; (j large), to the point x
where it hits 0Q we find that u,(x)>0. Bul for xe X(4 )mrQ we have v,(x)=0 and
hence u,(x)<0. Thus case (i) is impossible.

On to case (i1). We may suppose Xx; converges to x in Z(u); then u(x) = u(x"). By
(3.9), xe dx(w). If x lies on T, then fOf] large the segment from x; to r;’ lies in Q,
and then contains a point y; satlsfymg the conditions of case (i) — which we know
to be impossible. Thus x¢T If x*eQ then 0=u(x) <u(x"), a contradiction, so we
also have x"e¢Q. Since y> 7, it follows that v(\)—v(v“) and these are orthogonal
to (1,0, ...,0). We may suppose these normals are e, =(0, ..., 0, 1). But then in (1)
the funcuon w(x) defined in (3.8) achieves its maximum, zero, at x* and hence by
Lemma H

w (x")>0. (3.12)

On the other hand, since 2'(4;) CQ, the segment [ in the ¢, direction from x; to

0€2 is not longer than that, I from \c” to dQ. Using the fact that u=0 on FQ it
follows from the theorem ofthe mean thd[[ and I; contain points z;, Z; respectively
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such that
—ulx;)=u,(z)lI
—u(x})=u,(z j)lf il
Here |I;| denotes the length of I, Hence
—u(z |2 ~u, () >0
and since |1 <|T ],
—u(z) =z —u,(Z)).
Letting j— o0 we find
—u,(x) 2 —u,(x"),

contradicting (3.12). Thus case (ii) is impossible.
We have proved that u=2,, and hence (3.3) for 4, <4<4,. The remainder of
the proof of the theorem is the same as for Theorem 2.1 and will be omitted.
Theorem 3.1 admits various applications as in Sect. 2. We mention only one:

Corollary 1. Let Q be symmetric about x, =0 and convex in the x, direction. Suppose
ue C¥Q) is a solution of

Au+ f(x,u)=0 in Q,

satisfying condition (A). Assume f and f, are continuous for xe Q, and [ is symmetric
in x, with f decreasing in x, for x, >0. Then u is symmetric in x; and u, <0 for
x, >0.

3.2. Our results have required smoothness of 0Q2. Next we consider a special
domain with corners, namely a finite cylinder: Q=(—a,a)x G where G is a
bounded domain in R"~! with G smooth. (It will be clear that this result can be
extended to more general situations.) Corresponding to y=e, we have 4, =0, ic.,
the optimal cap is Qn{x, >0}. We consider a solution u in Q of (3.1) satisfying

(A) ueC*Q), u>0 in Q, u=0 on 0Q.
The function F in (3.1) is assumed to be independent of u, i.e., (3.1) has the form
Flx,u,uy, ot uy 1, )=0.
Also F is to satisfy condition (C) which now just takes the form:
(C") F is decreasing in x, for x, >0.
We do not require condition (B).

Theorem 3.2. Under the preceding conditions on u and F the results of Theorem 3.1
hold.

Proof. 1t is the same as that of Theorem 3.1 except at the very beginning, when we
assert that for A less than, but close to, 4, conditions (3.3) hold. We cannot rely
here on Lemma 2.1 since the boundary is not smooth. To get around this difficulty
we will use the corollary of the maximum principle of § 1 to prove:
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Lemma 3.1. For Z less than but close to 4, (3.3) holds.

Proof. For i,—ec¢</i<i, the region 2'(4) has width <e in the direction
e, =(1,0,...,0). In 2’(/) the function v(x)=u(x") satisfies

F(x, U(X), fo(x)’ 1/’1 1(x)7 vﬂ;v(x)) ; F(X}, U(X), Uaz(x)s Ul l(x)’ Uﬁy(-x)) = 0 .

Hence w=1uv(x)—u(x) satisfies an inequality of the form (1.10) with bounded
coefficients in 2'(2). Also w=<0 on 02’(A). It follows from the maximum principle
and its corollary that for ¢ small, w<0 in 2(4); by LemmaH, on T,
0<w, = —2u,. Consequently (3.3) holds for 4 close to 4,. Q.e.d.

