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Outline

o Poisson vertex algebras
@ Definition of a PVA
@ Examples: GFZ, Virasoro, Currents

9 Hamiltonian equations associated to a PVA
@ Hamiltonian operators, Hamiltonian eq’s, integrals of motion
@ Lenard scheme for pair of PVA’s
@ Examples: KdV, HD, CNW, CNW of HD type

e Symplectic operators (and Dirac structures)
@ Definition of a symplectic operators, Hamiltonian equations and
Lenard scheme
@ Examples: KN equation and NLS system
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Outline

0 Poisson vertex algebras
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Definition A Lie algebra R is a vector space with
a Lie—bracket

ab—{ab} € R

satisying the following axioms:
°

@ skew-simmetry
{ba}=—{a b}

@ Jacobi identity

{a{bci}—{bfac}} = {{ab} c}
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Definition A differential Lie algebra R is a vector space
with an endomorphism 0 € End R and a Lie—bracket

amb—{ab} € R

satisying the following axioms:

@ Leibniz rule
d{a b} = {0a b}+{a ob}

@ skew-simmetry
{b a} =—{a b}

@ Jacobi identity

{a{bci}—{bfac}} = {{ab} c}
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Definition (Kac ~ 1995) A Lie conformal algebra R is a vector space
with an endomorphism 0 € End R and a A—bracket

a®bw— {axb} € R[\]

satisying the following axioms:
@ sesquilinearity

o{a\b} = {0a\b}+ {a\ob}
{oaxb} = —A{a\b}

@ skew-simmetry
{bra} = —{a_r-sb}
@ Jacobi identity

{ax{b.c}} — {bu.{arc}} = {{axb}r;uC}
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Definition (Kac ~ 1995) A Lie conformal
algebra R is a vector space with an
endomorphism 0 € End R and a A-bracket

a® bw— {a\b} € R[]

satisying the following axioms:
@ sesquilinearity

o{ab} = {0a\b}+ {a\0b}
{oaxb} = —XManb}

N
@ skew-simmetry {axb} = Z Napb
n=0

{bra} = —{a - sb}
@ Jacobi identity

{a-r-ob}

N
= > (=1)"(A + 8)"(anb)
{ax{b.c}} — {b.{ac}} = {{axb},s  n=0

V.
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Lie conformal algebra Poisson vertex algebras ]

A C[9]-module R with a
A-bracket R ® R — R[)]
satisfying

@ sesquilinearity

Lie conformal Poisson vertex
6{axb} = {9axb} + {a,9b} algebra algebra
{0a b} = —A{a\b} A conformal A

analogue

@ skew-simmetry
Lie algebra Poisson algebra
{bxa} = —{a_s_ob} gebra g

@ Jacobi identity

tax{buct} — {bu{arc}}

= {{axb}r+uC}
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Lie conformal algebra

A C[0]-module R with a
A-bracket R® R — R[)]
satisfying

@ sesquilinearity

d{axb} = {9a\b} + {a,0b}
{8a\b} = —A\{a\b}
@ skew-simmetry
{bra} = —{a_x—ab}
@ Jacobi identity

{ax{buc}} — {bu{arc}}
= {{axb}ryucC}

A. De Sole (Univ. di Roma 1)

Definition A Poisson algebra Vis a
vector space with two algebraic structures:

@ a commutative associative
product, f,g— f-geV,

@ alie algebra bracket
f.g—{fgteV ;

@ they satisfy the (left) Leibniz rule:

{f gh}y = {f g}h+g{f h}.
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Lie conformal algebra

A C[0]-module R with a I . .
M-bracket R® R — R[)] Definition A Poisson vertex algebra V is a

satisfying vector space with two algebraic structures:
@ sesquilinearity
d{axb} = {da\b} + {ay0b} | @ a commutative associative differential
{Payb} = —A{axb} product, f,g— f-g eV,
@ a Lie conformal algebra bracket
B f,g— {19} € VAL
A o they satisfy the (left) Leibniz rule:
@ Jacobi identity
{fagh} = {frgth + g{f\h}.

{ax{buc}} — {bu{arc}}
= {{axb}ryucC}

@ skew-simmetry
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Lie conformal algebra

A C[0]-module R with a I . .
A-bracket R R — R[A] Definition A Poisson vertex algebra V is a

satisfying vector space with two algebraic structures:
@ sesquilinearity
d{ab} = {0axb} + {ay0b} | @ @ commutative associative differential
{0ab} = —A{axb} product, f,g— f-g eV,
@ a Lie conformal algebra bracket
f,g— {frg} € V[\];
@ they satisfy the (left) Leibniz rule:

{fagh} = {frg}th+ g{f\h}.

@ skew-simmetry
{bra} = —{a_x—ob}
@ Jacobi identity

{ax{buc}} — {bu{arc}}
= {{axb}ryucC}

Remark: this is the quasi-classical limit of
the notion of a vertex algebra. J
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Lie conformal algebra

A C[9]-module R with a A . .
A-bracket R® R — R[] Definition A Poisson vertex algebra V is a

satisfying vector space with two algebraic structures:
@ sesquilinearity
d{axb} = {0ab} + {axob) | @ @ commutative associative differential
{0ab} = —A{axb} product, f,g— f-g eV,
@ a Lie conformal algebra bracket
f,g— {frg} € V[A];
@ they satisfy the (left) Leibniz rule:

{fagh} = {frgth+ g{f\h}.

/ Note: We also have the right Leibniz rule:
{fgrh} = {fir09} —h+ {h\r09}—f.

@ skew-simmetry
{bra} = —{a_x-ob}
@ Jacobi identity
{ax{buc}} — {bu{arc}}

= {{axb}ryucC}
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Lie conformal algebra
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Lie conformal algebra

A C[9]-module R with a
A-bracket R® R — R[)]
satisfying

@ sesquilinearity

0{axb} = {darb} + {arob}
{8ayb} = —\{a\b}
@ skew-simmetry
{bra} = —{a_x—ab}
@ Jacobi identity
{ax{buc}} — {bu{arc}}

= {{axb}ryucC}

{fﬂNag}ﬂh
=Y (hg)(A+9)h

n=0

A. De Sole (Univ. di Roma 1)

Definition A Poisson vertex algebra V is a
vector space with two algebraic structures:

@ a commutative associative differential
product, f,g— f-g eV,

@ a Lie conformal algebra bracket
f.g— {frg} € V[Al;
@ they satisfy the (left) Leibniz rule:
{fagh} = {frgrh + g{f\h}.

