Universita di Roma, “La Sapienza”
Wednesday October 20, 2004
3:00 - 4:00 Aula di Consiglio

Conformal algebras
and
Jacobi polynomials

Slides available at:



Example of a Lie conformal algebra: Vir

Definition of associative and Lie conformal
algebras

The general linear Lie conformal algebra gc
Problems of Classification

Primary and quasi-primary elements
Relation to Jacobi polynomials

Classification results




e Example of a Lie conformal algebra: Vir

e Definition of associative and Lie conformal
algebras

o The general linear Lie conformal algebra gc

¢ Problems of Classification
e Primary and quasi-primary elements
¢ Relation to Jacobi polynomials

e (lassification results

]

Example: Virasoro Lie conf alg

W: Lie algebra of S,

L d .
W =Clo™|—=(DCLw) , Lim=—2"
nel

[L{m}= L(n)] — (m - n]L{m+n—1)
L(z): defined by the L,,’s,

L(z) = Y Lz "' € W[z*"]]
nek
Basic observation:
(2 — w)?[L(z), L(w)] = 0O
Equivalently, we have the
[L(2), L(w)] = 0OuL(w)é(z —w)
+ 2L(w)0,6(z —w)
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Example: Virasoro Lie conf alg

W: Lie algebra of St

i d L d

W= C['T_l]ﬁz-gc‘l’(n} y Liny = -2 dx
[L{m]= L(n)] - (m - H)L{m+n—1)

L(2): defined by the L,’s,

L(Z) — ZL(n)z_n_l c W[[zj:l“

neL
Basic observation:
(z = w)?*[L(z), L{(w)] = 0
Equivalently, we have the
L(z), L(w)] = BL(w)d(z )
+ 2L(w)d,6(z —w)

The d—distribution is

0z —w) = Zz‘”_lw” e Cllz*, w™]
nck

(z—w)d(z—w) = 0
3 § 42005 —w) = S (w)
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Example: Virasoro Lie conf alg

W: Lie algebra of St

oy d .
W= C['T_l]ﬁz-gc{’(n} y Liny = -2 dx
[L{m]= L(n)] - (m - H)L{m+n—1)
L(z): defined by the Li,,’s,
L(z) = ) Lz """ € W[iz*]
n€k

Basic observation:
(z—w)?[L(z), L(w)] = 0
Equivalently, we have the

[L(2), Lw)] = 8uL(w)d(z —w)
+ 2L(w)8,0(z —w)

The d—distribution is
Oz —w) := Zz‘“‘lw” e C[[lz*, w™!]]
nekl
(z—w)d(z—w) = 0
1
i (k) _ — f(k)
37 § d2F (@018 —w) = FOw
General situation
a(z}a b(z): e € g[[zzl”ﬁ

(z —w)"[a(2),b(w)] = 0

Equivalently, we have an

&

[a(2), b(w)] = ) ex(w)dFé(z —w)

k=0
The is the Fourier transform
_ 1 Az—w)
@a @) = 5 §dz I a(e), bw)
= Z Ack(w) k!
k>0




The d—distribution is
Zz—n 1wn [z 1=wi1]]
neZ
(z—w)d(z—w) = 0
1
i (k) _ — gk
57 § a1 (@OW8(z —w) = fP(w)
General situation
a(z],b(zL e € g[[zZI]]ﬁ
(z —w)"[a(2),b(w)] = 0

Equivalently, we have an

Z cx(w)8K 5 (2 — w)
The is the Fourier transform
_ 1 Az—w)
onblw) = o §dee lalz), bw)
= ) Ack(w)/k! .

k=0

Properties of the A—bracket

1.

Dua(w)

la(w) 5 8

[bx al(w) =

[a x|

by cl(w)—[b,

ybw)] = —Aa  b](w)
wb(w)] = (A4 0u)la x bl(w)

—la —x-a, bl(w)

@ x d](w)

= [la x b] xu cJ(w)




Definition An associative conformal algebra is a
C[8]-module R, with a R x R — R[]
satisfying

ﬁ'a;‘bz —)\a;.b ; a;,ﬂbz {/\4‘8)&)\!)
and
a)\(b,uc) = (a/\b))ﬁpc

A module M over an associative conformal
algebra R is a C[8]-module, with a map
R x M — M{|}] satisfying sesquilinearity

(Ba)yv = —Aa)v , axOv=(A+0)ayv
and associativity

a)(byv) = (arb)rspv

o

Definition A Lie conformal algebra is a
C[8])-module R, with a R x R — R[}
satisfying

