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free energy functional (2-nd principle),

Hamilton-Jacobi eq. for the free energy,

study of the long range correlations.
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local equilibrium,
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large deviations and free energy functional,
H-J equation,

long range correlations.
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Hydrodynamic eqn: at macr o
times A7 >> At, the density Q
evolves smoothly among local equilibrium profiles:

p = p(7,u). It is solution of the hydrodynamic equation.
For conservative diffusive systems:
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Orp(T,u) + Vy - (—ED(/))V“/)(T, u) + X([))E(U)) =0

~~

J(7,u): macr. current
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the macr. variables p; are ap-

proximately constant in I,,:
p(v) =~ p(u), Vv e I

Hydrodynamic eqn: at macr .
times AT >> At, the density O
evolves smoothly among local equilibrium profiles:

p = p(1,u). Tt is solution of the hydrodynamic equation.
For conservative diffusive systems:

1
Orp(T,u) + Vy - <—§D(p)\7“,/)(7,, u) + x(p)E(u)) =0

-~

J(7,u): macr. current
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Stationary state: far from phase transitions, the
hydrodynamic eq. has a unique stationary solution p, s.t.

_ 1
Vaud(u) =V, - (51)(/3)Vuﬁ(7'. u) — X([))lf(u)) =0

and every solution p(7,u) evolves towards the stat.
solution:

lim p(1,u) = p(u)

T—00
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hydrodynamic eq. has a unique stationary solution p, s.t.
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Description of thermodynamic
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Hydrodynamic eqn: at macr

times AT >> At, the density O
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1
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Stationary state: far from phase transitions, the
hydrodynamic eq. has a unique stationary solution p, s.t.

VuJ(u) = Vy - (%D@v“p(r, w) — X(ﬁ)E(u)) ~0

and every solution p(7,u) evolves towards the stat.
solution:

lim p(7,u) = p(u)

T—00

Macroscopic equilibrium and reversibility

A system is in macroscopic equilibrium if J(u) = 0.

Equilibrium Non equilibrium

A system is macroscopically reversible if, for every po(u),
p*(T,u) = p(—7,u)

where p(7) is solution of the hydrodyn. eq. with initial
cond. po, and p*(7,u) is the evolution of minimal ”cost”
which produces the fluctuation pg.

We have: £ =0, A\g =cost. = macr.rev. =—> macr.equil.
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Description of thermodynamic

systems out of equilibrium

We consider a macroscopic system in a domain V C R%,

T

in contact with boundary
Boundary reservi
reservoirs. It is macr. de-
scribed if we can define the

macroscopic variables:
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Local equilibrium: given v € V and a region v € I, CV
st V]| << || << V],
the macr. variables p; are ap-
proximately constant in I,,:

pv) = plu), Vo€ I,

Hydrodynamic eqn: at macr

times AT >> At, the density O
evolves smoothly among local equilibrium profiles:

p = p(1,u). Tt is solution of the hydrodynamic equation.
For conservative diffusive systems:

1
Orp(T,u) + Vy - (7§D([))\7up(7" u) + X(/))E(U)) =0

J/

-~

J(7,u): macr. current

Microscopic models: stochastic lattice gases

Lattice: fix V C R%, N € N and take Vyy := (N - V)N Z¢

rrrrrr > e e-e s-e -9 -e-——-
0 1 01 2 . N

Configuration space: fix X C N and take H := X"V,
A configuration is 1 = (Nz)zevy» Nz = #{particles at x}.

Ex: X={0,1} —”fermions” , X =N —”bosons”.

Cio ¢
. T 43 745
Stochastic dy- Cop ® o——n
,,,,,,,, —~ @ [ ]
[ J

) °
namics: 0 00 o }.}0-
1 2345

Pr(n,n') = et (n,n'), where the generator L is defined by
1 ,
LI =1 Y e (F ) — 1)

(z,y) | [z—y|=1
{z,y}NVN#D

Ty,

where (6%Yn)z=nz—1, (6"YN)y=ny+1, (c¥Yn).=n. if z#x,y

A state p is a prob. on XV~ . Time evolution: 1y = e'% .