Note: We also have the right Leibniz rule:
{fgrh} = {fi 09} —h+ {hxro9} —f.
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Lie conformal algebra

A C[8]-module R with a A-bracket Def: An algebra of differential funcions is
R ® R — RI[\] satisfying
@ sesquilinearity (C[ul(”) li=1,....6,neZ]CV
d{ayb} = {dayb} + {a)0ob}
{8axb} = —A{a\b}
@ skew-simmetry
{bra} = —{a__pb}
@ Jacobi identity

{ax{buc}} — {b.{axc}}
= {{axb}rspch

Poisson vertex algebra

@ acomm. assoc. differential
algebra, with differential 9 and
product f - g,

@ a Lie conformal algebra, with
differ. & and A-bracket {f,g};

@ satisfying the (left) Leibniz
rule:

{fxgh} = {fxg}h+ g{f\h} .
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Lie conformal algebra

A C[8]-module R with a A-bracket Def: An algebra of differential funcions is
R ® R — R[] satisfying
@ sesquilinearity (C[ul(”) li=1,...,6,neZ]CV

d{ayb} = {dayb} + {a)0ob}

{020} = =} with the partial derivatives

@ skew-simmetry )
{bxa} = —{a_x—_pb} Ok V-V,
@ Jacobi identity ou;
{ax{buct} — {bu{axc}}
= {{axb}riuch

Poisson vertex algebra

@ acomm. assoc. differential
algebra, with differential 9 and
product f - g,
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differ. & and A-bracket {f,g};
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Lie conformal algebra
A C[8]-module R with a A\-bracket
R ® R — RI[\] satisfying
@ sesquilinearity
d{axb} = {dayb} + {a)ob}
{0axb} = —x{a)b}
@ skew-simmetry
{bra} = —{a__pb}
@ Jacobi identity

{ax{buc}} — {b.{axc}}
= {{axb}rspch

Poisson vertex algebra

@ acomm. assoc. differential
algebra, with differential 9 and
product f - g,

@ a Lie conformal algebra, with
differ. & and A-bracket {f,g};

@ satisfying the (left) Leibniz
rule:

{fxgh} = {fxg}h+ g{f\h} .

A. De Sole (Univ. di Roma 1)

Def: An algebra of differential funcions is

Clu™|i=1,....6,neZ]CV

with the partial derivatives

0
Ok V-V,
ou;

and the total derivative

0
o= um =
%: T au™

]
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Lie conformal algebra
A C[8]-module R with a A\-bracket
R ® R — RI[\] satisfying
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algebra, with differential 9 and
product f - g,

@ a Lie conformal algebra, with
differ. & and A-bracket {f,g};
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rule:

{fxgh} = {fxg}h+ g{f\h} .
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Def: An algebra of differential funcions is

Clu™|i=1,....6,neZ]CV

with the partial derivatives

0
Ok V-V,
ou;

and the total derivative

0
o= um =
%: ! 8U(n)

We require: )‘” =0forn>>0,
C U
commutation rel’s: { oy ()} —L.
ou; ou;
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Lie conformal algebra
A C[8]-module R with a A\-bracket
R ® R — RI[\] satisfying
@ sesquilinearity
d{axb} = {dayb} + {a)ob}
{0axb} = —x{a)b}
@ skew-simmetry
{bra} = —{a__pb}
@ Jacobi identity

{ax{buc}} — {b.{axc}}
= {{axb}rspch

Poisson vertex algebra

@ acomm. assoc. differential
algebra, with differential 9 and
product f - g,

@ a Lie conformal algebra, with
differ. & and A-bracket {f,g};

@ satisfying the (left) Leibniz
rule:

{fxgh} = {fxg}h+ g{f\h} .

A. De Sole (Univ. di Roma 1)

Def: An algebra of differential funcions is
Clu™|i=1,....6,nezZ]CV

with the partial derivatives

0
Gu(n) V=V,

and the total derivative

9 — Zun-H)

ou™
Main formula: {f.g} =
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Lie conformal algebra
A C[8]-module R with a A\-bracket
R ® R — RI[\] satisfying
@ sesquilinearity
d{axb} = {dayb} + {a)ob}
{0axb} = —x{a)b}
@ skew-simmetry
{bra} = —{a_x_pb}
@ Jacobi identity

{ax{buc}} — {bu{axc}}
= {{axb}rspch

Poisson vertex algebra

@ acomm. assoc. differential
algebra, with differential @ and
product f - g,

@ a Lie conformal algebra, with
differ. & and A-bracket {f,g};

@ satisfying the (left) Leibniz
rule:

{fxgh} = {fxg}h + g{f\h} .
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Examples

@ GFZPVA:V =C[ul" |n e Z] with

2]

PVA'’s & Hamiltonian eq’s

{uyu} = A
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Lie conformal algebra
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Examples

@ GFZPVA:V =C[ul" |n e Z] with

{uyu} = A

© Virasoro-Magri PVA:
V =C[u™ | n e Z,] with

C 3
{uyu} = U +2uX + ﬁ/\

c: Virasoro central charge

o
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Examples

@ GFZPVA:V =C[ul" |n e Z] with

{uyu} = A
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o

PVA'’s & Hamiltonian eq’s

V =C[u™ | n e Z,] with
{uyu} = U +2uX +

c: Virasoro central charge

C 3
12/\

Note: every linear combin. is a PVA!
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Lie conformal algebra
A C[8]-module R with a A\-bracket
R ® R — RI[\] satisfying
@ sesquilinearity
d{axb} = {dayb} + {a)ob}
{0axb} = —x{a)b}
@ skew-simmetry
{bra} = —{a_x_pb}
@ Jacobi identity
{ax{buc}} — {bu{axc}}

= {{axb}rspch

Poisson vertex algebra

@ acomm. assoc. differential
algebra, with differential @ and
product f - g,

@ a Lie conformal algebra, with
differ. & and A-bracket {f,g};

@ satisfying the (left) Leibniz
rule:

{fxgh} = {fxg}h + g{f\h} .