[3(1,; b]:—/\[(l),b] ; [a;xab]:()\—l—ﬂj[a;\b]

[bxal = —[a x-5]
and
laxbpc]—[bulaxd=Ianxb] rxud

A module M over an associative Lie conformal
algebra R is a C[0]-module, with a map
R x M — M|} satisfying sesquilinearity

(Ba)yv = —Aayv , a 6v=(A+8ayv
and associativity

ax(buv) —bu(arv) = [axb]ayuv




Facts about associative and Lie algebras
e Mat,, C = space of all linear endom’s of C".
. , End,, = Mat,,C.
Burnside Theorem

if A C End,, acts irreducibly on C", then
A = End,.

. , gl = Mat,C.

Theorem 1

if g C gl, acts irreducibly on C”, then g is
either semisimple, or semisimple plus scalars.

Theorem 2

If g is semisimple, then it is direct sum of
simple ideals.

Theorem 3

A complete list of simple finite dimensional
Lie algebras is:

1. classical simple Lie algebras: sl,,,so,,sp,,,

2. exceptional Lie alg’s: Eg, Er, Eg, Fy, Gs.




Facts about associative and Lie algebras
Mat,,C = space of all linear endom's of C".

, End,, = Mat,,C.

Burnside Theorem

if A € End,, acts irreducibly on C", then
A = End,,.

, gl = Mat,C.
Theorem 1

if g C gl, acts irreducibly on C", then g is

either semisimple, or semisimple plus scalars.

Theorem 2

If g is semisimple, then it is direct sum of
simple ideals.

Theorem 3

A complete list of simple finite dimensional
Lie algebras is:

1. classical simple Lie algebras: sl,,,so,,sp,,,

2. exceptional Lie alg’s: Fg, E7, Eg, Fi1, Ga.

Analogues facts about conformal algebras

A of M = C[a]" is a
map a) : M — MJ)] such that

a)(0m) = (0+ N)a,m

Proposition

The space of all conformal endom’s of C[9]¥ is
Mat nC[3, z]
The A-action of MatyC[d, z] on C[d] is given by
A8, z)\v(0) = A(-\A+8) -v(A+0)
(Note: it is of infinite rank over C[d]).

It is an , CEndp,

with A—product
A(0,z),B(0,z) = A(—\, A+ 30 +z)-B(A+0,z)
It is a , 2, with A-bracket

[A(aﬁ I) A B(a: m)] — A(a: EJAB(aa i")
o B(a m)—A—BA(as m:]




Facts about associative and Lie algebras
Mat,,C = space of all linear endom’s of C".

, End,, = Mat,,C.

Burnside Theorem

if A € End,, acts irreducibly on C", then
A = End,,.

, gl = Mat, C.
Theorem 1

if g C gl,, acts irreducibly on C", then g is

either semisimple, or semisimple plus scalars.

Theorem 2

If g is semisimple, then it is direct sum of
simple ideals.

Theorem 3

A complete list of simple finite dimensional
Lie algebras is:

1. classical simple Lie algebras: sl,,so,,sp,,

2. exceptional Lie alg’s: Eg, E7, Eg, Fiy, Gs.

Problem

Classify all associative conformal subalgebras
R C CEndy acting irreducibly on C[8]".

Observations

1. Burnside Thm holds for finite conf. alg’s:
there is a unique (up to conjugation)
associative conformal subalgebra of CEnd
acting irreducibly on C[8]",

C CEndN
2. Burnside Thm fails in the conformal case: for
every P(z) € Mat yClz] with det P(z) # 0,

there is a proper associative conformal
subalgebra acting irreducibly on C[8]¥,

= CEndyP(z) C CEndy

Results (B.K.L., 2002)

For N =1 there is nothing else. (For N > 2 the
problem is open).




Facts about associative and Lie algebras
Mat,,C = space of all linear endom's of C".

, End,, = Mat,,C.

Burnside Theorem

if A € End,, acts irreducibly on C", then
A = End,,.

, gl = Mat,C.
Theorem 1

if g C gl, acts irreducibly on C", then g is

either semisimple, or semisimple plus scalars.

Theorem 2

If g is semisimple, then it is direct sum of
simple ideals.

Theorem 3

A complete list of simple finite dimensional
Lie algebras is:

1. classical simple Lie algebras: sl,,,so,,sp,,,

2. exceptional Lie alg’s: Fg, E7, Eg, Fi1, Ga.