Theorems 3 and 3" are essentially special cases of Theorem 3.2.

Using the same argument one proves the following results.

Theorem 3.2'. Let Q be an isosceles triangle in the plane with base on the x axis,
centered at the origin. Let ue C*(Q\corners)nC(Q) satisfy

Au+ f(u)=0 in Q, u=0 on 092,

with f'locally Lipschitz continuous. If u>0 in Q, then u is symmetric about the y axis,
and u, <0 for x>0 in Q.

Theorem 3.2". Let u and f be as in Theorem 3.2', but with Q an infinite angular sector
0<0<0,<mn. Then forany fixed angle ¢ in0y—mn/2 <¢p <m/2,u, cos¢p+u, sing>0
at every point of Q.

Both results admit various extensions to higher dimensions.

3.3, Let us specialize this still further and suppose that G is a ball [x'|<b in R""!;
here x"=(x,, ..., x,), and that the equation has rotational symmetry in G.

Can we conclude the same of the solution? We will take up a simple case: u>0
is a solution in Q of

a,,(x)u,, —I—a};l w,,+ f(x,, X, u)=0
with ue C¥(Q), u=0 on éQ and f, f, continuous in Qx R™. Assume conditions (B)
and (C) in the following form:
(B) f(x,.h,0)=0 for |x,|<a
or
f(x,b,0)<0 for |x;|=Za.
(©) f(x,,0,u) is decreasing in ¢ for 0<g<b.

Theorem 3.3. Under the conditions above, u is radially symmetric in the variables x',
ie, u=u(x,,|x'), and

u(x,0<0 for |x;l<a, 0O0<g<b.
The proof uses the analogue of Lemma 2.1:

Lemma 3.2. The set ) ={|x,|<a} x(0Gn{x,>0}) has a neighbourhood in Q in
which u, <O0.
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Proof. Lemma 2.1 (with the variable x, in place of x,) applies to any point
Xo€{x, <a} x(0Gn{x,>0}) and gives the desired result. Thus we need only
consider a point x, in X with xo, = +a; suppose x,, =a. So

n
— 2 _ 12 "
Xo=(aXgp - nXg,)s 2 XG;=b%, x0,>0.
2

Consider the first case in (B). By (C), for x=(x,,x') close to x,,we have
.f‘(xlv Ix/|7 0) ;0 .

Consequently by the theorem of the mean we see that in such a neighbourhood of
Xg, U satisfies

ayqygt+ Z Uy, +c(X)u=0

a>1

for some continuous function ¢. We may therefore apply Lemma S to —u and
conclude, since grad u(x,) =0, that (¢, +d,)*u>0 at x,. Since u, , =u,, =0 there we
have

nn

U (x0)>0.

Hence u,,>0 near x, and since u,=0 on x, =a the desired conclusion follows.

In the second case of (B) we have a,,u,, + Y. u,,>0 at x,. But in fact this
a>1
expression is zero at x, so that the case does not apply. The lemma is proved.

Proof of Theorem 3.3. We will prove u is symmetric in x, and u, <0 for x,>0. Since
we may rotate the coordinates x’ the general result will follow. Using Lemma 3.1,
we see that for 4 <b but A close to b, the analogue of (3.3) holds, i.e.,

—_—

u,(x)<0 and u(x)<u(x*) for J<x,<b; (3.3)

here x* is the reflection of x in the plane x, = /. It suffices to prove that (?33 holds
for every 2>0. To do this we proceed as in the proof of Theorem 3.1. Decrease /
until a critical value =0 is reached beyond which (3.3) no longer holds. Then we
have

u,(x)<0 and wu(x)Su(x*) for x,>p. (3.7

We wish to show that ¢ =0. Suppose x>0. We follow the proof of Theorem 3.1,
and have to consider cases (i) or (ii) there (with x, in place of x,). In case (i) we also
have to look at the possibility that y lies on T,n{¢G x [ —a,a]}. This is excluded
by Lemma 3.2. Case (ii) is treated as before and we may regard the proof as
complete.

