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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

A semicosimplicial (or presimplicial) differential graded Lie
algebra is a covariant functor Aon — DGLA

A on: finite ordinal sets with order-preserving injective maps.

. —
QOHQI*); go—=<= -

ak,i:gi—lﬁgia k:07"'7i7

such that Ox41,i+101,i = 0,i+10k,i, for any k > I.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

The maps '
0; = aO,i - a1,i +- (—1)’6,'7;

endow the vector space @D, g; with the structure of a
differential complex.

Eeach g; is in particular a differential complex

o=@o:  diol g’

922@91}

has a natural bicomplex structure.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

The associated total complex
TOt @gl . a dTot = Z 0 + (_1)jdj
i
has no canonical DGLA structure.

Yet, it can be endowed with a canonical L..-algebra structure
via homotopy transfer by the Thom-Whitney DGLA.

Pw(@®) = {(xn)nen € P QU @ | 6%"xn = Okn-1}-

where €, are the polynomial differential forms on the
n-simplex.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Loo structures on mapping cones

Deformation functors
An example from Kahler geometry

x: L — M DGLA morphism.

| —M —0 =
The associated total complex is the mapping cone of x:
Co=LaM-1;  d(l,m) = (dl,x(I) - dm)

One finds an explicit expression for the multilinear brackets

fn: /\CX—>CX[2—n], n>?2,

defining the L-algebra structure on C,.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Loo structures on mapping cones

Deformation functors
An example from Kahler geometry

pa(l, m) = (dl, x(I) — dm)

p2((h, mi) A (h, m2)) =

5 [x(h), m2]

[h, k], %[mljx(/z)] +
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Mapping cones and deformation functors Semicosimplicial DGLAs
Loo structures on mapping cones

Deformation functors
An example from Kahler geometry

and for n >3

Nn((llaml) JARRRNA (/m mn)) =

0, Bn%l' Z i[ma(1)7 [ ) [ma(nfl)u X(l)a(n)] e ]]
(n—1)! =

where the B,, are the Bernoulli numbers.

Note that m1: C,, — L is a linear L,,-morphism.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

L.-algebras ~~ Deformation functors

MC(g ® ma)
homotopy equivalence

Defgy(A) =

(A,mp) local Artin algebra.

If g and b are quasiisomophic, then Defy ~ Defy,

By composing with DGLA-morphisms ~» L.,-algebras we get
a functor DGLA-morphisms ~~ Deformation functors.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

A commutative diagram

L1L>/-2

ul |

M1l>/\/72

of morphisms of differential graded Lie algebras induces a
natural transformation

Def,, — Def,, .

Moreover, if f; and fj; are quasi-isomorphisms, then
Def,, — Def,, is an isomorphism.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

An explicit description of Def, .

MC, (A
Def, (A) = CX(_ ) ,
gauge equivalence

MC, (A) = {(x, e?) €(L* @my) x exp(M° @ mp) |
dx + %[X,X] =0,
1) =0},

where * is the gauge action of exp(M° @ my) on M* @ my4.
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

The gauge action
(exp(L° @ ma) x exp(dM~t @ my)) x MC, (A) = MC,(A)
is
(e, ™) x (x,e?) = (e * x, edmeae_X(l)).

> Example. If M =0, then Def, = Def;

» Example. If L = 0 and the differential of M is trivial, then
Def, = exp(MP), i.e., Def, (A) = exp(M® @ m,).
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Mapping cones and deformation functors Semicosimplicial DGLAs
on mapping cones

unctors
An example from Kahler geometry

Let X be a compact Kahler manifold, and Ax the differential
graded commutative algebra of smooth complex differential
forms. We have DGLAs

L= {f € Hom"(Ax,Ax) | f(ker9) C 0Ax},
and
M = {f € Hom*(Ax, Ax) | f(kerd) C ker0 and f(0Ax) C 0Ax}
and a commutative diagram
O<——— L=———1L

n
Hom*(kerﬂ kera) M Hom*(A A
0Ax 7 0Ax X5 X)
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

By the 00-lemma, we have quasi-isomorphisms

k
(Ax, d) — (kerd,d) — <ajf,o> .

