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THE 1-DIMENSIONAL CASE

ANDREA DAVINI AND ANTONIO SICONOLFI

ABSTRACT. We perform a qualitative investigation of critical Hamilton—Jacobi
equations, with stationary ergodic Hamiltonian, in dimension 1. We show the ex-
istence of approximate correctors, give characterizing conditions for the existence
of correctors, provide Lax—type representation formulae and establish comparison
principles. The results are applied to look into the corresponding effective Hamil-
tonian and to study a homogenization problem. In the analysis a crucial role is
played by tools from stochastic geometry such as, for instance, closed random
stationary sets.

1. INTRODUCTION

Given a 1-dimensional ergodic dynamical system (7,),cr on a probability space
(Q,F,P), we consider a stationary Hamiltonian H(z,p,w), defined in R x R x Q,
enjoying suitable continuity, quasiconvexity and coercivity conditions, and the family
of stochastic Hamilton—Jacobi equations

H(z,v(z,w),w) =a inR,

with @ € R. Note that the periodic and the almost—periodic case are particular
instances of this setting, see Remark 4.2. The aim of this paper is to perform a
qualitative study of the previous equation when the parameter in the right—hand
side is set as the minimum for which it has admissible subsolutions, that is to
say Lipschitz random functions which are a.e. subsolutions, behave sublinearly at
infinity, and possess stationary increments, almost surely with respect to w. This
distinguished value will be denoted from now on by ¢ and termed as (stationary)
critical.

The relevance of the critical equation is that it is the unique among those of
the family for which admissible (viscosity) solutions or approximate solutions may
possibly exist, see Section 4 for precise definitions. As we will discuss later with
more detail, these functions enter as exact or approximate correctors in homoge-
nization problems associated with H, and the notions of critical value and effective
Hamiltonian, primarily introduced in [15] in the periodic homogenization setting, are
strictly related (see Section 7). We will use, in what follows, the term (approximate)
corrector in place of admissible (approximate) solution.

The achievements of the paper can be broken down as follows: we prove that ap-
proximate correctors do always exist, give characterizing conditions for the existence
of correctors, provide Lax—type representation formulae and establish comparison
results. We moreover apply this material to study the effective Hamiltonian and a
homogenization problem as well.

While it is clear that, due to the lack of compactness, one cannot expect to
find, in general, correctors, the problem of the existence of approximate correctors,
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even in the 1-dimensional case, was not yet clarified. For instance in [16] Lions and
Souganidis tackle this issues and exploit a Crandall’s result on Eikonal Hamiltonians
to construct a 1-dimensional example showing that bounded approximate correctors
in general do not exist, in contrast to what happens in the almost periodic case, see
2, 13]

The point is that, in the almost periodic setting, the probability space {2 can
be endowed with a topology making it compact and the Hamiltonian, because of
its stationary character, continuous, which accounts for the existence of bounded
approximate correctors. In the general stationary ergodic environment this topo-
logical construction cannot be carried out, and consequently bounded approximate
correctors are not to be expected. According to our results, (possibly unbounded)
approximate correctors in dimension 1 do always exist, while the problem is still
open in any space dimension.

Beyond the results obtained, we strongly believe that the method we have em-
ployed, based on an interplay between stochastic geometry and viscosity solutions
theory, brings some novelties and is capable to be applied in more general contexts.
The key idea is to regard the stationary ergodic setting as inducing a stochastic
geometry on R, whose fundamental objects are the closed random stationary sets,
see Section 3. Such random sets play in a sense the same role as points in the
deterministic case. Taking also into account that, as a consequence of the Birkhoff
Ergodic Theorem, they are spread with some uniformity at infinity (see Proposition
3.5), we can understand, in the end, that some form of compactness is inscribed in
the model.

Bearing the previous considerations in mind, we could adapt to the random en-
vironment the analysis performed for the critical equation in the periodic setting
or, more generally, when the underlying space is a compact manifold, see [12]. It
is based on the definition of a (random) distance intrinsically related to the Hamil-
tonian, and on the property that any suitably chosen trace on a closed random
stationary set can be extended by means of such a distance to the whole R through
a Lax—type formula, yielding a class of fundamental admissible subsolutions.

For special choices of the closed random stationary set appearing in the Lax
formula we get, in addition, admissible correctors or approximate correctors. The
setup can be described in terms of a generalized Aubry set adapted to our context,
see Remark 6.10, and which is, of course, closed random stationary.

Let us recall that such an object has been revealed to be useful, for H deter-
ministic, in various contexts, see [6, 9, 12]. It reduces to the classical Aubry set of
dynamical systems when the Hamiltonian is sufficiently regular, but it can be also
defined, through the metric approach, under broader assumption on H, without
making any reference to the Hamiltonian flow. Indeed, it consists of points such
that the intrinsic distance from them is a critical solution.

In our case we find that a corrector does exist if and only if the generalized Aubry
set is almost surely nonempty. It may be empty only when the critical value c
equals sup,cp (minyer H(x,p,w) ), almost surely in w; note that the latter quantity
is indeed almost surely constant by the ergodicity condition, and, in addition, is the
minimum value of the corresponding effective Hamiltonian, see Section 7. In this
situation the Aubry set is made up by the maximizers in R of the function x —
minyer H(z,p,w), and is accordingly empty if such maximizers do not exist, almost
surely in w (and this can actually happen, even for quasi—periodic Hamiltonians, as
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shown in [16]). In this case, however, we are able to define approximate Aubry sets
that provide approximate correctors via the Lax formula.

When ¢ > sup,cg (minyer H(z,p,w) ), the Aubry set coincides with the whole
R and then there is a unique admissible subsolution, up to addition of real random
variables, which is a corrector of class C'!, almost surely in w.

Altogether, the quite surprising output is that, in dimension 1, the picture is not
so different from that of the periodic case, even if, of course, a tribute must be paid
to the lack of compactness in the fact that the generalized Aubry set can be empty.

The only antecedent we know in our line of research, outlined above, is the already
cited work by Lions and Souganidis [16], where the existence of correctors is put in
relation with the nonemptiness of a random generalization of the Mather set.

As we have already pointed out, the subject of our investigation has a clear
connection with the homogenization of Hamilton—Jacobi equations in the stationary
ergodic environment. This topic has recently attracted a considerable interest both
from a theoretical and an application point of view. The existence of sublinear
approximate correctors makes the Evans’ perturbed test function method [10, 11]
viable for carrying out the homogenization procedure in our setting. This seems new
because, so far, all the available homogenization methods for stochastic Hamilton—
Jacobi equations are based on representation formulae for solutions of the equations
involved, and so require the Hamiltonian to be convex in the second argument, while
here we are just assuming quasiconvexity.