Remark 1. All the preceding results remain valid if we replace F (respectively f) by
F,+F, (f,+f,) where F,F,(f,f,) are as in Remark 1" in Sect. 2 — under the
additional condition (3.1).

3.4. We conclude with an analogue of Corollary 2 of Theorem 2.1".
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Remark 2. Let Q=(—1,1)x(—1,1)in R? and let u(x, y) be a positive solution in Q
belonging to C*(Q) of

Au+ f(x,y,u)=0 in Q, u=0 on 0Q

where £, f, are continuous in @ x R*. Assume f satisfies

(1) fis symmetric in x and y and nonincreasing on each segment S perpendicu-
lar to the diagonal D:x=y as we go from the diagonal to 0Q2

(i1) f(x,y,0)=0 for all (x, y)edQ or f(x,y,0)<0 for all (x, y)e Q.

Then u is symmetric in x and y and is strictly decreasing on each such interval
S.

Proof. For convenience we set Q as in the figure so that f(x, y, u) is symmetric in x
and nonincreasing in x for x>0.
The proof is then identical to that of Theorem 2.1, moving lines x = 4, once we

can get it started, i.e., for 4 less than but close to 1/ ]ﬁ

17

P=(1/v3,0)

X

Fig. 3

We have only to show that u, <0 in a neighbourhood in Q of P, and the proof
then proceeds as before. This is proved as in the proof of Theorem 3.1 using
Lemmas H and S.

4. The Proof of Theorem 4

First, the

Proof of Proposition {. Under the change of variables

x B
XY= v(x)=yI"2u(y)
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The Eq. (1.8') transforms to the equation in y=0

Au(y)= —[yI7" 21 (yI" " 2u(y) = — F(y) (4.1)

and u(y) is bounded near y=0. Furthermore

)= 20 2u) =gy~ 2up)ye =20+

is bounded near y=0. It is then easy to see that u is a distribution solution of (4.1)
in R" including the origin. Since F(y) is bounded near the origin we see that
ue WP Vp<oo; thus ue C'. But then F(y) is Holder continuous near the origin
and it follows that u has Holder continuous second derivatives. From the
maximum principle it follows that u(0)=a,>0. Consequently near the origin we
have

u(y)=a,+u 0)y; + %“ij(o)yiyj‘ +o(ly?)

and

uy)=u 0)+ uij(o)yj +o(lyl).
These yield (1.9) for v(x)=|x|*""u <|—XXT2—)

Proof of Theorem 4. We shall apply the procedure of moving planes from infinity
but in order to get it started we first shift the origin in order to simplify the
expansions (1.9). Replace x by x —x, where

= 4 4.2)

ma

Xo;

Since, for ¢>0,

1 1 q
— =]
=" 1x|“< Tt )
we find
1 m . afx,—Xg;) = a;X.X; ( 1 ))
v=—| 14 —5xx +...>(a+” LAY i
le"'( x|z 70T O x—x,f? Ix[* Ix[?
1 a. XX . 1
= - L 43
ot G ol ) .

with different coefficients a;;. Similarly

m(x; —Xxg;) m+2 ax;
v, = S+ X Xop + -l ag+ =
X, 'xlm+2 lez k™ 0k 0 |X|2

a 2X; I
lxlm+2 I ‘In+4ajxj+0(|x| 3)
m e ,
== lm+2a0xi+0(1x| %). (4.3)

|x
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In these new coordinates we will prove that v is rotationally symmetric about
the origin and that v, <0 for r >0. Note that the equation is rotationally invariant.
For any unit vector y we will prove symmetry of v in the plane y-x=0 and
v-gradv<0 if y-x>0. Performing a rotation we may suppose y=(1,0,...,0).
Observe that from (4.3') we find that for suitable constants C,, R,

v, <0 for )Cl_Z_‘C—‘;'l and |x|=ZR,. 4.4)
As a consequence of (4.3) and (4.4) we first derive
Lemma 4.1. For any /.>0, 3R = R(A) depending only on min (1, 2) (as well as on v)
such that for x=(x,,x’), y=(y, x') satisfying
xX;<yy, Xp+y;224, [x[2R,
we have
v(x)>0(y). (4.5)