A. De Sole (Univ. di Roma 1)

Examples J

@ GFZPVA:V =C[ul" |n e Z] with
{uu} = A

© Virasoro-Magri PVA:
V =C[u™ | n e Z,] with

{uyu} = U +2uX + %/\3
c: Virasoro central charge
Note: every linear combin. is a PVA!
@ Affine PVA: Data: Lie algebra g, p € g,
symm. invariant bil. form (|), k € C
V(g.p, (1)) = C[C[d]g] with
(a,b€g)

{anb} = [a, b] + (pl[a, b]) +k(alb)A.
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Examples J

@ GFzZPVA:
V =Clu"|ne 7] with
{wu} = A

@ Virasoro-Magri PVA:
V =Clu"|ne 7z, with
C .3
12 A
c: Virasoro central charge

© Affine PVA: Data: Lie
algebra g, p € g, symm.
invariant bil. form (|), k € C

Ve(g,p,(1)) = C[C[dlg],
{anb} = [a, b]+(pl[a, b])+k(alb)A.

{nu} = u' +2ux +
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Examples J

© W-algberas, obtained by quantum

GFZ PVA: goet _
¢ Y = C[u™ | n e Z.] with Hamiltonian reduction:
{wu} = A
@ Virasoro-Magri PVA: o
Y =C[u" | n e Z,] with VM.,E’L""LM\
c/
{usu}y = v +2u) + —/\3 Wk g f quantiz. k(g’ )

12
c: Virasoro central charge

© Affine PVA: Data: Lie
algebra g, p € g, symm.
invariant bil. form (|), k € C

Ve(g,p,(1)) = C[C[dlg],
{anb} = [a, b]+(pl[a, b])+k(alb)A.

A
Zhu alg. K/ chiraliz. \

/

welfin(g. f e WIN(g )
{\\___,.»—-—""/

\
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Outline

e Hamiltonian equations associated to a PVA
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How are P.V.A’s related to the theory of Hamiltonian equations? )

A. De Sole (Univ. di Roma 1) PVA’s & Hamiltonian eq’s Cortona 15/6/2009 12/26



How are P.V.A’s related to the theory of Hamiltonian equations?

Basic Lemma: Let V be a P.V.A. Then:
@ V/0V is a Lie algebra with Lie bracket

{[f, [} = [{hg}|,_, € V/OV

(Notation: [f=f+ 0V € V/dV.)
@ Vis aV/9V-module, with action

{[fg} - {f/\g}{)\:o %
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Basic Lemma: Let V be a PV.A. Then:
@ V/9V is a Lie algebra with Lie bracket
{[f,[g} = [{hg}|,_, € V/OV
(Notation: [f=f+ 0V € V/oV.
@ VisaV/oV-module, with action

{[f.9} ={hg}, o€V
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Basic Lemma: Let V be a PV.A. Then:
@ V/9V is a Lie algebra with Lie bracket
{f, fg} = [{fg}|,_, € V/OV
(Notation: [f=f+ 0V € V/oV.
@ VisaV/oV-module, with action
{[f.g} = {fig}],_, €V
Definitions: let V be a PVA on an algebra of differential functions.

@ Space of functions: V (phase space).
Space of local functionals: V/0V (physical observables).
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Basic Lemma: Let V be a PV.A. Then:
@ V/9V is a Lie algebra with Lie bracket

{Jf,[a} = [{hg}|,_, € V/OV
(Notation: [f=f+ 0V € V/oV.
@ VisaV/oV-module, with action

{[f.g} = {fig}],_, €V
Definitions: let V be a PVA on an algebra of differential functions.
@ Space of functions: V (phase space).
Space of local functionals: V/0V (physical observables).

@ System of evolution equations: d“' =P ,i=1,...,¢.

Hence: & = Xp(f); Xp = Z,_n(d”P)ﬁ: evolutionary vector field
@ Hamiltonian equation (with Hamilt. functional [ h):

du
‘ _{/h u,}_ZH,,
where: H,/( ) = {u,ui}— isthe Hamlltonlan operator;
;’:j =0, (-0)" ‘)(””) is the variational derivative.
J
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Definitions: let V be a PVA on an algebra of differential functions.

@ Space of functions: VV (phase space).
Space of local functionals: V /OV (physical observables).
@ System of evolution equations: “' = P, yi=1,...,0.

Hence. = Xp(f); Xp = >, n(c)”P) evolutlonary vector field

° Hamiltonian equation (with Hamilt. functlonal Jh):

A _ e Ny ) O
- {/hu}= Z H”(())()‘u/- .

where H;j(9) = {u;,u;}— is the Hamlltonlan operator;
5u = Yonio(~0)"-07; is the variational derivative.
ou
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Definitions: let V be a PVA on an algebra of differential functions.
@ Space of functions: VV (phase space).
Space of local functionals: V /OV (physical observables).

@ System of evolution equations: “' = P, yi=1,...,0.
Hence. = Xp(f); Xp = >, n(c)”P) evolutlonary vector field
° Hamiltonian equation (with Hamilt. funetlonal Jh):
au;

i rp o — 9y 0h
S = {hu) = Z_ Hi(0) 5,

where H;j(9) = {u;,u;} - is the Hamiltonian operator;

n_oh
OU/ = eo(—0) o, 18 the variational derivative.

@ Integral of motion (for a Hamilt. eq.): [f s.t.

SIf={n fr=0.
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Definitions: let V be a PVA on an algebra of differential functions.
@ Space of functions: VV (phase space).
Space of local functionals: V /OV (physical observables).

@ System of evolution equations: “' = P, yi=1,...,0.
Hence. = Xp(f); Xp = >, n(c)”P) evolutlonary vector field
° Hamiltonian equation (with Hamilt. funetlonal Jhy:
au;

i h g oy Oh
- {/hu}= ; H’J(())()-Uj .

where H;j(9) = {u;,u;} - is the Hamiltonian operator;
=30 ,(-9)" ;){’n) is the variational derivative.
ou

0uj
@ Integral of motion (for a Hamilt. eq.): [f s.t.

d :
SIf={n fr=0.

Integrability: 3 0o sequence, lin. indep. [hy = [h, [hi[hs... s.t.
{fhm«[hn} — 0 5 Vm, n.
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Example: KdV equation on V = Clu, U/, ", .. .]:

au
— =3ul +cu".
ot *
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Example: KdV equation on V = Clu, U/, ", .. .]:

au
— =3ul +cu".

dt
It can be written in Hamiltonian form in two ways:
o
o
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Example: KdV equation on V = Clu, U/, ", .. .]:
CZ;; =3uu +cu”.