17
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Microscopic models: stochastic lattice gases

Equilibrium models. the detailed balance condition holds:

Lattice: fix V C R%, N € N and take Vv := (N - V)N 24

rrrrrr > L T
0 1 01 2 N

Configuration space: fix X C N and take H := X'V,
A configuration is 1 = (Nz)zevy , Ne = #{particles at x}.

Ex: X={0,1} —”fermions” , X =N —”bosons”.

Cio c
. AT 43 745
Stochastic dy- Cop ®
,,,,,,,, —~ @ [ ]
°

. )
namics: i.l } }0}.} LY }.}0-
1 2345

Pr(n,n') = et (n,n'), where the generator L is defined by

1 .
Lf(n) = > oy (F(6™n) — fF(0))
(z,y) | le—y|=1
{z,y}NVn#0

where (6°Yn)e=n.—1, (67Yn)y=ny+1, (6"Yn)=n: if 27#z,y

A state p is a prob. on XVN. Time evolution: pr = et "/10.

(Q(J ('/) _ ()77[[((7‘1-/1/)*[[(llﬂ(j(!jvu(o_;(-yr/) ﬂ..l,‘, y € "'Jj\'

Ty
((1] y (U) =e [H (o™ m)—H (m] =20 ("3,1: (CT"I“U n)ifreVy,yg¢Vn
H : XVYN — R: Hamilt. funct., \g € R: chemical potent.

Models out of equilibrium.

1) chemical potential non constant, Ao — Ao (y/INV).
2) non zero (weak) external field /7 : VV — R; new rates

r/N)-( Y /N
Cay (1) = €3, ()eP /M) =)/
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Microscopic models: stochastic lattice gases

Equilibrium models. the detailed balance condition holds:

Lattice: fix V C R?, N € N and take Vy = (N - V) 7Zd

rrrrrr > L T
0 1 01 2 N

:

Configuration space: fix X C N and take H := X'V,
A configuration is 1 = (Nz)zevy , Ne = #{particles at x}.

Ex: X={0,1} —”fermions” , X =N —”bosons”.

Cio c
. AT 43 745
Stochastic dy- Cop ®
,,,,,,,, —~ @ [ ]
°

. )
namics: i.l } }0}.} LY }.}0-
1 2345

Pr(n,n') = et (n,n'), where the generator L is defined by

1 .
Lf(n) = S cay()(f(a™n) — f(n)
(z,y) | le—y|=1
{z,y}NVn#0D

where (67Yn)z=ns—1, (6%YN)y=ny+1, (c"Yn).=n. if z#z,y

A state p is a prob. on XVN. Time evolution: py = et "/1().

0 (,]) _ ()7'I[(rm-/1/)fU(ll)](j’(;l;(O,;('UU) ifz,y € Vy

Ty
Ay ()= HEIM=HMIZ20 0 (™) ifz e Vv, y& Vi
H : XVYN — R: Hamilt. funct., \g € R: chemical potent.

Models out of equilibrium.

1) chemical potential non constant, Ao — Ao (y/INV).
2) non zero (weak) external field /7 : VV — R; new rates

Cay (1) = 2, (n)eB@/N) (y=2)/N

Stationary state: (under some ergodicity assumptions)

there exists a unique stationary state u, s.t. L = 0, and it
is globally attractive, llim ut = f.
L — OO

Equilibrium models: 10, (n) oc e~ 01)+20 22, 712

Non equilibrium models: the stat. state [ is not known

21
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Stationary state: far from phase transitions, the
hydrodynamic eq. has a unique stationary solution p, s.t.

- 1
Vud(w) = Va - (5D()Vupl(r,uw) = X(7)Bw) =0
and every solution p(7,u) evolves towards the stat.
solution:

lim p(7,u) = p(u)

T—00

Macroscopic equilibrium and reversibility

A system is in macroscopic equilibrium if J(u) = 0.

Equilibrium Non equilibrium

A system is macroscopically reversible if, for every po(u),
pr(T,u) = p(—7,u)

where p(7) is solution of the hydrodyn. eq. with initial
cond. po, and p*(7,u) is the evolution of minimal ”cost”
which produces the fluctuation pg.

We have: E =0, \g =cost. = macr.rev. =—> macr.equil.