Proof. We shall show that if we have a pair of points x=(x,,x’), y=(y, ) with
[x|ZR,;y,>x,, ¥, +x, =224, and for which the inequality opposite to (4.5) holds,
1e.,

vx)=u(y), (4.5)

then necessarily |x|, |y| <some R depending only on min(1, 4). Note that |y|>|x].
The proof just involves a bit of tedious calculation using (4.3), (4.4). We will use C,
C, etc. to denote various constants independent of 4, x and y. From (4.3) we have
(using summation convention)

1 1 V.Y x.x.) e e e
Ao\ = — | S|ty — = | Cy(x T T ) S Clx TR (46
o[~ ) Sl — )+ S o
Observe that for p=1, since |y| > x|,
0 E R o) @
Ix? vl xR XL 1]
As a first consequence of (4.6) we find then

1 (1 1) 1 1 < C
T T ) S T B T

so that

) )| — 1
m-p=c <C(|“‘| i )

KPP =70 X2 T

Hence if Clx|”* <} we find

2
|y|—|>c1§|7jw and [y =20x]. 48)
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Inequality (4.8) has been proved assuming |x|?=2C. We may assume this from
now on; for if |x]> <2C, then since v(y)—0 as |y|— oo, it follows from (4.5') that

[¥y|=R for some R independent of /.

We will now improve the estimate (4.8) by using it in (4.6). Returning to (4.6) we

have

2 2

aO(L_L> <an(_h___xl_)
= + +

el D

y X
+2 Z aljxj(|y|m1+4 - |x]m1+4>

ji>1

1 1
+ Z ajkxjxk(|ylm+4——w>

j>1 lx

+C (X" T,

As before we may infer that

1 1 1 yi—x? 1 1
RTESE N SC L +C (* )
i 1(|x| |y|> pre O e — e

V1 C
C
+ ' |m+3 +|‘C|m+3
2 2
Vi—X1 C (1 1)
<Clme + e\~ i
et xm i x
Yi— ¢
+C
I |m+3 |x|m+3
Using (4.8) we find easily that
e P L -x, , C
yl—xI£C +C +c? + —
Ix|? Ix|? IXI2 Ix|?
Multiplying by |y|+|x| and recalling that
IyI? = IxI? =p] = x7 224y, = x))
we find
C C
2 2 2 2
VI— XS5 01— x)+ = —x )+ —.
1 XY X 1 1) IXI(M V) Ix|

Once again, if |x|*=2C — as we may assume — it follows that
C C
yi—xi= T(h —X)+ x|

|x
Hence, by (4.9),

C C
(21_ m)()l _’\1)§ m.

(4.9)
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Thus if 22— Clx|" ' =4, ie.,

C
[x[= 0 (4.10)
we see that

X S
Y

Consequently, since y, =24—-x,, we find

2%, < —
TSN

or

X, =7 ¢
=T N

But (see (4.4) for C,)

PRSI S}
2Ax| T x|
provided.
c C
> ~0
Ix|= YR (4.11)
Thus if (4.11) and (4.10) hold we conclude that
C
x, =2,
"

But then (4.4) implies that v is strictly decreasing on the straight segment going
from x to y — contradicting (4.5"). Thus either (4.10) or (4.11) cannot hold and the
lemma is proved.

As in Sect.2, for any 4>0 and for any x =(x,,x’), we denote by x* its reflection
in the plane x, =4, ie, x*=(24—x,,x).