Hence the horizontal arrows in the commutative diagram

n
Hom*(kera ker@) M Hom*(A A
0Ax 7 0Ax X5 X)

are quasi-isomorphisms.
We get an isomorphism of deformation functors

ker 0
OAx

Def, = Def, ~ Def, = Aut® ( > ~ Aut®(H*(X,C)).
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Mapping cones and deformation functors Semicosimplicial DGLAs
Lo structures on mapping cones

Deformation functors
An example from Kahler geometry

The isomorphism Def, — Aut’(H*(X,C)) has a simple
explicit description.

(cr, €?) — 1),, where

Ya([w]) = [€%(wo + )]

for any O-closed representative wg of the cohomology class
[w], and any 8 € Ax such that de?(wo + 93) = 0.
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Cartan homotopies

L and M DGLAs, i: L — M[—1] linear map. Let
= [d.i]: L — M, ie.,

I, = diy + ig,.

The map i is called a Cartan homotopy if for every a, b € L we
have:

i[a,b] = [i37 Ib]7 [iay ib] =0.
Ifi: L - M[—1] is a Cartan homotopy, then I: L — M is a
DGLA morphism.
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Cartan homotopies

Example. Let M be a differential manifold, X'(M) be the Lie
algebra of vector fields on M, and End*(2*(M)) be the Lie algebra
of endomorphisms of the de Rham algebra of M. The Lie algebra
X (M) can be seen as a DGLA concentrated in degree zero, and
the graded Lie algebra End*(2*(M)) has a degree one differential
given by [dyr, —], where d4g is the de Rham differential. Then the

contraction
i: XY(M) — End*(Q2*(M))[-1]

is a Cartan homotopy and its differential is the Lie derivative

[d,i] = £: X(M) — End*(2*(M)).
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Cartan homotopies

When the second equation [is, ip] =0 is replaced by the

weaker condition 20653 i[ixa(m [iXU I, . ]] = 0 we say that
i is a weak Cartan homotopy.

Now recall GG = L &® M[—1] and that m1: G — L is a linear
Loo-morphism. If i: L — M[—1], then (id,i): L — G is a
linear map lifting id: L — L

(id,i): L — G is a linear Lo morphism if and only if
i: L — M[—1] is a weak Cartan homotopy.
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Cartan homotopies

Let i: N — M[—1] be a (weak) Cartan homotopy for
I: N — M, let L be a subDGLA of M such that I(N) C L, and
let x: L <— M be the inclusion. Then the linear map

O:N—Cp,  a)=(lsia)

is a linear Lo.-morphism. In particular, the map a — (l,, e'*)
induces a natural transformation of Maurer-Cartan functors
MCpn — MC,, and consequently a natural transformation of
deformation functors Defy — Def,.

Proof. We have a commutative diagram of differential graded
Lie algebras
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

Let X be a complex manifold. For any integer (a, b) with
a<0and b>0, let Gersty” be the sheaf

Gersty? = AXP (A2 Tx).

The direct sum Gersty = ®x Datb=k gerst)agb is a sheaf of
differential Gerstenhaber algebras, with the wedge product as
graded commutative product, the Dolbeault differential 0 as
differential and the Schouten-Nijenhuis bracket as odd graded
Lie bracket.

Let
i Qerst)agb — Hom*P(Ax, Ax), g, ig(w) =Eow,

be the contraction map.
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

i is a morphism of sheaves of bigraded associative algebras:

igny = leiy

Since (Gersty, A) is a graded commutative algebra,
lic,i,] = 0, so iterated contractions give a symmetric map

n

Q¥ @Qerst; — Hom*(Ax, Ax)
él@&@...@gn,_)igli&...ign
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

Polyx = Gerst[—1]
is a sheaf of differential graded Lie algebras. Note that, due to
the shift, the differential D in Polyy is —0.