It can be written in Hamiltonian form in two ways:

@ PVA: {u+ \u} = ) (this is the GFZ PVA),
Hamiltonian functional: [hy = Su® + Suu”.
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Example: KdV equation on V = Clu, U/, ", .. .]:

au
— =3ul +cu".
ot *

It can be written in Hamiltonian form in two ways:

@ PVA: {u+ \u} = ) (this is the GFZ PVA),
Hamiltonian functional: [hy = Su® + Suu”.
Indeed we have:

% = {uau}a% = a(%f +cu”) =3u + cu”.
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Example: KdV equation on V = Clu, U/, ", .. .]:

au
— =3ul +cu".
ot *

It can be written in Hamiltonian form in two ways:

@ PVA: {u+ \u} = ) (this is the GFZ PVA),
Hamiltonian functional: [hy = Su® + Suu”.
Indeed we have:

au 5ho 3 P

F = {Uau}HW = a(éu +cu”) =3uu +cu”.

@ PVA: {u+\u}=U +2u\+ %3 (Virasoro-Magri PVA)
Hamiltonian functional: [hy = Ju?.
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Example: KdV equation on V = Clu, U/, ", .. .]:

au
— =3ul +cu".
ot *

It can be written in Hamiltonian form in two ways:

@ PVA: {u+ \u} = ) (this is the GFZ PVA),
Hamiltonian functional: [hy = Su® + Suu”.
Indeed we have:

au 5ho

E = {Uau}—)ﬁ

= a(%f +eu’) =3u +cu” .

@ PVA: {u+\u}=U +2u\+ %3 (Virasoro-Magri PVA)
Hamiltonian functional: [hy = Ju?.

Indeed we have:

du _ %_ ’ 3 _ / 1"
g = (eut-—5 = (U +2ud + ¢d”)u = 3uu + cu” .
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Example: KdV equation on V = Clu, v/, U", .. .]:

adu
— =3uu +cu”.
dt "

It can be written in Hamiltonian form in two ways:
@ PVA: {u+ \u} = ) (this is the GFZ PVA),
Hamiltonian functional: [hy = Su® + Suu”.
Indeed we have:
au (5ho 3 P

F = {uau]qW = a(éu +cu”) =3uu +cu”.

Q PVA: {u+)\up=uU+2u)+ §3 (Virasoro-Magri PVA)
Hamiltonian functional: [h; = 1 u2.
Indeed we have:
au ohy

&= {u@u}ﬁm = (U +2ud +cd®)u=3uu +cu” .

Note: having two compatible Hamiltonian forms is a key point for
proving integrability via the Lenard scheme.
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Theorem: (Lenard scheme of integrability)
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.

Definition: V normal: ﬁ 1V — V is surjective on each degree.
u

i
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.

Definition: V normal: ﬁ .V — Vs surjective on each degree.
g
It implies that the complex of variational calculus is exact [DSKO08]. In particular:
Dr(0) = DE(0) & F = %, where: the Frechet derivative and its adjoint are:
, OF; 305 oF;
(Dr(@)P), =3 au(’l’) P, ,  (DE(O)P), = Z(—a)"(au@ Pj) :

Jn Z5j Jn i

© 000
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
o

o
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
© Two compatible PVA stcuctures on V: {- ) -}y and {- \ - }«-

compatible: all linear combinations a{- x -}# + B{- » -}« define a PVA structure on V. J
o
o
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
o

o
o

A. De Sole (Univ. di Roma 1) PVA’s & Hamiltonian eq’s Cortona 15/6/2009 15/26



Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.

o
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
© Two compatible PVA stcuctures on V: {- -}y and {- - }«.
Q K0 = ({ufaui}K)i,j:1,...,€ is non-degenerate.

Def: K(9) non-degenerate: K(9)(Dr(9) — DE(0))K(9) = 0 = Dr(0) = DE(9).

o
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.

o
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.

Q Let fho,fh1 € V/@V be s.t. {./.ho, '}H = {‘/.hp '}K-
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- » - }«.
Q K(9) = ({“/aU/}K)i,j:L“.x is non-degenerate.

Q Let fho,fh1 € V/@V be s.t. {/hoq '}H = {/I’H '}K-

Note: it gives an evolution equation which can be written in two Hamiltonian forms:

% = {[ho, ui}n = { [, Ui}k
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.

Q Let fho,fh1 € V/@V be s.t. {./.ho, '}H = {‘/.hp '}K-
o
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.

Q Let fho,fh1 € V/@V be s.t. {/ho '}H = {‘/.hp }K
1
© Orthogonality condition: (C% + C%) c Im (K(9)).
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible PVA stcuctures on V: {- -}y and {- , - }«.
Q K = ({ujau,-}K),.J:h“’e is non-degenerate.

Q Let [hy, [hy eV/ovbest. {[hy. -}y =1{/hi. }k

© Orthogonality condition: ((C‘”’O + C‘”“) c Im (K(9)).

Notation: the orthogonality relationis: F L. P < [F - P = 0. J
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.

Q Let fho,fh1 € V/@V be s.t. {/ho '}H = {‘/.hp }K
1
© Orthogonality condition: (C% + C%) c Im (K(9)).
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.
Q Let fho,fh1 € V/@V be s.t. {/ho '}H = {‘/.hp }K
1
© Orthogonality condition: (C% + C%) c Im (K(9)).

Then: 3 an infinite sequence of local functionals
[ho, [h1, [ho, --- € V/OV, such that

U.hn- tH= {fhn+1~ Yk, Yn>0.
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible PVA stcuctures on V: {- -}y and {- - }k.
Q K(0) = ({ufaui}K)i,j:1,...,£ is non-degenerate.
Q Let fho,fh1 € V/@V be s.t. {./.ho, '}H = {‘/.hp '}K-
1
© Orthogonality condition: (C% + C%) c Im (K(9)).

Then: 3 an infinite sequence of local functionals
[ho, [h1, [ho, --- € V/OV, such that

{Jbn, v =A{Pnt1, }k, ¥n=0.
In particular, { [ Am, [Batn = {[hm, [Batk =0, ¥Ym,n> 0.
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Theorem: (Lenard scheme of integrability)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible PVA stcuctures on V: {- y -}y and {- - }x-.
Q K = ({ujau,-}K),./. ... is non-degenerate.
QLetfho,fmeV/@Vbest {/ho }H {//'H }K-

© Orthogonality condition: (C%’Zj’ + C‘”“) C Im (K(9)).