More precisely in [18, 19], the authors deal with the homogenization of a time—
dependent equation, and the result is obtained by passing to the limit in the Lax—
Oleinik formulae representing the solutions of the equations with the oscillating
variables, when the oscillation parameter goes to 0, through a I'-convergence type
argument, and by using the Subadditive Ergodic Theorem.

We finally wish to emphasize another peculiarity of our work. Even if some
results that we present are not new, in particular in the first two sections which
are of introductory nature, often it has been not easy to adapt them to the topic
we are dealing with, starting from the form they appear in the literature. So we
claim some originality in the presentation of this material and hope that it will be
useful for further investigations on the subject. This is the case, for instance, of the
stability principle for Lipschitz random functions with stationary increments stated
in Theorem 3.8. It has been a valuable tool for our analysis, taking the place, in
some sense, of Ascoli Theorem, not valid in the random setting.

The paper is organized as follows: in Section 2 we fix terminology and nota-
tions, and introduce some basic material that will be repeatedly used throughout
the paper. Section 3 is devoted to illustrate the main properties of some classes
of random variables that are of primary importance for our analysis. In Section
4 the requirements on the stochastic Hamiltonian are detailed and discussed, the
intrinsic distance is defined and the key notions of stationary and free critical value
are given. In Section 5 we provide a version of Lax formulae for representing admis-
sible subsolutions of stochastic Hamilton—Jacobi equations. Section 6 contains the
main results on exact and approximate correctors, and, finally, the application to
stationary ergodic homogenization is presented in Section 7.
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2. PRELIMINARIES

We start by introducing some notations and concepts that will be used throughout
the paper.

We denote by R the set of nonnegative real numbers and by Q the set of rational
numbers. We will call modulus any nondecreasing function from R to Ry vanishing
and continuous at 0. A real function 6 defined either on R or on R} will be called
coercive if limp,|_, 4o 0(h) = +o0.

Given some Euclidean ground space and a subset A, we denote by A its closure,
by Int(A) its interior and by 0A its boundary; we furthermore indicate by Bgr(xo)
and Bp the closed ball of radius R centered in x¢ and 0, respectively. The symbol
|z| stands for the Euclidean norm of x.

For any Lebesgue measurable subset E, we denote by |E| its Lebesgue measure,
and we call E negligible whenever |E| = 0. When |E| is a positive real number and
f is an integrable function on E, the notation fE f dx stands for the integral mean
value of f on E.

We say that a property holds almost everywhere (a.e. for short) if it is valid up to
a negligible subset. We write x5 for the characteristic function of a set E, i.e. the
function taking the value 1 on E and 0 outside. We write ¢,, = ¢ to mean that a
sequence of functions (¢y,), locally uniformly converges to .

We will repeatedly make use of the notion of (sub, super) solution to some
Hamilton—Jacobi equation in the viscosity sense, see [3, 4]. Given a locally Lip-
schitz function ¢ on R, we denote by d¢(z) its Clarke generalized gradient [8] at
x € R, defined as

9¢(z) := co{lim ¢'(x;) : ¢ differentiable at z;, lim; z; = z },

where co(A) stands for the closed convex hull of a subset A of R.

The symbol (Q, F,P) indicates a probability space, where P is the probability
measure on ) and F the o-algebra of P-measurable subsets. A property is said to
hold almost surely (a.s. for short) in w if it is valid up to a subset of probability 0.
We indicate by LP(2), p > 1, the usual Lebesgue space on 2 with respect to P. If
f € LY(Q), we write E(f) for the mean of f on €, i.e. the quantity [, f(w) dP(w).

We qualify as measurable a map from € to itself, or to a topological space M with
Borel o-algebra B(M), if the inverse image of any set in F or in B(M) belongs to
F. The latter will be also called random wvariable with values in M.

In what follows we will be interested in random variables taking values in C(R) and
Lip,,(R), the spaces of continuous and Lipschitz—continuous functions with Lipschitz
constant less than or equal to Kk > 0, defined on R, respectively. Such spaces are
both endowed with the metrizable topology of the uniform convergence on compact
subsets of R. We will use the expressions continuous random function, Lipschitz
random function (with Lipschitz constant less than or equal to k), respectively,
for the previously introduced random variables. The following characterization of
random continuous functions will be used in the sequel.

Proposition 2.1. Let w — v(-,w) be a map from Q to C(R). The following are

equivalent facts:
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(i) v is a random continuous function;
(i) for every x € R, the function w — v(x,w) is measurable in Q;
(#ii) the function (z,w) — v(z,w) is jointly measurable in R x Q, i.e. measurable
with respect to the product o—algebra B(R) @ F.

Proof. (i) = (ii). The function appearing in item (4) is the composition of v and
the evaluation map assigning to any continuous function its value in z. From the
fact that the latter is continuous from C(R) to R, we derive the claimed implication.

(i) = (iii). Let Q := i/n + [-1,1)/2n for every i € Z, n € N. Then the

functions
'Un(xv w) = Z XQ:L (;U) U(i/na w)

are clearly measurable on R x Q with respect to B(R) ® F. Since they converge
pointwise to v on R x €, assertion (iii) follows.
(iii) = (i). We have to show that, for every r > 0,

Q ={we:duv(,w),0) <r}er,

where d is a distance on C(R) inducing the topology of the local uniform convergence

on R, say
o0

1 f = 9lle(Bn)
d(f,g) = — - ,9 € C(R).
(£:9) nz::l 2" ||f = gllpe(B,) +1 f9€ O®)

For every n € N, let (2]');cn be a dense sequence in B,,. By the continuity of v(-,w)
for every w, it is easy to check that
+oo
vz}, W) }
Q, = weN . ——r 2 < 2Mps.
= N4 o) +1°

i, n=1

The claim follows from the fact that, for every fixed x € R, the map w +— v(z,w) is
measurable by Fubini’s Theorem. O

A 1-dimensional dynamical system (7;)zer is defined as a family of mappings
Tz 2 — € which satisfy the following properties:
(1) the group property: 1o = id, Tpyy = TpoTy;
(2) 1 : Q — € is measurable and measure preserving for any z, i.e. P(1,E) =
P(E) for every E € F;
(8) the map (z,w) — 7,w from R x 2 to Q is jointly measurable, i.e. measurable
with respect to the product o—algebra B(R) ® F.