The sheaf XS} = A%*(Tx) is a sheaf of subDGLAs of
Polyy, called the Kodaira-Spencer sheaf of X
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

The contraction map i: Gersty, — Hom*(Ax, Ax) can be
seen as a linear map

i: Polyy — Hom™(Ax, Ax)[—1].

» It is a Cartan homotopy

» The induced morphism | of sheaves of differential graded Lie
algebras is the holomorphic Lie derivative lg = [0, i¢].

le = duomic + ipe = [d.ic] — i = [d,i¢] — [3,ic].
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

L= {f € Hom*(Ax, Ax) | f(ker0) C 0Ax},
x: L — Hom™(Ax,Ax)

i: Polyyx — Hom"(Ax, Ax)[—1]; I(Polyk) C L

So we have a natural transformation of deformation functors
Defpoly§< — Defy induced, at the Maurer-Cartan level, by the
map & — (lg, €').

Defpolyy = ae?x (generalized deformation of X)

Def,, =~ Aut®(H*(X; C))
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

Theorem. The linear map
Polyx — C(x), & (le,ie)

is a linear Loo-morphism and induces a natural transformation of

functors -
®: Defy — Aut®(H*(X;C)),

given at the level of Maurer-Cartan functors by the map § — ;..
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

Via the natural identifications H!(Poly’) = @;>0H'(A' Tx) and
H*(X; C) = @®p,qHI(X; Q%) given by the Dolbeault’s theorem and
the d0-lemma, the differential of ®,

do: H(Poly}) — Hom®(H*(X; C), H*(X;C))

is identified with the contraction

(@ioni(/\iTX)) ® (@P,qu(X? Qf()) - EBi,p,q'LIqui(X? QS)(_I)
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

The linear map £ — (l¢, i¢) induces a morphism of obstruction
theories H?(Poly*) — Hom!(H*(X; C), H*(X; C)) which is
naturally identified with the contraction

(Biz0H T (A Tx)) @ (@pgHI(X; Q) — BipgHTTHX Q).
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

Since the deformation functor Aut®(H*(X; C)) is smooth we
get:

» The obstructions to extended deformations of a compact
Kaheler manifold X are contained in the subspace

P (ker (A Tx) 4+ Hom (HI(X; Q%), HIH1(X; 05 7))

i>0 p,q

of H?(Poly%). (Kodaira principle: ambient cohomology
annihilates obstruction)

Domenico Fiorenza Generalized periods of Kahler manifolds



Polyvector fields

Polyvector fields and generalized periods Generalized periods

Corollary. Extended deformations of compact Calabi-Yau
manifolds are unobstructed (Bogomolov-Tian-Todorov's
Lemma)

Proof. If X is an n-dimensional compact Calabi-Yau manifold,
then for any i > 0 the contraction pairing

HTY A Tx) @ H™ 71X Q) — H(X; Ox) ~ H"(X; Q%)

is nondegenerate.
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Polyvector fields

Polyvector fields and generalized periods Generalized periods

Barannikov-Kontsevich's generalized periods.
Let X be a Calabi-Yau manifold with volume element €2. Represent
a generalized deformation of X by a Maurer-Cartan element £ in
Poly chosen in the Tian's gauge: 9(£.Q) = 0.
Then .

Pe([9) = [ ()],

the generalized period of (X,w).
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Restriction to classical deformations

Let X be a compact Kihler manifold, Ax = FC D F1 D ...
be the Hodge filtration of differential forms on X.

The inclusion of DGLAs KSx — Poly’ induces

Defx — E)\e¥x.

The Grassmannian Grass(H*(FP), H*(X;C)) is a
homogeneous space for Aut’(H*(X; C) so we have a natural
projection

Aut’(H*(X; C)) — Grass(H*(FP), H*(X;C))
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Restriction to classical deformations

Defx Aut’(H*(X; C))

| |

Defy — > Grass(H*(FP), H*(X; C))

PP is the p-th period map.
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Restriction to classical deformations
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