Then: 7 an infinite sequence of local functionals
fho, fh1, fhg, SRR V/(?V, such that

{bn, v =A{Pnt1, }k, ¥n=0.
In particular, { [Am, [Baty = {[hm, [Ba}k =0, ¥Ym,n> 0.

Concl.: the hierarchy of Hamiltonian eq.’s d“’ = {[hp, Ui}y is integrable. J

A. De Sole (Univ. di Roma 1) PVA’s & Hamiltonian eq’s Cortona 15/6/2009 15/26



Lenard scheme
Assumptions:

@ Vis normal.

Q {xl}nand{  }xare

compatible PVA structures.
Q KO = ({yjpuitk); =y, 18
non-degenerate.
Q Sh, [hi €V/oV arest.
{fh()v '}H == {fh17 '}K'
© Orthogonality condition:
(€% + o)t c1m K(9).
Then:
3 fho, [hy, [ho, --- € V/OV, such
that

{[hn, Iv ={[bns1, 3k, Yn>0.

Hence: integrable hierarchy

au;

an {/ hn, ui}h -

A. De Sole (Univ. di Roma 1)

Examples.

PVA’s & Hamiltonian eq’s

Cortona 15/6/2009
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Lenard scheme
Assumptions:

@ Vis normal.

Q {»}nand{ \-}xare

compatible PVA structures.
Q KO) = ({yjpUitk); j=1. 4
non-degenerate.
Q [ho, [ €V/oVares.t.
{Jho, Y ={[h1, I«
@ Orthogonality condition:
(€32 + )" cm K(D).
Then:
E|fho7 fh1, fhg, EV/@V,SUCh
that

is

{[hn, Iv ={Sbns1, -}k, ¥Yn>0.

Hence: integrable hierarchy

au; .
— ={[hn, .
dt {S b, Uity

A. De Sole (Univ. di Roma 1)

Example 1: KdV equation

Space of functions: V = Clu, v/, u”, .. .].

Equation:
dU ! 111 0 1 3 "
— = cu” = 0 — =(u"+cuu
dr ~Su 95y 30 Fews)
[r
6 1
=u +2ud+ ¢ — 1P .
—_——u 2
H(8) ~~~
I
PVA’s & Hamiltonian eq’s Cortona 15/6/2009
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Lenard scheme
Assumptions:
@ Vis normal.
@ {x}nand{- }iare
compatible PVA structures.
e K(0) = {ulau'}K)// 1,018
non-degenerate.
Q [ho, [ €V/oVares.t.
{Sho, I ={ P, }k-
@ Orthogonality condition:
hyyL
(€52 + o) cm K().
Then:

3thv fh17fh27
that

€ V/dV, such

{Shn, tn=A{Shns1, 3k, Yn=>0.

Hence: integrable hierarchy

d“’ L — (b, ubu.

A. De Sole (Univ. di Roma 1)

Example 1: KdV equation

Space of functions: V = Clu, v/, u”, .. .].

Equation:

du

o= 3ud +cu”" = 0 (u® + cuu’)

K(9) ———
[r

N =

9
ou

L 3i12
=u 4—2u8—&-(:8(S 2u

fm

H(d)
We also have
§

0
~~ ou
K(9)

P=u+2u0+0® > u =
—————— (U~

H(9) fho

<W

—
=
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Lenard scheme
Assumptions:
@ Vis normal.
@ {x}nand{- }iare
compatible PVA structures.
e K(9) = {ulau'}K)// 1,..., iS
non-degenerate.
Qo fho,fm € V/9V are s.t.
{ho, I ={Sh, }«k-
@ Orthogonality condition:
Sh Shyy L
(CJT? ‘HCTJ) C Im K(9).
Then:

EIfl707 fh17fh27
that

€ V/dV, such

{Shn; Y ={Shnt1, -}k, ¥Yn>0.

Hence: integrable hierarchy

d“’ L — (b, ubu.

A. De Sole (Univ. di Roma 1)

Example 1: KdV equation

Space of functions: V = Clu, v/, u”, .. .].

Equation:
dU o ’ "o 6 1 3 1
E73uu +cu _\QJEE(U +cuu”)
K@) — S————
Jre
=u +2ud + cd® i 1U2
H()
T
We also have
. o1 5 ’ p 03 o ’
0 @EU =Uu +2ud + ¢co E\L:U'
~~ ———
K(0) 7;’ H(d) S
1

Orthogonality condition:

< < 9ho q"*ﬂ

50 T %50 ) C17- =0V =1Im (K((’))) .
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Lenard scheme
Assumptions:
@ Vis normal.
@ {x}nand{- }iare
compatible PVA structures.
e K(9) = {ulau'}K)// 1,..., iS
non-degenerate.
Qo fho,fm € V/9V are s.t.
{Sho, I ={ P, }k-
@ Orthogonality condition:
Sh hyyL
(C52 + )™ cIm K(9).
Then:

3thv fh17fh27
that

€ V/dV, such

{Shn, tn=A{Shns1, 3k, Yn=>0.

Hence: integrable hierarchy

d“’ L — (b, ubu.

A. De Sole (Univ. di Roma 1)

Example 1: KdV equation

Space of functions: V = Clu, v/, u”, .. .].

Equation:
dU o ’ "o 6 1 3 1
E73uu +cu _\QJEE(U +cuu”)
K@) — S————
Jre
=u +2ud + cd® i 1U2
H()
T
We also have
. o1 5 ’ p 03 o ’
0 @EU =Uu +2ud + ¢co E\L:U'
~~ ———
K(0) 7;’ H(d) S
1

Orthogonality condition:

L0hg ~ ohy\ L PO -
< m VE) C17- =0V =1Im (K(())) .

Conclusion: the KdV eq is integrable.
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Lenard scheme
Assumptions:

@ Visnormal.

Q {xl}nand{  }xare

compatible PVA structures.
Q KO = ({yjpuitk); =y, 18
non-degenerate.
Q Sh, [hi €V/oV arest.
{Jho, I ={[h1, -}k
© Orthogonality condition:
(€% + o)t c1m K(9).
Then:
3 fho, [hy, [ho, --- € V/OV, such
that

{[hn, Iv ={[bns1, 3k, Yn>0.

Hence: integrable hierarchy

ol - {./‘hn* U/}H .

din

A. De Sole (Univ. di Roma 1)

Example 2: Harry-Dym equation

Space of funct’s: V = (C[ui%, uou’ L.