We make the crucial assumption that (7,).ecr is ergodic, i.e. such that one of the
following equivalent conditions hold:

(i) every measurable function f defined on Q with f(r,w) = f(w) a.s. in Q, for
any x € R, is almost surely constant;

(ii) every set A € F with P(7, AA A) = 0 for every = € R has probability either
0 or 1, where A stands for the symmetric difference.

Given a random variable f : Q@ — R, for any fixed w €  the function = +—
f(1zw) is said to be a realization of f. The following properties follow from Fubini’s
Theorem, see [14]: if f € LP(2), then P-almost all its realizations belong to L} (R);
if f, — fin LP(§2), then P—almost all realizations of f,, converge to the corresponding
realization of f in L} (R). The Lebesgue spaces on R are with respect to the
Lebesgue measure.
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The next lemma guarantees that it is possible to modify a random variable on a
set of zero probability without affecting its realizations on sets of positive Lebesgue
measure on R, almost surely in w. It will be exploited, for instance, in Theorem 3.7.
The proof is based on Fubini’s Theorem again, see Lemma 7.1 in [14].

Lemma 2.2. Let ) be a set of full measure in €. Then there exists a set of full
measure ' C Q such that for any w € Q' we have T,w € Q for almost every x € R.

We finish the section by stating the Birkhoff Ergodic Theorem for ergodic 1—
dimensional dynamical systems. It establishes a relation between statistical and
spatial means.

Theorem 2.3 (Birkhoff Ergodic Theorem). Let (2, F,P) be a probability space
and (Tz)zer an ergodic group of translations as above. Then, for any f € L'(Q),

E(f) = lim ]{g(mw) dz a.s. inw,

t——4o00

where E is any Borel subset of R with |E| > 0.

3. STATIONARY RANDOM VARIABLES

In this section we give the notion of stationarity for random functions and ex-
tend it, via characteristic functions, to random sets. These objects will be of cru-
cial relevance to get Lax-type formulae representing admissible (sub) solutions of
Hamilton—Jacobi equations in the stationary ergodic setting. The concept of sta-
tionary random set, as well as other material we expose in this section, comes from
Stochastic Geometry. We refer the interested reader to [17] for a nice presentation of
this topic. In the last part of the section we introduce the class of random Lipschitz—
functions with stationary increments, and prove an Ascoli-type stability result for
such random functions.

We say that a jointly measurable function v defined in R x € is stationary if for
any z € R there exists a set €2, of probability 1 such that

v(r+ z,w) =v(z,T,w) forevery x € R and w € Q..

Proposition 3.1. Assume a jointly measurable function v defined on R x Q to be
stationary. Then there exist a measurable function ¢ defined on Q and a set ) of
probability 1 such that for every w € €V

v(z,w) = ¢(Tyw) for a.e. x €R.

Proof. Let us set ¢(w) := v(0,w), which is measurable by Fubini’s Theorem, and

E ={(z,w) : v(z,w) # ¢(Tyw)}.
By the fact that (z,w) — ¢(7,w) is jointly measurable we get E € B(R) @ F. The
stationarity assumption implies that the z—section of E at any fixed z € R equals
2\ Q, which is a set of probability 0, so E is negligible in the product measure.
This implies that P—almost all the w—sections of £ has 0 Lebesgue measure, which
gives the assertion. O

With the term (graph-measurable) random set we will denote a set—valued func-
tion X : Q — B(R) such that

NX) ={(z,w) eRxQ: € X(w)}
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is measurable in R x € with respect to the product o—algebra B(R) ® F. In other
term, we require the characteristic function Xr(x) to be jointly measurable.

A random set X will be qualified as stationary if for every z € R there exists a
set €1, of probability 1 such that

X(rw) =X (w)—z for every w € Q. (1)

We use a stronger notion of measurability, which is usually named in the literature
after Effros, to define a closed random set, say X (w). Namely we require X (w) to
be a closed subset of R for any w and

(w: XW)NEK#£0 erF

with K varying among the compact (equivalently, open) subsets of R. This condition
can be analogously expressed by saying that X is measurable with respect to the
Borel o—algebra related to the Fell topology on the family of closed subsets of R.
This, in turn, coincides with the Effros o—algebra, see [17] for more details. If X (w)
is measurable in this sense then it is also graph—measurable.

A closed random set X is called stationary if it, in addition, satisfies (1). Note
that in this event the set {w : X(w) # 0}, which is measurable by the Effros
measurability of X, is invariant with respect to the group of translations (7;)zer by
stationarity, so it has probability either 0 or 1 by the ergodicity assumption.

A convenient way to produce random closed (stationary) sets in R is indicated by
the next result.

Proposition 3.2. Let f be a continuous random function and C a closed subset of
R. Then

X(w) :={z: f(z,w) e C}

is a closed random set. If in addition f is stationary, then X is stationary.

Proof. It is clear that X (w) is a closed subset of R for every w. Let K be a compact
subset of R. Pick a dense sequence (yx)ren in K. By the continuous character of
f(-,w) for every w we get

{w: X(NK#0}=J{w: fyh,w) € C+ By}
n k

Each random variable f(yk,w) is measurable by Tonelli’s Theorem since f is jointly
measurable. That implies {w : X(w)NK # 0} € F, as it was to be shown. The
fact that X is stationary if f is stationary is immediate. O

Remark 3.3. We record for later use that, for a positive radius r, the set
Xp(w) :=X(w)+ By, weq,

is closed random whenever X is an almost surely nonempty closed random set. In
fact, for every compact set K in R, X, (w)NK # 0 if and only if X (w)N(K+B,) # 0,
hence

{fw: X (WNK #0} ={w : X(w)N (K + B;) #0}
and the assertion follows by the Effros measurability of X.



Remark 3.4. In this section, where the tools of Stochastic Geometry we employ
are essentially based on Fubini’s Theorem, the graph measurability of random sets
is all we need to carry out the arguments. But for the metric analysis of stochastic
Hamilton—Jacobi equations we will develop in the sequel this notion is too weak
since, for instance, the crucial property outlined in the previous remak does not
hold in general for random sets that are just graph—-measurable. This is the reason
we have introduced the more stringent definition of Effros measurability for random
sets with closed values.

When the o—algebra F is complete, graph and Effros measurability are equivalent,
see Theorem 2.3 in [17], but this assumption on F is definitively too strong in our
context since it would exclude the model examples of periodic and quasi—periodic
Hamiltonians, see Remark 4.2.

In the sequel, we will use the following notation
X t2)={weQ:reXW)} r € R.

We will call volume fraction of a stationary random set X the number ¢x =
P(X~1(0)). Note that

qx = P(X(x)) for every xz € R,

for X~!(z) and 7_,(X1(0)) coincide up to a set of probability 0 by stationarity
of X and the probability measure is invariant by translation. We also remark that
gx > 0 implies X (w) # 0 a.s. in w, as a straightforward application of Fubini’s
Theorem shows.