Lemma 4.2. There exists /o =1 such that YA =4,
v(x)>v(x?) if x, <A, (4.12)

Proof. Set R; =max {1,R(1) of Lemma 4.1}. By Lemma 4.1, if |x|>R,, A=1 and
X, </ we have

v(x)>v(x*). (4.12)
But

v(x)=c,>0 for |x|=R,.



Symmetry via the Maximum Principle 235

Furthermore for 1 <R, sufficiently large we have
v(y)<c, for [y|=ZR,.

Thus (4.12) holds if A= R, and |x|<R,. Combining this with (4.12) we obtain
(4.12) with 2,=R,. Q.ed.

Lemma 4.2 asserts the desired reflection property (4.12) for planes T,:x, =4
with /4 sufficiently large. Now we may begin our procedure of moving the plane T,
by decreasing A. First we have the analogue of Lemma 2.2.

Lemma 4.3. Assume that for some .>0
v(X)Ze(x?,  o(x)Fu(x?) for x, <7,
Then v(x)>uv(x") if x, <7, and
v(x)<0 on T,. (4.13)

Proof. The function w(x)=uv(x") is also a solution of (1.8) in x, </ and w<v there.
Thus the function

z(xy=w(x)—v(x)£0, z=%0
satisfies an elliptic equation of the form
Lw=0 in x, £/

with L as in (1.10), and it achieves its maximum, namely zero, at every point on T,.
By the maximum principle and Lemma H, z <0 and

O<z,=-2v;, on T,.
The lemma is proved.
Lemma 4.4. The set of positive ). for which (4.12) holds is open.

Proof. Suppose (4.12) holds for /. =7>0. Set R=R(7/2) of Lemma 4.1; then (4.12)
holds for /> 7/2 provided |x|> R. We have only to consider |x| < R. If (4.12) did not
hold for all /. in some neighbourhood of 7 there would be a sequence {x’},
j=1,2,...in |x|<R and a sequence A/—/, 2/ >7/2, with x} <J/ and

o) S v(xI7) . (4.14)
Then a subsequence, which we still call x’, converges to some x in |x| <R and
v(x)év(xz).
In view of (4.12) it follows that x, =/. But then from (4.14) we must have
v,(x)=0

— contradicting Lemma 4.3. Q.e.d.
From Lemmas 4.2, 4.4 and 4.3 we may conclude that (4.12) and (4.13) hold for
all Z in some maximal open interval 0 </, </ <. In particular we also have

v (x)<0 for x,;>74. (4.15)
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In addition, by continuity
v(x)Zu(x™) if x, <4, (4.16)

Corresponding to the direction y which we took to be (1,0, ...,0), we have
found a maximal open interval

04 (v<i<w

such that the reflection property (4.12) holds for all 4 in the interval.
Suppose for some vector y, which we may take as (1,0,...,0), 4,(y)>0. By
Lemma 4.3 we either have

ux)=o(x*), for x,<7,,

or else property (4.12) holds for ,. The former cannot occur, by Lemma 4.1, while
the latter cannot, by Lemma 4.4 and the definition of 4,. Hence for all unit vectors
v, A1(y)=0. It follows from (4.16) that v is symmetric about each plane y-x=0.
Hence it is radially symmetric about the origin, as was to be proved.

The remainder of the theorem follows from (4.15).

Remark. Theorem 4 yields rotational symmetry of our solution. If we wish to prove
symmetry in only one direction, say with respect to x, then it is clear that the
argument extends to more general equations than (1.8). For example we may
consider elliptic equations of the form (here o,  range from 2 to n)

F(x5, 00X, 0,07,05, .., 0, Uy 1, U,5) =0 (4.17)
Theorem 4'. Let v>0 be a C? solution of (4.17) in R" with F, F, F », ..., F,,eCand

vy’
. a
v satisfying (1.9). Then v is symmetric with respect to the plane x,=— —— and
ma,
a4y
v, <0 for x;, >— ——
ma,

5. Parabolic Equations

For parabolic equations the maximum principle as well as its Corollary 1, and the
Hopf boundary lemma (see [7], Chapter 3, §3) hold. Therefore all our results
admit extensions to such equations with essentially the same proofs. We shall
content ourselves with the statement of several results for functions u(t, x) defined
in a cylinder Q=(0<t<T)x G, G is a bounded domain in R" with 6G smooth. By
a (maximal) cap of Q we always mean [0<t<T)x [a (maximal) cap of G].