Equation:

adu

- —1/2\m1
g - W)
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Lenard scheme
Assumptions:

@ Visnormal.

Q {xl}nand{  }xare

compatible PVA structures.

Q KO = ({yjpuitk); =y, 18
non-degenerate.

Q Sh, [hi €V/oV arest.
{Jho, }n={SM, Ik

© Orthogonality condition:

(€% 4 ¥yt m k(D).
Then:
3 fho, [hy, [ho, --- € V/OV, such
that

{[hn, Iv ={[bns1, 3k, Yn>0.

Hence: integrable hierarchy

2 - {./‘hn* UitH -

din

A. De Sole (Univ. di Roma 1)

Example 2: Harry-Dym equation

Space of funct’s: V = (C[ui%, uou’ L.

Equation:
% 71/2 no__ a3 J 1/2
a W)= 5
H(®) [

=u +2ud O oyt
~——— U

K(9) [hy
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Lenard scheme
Assumptions:

@ Visnormal.

Q {xl}nand{  }xare

compatible PVA structures.
e K(a) = ({ujauf}K),"/':L””g is
non-degenerate.
(% ] fho,fh1 € V/dV are s.t.
{Jho, Y ={[h1, }«k-
© Orthogonality condition:

(€% 4 ¥yt m k(D).
Then:
3 fho, [hy, [ho, --- € V/OV, such
that

{[hn, Iv ={[bns1, 3k, Yn>0.

Hence: integrable hierarchy

2 - {./‘hn* UitH -

din

A. De Sole (Univ. di Roma 1)

Example 2: Harry-Dym equation

Space of funct’s: V = (C[ui%, uu’ ..

Equation:
du 71/2 " 3 0 1/2
= — 2
a W)= 5
H(9) fh
=u +2ud O oyt
~——— U
K(8) [hy

Orthogonality condition:
. ohy

‘ /2y L
Cm> C(in'/2>

<,,J5h0
T Su

PVA’s & Hamiltonian eq’s Cortona 15/6/2009
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Lenard scheme
Assumptions:

@ Visnormal.

Q {xl}nand{  }xare

compatible PVA structures.
e K(9) = ({ujauf}K),"/':L””g is
non-degenerate.
(% ] fho,fh1 € V/dV are s.t.
{Jho, }n={SM, Ik
© Orthogonality condition:

(€% 4 ¥yt m k(D).
Then:
3 fho, [hy, [ho, --- € V/OV, such
that

{[hn, Iv ={[bns1, 3k, Yn>0.

Hence: integrable hierarchy

2 - {./‘hm UitH -

din

A. De Sole (Univ. di Roma 1)

Example 2: Harry-Dym equation

Space of funct’s: V = C[ui%, uu’ ..

Equation:
adu 71/2 " 3 0 1/2
“ — 2
a W)= 5
H(9) fh
=u +2ud O oyt
~——— U
K(8) [hy

Orthogonality condition:
~0h

—) ‘C(u*""?)‘

<,,J5ho
T Su

T Su

Conclusion: the HD eq is integrable.
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Algorithm: for the integrals of motion [h,, n>0:

K(W

5
d Su 5h —1/2
S ho= 2fu1/2 —— 3=u /
H(8)=8°
oPu~1/?
K@) o~
5 ~
[hi= — [um 42U/~ 1 5/2521/4
H(9)
oPu1/?
K(a,)_/ﬂ
/f/

5
fh2= —%fu_3/484u_3/4 gw ,_—2: %u‘7/484u‘3/4

H(9)
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Example 3: CNW system
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Example 3: CNW system
Space of funct's: V = C[u, v\” | n € Z,]. Compatible PVA structures:

{inuyy = (@+2 ) u+cX®, {vivln =0, {win = (@ + NV, {vuly = v,

{UAU}K = {V/\V}K =\, {U)\V}K = {VAU}K = 0,
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Example 3: CNW system
Space of funct's: V = C[u, v\” | n € Z,]. Compatible PVA structures:

{usuty = (@420 u+cX®, {(vwwliy =0, {inwig = (0 + NV, {vau}ly = v,

{UAU}K = {V,\V}K =\, {U)\V}K = {VAU}K = 0,

e e [ cOP+2ud+u vd [0 0
Corresp. Hamiltonian operators: H(9) = ( Vo4 v 0 LK@= 49 5 )
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Example 3: CNW system
Space of funct's: V = C[u, v\” | n € Z,]. Compatible PVA structures:

{inuyy = (@+2 ) u+cX®, {vivln =0, {win = (@ + NV, {vuly = v,
{UAU}K = {V,\V}K =\, {UAV}K = {VAU}K = 0,
g e [ cOP+2ud+u vd [0 0
Corresp. Hamiltonian operators: H(9) = ( Vo4 v 0 > , K(8) = ( 0 8 )
Let ho = v, hy = u. We have: H(9)%% = K(9)2 =0, and (C%2 @ C%1)" = Im ().
We have an integrable hierarchy:

QU _ pyg)ohnt _ K(a)% ,

>0.
at ou hz
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Example 3: CNW system
Space of funct's: V = C[u, v\” | n € Z,]. Compatible PVA structures:

(g =@ +2 ) u+cX3, {vvig =0, {Lwin= (0 + NV, {viuly = v,

{inutk ={wvavik =X, {unvik ={wvaulxk =0,

g e [ cOP+2ud+u vd [0 0
Corresp. Hamiltonian operators: H(0) = ( Vo 4 v/ 0 > , K(0) = ( 0 9 )
Let ho = v, hy = u. We have: H(9)%% = K(9)2 =0, and (C%2 @ C%1)" = Im ().
We have an integrable hierarchy:
adu P (Shn,1 . 6hn
— = H(o = K(0)— >0.
g~ HO =, 05y n=z0

For example, we have:

fh2=%f(U2+V2), fh3=%f(cuu”+u3+uv2) .

{ %; =u { g—g =cu"” +3uu’ + v’
av _ . av )t
=V dtz_d(uv)

The last equation is the CNW system.
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Example 4: CNW system of HD type
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Example 4: CNW system of HD type

Space of funct's: V = Clu, v*', v/, v/, u”, v"]. Three compatible PVA structures:

{uxubr = (0 +2\)u, {vavh =0, {uxv} = (@ + v, {vau} = Av,
{unufe = {vavl2 = A, {uavie = {vau}2 =0,

{UAU}g = /\3, {V)\V}s = {UAV}g = {V,\U}g =0.
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Example 4: CNW system of HD type
Space of funct's: V = Clu, v*', v/, v/, u”, v"]. Three compatible PVA structures:

{unuty = (O +2N)u, {vav}1 =0, {urnv}i = (0 + N)v, {vau}s = v,
{UAU}ZZ{VAV}2:A, {UAV}gz{VAU}zzo,

{U,\U}s = /\3, {VAV}s = {UAV}g = {V,\U}g =0.