We next exploit the ergodicity assumption to get, through the Birkhoff Ergodic
Theorem, an interesting information on the asymptotic structure of closed random
stationary sets. It says that they are spread with some uniformity at infinity. This
accounts for the fact that homogenization results can be obtained in this setting.

Proposition 3.5. Let X be an almost surely nonempty closed random stationary
set in R. Then for every € > 0 there exists R > 0 such that

L [(X(@) + Br) 0B
r—+oo | B, |

provided R > R,

>1—¢ a.s. in w,

Proof. For each n € N, set X, (w) := X(w) + By, which are stationary closed
random sets by Remark 3.3, and denote by ¢, their volume fractions. Exploiting
the stationary character of the X, and arguing as in the proof of Proposition 3.1,
we derive that there exists a set 2 of probability 1 such that for every w € €/

fn(a:,w) = XXn(w)(x) = XXn(TIUJ) (0) = fn(()?wa) for a.e. z € R.
Birkhoff Ergodic Theorem then yields

X B,)NB
’ ( (w) + n) T| _ fn(ij) dae = fn(ovwa) dr — ¢, a.s. inw.
‘BT‘ By Br oo

To conclude, it is enough to show that sup,, ¢, = 1. But this follows from the Mono-
tone Convergence Theorem for (Xxgl(o))n is an increasing sequence of functions

converging to the function identically equal to 1. Il
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We say that a random Lipschitz function v has stationary increments if for any
z € R there exists a set ), of probability 1 such that for every w € Q,.

v+ z,w) —v(y+ z,w) = v(r, w) —v(y, mw) forall z,y € R.
This is equivalent to requiring
v(-+ z,w) =v(, w) + k(w) onR
a.s. in w, where k is a random variable depending on z. We define
Ay(w) :={z €R : v(-,w) is differentiable at x } .
We derive from Proposition 3.1.

Proposition 3.6. Let v be a random Lipschitz function with stationary increments.
Then A, is a stationary random set, and there exist ® € L>®(Q) and a set Q' of
probability 1 such that for every w €

V' (z,w) = ®(rew) for a.e. ¥ € R.
Moreover, for every x € R, v'(z,-) ezists a.s. inw and E(v'(z,w)) = E(®).
Proof. Let x > 0 be such that v(-,w) € Lip,(R) for every w. Let us set
v(x+ h,w) —v(z,w)

T,w) = su inf ,
E( ) ne§ heQNBy /y, h
h.w) —
P(r,w) = inf sup vz hw) —vl@w) .
"€NheQnB, h

Clearly, o, P are jointly measurable on R x {2, and stationary since v has stationary
increments. Since

Ap(w)={reR: p(z,w) =p(r,w) } for every w € Q,

the asserted property for A, follows. Set ®(w) := ¢(0,w). Clearly ® € L>(£2), and,
according to Proposition 3.1, there exists a set Q' of probability 1 such that, for
every w € ¢V,

o(r,w) = ¢(r,w) for ae. z € R.

This concludes the proof of the first part of the statement since v'(-,w) = ¢(-,w) in
Ay(w), i.e. almost everywhere in R by the Lipschitz—continuity of v(-,w).
To prove the remainder, we note that, by the stationary random character of A,

the set

X(w) ={z € Ay(w) : V(7,w) = ®(1,w)} weQ,
is stationary random as well. Since X (w) has full measure in R for every w, we
derive from Fubini’s Theorem that

P(X Yz)) =1 for a.e. z € R.

The stationarity of X yields that this equality holds for every z € R, in particular
v'(z,-) is almost surely well defined and E(v'(z,-)) = E(®) for every x € R, as it
was to be shown. O

A converse construction is also possible, namely to any function in L°°(2) we can
associate an antiderivative which is a Lipschitz continuous random function with
9



stationary increments. To this purpose, we introduce a 1-parameter group (Us;).,er
of isometries on L?(Q) by setting

Uy : L*(Q) — L*Q)
d(w) = O(Tw)
which is strongly continuous, in the sense that

lim [[U;® = @ 20) =0, @€ L2(Q).

We exploit this property to give a meaning in the Cauchy sense to the following

integral
x
/ O (Tsw) ds
0

as an element of L%(Q), for every fixed z € R.

Theorem 3.7. Let ® € L>*(Q). There exist a Lipschitz random function v with
stationary increments and a set ' of probability 1 such that for every w € &/

V(z,w) = ®(1,w)  for a.e. z € R.

Proof. Let k = ||®|/s. Up to redefining ® on a measurable set of probability 0 it
is not restrictive in view of Lemma 2.2 to assume that |®(w)| < k for every w € Q.

We set N
v(z,w) ::/ D(15w)ds,
0

For every w, the function x +— ®(7,w) is measurable and bounded on R, therefore
V' (z,w) = ®(rpw) for a.e. x € R, and this in turn shows that v(-,w) belongs to
Lip,.(R) for every w. To prove that v is jointly measurable in R x €2, notice that the
function

9(z,8,w) 1= X[o,+oo)(3) X[0,+00) (x —5) D(Tsw)
is jointly measurable on R x R x 2. Since

o) = [ o5, ds,

the asserted measurability of v follows by Fubini’s Theorem. Last, we have that,
given z € R,

(@t 2 w) —v(y+2,w) :/

y+z

T+z T
O(Tsw)ds = / D(Ts4,w)ds = v(x, w) —v(y, TLw)
y

for every w € Q2 and «, y € R, which proves that v has stationary increments. O

We call a sequence (v, ), of random functions equiLipschitz if all the v, take value
in Lip, (R), for some fixed x > 0

We proceed by stating and proving a crucial stability result for the class of Lips-
chitz random functions with stationary increments.

Theorem 3.8. Let (v,)y be an equiLipschitz sequence of random functions with sta-
tionary increments. Then there exist a random Lipschitz function v with stationary
merements, a sequence wy = Zn>nk New, of finite convex combinations of the v,
and a sequence g of real random variables such that

wi(,w) + gk (w) 2 v(,w) a.s. inw.