Equilibrium models. the detailed balance condition holds:

0 ('/) _ ()7'[[@7‘1-[/1/)7U(ll)](jgvu(O.Jl'yr/) ifz,y € Vy

Ty
Ay ()= HEIM=HMIZ20 0 (™) ifz e Vv, y& Vi
H : XVYN — R: Hamilt. funct., \g € R: chemical potent.

Models out of equilibrium.

1) chemical potential non constant, Ao — Ao (y/INV).
2) non zero (weak) external field /7 : VV — R; new rates

oy (n) = 0, (m)eE@/N)(w=a)/N

Stationary state: (under some ergodicity assumptions)

there exists a unique stationary state u, s.t. L = 0, and it
is globally attractive, llim ut = f.
L — OO

Equilibrium models: 10, (n) oc e~ 01)+20 22, 712

Non equilibrium models: the stat. state [ is not known
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Stationary state: far from phase transitions, the
hydrodynamic eq. has a unique stationary solution p, s.t.

Vaud(u) =V, - (%D(ﬁ)v,,ﬁ(/ﬁ u) — X(ﬁ)E(u)) =0

and every solution p(7,u) evolves towards the stat.
solution:

lim p(1,u) = p(u)

T—00

Macroscopic equilibrium and reversibility

A system is in macroscopic equilibrium if J(u) = 0.

Equilibrium Non equilibrium

A system is macroscopically reversible if, for every po(u),
p*(r,u) = p(—7,u)

where p(7) is solution of the hydrodyn. eq. with initial
cond. po, and p*(7,u) is the evolution of minimal ”cost”
which produces the fluctuation pg.

We have: E =0, \g =cost. = macr.rev. =—> macr.equil.

Equilibrium models. the detailed balance condition holds:

25

(:,(L]fl/(ll) — o [H(o"Y ”FU(")]C&U((7“’7]) ifz,y € Vy

((I] , ( '/) e [H(O"I; Yy 7/) 7H(7/)] — A0 (,72(1; ((_J_.’[‘ Yy ’}> if.’lf c \V\ vy € \,\

H: XVN — R: Hamilt. funct., Ao € R: chemical potent.

Models out of equilibrium.

1) chemical potential non constant, Ao — Ao(y/N).
2) non zero (weak) external field £ : V' — R?; new rates

Cay (1) = 2, (n)eB@/N)(w=a)/N

Stationary state: (under some ergodicity assumptions)

there exists a unique stationary state i, s.t. L = 0, and it
is globally attractive, 7Llim Wi = [

Equilibrium models: jic,(n) oc e 7 +20 20 e
Non equilibrium models: the stat. state [ is not known

Microscopic reversibility.

The adjoint generator is given by (/- Lg) = (g - L*f).
It is the generator of the time reversed process:

Pa(m(0) = &1,n(T) = &2) = Pr(n(=T) = &2,n(0) = &1)
The model is microscopically reversible if " = L.

Obvious remark:

micr. reversibility is equivalent to micr. equilibrium.
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Equilibrium models. the detailed balance condition holds:

('ffZ.Z/('r]) _ o lH(o"Y 7/)711(,]”p’fzju;(”“” n)ifz,y € Vi

T Ty o 1 . Y - -
({fﬁy (,/) e [H(c"Ym)—H(n)]—Xo “251» (O_,I/ Y 7/> ifzeVy,y g Va
H: XVYN — R: Hamilt. funct., A\g € R: chemical potent.

Models out of equilibrium.

1) chemical potential non constant, Ao — Ao (y/N).
2) non zero (weak) external field £ : V' — R?; new rates

czy(M) = (i?,u r])(:E("'/‘N)'(”7"'»/‘\(

Stationary state: (under some ergodicity assumptions)

there exists a unique stationary state fi, s.t. L = 0, and it
is globally attractive, flim we = .
— 00

Equilibrium models: jicq(7) oc e~ D +20 20 12
Non equilibrium models: the stat. state i is not known

Microscopic reversibility.

The adjoint generator is given by ([ - Lg) = (g - L™ f).
It is the generator of the time reversed process:

Pa(n(0) = &, n(T) = &2) = P(n(=T) = &,1(0) = &1)
The model is microscopically reversible if " = L.

Obvious remark:

micr. reversibility is equivalent to micr. equilibrium.