Problem

Classify all infinite rank Lie conformal subalg’s
R C gey acting irreducibly on C[8]7.

Partial results:

e In the , the problem has been
solved (D.K., 98).

e Examples: :
1. for P(z) € Mat y[z], det P(z) # 0,

= Mat yC[3, z] P(z)
2. if PT(—z) = P(z),

={a€geyp | " =—a}
(A(9,z)P(z))* = AT (9, -0 — z) P(x)

3. if PT(—z) = —P(z),

={a€geyp | a*=—a}
(A(9,z)P(z))" = —A"(9,—0 — z)P(z)

Question: are there Lie conf. alg.’s?

10




Problem

Classify all infinite rank Lie conformal subalg’s
R C gcy acting irreducibly on C[8]¥.

Partial results:

e In the , the problem has been
solved (D.K., 98).

e Examples: ,
1. for P(z) € Maty|[z], det P(z) # 0,

= MatyC[0, z] P(x)
2. if PT(—z) = P(z),

={a€genp | 0" =—a}
(A0, z)P(z))* = AT(9, -0 — z)P(z)

3. if PT(—z) = —P(x),

={acgeyp | a* = —a}
(A(8,2)P(z))" = —A"(8,~8 — z) P(z)

Question: are there Lie conf. alg.’s?

]

Conjecture (K.,97)

10

A complete list of subalgebras R C gc,, which act
irreducibly on C[8]% is given (up to conjugation)
by: gey p, 0Cn,p, SPCy p.

Theorem (DS.K.,02)

There are no other subalgebras R C gc which
are by a Virasoro element
L= (z+ad)l € gey.

11




Fix a Virasoro element

L= (z+ad)l € gey
namely such that [L , L] = (84 2A)L.
Observations

1. There is a representation of the

d
w0 — — _an 2
@CL(H}, L[n} &I do
n=0
on gcy given by
1 d"
Limyd = n! d\n L2 A] A=0

2. There is an ,
sly = {E,H,F} ¢ W°, given by

E = L(g} 3 H = —ZL{]_} 3 ..'.E‘- = _L{D]
3. We have the following identities

Ly = 8, Lp1y = degree operator + 1

12




Fix a Virasoro element

L=(z+ad)legey
namely such that [L 5 L] = (8 +2A)L.
Observations

1. There is a representation of the

d

WD = @CL(H), L(n} = —iltnﬁ
n=0

on gc given by

1 d"

LA =g

[L x A o

2. There is an :
sly = {E,H,F} ¢ WP, given by

E = L(g) 3 H — —ZL{]_) s ..'_l“ = _L{Dj

3. We have the following identities

Ly = 8, Ly = degree operator + 1

12

Definition

A normalized subalgebra R C gc, is such that
LeyRCR, n=0,1,2

Namely R is

Other Definitions

A primary element a € gej; of conformal weight
A is such that
[L xa] = (8+ANa

Equivalently, a is eigenvector of Ly with
eigenvalue A and L, a =0 for n > 2.
A quasi-primary element a € gcy of c.w. A is
such that

(L ya] = (8+AXa+ O\

Equivalently, a is eigenvector of L1y with
eigenvalue A and Liyya = 0. Namely it is
with h = —2A.

The reduced space gey C gey is the collection of
all quasi—primari elements a € gc,,.

13




Definition

A normalized subalgebra R C gc,; is such that
L{n]RC R, n=0,1,2

Namely R is
Other Definitions

A primary element a € ge,; of conformal weight
A is such that
[L xa] = (0+ AN)a

Equivalently, a is eigenvector of Ly with
eigenvalue A and Li,)a =0 for n > 2.
A quasi-primary element a € gcy of cow. A is
such that

[Lya] = (8+ANa+0(\)

Equivalently, a is eigenvector of Ly with
eigenvalue A and Liyya = 0. Namely it is
with h = —2A.

The reduced space gey C gey is the collection of
all quasi-primari elements a € gcy .