Condition I. With G=R’ <|x|<R, let u be a positive solution of
—u,+Au+ f(t,r,u)=0, u=0 on |x[=R (5.1)
with u,, uj, u,, belonging to C in the closure. Here f and f, are continuous in

G x R*. Assume that fis decreasing in r and that u(0, x), is rotationally symmetric
and decreasing in r.
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Theorem 5.1. Assume Condition I. Then

!

u, <0 for =r<R.
If, in addition, u is a solution in [x| <R, then ¥t, 0 <t < T, u is radially symmetric and
u, <0 for 0<r<R.

The next result extends Theorem 2.1 in which we consider a maximal cap
Qn{x,>7,}.

Condition I1. Consider a positive solution in G of
—u+Ft,x,u,u,uy,)=0, u=0 on 0G

with F as in Section 2.4 satisfying in particular condition (c), and assume u(0, x)
satisfies condition (2.2).

Theorem 5.2. Assume Condition II. Then ¥t in 0<t<T, u(t,x) satisfies con-
dition (2.2). Furthermore if u, =0 at some point (x,t,) in Qn{x,=41,} then for
0<r=t,, u is symmetric about the plane x, =/, and (2.3) holds.

The results in Sect. 3 also admit extensions to parabolic equations.

Appendix. Lemma S and Related Results

One may ask what happens if condition (1.12) in Lemma S is dropped. The
following example shows that it is essential. In R?, using polar coordinates, the
function

.m0
w=—r"%gin——
0

is negative in the angle Q:0 <6 <0, <m/2, vanishes on the boundary and satisfies
Aw=0. But it does not satisfy (1.13); here a;;0,0;<0 at the origin.

Since it may be of interest we will also prove a rather primitive extension of
Lemma S to the case where condition (1.12) does not hold. The preceding example
is then seen to be typical.

Lemma A.1. Let Q be as in Lemma S. Let we C3(Q)nC(Q), with w <0 in Q, w(0)=0,
be a solution of the elliptic differential inequality (1.10) in Q. Assume that the leading

coefficients a;;e C(8), and satisfy (1.11), and that the others are bounded. In place of
(1.12) assume that

Lago0,;=p)/ Y a,00;) a0, at 0, (A1)
f‘or some constant u; clearly —1<u<1. Set 0,=arccos(— ).
Suppose
T

> .
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Let € be a closed cone with vertex at the origin such that for some &>0,
En{0<|x|<e} lies in Q. Then there is a positive constant 6 and a neighbourhood in
% of 0 in which

w+d|x[P<0.

In particular if u>0 we may take p<2 and it follows that if we CY(Q) and
gradw(0)=0, then on any ray from O entering Q transversally to the surface, the
second derivative of w cannot be bounded near the origin. On the other hand, if 11<0
and we C" in Q! near 0, for r>mn/0,, then at least one of the derivatives

Y )
(%) w, <]=11"‘a

is negative at 0.

i

0o

The following may also prove useful.

Lemma A.2. Let Q be a component of a cone: ¢=>bxx;>0. Assume
we C3(Q)NC(Q) near the origin, that w<0 in Q except at the origin, w(0)=0, and
that w satisfies (1.10) in Q. Let p be such that the quadratic form

0=(p—Da;(0)p;¢;+ da; (0)¢;;>0, x=+0, xeQ. (A.1)
Then there is a 6>0 and a neighbourhood of O in Q in which
w+0¢p? <0.

Both lemmas will be proved at the end of the Appendix.
Our proof of Lemma S is an extension of Serrin’s; it makes use of suitable
comparison functions.