Local equilibrium and hydrodynamic equation

Definition. The empirical measure is a random variable
oV XV — M (V) given by

r 1
N -
T i d = — T >,,. N lu
(77, “) N § N0, /N (( “)

S ‘V"YA\'

Hypothesis. We assume that the initial state /Lév is in
local equilibrium w.r.t. pg(u), i.e. we have a law of large

numbers

; N—oo
N (n, du) —= po(u)du

N
Ho

In particular, the stat. state g should satisfy the local
equilibrium w.r.t. the stationary density profile p.
“Theorem”. We let the system evolve. For every

macroscopic time 7 > 0 local equilibrium holds:

N(n,du) SN p(7,u)du

s

and the macroscopic density profile p(7, u) solves the
hydrodynamic equation

Orp(T,u) = Vy (%D(/})V,,,/)(T, u) — X(/))E(U,))
p(0,u) = po(u), Ap(T,u)) = Ao(u)Vu € OV
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Local equilibrium and hydrodynamic equation

Definition. The empirical measure is a random variable
N XV ML (V) given by

T, 1 R
N (n; du) = N Z N0z N (du)

. j‘({"i\'
Hypothesis. We assume that the initial state ,LL(J)V is in
local equilibrium w.r.t. po(u), i.e. we have a law of large

numbers

o N—oo
7N (n, du) — po(u)du

N
Ko

In particular, the stat. state i should satisfy the local
equilibrium w.r.t. the stationary density profile p.

“Theorem”. We let the system evolve. For every
macroscopic time 7 > 0 local equilibrium holds:
N —ox

7 (n, dw) - (7, u)du

IA\
Har2

and the macroscopic density profile p(7, u) solves the
hydrodynamic equation

1
Orp(T,u) = Vy (—) D(p)Vup(T,u) — x(p)l’)(’u))
p(0,4) = po(u) , Alp(r,u)) = Ao(u) Vu € OV

Thermodynamic functionals: free energy

In equilibrium statistical mechanics, the free energy F(p)
is defined by the Boltzmann-FEinstein relation

P(/) ~ 7‘) TX ()fef']AF(:')/I\"T

We generalize to local fluctuations of the density; this
defines the free energy functional F(p) for system out of

equilibrium:
P(p(u) ~r(u), u € V) x e—c 1FM
(For simplicity, we normalize s.t. KT =1 and F(p) = 0).

Main difference between equilibrium and non

equilibrium:

e in equilibrium F is a local functional, i.e.
Feq(p) = / fo(p(w))du
JV

e out of equilibrium, typically F is a non local
functional. Hence we can have long range density

correlations.
Conclusion: second principle of thermodynamics:
1. F(p(u)) > 0 and F(p(u)) =0 iff p = p,

2. F(p(r,u)) is decreasing if p(7,u) solves the
hydrodynamic equation.

29
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Thermodynamic functionals: free energy
In equilibrium statistical mechanics, the free energy F(p)
is defined by the Boltzmann-Finstein relation

. _ . —d N K
[)</)§I‘) x e ¢ AF(r)/KT

We generalize to local fluctuations of the density; this
defines the free energy functional F(p) for system out of
equilibrium:

P(p(u) ~r(u), u € V) x eme 1F™

(For simplicity, we normalize s.t. KT =1 and F(p) = 0).

Main difference between equilibrium and non

equilibrium:

e in equilibrium F is a local functional, i.e.
Feq(p) = / Jfo(p(u))du
Jv

e out of equilibrium, typically F is a non local
functional. Hence we can have long range density

correlations.
Conclusion: second principle of thermodynamics:
1. F(p(u)) > 0 and F(p(u)) = 0 iff p = p,

2. F(p(r,u)) is decreasing if p(1,u) solves the
hydrodynamic equation.

31

Free energy: large deviation principles

A. Static large deviations

“Theorem” If 7 is distributed with 7V, then:

/I,E\V(ﬂ"\r<7].’ du) ~ p(u)du,u € V) NZ00 o =NF(p)

~: closeness in weak topology, ~: logarithmic convergence.
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Thermodynamic functionals: free energy
In equilibrium statistical mechanics, the free energy F(p)
is defined by the Boltzmann-Finstein relation

—d . -
Plp~r) e © AFM/KT

We generalize to local fluctuations of the density; this
defines the free energy functional F(p) for system out of
equilibrium:

P(p(u) ~r(u), u € V) x eme 1F™

(For simplicity, we normalize s.t. KT =1 and F(p) = 0).