In addition the sequence of indices (ny), can be taken diverging.
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Proof. Let s be a Lipschitz constant for all the v,,. We denote by ®,, the functions
of L>®(2) associated to v, through Proposition 3.6. We have ||®,|« < k for every
n, therefore ®,, weakly converge in L?(f2) to some ®, and a sequence made up by
finite convex combinations of the @, say ¥ = Zn>nk Aed,, | strongly converges to
® in L?(2). We can also assume, up to extraction of a subsequence, that ¥y a.s.
converges to @, in particular ||®||. < k. Let us consider the set

E :={(z,w) : lilgn Uy (Tpw) = @(1w) },

which is clearly measurable with respect to the product o—algebra B(R) ® F. The
almost sure convergence of ¥y to ® implies that the x—section of E has probability
1 for every fixed € R. By Fubini’s Theorem we derive that there exists a set 2 of
probability 1 such that, for every w € €,

Uy (rpw) — ®(1,w) for ae. z € R. (2)

Let wy be a sequence of random functions defined according to the statement. Note
that each wy is an antiderivative of Wy, for any k. Set g := —wy(0,-), which is a
random variable by Proposition 2.1. For every z € R we set

v(z,w) ::/ D(1sw) ds a.s. in w.
0

Then N
|wi(z,w) + gr(w) — v(z,w)| < / | (Tsw) — P(Tsw)| ds,
0

and the integral in the above formula becomes almost surely infinitesimal as k goes to
infinity, by (2) and the Dominated Convergence Theorem. This proves the asserted
convergence. O

In the sequel, we will be interested in random Lipschitz functions with stationary
increments and gradient with mean 0. We deduce from Birkhoff Ergodic Theorem
that such a random function has a sublinear behavior for |z| going to infinity.

Theorem 3.9. Let v be a random Lipschitz function with stationary increments.
The following are equivalent facts:
(i) E@'(z,-)) =0 for every x € R;
(i5)  for every x € R
t
im v ttw) =0 a.s. inw.
t—=oo t

The following result holds:

Theorem 3.10. Let v be a random Lipschitz function with stationary increments.
The following are equivalent facts:

(i) E@'(x,-)=0 foreveryx € R;
(i) E(v(z,-)—v(y,-)) =0 for every z, y € R.

Proof. Set @ :=E(v'(0,)). In view of Proposition 3.6, we have that

Q= E(v'(m, 9) for every x € R.
11



Let us fix ,q € R. For every w we have

1
v(r + q,w) — v(z,w) :/ V(2 + tq,w) g dt.
0

By integrating on 2, we get

E(U(Hq,-))—E(v(z,-)):/Q</01v’(x+tq,w)th> dP (3)

o ([ ) =

Now, if (i) holds, i.e. if @ = 0, then (ii) follows for the choice of ¢ was arbitrary in
R. Conversely, if (ii) holds, then it is enough to take ¢ = @ in (3) to get @ =0, i.e.
(1). O

Remark 3.11. Theorems 3.9 and 3.10 could be equivalently restated by requiring
(i) to hold for some = € R, in view of Proposition 3.6.

Definition 3.12. We call admissible any Lipschitz random function with stationary
increments and zero mean gradient. The class of such random functions will be
denoted by S.

The following property is immediate.

Proposition 3.13. The class of admissible random functions is stable under the
addition of real random variables.

Remark 3.14. Looking at the proof of Theorem 3.8 it is easy to see that if the
sequence in the statement is made up by admissible random functions then the limit
is admissible too.

If v is a stationary function then clearly E(v(z,-)) does not depend on z, and so
we derive:

Corollary 3.15. Any stationary random Lipschitz function is admissible.

4. STOCHASTIC HAMILTON—JACOBI EQUATIONS
We consider a Hamiltonian
H:RxRxO—R

satisfying the following conditions:

(H1)  the map w — H(-,-,w) from Q to C(R x R), endowed with the topology
induced by the local uniform convergence, is measurable;

(H2) Zi(z,w):={peR : H(z,p,w) <a} isa (possibly empty) interval;
(H3) 0Z,(z,w)={peR: H(z,p,w)=al;
(H4)  for every R > 0 there exists a modulus ng such that
|H(z,p,w) — H(z,q,w)| <nr(lp—ql)  forall p,q € Bg;
(H5)  there exist two continuous coercive functions 6, © : R; — R such that

o (Ip|) < H(z,p,w) <O (|p|) for all p € R;
12



(H6) H(-+2z,-,w)=H(,-,Tw),
for any a, x, z in R, and w € Q.

Remark 4.1. Condition (H5) amounts to requiring H to be coercive and locally
bounded in p, uniformly with respect to (x,w). We point out that conditions (H2)
and (H4) are always fulfilled by Hamiltonians convex in p and satisfying (H5). In
this case, we can choose ng(h) = Lr h with

Lg:= SU-p{ ’H(x?p7w)’ : (xw) eERxQ, ’p‘ < R+2}7

which is finite thanks to (H5). For a convex Hamiltonian, condition (H3) is equiva-
lent to the set of minimizers of H(z,-,w) being a singleton, for any z, w.

Remark 4.2. Any given periodic, quasi—periodic or almost—periodic Hamiltonian
Hjy: R xR — R can be seen as a specific realization of a suitably defined stationary
ergodic Hamiltonian.

The periodic and quasi-periodic case consist in assuming Ho(z,p) = > ", Hi(x,p),
m > 1, where each H; is A\;—periodic in x, and Ay, ..., A, are rationally independent.
We take as  the set IT/" ; [0, \;], as P the m—dimensional Lebesgue measure restricted
to €2, renormalized to be a probability measure, and as F the o—algebra of Borel
subset of 2. The action of R on ) is defined as

(Tzw)i = wi +x (mod \;) i=1,--,m

for any w = (w1,...,wn) € Q, € R. A stationary Hamiltonian is obtained by
setting

m
H(af:,p,w) = Z Hl(aj + wi7p>'
i=1

In the almost—periodic case, we can choose as ) the Bohr compactification of R,
as P the Haar measure on (), renormalized to be a probability measure, and as F
the o—algebra of Borel subsets of 2. As well known (see for instance [1]), R embeds
as a dense subset in € and the usual addition on R uniquely extends to an addition
operation on €2, still denoted by +, which gives it the structure of topological group,
containing R as a dense subgroup. The family of translations on €2, defined by
Tow =z + w for every x € R, w € ), turns out to be ergodic with respect to P.
By exploiting the fact that any almost—periodic function on R extends uniquely to
a continuous function on €2, it is not hard to show that Hy extends uniquely to a
continuous function H : 2 x R — R. A stationary Hamiltonian is readily obtained
by setting H(z,p,w) = H(x + w, p).

We point out that in all these three cases, €2 is a compact topological space with
P(U) > 0 for every nonempty open subset U of €2, and that the map w — H(-,-,w)
from © to C(R xR) is continuous with respect to the uniform convergence on R x Bp,
for every R > 0.