We choose the Hamiltonian operators (for ¢ € C):
) , . d+co® 0 . . " +2ud  vo
H(0) = He(0) + (o) = (V77 S ) k@ =m) = (4538 ).
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Example 4: CNW system of HD type

Space of funct's: V = Clu, v*', v/, v/, u”, v"]. Three compatible PVA structures:

{uxubr = (0 +2\)u, {vavh =0, {uxv} = (@ + v, {vau} = Av,
{unufe = {vavl2 = A, {uavie = {vau}2 =0,

{UAU}g = /\3, {V)\V}s = {UAV}g = {VAU}g =0.

We choose the Hamiltonian operators (for ¢ € C):

) , . d+co® . . " +2ud  vo
H(8) = Ho (D) + cHs(9) = ( +OC g ) , K(8) = Hy(9) = ( “V/J; V‘g "O< )
Let [ho = [v, [hi = [4.

v
We have: K(9)%0 = H(9)%0 = K(9)3 = 0.
Moreover, we have (Clh g (C‘fs’:}) CIm (K(9)).
Hence, we have a new integrable hierarchy:

au ()hn 1

Shn
dt = H(9) ou

ou

= K(d)
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Example 4: CNW system of HD type
Space of funct's: V = Clu, v*', v/, v/, u”, v"]. Three compatible PVA structures:

{uxubr = (0 +2\)u, {vavh =0, {uxv} = (@ + v, {vau} = Av,
{unufe = {vavl2 = A, {uavie = {vau}2 =0,

{UAU}g = /\3, {V)\V}s = {UAV}g = {VAU}g =0.

We choose the Hamiltonian operators (for ¢ € C):

H(9) = Ha(8) + cHa(8) = ( ”*0003 0 ) L K(8) = Hy (9) = ( “V/,va‘g’ v )
Let fho = [v, [hy = [L.

We have: K(9)%0 = H(9)%0 = K(9)3 = 0.

Moreover, we have (C%o @)t cIm (K(9)).

Hence, we have a new integrable hierarchy:

au 0hn_+ ohn

=H =K(@)—, n>0.
@~ HO=5, @5y =
The first equation of the hierarchy is:
au 1 av u
8+ co® =~ = _9(=
dt1 ( +e )(V) ’ at (Vz)

Which we call the CNW system of HD type.
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Outline

e Symplectic operators (and Dirac structures)

A. De Sole (Univ. di Roma 1) PVA’s & Hamiltonian eq’s Cortona 15/6/2009 20/26



Definition A symplectic structure S on V is a A-bracket
fog— (hg)S € V]

satisying the following axioms:
@ Leibniz rule: (f,gh)® = (fg)°h+ (fh)°g
@ sesquilinearity: (0£,.9)° = —~\(H9)°, (h09)° = (0 + \)(f9)°
@ skew-simmetry: (g,\/)° = —(f_,_59)°
@ symplectic identity:

{uin(y;,u) °Ye — {u;, (uinui) % e + {{unu)®, ukts = 0 Vi j. k

where {- -} is the Beltrami \-bracket, defined by {u;,u;}5 = 0;;
and extended to V by sesquilinearity, symmetry and Leibniz rules.
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Definition A symplectic structure S on V is a A-bracket
fog— (hg)S € V]

satisying the following axioms:
@ Leibniz rule: (f,gh)® = (fg)°h+ (fh)°g
@ sesquilinearity: (0£,.9)° = —~\(H9)°, (h09)° = (0 + \)(f9)°
@ skew-simmetry: (g,\/)° = —(f_,_59)°
@ symplectic identity:

{uin(y;,u) °Ye — {u;, (uinui) % e + {{unu)®, ukts = 0 Vi j. k

where {- -} is the Beltrami \-bracket, defined by {u;,u;}5 = 0;;
and extended to V by sesquilinearity, symmetry and Leibniz rules.

Note: it suffices to define the A-bracket on generators: (1, 1;)° = S;()\) (this is the
symplectic operator ) and extend it by sesquilinearity and the Leibniz rules.
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Basic Lemma:
we have a Lie algebra structure on the space of Hamiltonian functionals

F(S) = {ff ev/ov| o = s9)P. forsome P e v"} :

or
ou

with Lie bracket given by
f.fgts =P 29 ayp— O
{f.Jgys =[P 5] where S(O)P =<~
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Basic Lemma:
we have a Lie algebra structure on the space of Hamiltonian functionals

F(S) = {ff cV/oV L. S(8)P, forsome P e v"} :

or
ou

with Lie bracket given by
{[f, [g}s=[P- b—g ,  Where S(0)P = ﬁ .
. el T ‘ ou ou
Definitions:

@ Hamiltonian equation (w.r.t. sympl. str. (-  -)° and Ham.. funct.
[ h):

du _

a

P, where S(8)P = % .
@ Integral of motion (for a Hamilt. eq.): [f € F(S) s.t.
S It=(h s =0
@ Integrability: 3 infinite sequence [hy = [h, [hi[hs--- € F(S) s.t.
{[Bm. [hn}sS =0, ¥m,n.
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Theorem: (Lenard scheme for symplectic operators)

00000
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible symplectic stcuctures on V: (-, )% and (- » ) 7.
o

o

o
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible symplectic stcuctures on V: (-, -)S and (-, -)1.

compatible:

() [F-P=[F .PVYP,P st S(d)P=T()P
= 3Qst F=S0)Q, F = T(9)Q

(ii) [ (Lp, S(9)P2)Ps + [(Lp; S()P2)Ps + (cyclic permut’s) = 0
VP, Pl st. S(9)P, = T(Q)P,, i=1,2,3.

000
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible symplectic stcuctures on V: (-, -)S and (- 5 -) 7.
© non-degeneracy condition holds for S, T.

o
o
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:
@ Vs a normal algebra of differential functions.
@ Two compatible symplectic stcuctures on V: (-, -)S and (- 5 -) 7.
© non-degeneracy condition holds for S, T.