Main difference between equilibrium and non

equilibrium:

e in equilibrium F is a local functional, i.e.
Feq(p) = / fo(p(w))du
JVvV

e out of equilibrium, typically F is a non local
functional. Hence we can have long range density

correlations.
Conclusion: second principle of thermodynamics:
1. F(p(u)) > 0 and F(p(u)) = 0 iff p = p,

2. F(p(r,u)) is decreasing if p(1,u) solves the
hydrodynamic equation.

Free energy: large deviation principles

A. Static large deviations

“Theorem” If 7 is distributed with 7V, then:

N (W‘V(n, du) ~ p(u)du,u € V) N0 e=NF(p)

e
~: closeness in weak topology, ~: logarithmic convergence.
B. Dynamical large deviations
“Theorem”

N ) o~ A )
P (“ (27, du) ~ p(7,u)du )\:x o~ N(F(B(0)+J(0,77(5)

" ueV,Tme€|0,T]

Two contributions to the rate function:
e F(p(0)) = "cost” of observing po at time 7 = 0;
e Jio,7(p) = "cost” to follow p(7) in [0, T]. It is:
T
Tor ()= /(  dr(VH - x(p)VH)
where 7
Orp = V(éD(/))Vﬂ —x(p)(E + VH))
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Thermodynamic functionals: free energy
In equilibrium statistical mechanics, the free energy F(p)
is defined by the Boltzmann-Finstein relation

Plp~r)x e",*‘id;\‘F(’J/KT

We generalize to local fluctuations of the density; this
defines the free energy functional F(p) for system out of

equilibrium:

P(p(u) ~r(u), u € V) x eme 1F™

(For simplicity, we normalize s.t. KT =1 and F(p) = 0).

Main difference between equilibrium and non

equilibrium:

e in equilibrium F is a local functional, i.e.
Feq(p) = / fo(p(u))du
JVvV

e out of equilibrium, typically F is a non local
functional. Hence we can have long range density

correlations.
Conclusion: second principle of thermodynamics:
1. F(p(u)) > 0 and F(p(u)) = 0 iff p = p,

2. F(p(r,u)) is decreasing if p(1,u) solves the
hydrodynamic equation.
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Free energy: large deviation principles

A. Static large deviations
“Theorem” If 7 is distributed with iV, then:

N (N (n, du) ~ p(u)du,u € V) N2 e=NF(p)

~: closeness in weak topology, ~: logarithmic convergence.

B. Dynamical large deviations

“Theorem”
P, (W‘N(szl,, du) = p(r, u)du)‘wi‘% e~ N(F(5(0)+J10,7)(P))
g ueV,7€(0,T]
Two contributions to the rate function:
e F(p(0)) = "cost” of observing pp at time T = 0;
o Jio,7)(p) = "cost” to follow 4(7) in [0,T]. It is:

-T
Toa ()= [ dr(VH x(p)VH)
Jo
where 0, p = V(%D(/})V/} —x(p)(E+ VH))
Free energy for equilibrium models

Partition function: Zy(\) = Z'r/?X vy e Hm+r0 g ne
pressure: po(A\) = limy_. o ﬁ log Zn (N)

f.e. density: fo(p) = sup,{Ap — (po(A+ Ao) — po(Xo))}
The free energy functional is then

Fp) = /\ fo(p(uw))du
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Free energy: large deviation principles

A. Static large deviations
“Theorem” If 7 is distributed with 7V, then:

N (7N (n, du) ~ p(u)du,u € V) VT e~ NF@)

~: closeness in weak topology, ~: logarithmic convergence.
B. Dynamical large deviations
“Theorem”
[P,‘\<7TN(UN2’_’ du) ~ p(r, u)dlL)Nioc o~ N(F(3(0)+J10,77(5))
. ueV,Te€l0,T]
Two contributions to the rate function:
e F(p(0)) = "cost” of observing po at time 7 = 0;
e Jjo,11(p) = "cost” to follow p(7) in [0,7T7]. It is:

T
Jio.r)(9) = / dr (VH - x(p)VH)
0

where 0, p = V(%D(/))V/) — x(p)(E + VH))

Free energy for equilibrium models

Partition function: Zy(\) = Zr/eX vy e H+A0 3, e
pressure: po(A) = limpy . % log Zn (N)

fe. density: fo(p) = supy{Ap — (po(A + Ao) — po(Ao))}
The free energy functional is then

F(p) = /\ fo(p(u))du
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Explicit examples: ZR & ASEP

1. Zero range model (d=1, E =0, Ao # A1)

Lattice: Viy={1...N}; conf. space: N{L--N}: jump rates:

ceat1(n) =9gMz), r=1,...,N -1

co1(n) = e, en n_1(n) = eM

Invariant measure: prod. measure [i(1)) = H oz (M)
z=1...N—1
with marginals

SN

1 (x)*
Z(3() 9(k)!

_ ¢k
where ¢(z) = €0 + £ (eM —e?0), and Z(¢) = Xpen 5m1-

bz (nz = k) =

Hydrodynamic equation (with external field F):

i 1

] L Ak
where ¢ = R~ and R(p) = ﬁ 2 ken %

Diffusion coefficient: D(p) = ¢'(p); mobility: x(p) = ¢(p).

Free energy functional:

B 1 D log d(p(u)) log Z(p(p(u))) I
Fo)= [ (ptutos S —los L )
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Explicit examples: ZR & ASEP

1. Zero range model (d=1, E =0, Ao # A1)

Lattice: Vy={1...N}; conf. space: NN} jump rates:

cezr1(n) =9gMz), x=1,...,N =1

co1(n) = e, en n_1(n) = eM

Invariant measure: prod. measure ji(77) = H ta(Nz)
z=1...N—1
with marginals

o #()([l?)}"‘
pa (e = k) = Z(p(x)) g(k)!
where ¢(x) = e?0 4 %(eA1 —e?0), and Z(¢) = 2 keN g(é):)!'

Hydrodynamic equation (with external field E):

i 1
Orp = EA(;’)(/)) —V(o(p)E)

J ] > ]i"ﬁ;%“
Where O = II) 1 a.nd IL(»:) = ﬁ Zl‘,({r{ m
Diffusion coefficient: D(p) = ¢'(p); mobility: x(p) = ¢(p).

Free energy functional:

B .1 Nog o(p(u)) og Z(d(p(u))) Ju
Flo) = /() </)< ) log o(u) log Z(é(u)) >]
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2. Simple exclusion model (d=1, E #0, Ao # A1)
Lattice: Viy = {1... N —1}; config. space: {0,1}{}--N—1},

jump rates:

Czat1(M) =nz(1 —nxil)eiE/N, z,x+le{l...N—1}
E/ E/N

/N

cro(n) =m (1 — po)e /N enci N (0) = nvaa (1 — p1)e

co1(n) = po(1 —n1)e” N

,en,N-1(n) = p1(1 — nn-1)e ¥/
Invariant measure, /i, exists and is unique (not a product
measure).
Hydrodynamic equation:
1

Orp = EA/) —V(p(l—-p)E)
Hence, diffusion coefficient: D(p) = 1, mobility:
x(p) = p(1 = p).

Free energy functional: non local, expressed in terms of a
variational problem

p(u)

f(u)

1
Fp) = sup / du (/)(u) log
fIff (wy=0 O
F(i)=p;,i=0,1

, 1 —p(u) f(u)
1—p(u))log ———= + log
(1= plw) lo L — f(u) N p1— /)o>
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2. Simple exclusion model (d=1, E #0, Ao # A1)
Lattice: Viy = {1... N — 1}; config. space: {0,1}{}--N—1},

jump rates:

Cz.z+1(n) =nz(1 —nxil)eiE/N, z,x+le{l...N—1}
E/N E/N

/N

sen-1,N (1) = nN-1(1 — p1)e
_E/N

cio(n) = m (1 — po)e™

co1(n) = po(1 —m)ef’N en N (n) = p1(1 — nn_a)e

Invariant measure, i, exists and is unique (not a product

measure).