Let us recall the definition of viscosity (super, sub) solution in the deterministic
case. For a fixed wp, a continuous function f(z) is said to be a wiscosity subsolution
(resp. supersolution) of H(x,v',wy) = a if H(zg,¢ (x0),wo) < a (resp. > a)
for any C! function ¢ : R — R and any local maximizer (resp. minimizer) zg
of f — . Due to the quasiconvex and coercive character of the Hamiltonian, a
continuous function is a subsolution in the previous sense if and only if it is a
Lipschitz—continuous almost everywhere subsolution. Finally a continuous function
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is called wviscosity solution if it is sub and supersolution at the same time.

For a € R, we focus our attention on the stochastic equation
H(z,V'(z,w),w) =a in R. (4)

A continuous random function is called subsolution to (4) if it is a viscosity subso-
lution a.s. in w. In particular, by what previously noticed, any subsolution to (4)
belongs to Lip, (R) almost surely, where

Kq :=sup{ |p| : p € Z,(z,w), (z,w) € R x Q}, (5)

which is finite thanks to (H4). We are interested in the class of admissible subsolu-
tions, hereafter denoted by S, i.e. random functions taking values in Lip, (R) with
stationary increments and zero mean gradient that are subsolutions of (4).

A solution to (4) is nothing but a Lipschitz random functions which solves the
equation in the viscosity sense almost surely. An admissible solution will be prefer-
ably called an exact corrector taking into account the role it plays in the homoge-
nization procedure.

Given 0 > 0, a random function vs will be called a d—approzimate corrector for
the equation (4) if it belongs to S,45 and satisfies

a—6 < H(z,v§(z,w),w) <a+d in R

in the viscosity sense, a.s. in w. We say that (4) has approximate correctors if there
are d—approximate correctors for any ¢ > 0.

The application of Theorem 3.8 and Proposition 3.13 in this context yields:

Theorem 4.3. Let (ay,)y be a sequence of real numbers and v, a random function in
S, for each n. If a,, converges to some a, there exist v € S, and a sequence (wg)y
made up by finite convexr combinations of the v,, up to an additive real random
variable, such that

wr(w) 2 o(hw) a.s. inw. (6)

Proof. Since (ay), is bounded, the random functions v,, all belong to Sy, for some b,
and therefore are equiLipschitz. By Theorem 3.8 the convergence in (6) takes place
for a sequence wy(z,w) = >, Mev (2, w) + gr(w) of finite convex combinations
of the v, plus a real random variable, where limy_,, , nr = +00; in addition, by
Remark 3.14, the limit random function v is admissible.

It is left to prove that v € S,. For any € > 0, the wy, € S, for k large enough
thanks to the quasiconvex character of the Hamiltonian. Since the subsolutions of a
deterministic Hamilton—Jacobi equation are stable under local uniform convergence,
we deduce that v € S,;1.. The assertion is then obtained since € was arbitrarily
chosen. O

We define the (stationary) critical value ¢ as
ci=inf{faeR : S, #0}. (7)

We note that the set appearing at the right—hand side of (7) is non void since it
contains the value ©(0). We also consider the critical equation

H(z,v'(z,w),w)=c inR. (8)
We obtain as a corollary of Theorem 4.3 (see [16]):

Corollary 4.4. S, # 0.
14



Therefore the infimum appearing in (7) is indeed a minimum, and the critical
value can be equivalently defined via

¢ = min <ess sup H(z,v'(z,w), w)) a.s. in w,
ves z€eR
where, we recall, S stands for the class of all admissible random functions.
The relevance of the critical value is given by the following;:

Theorem 4.5. The equation (4) has neither exact corrector nor approximate cor-
rectors if a # c.

A lemma is preliminary.

Lemma 4.6. Let b > a. Then there exists 6 = §(b,a) > 0 such that
Za(z,w) + Bs C Zp(x,w)
for every (x,w) € R x Q for which Z,(x,w) # 0.

Proof. Choose nr as in assumption (H4) with R := sup{|p| : 0(|p|) < b}, and set
d =inf{t >0 : nr(t) > b — a}, which is strictly positive as ng is continuous and
vanishing at 0. Fix (z,w) € R x Q such that Z,(z,w) # 0. As Z,(z,w) C Zy(z,w) C
Bpg, for every py € 0Zy(x,w) and p, € 0Z,(x,w) we get

77R(|pb _pa|) > H(vabaw) - H(Jf,pa,u}) =b- a,

yielding |p, — ps| > 0. The assertion follows by the convexity of Z,(z,w) and
Zp(z,w). O

Proof of Theorem 4.5. It suffices to prove the assertion for approximate correc-
tors. Let us assume that equation (4) admits approximate correctors, i.e. for every
d > 0 there exists a J—approximate corrector vs for (4). We aim to show that a = c.
Passing to the limit of the vs, for § — 0, we find an admissible subsolution to (4)
via Theorem 4.3, which implies a > c.

We assume for purposes of contradiction that the strict inequality a > ¢ holds.
We select a § with a — & > ¢ and denote by v, to notations, the corresponding
d0—approximate corrector. Recall that v satisfies

H(z,v'(z,w),w) >a—3§ >c in the viscosity sense

a.s. in w. We finally denote by u an admissible critical subsolution.

We proceed by picking an wy € Q for which v(-,wp), u(,wp) are sublinear at infin-
ity, and all the previously listed almost sure properties of the random variables H,
v, u hold. We denote by Hy, vy, ug the corresponding deterministic objects obtained
by fixing w = wg. We invoke the following property of viscosity supersolutions, see
Proposition 4.3 in [5]: since Hy(z,v)) > a—4 in the viscosity sense, for any Lipschitz
function ¢ and any z( local minimizer of vy — ¢, there exist pg € dp(xg) satisfying
Hoy(zo,po) > a — 6. We set ug(z) := ug(x) — e|x| for ¢ > 0, and we find

Jug(x) C Oup(x) + B, for any = € R,
so that, thanks to Lemma 4.6, € can be chosen in such a way that
Hy(z,p) <a—9 forany z € R and p € dug(z). 9)

Since both vy and ug are sublinear at infinity, there are minimizers of vy — ug in

the whole R, and at any of such points a contradiction comes out from (9) and the

previous recalled property of viscosity supersolutions. O
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Another critical value, that we call free to distinguish it from ¢, will be relevant
in our analysis. To introduce it we start by considering the random variable

cf(w) :=sup (min H(m,p,w)) .
zcR \PER

Since cf(mow) = cf(w) for every (z,w) € R x Q, we deduce, by the ergodicity

assumption, that cy(w) is almost surely equal to a constant denoted cy, which is

actually the announced free critical value. It is apparent by the definition that

cy <c.