13

Remarks

e gc, is direct sum of irreducible Verma
modules of sls.

e Every element a € gc, decomposes uniquely
as
a= Zﬂiai , @' € gy
i>0
There is a \
S gey ooy, a=a
ge is endowed with a
gC X BCy — ECn[A], induced by the A-bracket in
R,
—
[a <x> b] = [a b
Proposition
There is a bijection between all subalgebra
normalized by L and all subalgebras
. The correspondence is given by

R—w(R), R~ Cl8R

14




Given a, 8 € C, the Jacobi polynomials
p{*P) (y), n > 0 are defined by the following
properties

o« P*7(y) =1
. Pﬁa"ﬁ}(y) is a polyn of degree n,
e the leading coefficient is 1,

e they form an in [—1,1]
with respect to the weight function
, namely

[ dy w(y) P\ ()Pl (y) = Gn

They solve the following
A=y )" +(B-a—(a+B+ 2y
+n(n+a+B8+1u = 0
They satisfy the following
PEAy) = (~1)"PP(—y)




Given a, 3 € C, the Jacobi polynomials
RE”’"SJ(y), n > 0 are defined by the following
properties

3
o P\*(y) = 1,
. Pﬁa’-ﬁ)(y) is a polyn of degree n,
e the leading coefficient is 1,

e they form an in [—1,1]
with respect to the weight function
, namely

1
/ dy w(y) PO () PD(y) = S
1

They solve the following
Q-9 )" +(B—a—(a+B+2yn
+n(n+a+8+1)u = 0
They satisfy the following

P (y) = (-1)"P(~y)

Theorem

(a) The reduced space gc has over C
Ef}(aﬁI}Eij , n>20,1<4,j<N,

where 0 = 1 — 2a, E;; is the standard basis
Mat 5 C and Q'7(8,z) is defined by

QP 0.0) = onpo) (%0)

Namely, with y = 2z + 0,

(b) By denoting X" = Q!;fr}(@, x), we can identify
(c) The projection™ : gc, — gy is given by:
(d) The is

[X™A x> X"B] = Q%7 (L X)QY (A, X)AB
—Q (=), X)Q% 7 (), X)BA

16




Theorem

(a) The reduced space gc, has over C
P@,2)By; , n>0, 1<i,j<N,

where ¢ = 1 — 2a, E;; is the standard basis
Mat 5 C and Q) (8, z) is defined by

QE-:T){S,H:] = 6“1:)?[:;—0‘9-) (Zﬂ:g— 8)

Namely, with y = 2z + 9,

(b) By denoting X" = 5{?}{3, x), we can identify
(¢) The projection™ : gecy — gey is given by:
(d) The is

[(X™A xs X"B] = Q%7 (A, X)QY (A, X)AB
—Q% (-1, X)Q4 7 (-\, X)BA
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Theorem

(a) For , ¢, has
For ,let o = x5 with § € Z,. A complete
list of co—dim subalgebras of gc, is:

= X°C[X]
= spang{X" |n> S ne2Z+1}

(b) A complete list of

is (S €Zy),
= mbf[j[ﬁ z] , = (z + 3)‘5(:[6 z]
= z°C,[0,z] , = (z + 8)°C.[0,z]
where
(C*[a= I] — {m (p(as I:H_(_l:] b(a —8 — ID}

with p(8,z) € C[9, z|

The corresponding Virasoro element is

+ 1S
L) =g+ -T2
2
The subalg’s are R(SH and Ri@

17




Theorem
(a) For , ¢, has
For ,let 0 =45 with § € Z,. A complete

list of co—dim subalgebras of ge¢, is:
= X°C[X]
= span{X" |n>Sne2Z+1}

(b) A complete list of

is (S €Zy),
- $SC[3: z =(z+ B)SC[B: z]
= 25C,[0,1] , = (z + 8)°C.[0, ]
where
C*[ﬁ, ﬁ.‘] — {Iﬁ(p(a: 3::]_4_(_1:]54_}3(3: —0 — 3::])}

with p(9,z) € C[0, z]
The corresponding Virasoro element is

. 1¥5
L(S—J:m+¢73

The subalg’s are R?’} and Ri:?
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Corollary 1

For § € Z,, we have

5(S) () . ES50W) _ PO
B ) = "=p* = “re

Notation(y = 2z + 1)

PO W)PS () = S o

AE‘_”:{I ‘|— 1: e .Tl}= lfl < Tl, AE,n:'Ej: lfI 2 T

H

Corollary 2

(i) If n —m <1 < m+n, then

D(Ji T, 1, ’!J': H (ig o UE)R(U)ﬁ H(J) - R(_Uj
icAin

(i) If I <n — m, then:

D(oym,n,l) :HieAm@E - UZ)HiEAm:r(li —0)R(0)
R(o) = Micann (49

l—[f"c-"d-m:n Et_g]

R(—0) ,i>0

18




The End