Hydrodynamic equation:
1
Orp = ;Ap —V(p(l—pE)

Hence, diffusion coefficient: D(p) = 1, mobility:
x(p) = p(1 = p).
Free energy functional: non local, expressed in terms of a
variational problem
B (u
F(p) = sup / du (p(’u) log [)< )
Jo

£ (w)>0 f(u)
f(i)=p;,i=0,1

+ log
(u) P1 — PO

1 —p(u) ()
+(1 — p(u)) log - )

Generalized Onsager-Machlup principle

Recall: direct process I’s; and ”adjoint” process I}, are

related by time reversal

Psi(ne,t € [0,T]) = Pse(n—¢,t € [=T,0])
Assume: dynamical large deviations for P & P*. Hence

P, (W‘V (Mn2,) =~ p(7)du
" T €11, T

p (7?;\'()/‘\'2/,) ~ p(—7)du
TN e =T, -]

) ~ 675\'(F(/)(’1'1 N+ Iy 1) (5))

) ~ o NEGT)+I g, _7§097))

Choose T1 = —oo, To = 0 and p s.t. p(—o0) = p, p(0) = p.
Comparing the exponents

J(~00,0(P) = F(po) + Jg o0y (0 0 p)
Conclusions:
e Generalized Onsager-Machlup principle: the evolution
p(7) which minimizes the “cost” function J(_ 0)(p),
is p*(—1,u).
Hence: macroscopically reversibility = direct and
adjoint hydrodynamic eq’s coincide.

.« Flp) = inf o0l (?)

plp(—o0)=p,p(0)=

41

42




Generalized Onsager-Machlup principle

Recall: direct process P’s; and "adjoint” process I}, are
related by time reversal

P, (e, t €10, T]) = Psr(n—¢,t € [—T,0])

Assume: dynamical large deviations for P & P*. Hence

o~ N(F BT+ Ty 1) (5))

P, (W‘\;(r]ﬁ\u‘,) o~ [)(T)d'U)
- T € [Th, T3]

N . ~ Al 1.
Py (" (v2r) = T)d“) ~ o NEGT) T gy gy (000)
T\ e [-Te, T | ’

Choose Th = —oo, To =0 and p s.t. p(—o0) = p, p(0) = p.
Comparing the exponents
J(—00,01(P) = F(po) + g, o0 (0 0 )
Conclusions:
e Generalized Onsager-Machlup principle: the evolution
p(7) which minimizes the “cost” function J(_ 0(p),
is p*(—7,u).
Hence: macroscopically reversibility = direct and

adjoint hydrodynamic eq’s coincide.

o F(p) = inf Ji— oo o1(P
(e) plp(—o0)=p,p(0)=p (—o0,0] (P)

Hamilton-Jacobi equation

Recall: the dyn. rate funct. Jj7 7,(p) = /TTI—’ drL(p,0rp)
where

L(p, 0rp) = (VH0rp = D(p): X" (P)V (90— D(p)))
and D(p) = %D(p)Vp — x(p)E = RHS of the hydr.eq.
The free energy 7 (p) = inf; L(p, d7p) is the “action”.

Hence F solves the Hamilton-Jacobi equation:

H(/), if) ~0

where H is the Hamiltonian

H(p, H) = <VH %X,(/))VH - T’(/))>

Selection criterion:

F is the maximal solution of the Hamilton-Jacobi eq.,
namely
F(p) > Vip)

for all V'(p) solutions of the H-J equation s.t. V(p) = 0.
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Hamilton-Jacobi equation

Recall: the dyn. rate funct. Jip 7,1(p) = /,’f drL(p,0rp)
where

L(p,0rp) = <Vfl('0,f/) —D(p)),x Hp)V 1 (d.p— D(/)))>
and D(p) = %D(p)Vp — x(p)E = RHS of the hydr.eq.
The free energy 7 (p) = inf; L(p, 07 p) is the “action”.

Hence F solves the Hamilton-Jacobi equation:

H(/). (:3—:—> =0

where H is the Hamiltonian

. 1
Hp, H) = (VH, ~x(p)VH — D(p))

Selection criterion:

F is the maximal solution of the Hamilton-Jacobi eq.,

namely
F(p) = V(p)

for all V(p) solutions of the H-J equation s.t. V(p) = 0.

“Proof” of the selection criterion.