To study the properties of subsolutions of (4) and the problem of the existence
of admissible correctors for (8), we will make use of the so called metric approach,
adopted for instance in [12]. Let Q; be the set of probability 1 where cf(w) is equal
to the free critical value cy. For every a > ¢y, we define the support function o, of
the a—sublevel of H by setting

0a(®,q,w) :=sup{qp : p € Za(z,w) },
where we agree that o,(-,-,w) =0 when w € Q\ Q.
Proposition 4.7. For every a > cy, the function o4 is jointly measurable in R X

R x Q, i.e. with respect to the product c—algebra B(R) @ B(R) @ F. Moreover, it is
continuous in x, conver in ¢, and enjoys

oa(-+ 2,,w) = 04+, -, Tow)  for every z € R and w € Q.

Proof. The measurable and convex character of o, are easily derived from its very
definition. To show that o, is continuous in z, it suffices to notice that, for every
w € Q, the set Z,(x,w) has either nonempty interior or is a singleton in view of
assumption (H3). Last, the stationary character of o, follows by its very definition
in view of assumption (H6) and of the fact that 7,9 = Q¢ for every z € R. O

Next, we define for any z, y and w

1
Sa(-f,y,W):/ Ua((l—t)x—l-ty,y—a:,w) dt
0

The function S, is jointly measurable in R x R x €, and satisfies S,(z,z,w) =0
for every x € R and w € . In addition, it is a semidistance, as it can be deduced
from the following result.

Lemma 4.8. Let a > cy. Then
Sa(T,y,w) + Sa(y,z,w) >0 for any z, y € R

a.s. in w. If, in addition, a > cy and x # y, then the previous formula holds with
strict inequality.

Proof. Let w in Q7 and z,y € R. We can assume that x # y, being the assertion
trivially satisfied otherwise for S,(x,z,w) = 0. We observe that, for any z € R,
oa(z,1,w), —04(z,—1,w) are given by the right and the left endpoint of Z,(z,w),
respectively. From this we get

oa(z,1,w) + 04(2,—1,w) >0 for any z € R.

If, in addition, Z,(z,w) does not reduce to a singleton, which is the case when a > ¢y,
the inequality in the previous formula is strict. Let v(t) := (1 — t)x + ty. After a
16



change of variable in the second integral, we deduce from (4) and from the positive
1-homogeneous character of o,(x,-,w) that

1
Sa(z,y,w) + Se(y, z,w) = /0 Ja(w(t),y — x,w) + Ua('y(t), —(y — x),w) dt > 0,

with strict inequality holding if a > cy. O
We derive from Lemma 4.8
So(z,y,w) < Sy(z,z,w) + Sa(z,y,w)

for all z,y,2 € R and w € €, where the equality holds when z lies between x and y.
We also have by the very definition of S,

Sa(z,y,w) < Kglz —y| forany z,y € R, w € Q.

As a consequence we see that S,(y,-,w) belongs to Lip, (R) for every y € R and
w € Q. In addition, by the previously recalled joint measurability property of S,
and Proposition 2.1, w +— S, (y, -, w) is a Lipschitz random function for every fixed y.
Same argument applies to w — Su(+,y,w). Taking into account the corresponding
properties holding in the deterministic case (see [12]), we also have:

Proposition 4.9. A Lipschitz random function v is a subsolution of (4) if and only
if
0(,w) — 0(y,w) < Saly,3,w) for all 2,y € R,

a.s. in w. In particular, Sq(y,-,w) and —Sg(-,y,w) are both subsolutions of (4).
Furthermore,
So(x + 2,y + z,w) = Se(z,y, W) for every x,y,z € R and w € €,

which clearly follows from the stationary character of o,.

Remark 4.10. When the Hamiltonian is convex in p and a Lagrangian L can be
defined through the Fenchel transform, the following identity holds true (cf. [9])

Sa(z,y,w) = inf{/ot (L(&,&w) +a) ds},

where the infimum is taken letting £ vary in the family of Lipschitz—continuous
parametrizations in [0, ] of the segment joining = to y, for every ¢t > 0.

5. LAX—TYPE FORMULAE

In this section we adapt Lax formulae to the stationary ergodic setting. We start
by recalling the setup for deterministic Hamilton—Jacobi equations, see [12]. For
every w, let

£@) =y € R < minH(y,pw) = cs ) (10)
the (possibly empty) set of equilibria.

Theorem 5.1. Let us firw € Qf, a > cy. We have
17



(i) Let K, h be a closed subset of R and a continuous function defined on it,
respectively. We define

P(x) = ylél[f{ (h(y) + Sa(y, z,w)), r €R.

If ¢ # —o0 then it is a subsolution to (4) in R and a viscosity solution in
R\ K.

(i) Let U be a bounded open subset of R. We assume that either a > cy or
a=cs and E(w)NU =10, and consider a function wy on OU with

wo(x) — wo(y) < Sely,z,w) for every xz,y € OU.
Then the function
= inf a\Y, L, )
w(x) nf (wo(y) + Sa(y, z,w)) xelU

is the unique viscosity solution of the Dirichlet Problem:

H(z,¢'(2),w) =a inU
¢(x) = wo(x) on OU.

We proceed giving a stochastic version of the previous properties. Let C(w) be
an almost surely nonempty stationary closed random set and g a Lipschitz random
function. For a > ¢y set

u(z,w) :=inf{g(y,w) + Su(y,z,w) : y€ C(w)}, z€R, (11)

where we agree that u(-,w) = 0 when either C(w) = 0 or the infimum above equals
—o00. The following holds:

Proposition 5.2. Let g be a stationary Lipschitz random function and C(w), u as
above. Let us assume that, for some a > cy, the infimum in (11) is finite a.s. in w.
Then u is a stationary random variable belonging to S, and satisfies u(-,w) < g(+,w)
on C(w) a.s. in w. Moreover, u is a viscosity solution of (4) in R\ C(w) a.s. in w.