Proof of Lemma S. We first remark that it suffices to prove it in case ¢(x)=0. The
general case then follows by the same argument we presented for Lemma H. The
case of strict inequality in (1.12) follows from Lemma A.1. So we just consider the
case of equality.

We may suppose that w <0 in ©\0 for we may simply replace the hypersurfaces
by spheres tangent to them at 0 and lying, otherwise entirely in Q.

In the closure Q, of Q, =Qn {|x|<e} we will construct a C? function z with the
properties

z<0 on ¢=0 andon =0,
{Z(O) = ZS(O) =0 s Zss(o) >0 s (A2)
Lz>0. (A.3)

Using such a function the proof is easily carried out. Set
v=w+1z

1 If r is not an integer this means: weC"), and the derivatives of w of order [r] satisfy a Holder
condition with exponent r—[r]
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with £>0 so small that w+ ¢z <0 on the part of the boundary of Q, where [x|=¢;
recall that w <0 on that compact set. On the other parts of the boundary of Q, we
have v <w. Thus v <0 on the whole boundary of Q.. In Q, we have

Lv=0. (A.4)

By the maximum principle v achieves its maximum on the boundary — in
particular at the point 0. Thus v(0)<0 and if v(0)=0 then v (0)<0. Now v(0)
=w(0) and v (0)=w(0)+tz,(0)>w(0), and (1.13) follows.

After a C? change of variables we may suppose that the new surfaces are given
by x, =0and x,=0and Qis in {x, <0}n{x,<0}. Condition (1.12) now takes the
form

a,,(0)=0. (A.5)

We proceed in several steps.
(i) First we make a linear change of variable so that in the new variables we
also have

a,0)=a,,(0)=0 for 1<oa<n. (A.6)
Set
yJ = Xl ° yn = Xn
ya{ = 'Xat + Cz‘xl + dazxn
with constants c,, d, to be chosen. The boundaries x, =0, x,=0 become y, =0,
y,=0. Let us compute, using summation convention (z, 3, y are summed from 2 to
n—1):
40,0, =a,(Cy, +¢,0, 00, +¢40, )
+2a,,(0,,+¢,0,,)0,,
+2a,,(0,,+¢,0, )¢, +d,2C,)
+a,,0,0,,+2a,(0, +d,0, )0,
+a,,(0, +d,0, (0, +d,0,,)

= bijoj_ia).J .

nn

Thus
b (0)=a,;,(0)=0
b 1 a(O) = al 1(0)("1 +a 101(0)
a=2,...,n.
bln(o) = a"ll(o)dl + aom(o)

We now require that these be zero — determining the ¢, and d,.

For convenience we will continue to call the new variables x; and the
coefficients of L, a;; etc. They now satisfy (A.6). In the new coordinates condition
(1.12’) means that

0,,a.,00=0, l<oa<n. (A.7)
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(1)) We will now replace Q by a slightly smaller region. With k to be chosen
suitably large, set

n—1
$p=x,+k Y xZ,
2

p=x,+k) x.

Consider the smaller region G=0Qn{¢p <0}n{p<0}. In G near O we will use the
comparison function

z=gh (A.8)
with
g=e *—1, h=e ¥—1
and o suitably large. Clearly
z>0,
z=0 on ¢=0 andon =0,
z(0)=0, z,0)>0.

We will choose k, 2 and an ¢ neighbourhood G, of O in G so that z satisfies
(A.3)in G,.
(11) Computing, we have

Lz=gLh+hLg+2a;gh;. (A9)

Here g;=g¢, etc. Now (here f, y are summed from 2 to n—1) for « large:

w0 L9 1
e "’a—z =a;,¢p;— &(czij¢ij+bi¢i);co>0.

I:C(_Ze“(¢+“’)a~~g‘h,=a<¢.1p. (AlO)
Ity ity

=ay,+2ka, x,+4k>a,,x x;+2ka, x, .