F(p)

Y

J(*OO,O] (p\) (at the min. p s.t. p(—o0) = p, p(0) = p)

1 0
_/ dT(VH,X(ﬁ)VH) (where H is s.t.

2/

o7p = D(p) — VX()VH)

1 0 5V R 5‘/
5/_00 dr (V(H = ) x(OV (H = 50)

=

.

0 %

+/ dr (V2 () VH)
o op

1 [0 1% %

~3 /_OOdT <V%,X(ﬁ)vg>

0
[ S p) - vxp) vy

o P

Orp

0 )% 0 d
[ a0 = arive)
V(p(0) = V(p(-0)) = V(p)

~—~ ——

P p
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Hamilton-Jacobi equation

Recall: the dyn. rate funct. Jip 7,(p) = [7:“’ drL(p, 0rp)
where

L(p,07p) = (V"1 Drp = D(p), X" ())V ™ (97— D(p)))
and D(p) = %D(p)Vp — x(p)E = RHS of the hydr.eq.
The free energy 7 (p) = inf; L(p,D-p) is the “action”.

Hence F solves the Hamilton-Jacobi equation:

where H is the Hamiltonian

H(p, H) = <VH- %X(/))VH - D(/))>

Selection criterion:

F is the maximal solution of the Hamilton-Jacobi eq.,

namely
F(p) = V(p)

for all V(p) solutions of the H-J equation s.t. V(p) = 0.

Application of H-J equation to long range correlations

The macr. density correlation function C(u,v), u,v € V, is
OF
5p(1)5p(v)

e for equilibrium models, F is a local functional, hence

c~ ! (u,v) =

there are NO long range correlations.

e for models out of equilibrium, in general F is non
local and there can be long range correlations.

It is convenient to introduce the pressure functional

G(h) = sup {(h, p) — J’:(/J)}

P

By Legendre duality, the relation between C' and F gives

G )
ﬁ ~ p+ Ch+ o(h)
oh
and the H-J equation becomes
1)
H (—g h) =0
oh

for all functions h : V' — R such that h|gy = 0.

Next: we make the change of variable
C(z,y) = Ceq(x)d(x —y) + B(z,y)

where C'e(2) = D~ ' (p(x))x(p(x)) (Einstein formula), and

we expand up to order h2.
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Application of H-J equation to long range correlations

The macr. density correlation function C(u,v), u,v € V, is
va
dp(u)dp(v)

e for equilibrium models, F is a local functional, hence

C Y u,v) =

there are NO long range correlations.

e for models out of equilibrium, in general F is non

local and there can be long range correlations.

It is convenient to introduce the pressure functional
G(h) = sup {(/’1. p) — .7:(/,))}
P

By Legendre duality, the relation between C' and F gives

G ]

¥ ~ p+ Ch+ o(h)

oh
and the H-J equation becomes

H((’;g,h) =0

oh

for all functions h : V' — R such that hlgy = 0.

Next: we make the change of variable
C(z,y) = Ceq(x)d(x —y) + B(z,y)

where C.,(2) = D~ '(p(x))x(p(x)) (Einstein formula), and

we expand up to order h?.
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Conclusion: equation for B
LTB(x,y) = a(z)d(z —y)

where £ is the adjoint w.r.t. the Lebesgue measure of the
elliptic operator £ = L, + L, where

1 o . ‘
L, = 5/),,-_/(/7(1*))('71./(')g,»v/ + xi; (p(2)) Ej (),
and
a(x) = 1, (X () D3 (3(2)) Ji ()
J is the macroscopic current in the stationary profile p.
Observation 1

For systems in macroscopic equilibrium, for which J = 0,
we have o = 0, hence B = 0, hence there are no long range
correlations and C'(z,y) = Ceg(x)d(z — vy).

Observation 2

Since L is an elliptic operator, the sign of B is determined
by the sign of a:

a(z) >0V = B(z,y) < O0Vx,y
a(z) <O0Vx = B(z,y) > 0Vz,y

Examples:

ZR.model: x¥' =D=¢ = a=VJ=0 = C = Cq¢
S.E.P. model: D=1,x=p(1—p) = a=(Vp)2>0
= B(z,y) = —(Vp)?z(1 —y) <0
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