Def: S, T satisfy the non-degeneracy condition:

[Q(DE(9) — DE())P = 0VP, Qs.t. T(9)P, T(9)Q € Im (S(9)) = Dr(d) = DE().

o
o
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:
@ Vs a normal algebra of differential functions.
@ Two compatible symplectic stcuctures on V: (- )% and (- 5 -)7.
© non-degeneracy condition holds for S, T.

Def: S, T satisfy the non-degeneracy condition:
S Q(Dr(8) — DF(9))P = 0VP, Qs.t. T(9)P, T(0)Q € Im (S(9)) = Dr(8) = DF(9).
(This is a weak, technical condition, which is usually easy to prove.)

o
o
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible symplectic stcuctures on V: (-, )% and (- » ) 7.
© non-degeneracy condition holds for S, T.

Q Let [ho, [hy € F(S)be st 2o = S()PO v — T(5)PO.

ou
o
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:
@ Vs a normal algebra of differential functions.
@ Two compatible symplectic stcuctures on V: (-, -)S and (- -)
© non-degeneracy condition holds for S, 7.
Q Let [hy, [hy € F(S)be st 20 = S@)P° . I — T(5)PO.

Note: it gives an evolution equation

au; 0
= _ po
at

which is in Hamiltonian forms w.r.t. both S and T:

o
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible symplectic stcuctures on V: (-, -)S and (- 5 -) 7.
© non-degeneracy condition holds for S, T.

Q Let [ho, [hy € F(S)be st 2o = S()PO v — T(5)PO.

© Orthogonality condition: ((CPO)L C Im (S(9)).
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:
@ Vs a normal algebra of differential functions.
@ Two compatible symplectic stcuctures on V: (-, )% and (-, ) 7.
© non-degeneracy condition holds for S, T.
Q Let [ho, [hy € F(S)be st 2o = S()PO v — T(5)PO.

© Orthogonality condition: ((CPO)L C Im (S(9)).

Notation: the orthogonality relationis: F L. P < [F - P = 0. J
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.

@ Two compatible symplectic stcuctures on V: (-, )% and (- » ) 7.

© non-degeneracy condition holds for S, T.
Q Let [ho, [hy € F(S)be st 2o = S()PO v — T(5)PO.

ou
© Orthogonality condition: ((CPO)L C Im (S(9)).
Then: 3 infinite sequences [hy, [h1, [ho, --- € F(S), and
PO P! P2 ... c V! such that

, | h
S(0)P" = T(9)P"" = "TJ Wn>1.
C
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Theorem: (Lenard scheme for symplectic operators)
Assumptions:

@ Vs a normal algebra of differential functions.
@ Two compatible symplectic stcuctures on V: (-, )% and (- » ) 7.
© non-degeneracy condition holds for S, T.
Q Let [ho, [hy € F(S)be st 2o = S()PO v — T(5)PO.
© Orthogonality condition: ((CPO)L C Im (S(9)).
Then: 3 infinite sequences [hy, [h1, [ho, --- € F(S), and
PO P! P2 ... c V! such that

, Sh
S(O)P" = T(@)P™ 1 = %7 vn>1.
C

In particular, { [ Ay, [hots = { [ hm. [ha}7 =0, ¥Ym,n>0. and we have an
integrable hierarchy of Hamiltonian eq.s

dui _ pn.

o
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Example: KN equation
Space of functions: Clu, v/, u”,...] C V. Equation:
au ., 3W” _p

a Y 2w
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Example: KN equation
Space of functions: Clu, v/, u”,...] C V. Equation:
au ., 3W” _p

a Y 2w

It is associated to two symplectic structures:

1 1 1 1
S < T ) .
= — = —(0 I
{uyu) U/ (04 X) yo (unu) (0+N) o 0+ A) U, A
Cortona 15/6/2009
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Example: KN equation
Space of functions: Clu, v/, u”,...] C V. Equation:
au ., 3W” _p

a - Y T2

It is associated to two symplectic structures:

1) 1 ‘ 1) 1
(unu)® = S@+N (uAu>T:(<)+/\)E(<)+)\)E)\
Indeed, we have:
_Sho ., 1 (u")? _ ohy B 1”2 3 (u')*
S@P = [ho= 5| (e TOP =500 [ = (= 55+ g i)
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Example: KN equation
Space of functions: Clu, v/, u”,...] C V. Equation:
du o g(u/,)Q _ P1

a - Y T2

It is associated to two symplectic structures:

(uAu)S:%(i)Jr)\)& NN (<)+/\)1(()+)\)1)\

Indeed, we have:
sho . u’) %

S@P =2, [ :—/ (@)P =

We also have, letting P0 =u,

11\4
== (u)2 o)

S@)P° =0 , TP =SO)P =< [h.
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Example: KN equation
Space of functions: Clu, v/, u”,...] C V. Equation:
du o g(u/,)Q _ P1

a - Y T2

It is associated to two symplectic structures:

(uAu)S:%(i)Jr)\)& NN (<)+/\)1(()+)\)1)\

Indeed, we have:
Sho u”) %

S@P =2, [ :—/ (@)P =

We also have, letting P0 =u,

3
Im=1(=3GF * 5 oy
0 A DO pl O
S(O)P =0 , T(O)P" = S(9)P' = @fho.
All assumptions of the Theorem hold. In particular, the orthogonality condition reads:

(CPO) = W)t = &(")V =Im (S(9)) .
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Example: KN equation
Space of functions: Clu, v/, u”,...] C V. Equation:
du o g(u/,)Q _ P1

a - Y T2

It is associated to two symplectic structures:

(uAu)S:&(i)Jr)\)& NN (<)+/\)1(()+)\)1)\

Indeed, we have:
sho . u’) %

S@P =2, [ :—/ (@)P =

We also have, letting P0 =u,

3
=~ (w2+éww

S@P =0 . TO)F = SO = > fh.
All assumptions of the Theorem hold. In particular, the orthogonality condition reads:
(CPY)* = (u)* = &av —Im (5(9)).

Conclusion: the KN equation is integrable.
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Dirac structures and the KN equation
The notion of Dirac structure is a generalization which includes both
the Hamiltonian and the symplectic structures.

Also for Dirac structures one can develop the whole theory, including
the Lenard scheme of integrability.

One proves integrability of the Non-Linear Schroedinger system:

{ @ = v 2v(u? + v?),
d
gy —u" —2u(u? + v?).
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The End

Auguri, Corrado! '
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