We first choose k so that I is nonnegative on {¢ =0} {yp =0}, i.e., for points of
the form

(Xpo X)) =(—=kY X7, x5 X, — kY X]).
At such points, because of (A.7) we have
]aln’ é C(|X1| + lxn[ +ZX3)

with some constant C. C will denote various constants independent of k and .
Therefore, supposing k=1,

a,,| SCkY x2.
In addition, from (A.6) we see that
|a19(|’ |a1n[ é CIX[ g C(leﬂ' + kZX;)
<CY x|
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provided we require

kY Ix l=1.

Inserting these in (A.10) we find

Iz4k*a,,x,x,— CkYy x] —Cky x;
2(cok?—Ck)) x?  for some ¢,>0

by uniform ellipticity. We now fix k> C/c, and infer
120 on {$p=0yn{p=0}n{Yl,|<k '}.
It follows that, with k so fixed
IZC(p+y) in Gn{x]<d} (A.11)

for some small § independent of o.
(iv) Next, for o large, we have

1 1
a—zeng =aijd)i¢j— &(aij¢ij+bi¢i)
=c,>0

for some positive constant ¢,. A similar estimate holds for Lh. Inserting these in
(A.9) and using (A.10) and (A.11) we find

1
2Lz (1 ¢ 1= ) 120 +y) (A.12)

in Gn{|x| <4}
By the theorem of the mean, for ¢ <0,

1—e* > —0e™¢.

Let us now restrict ourselves to the region
1
——<¢p,p=0, olarge.
o
Then

o
[—e?>— "¢
e
o
l—evx> %y
= e(/

Inserting these in (A.12) we find

1
Leweopzz (% —zc)uqsr )20
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for o large — in the region

{— é <¢,tp§0}f\{|«‘<l<5}=Ga,a-

With « so fixed, in the region G, ;, the function z has all the desired properties.
The proof is complete.

We turn now to Lemmas A.1 and A.2. As before it suffices to consider the case
that ¢(x)=0.

First, the

Proof of Lemma A.2. We need only show that near O in Q the function
z=¢"

satisfies Lz=0. Then the proof proceeds as before.
A computation yields [see (A.1')]

%<¢>2“’Lz=(p* Daybip, + L

=0 +0(x[*)
>0 in Q near O

by (A.1'). Q.ed.

Proof of Lemma A.1. As before, we may suppose w<0 in Q\0. After a smooth
change of variable we may suppose that the boundary hypersurfaces are hyper-
planes x; =0 and x,=0. By a further linear transformation of the variables x,, x,
we may suppose that at 0,

a,,=a,=1, a,=0,

nn"

and that Q is the wedge:
x,>0, x,>x,cotl,

where 1= —cos0,. After these changes of variables the cone % has become a
deformed cone, but it suffices to prove the result in the new Q for any closed cone
in Q as before — which we still denote as %.

Near the origin in Q we shall construct a function ze C(Q)nC(Q) satisfying

z=0 on 0Q (A.13)
zZ(x)Zcolxl? in %, with ¢;>0 (A.14)
Lz=20 in Q. (A.15)

As in the proof of Lemma S we find that for some small t >0, w+tz<0 in 2, and
the desired conclusion follows.
Introduce the complex variable

{=x,+ix,.
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The wedge Q is then given by 0 <arg{< 0, and on Q the function
v=Im({™%)

is harmonic in the variables (x,, x,) and vanishes on 0Q. For k=p0,/n>1 set

z=1".

Then z satisfies (A.13) and (A.14), and we will prove that z satisfies (A.15) — the

proof of the lemma will then be complete.
Near the origin in Q we have, for i,j=1,n,

z, =k* o, =0(IP Y
zy =kt o k(= D020 0, = 0(LP ).

XX,

Thus
z +z

XXy

=k(k— 1" *@2 +v})

XnXn

>c,[lP~* for some ¢, >0.
Since Lz=z,, +z, . at0,and the leading coefficients of L are continuous, with
the others bounded, it follows that

Lz=0

in Q near the origin.
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