Proof. We first show that w is jointly measurable in (x,w). Let us denote by u(z,w)
the right-hand side term of (11), where we agree that u(z,w) = 0 when C(w) = 0,
and set Qg := {w : C(w) # 0, u(-,w) # —o0 }. Since u(z,w) = Xq,(w)u(z,w) in
R x Q, it is enough to show that u is jointly measurable in (z,w), as this in turn
implies that g is measurable too. To this aim, for each n € N we set C),(w) :=

C(w) + By and
() = . (gghs) + Salvns2,) ) o), () R X
k

where as usual we agree that u,(-,w) = 0 when C(w) = (. Here dp(c,) denotes
the function identically equal to 0 on I'(C,,) and +oo outside. Since C), is a closed
random set by Remark 3.3, its graph is measurable in R x € and this in turn implies
that u, is jointly measurable in R x Q. By using the fact that the functions g(-,w)
and S, (-, z,w) are equi-Lipschitz in R, uniformly with respect to z and w, we derive
that w, converges to u pointwise in R x §2, which is thus jointly measurable.
In view of Theorem 5.1 we know that u(-,w) is a viscosity subsolution of (4), and
a solution as well in R\ C(w) for every w € €. It is also apparent by the definition
that u(z,w) < g(x,w) for every z € C(w).
18



Let us show that u is stationary. Let us fix z € R. Since ¢ is stationary, we have
that g(-, »w) = ¢g(- + z,w) on R almost surely in w. Hence, a.s. in w, we have

u(z,mw) = inf {g(¢,w) + Su((,x, Tow)}
¢eC(mw)

= inf {g((+2zw)+S((+22+zw)}=uz+zw)
(+zeC(w)

for every z € R. In the second equality, we have exploited the fact that C'(w) is

stationary. The conclusion follows in view of Corollary 3.15. (]

We go on by providing a variation of the previous result which will allow us to
deduce a uniqueness principle for exact correctors in Section 6.

Proposition 5.3. We use the same notations of the previous proposition, with the
difference that now g is assumed to be in S;. Then u belongs to S,. In addition, it
is a viscosity solution of (4) in R\ C(w), and takes the value g(-,w) on C(w) a.s.
mn w.

Proof. The joint measurability of u follows arguing as in the proof of the previous
proposition. Set Qy :={w : C(w) # 0, g(-,w) is a subsolution of (4)}. Let w € Q.
Since by Proposition 4.9

g(wi)_g(yaw) SSa(yawi) for any &, y€R7

we derive that u(-,w) = ¢g(-,w) in C(w), and consequently u(-,w) # —oo. We also
infer by Theorem 5.1 that u(-,w) is a viscosity subsolution of (4), and a solution as
well in R\ C(w).

We proceed to prove that u has stationary increments. Since g has stationary
increments, for every fixed z in R there exists a random variable k with g(-, T,w) =
g(- + z,w) + k(w) on R, a.s. in w. Then we argue as in the proof of the previous
proposition to infer that

u(-, Tow) = u(-+ 2z,w) + k(w) onR

a.s. in w, which gives the claim.

Let us finally show that u has sublinear behavior at infinity a.s. in w. For this
we will essentially use the asymptotic formula for random stationary sets given in
Proposition 3.5. Let us denote by ﬁo a subset of )y of probability 1 such that, for
every w € Qo, g(+,w) is sublinear and

i [(C@) + B) 0 By
~t ]

>1—e, for each n € N,

where (g,,),, is a sequence decreasing to 0, according to Proposition 3.5. Fix w € (AZO
and n € N. Then for every x € R with |z| large enough, we have

| (C(w) + Bn) N Byy|

>1—g,.

For n sufficiently large By, |,(z) C Bajy|, and from the above inequality we infer
that

B2en\x|($) N (C(w) + Bn) - ®>
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i.e. there exists y = y(z,n) in C(w) such that |y — z| < 2¢&,|x| + n. Then, recalling
that u(:l/:w) = g(yaw)v we get

[u(z,w) —u(y,w)| + |9(y,w) — g(z,w)| + |g(z, w)]
2kq (2en 2] + 1) + |g(z,w)|.

u(z,w)| - <
<

From this we obtain, by the sublinear character of g,

lim sup L(x,w)\

< 4 kg en,
|z| =400 ‘I”

and the claim follows letting n — +oc. U
As a simple consequence of Proposition 5.2 we deduce:
Theorem 5.4. For any a > c there is a stationary subsolution to (4).

Proof. We first aim to show that

in}% Sa(z,0,w) > —0c0 for any xp € R (12)
TE

a.s. in w. We start by proving

lim Sy(z,z0,w) =400 for any g € R
|| =00

a.s. in w, from which (12) can be immediately deduced. We denote by w a critical
admissible subsolution, and take w such that w(-,w) is sublinear at infinity and
satisfies H(x,w'(z),w) < ¢ for a.e. € R. Let us fix xyp. By Lemma 4.6 there is
0 > 0 with

w'(y,w)g +0lg| < 0u(y,q,w) forae. y€eR,
and consequently
w(zg,w) —w(z,w) + 0l — xo| < Sg(x,x9,w) for any x € R.

Dividing both sides by |x — z¢|, and exploiting the sublinear character of w(-,w) in
the limit for |z| — 400, we obtain
S,
lim inf 761(%’%’&])

>0,
jz|—+oo |7 — 20

which, finally implies (5) and, consequently, (12).

Let u be the random function defined trough (11) with C'(w) =R and g(-,w) =0
for every w. By (12) the infimum in (11) is almost surely finite, and the assertion
follows by Proposition 5.2. O

We derive from the previous theorem a new definition for the critical value c:
c:=inf{a € R : (4) admits stationary subsolution}. (13)

In this case the infimum appearing in the formula is not necessarily a minimum,
namely we cannot expect, in general, to find stationary critical subsolutions.
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6. EXISTENCE OF EXACT AND APPROXIMATE CORRECTORS

Here we prove that exact correctors do always exist if ¢ > c¢y. In the case ¢ = cy,
we provide characterizing conditions for their existence involving the random set of
equilibria. If there are no correctors, we however show the existence of approximate
correctors, which are constructed by means of approximate sets of equilibria and a
Lax—type formula. Finally, in Remark 6.10, we interpret the previous results in the
light of a generalized notion of Aubry set adapted to the random setting.

We write, for every a > ¢y,

Zo(z,w) = [ag(z,w), Balz,w)], (z,w) € R x Q.

We extend the definition of o, and 3, on the whole R x Q by setting a,(-,w) =
Ba(-;w) = 0 when w € Q\ Q. Note that ay(r,w) = —04(x, —1,w) and F,(z,w)
oa(z,1,w), so we directly derive from Proposition 4.7

0,

Proposition 6.1. For any a > ¢y, o, and 3, are stationary random continuous
functions.

As a consequence of the previous proposition, the means E(aa(:r, )) (ﬁa( ))
do not depend on z, so in the sequel we will simply write E(ag), E(G,).
We define the averaged a—sublevel

E[Za] = [E(aa)> E(/Ba)] for any a > Cf.
We have:

Proposition 6.2. The functions a — —E(ag), a — E(8,) are strictly increasing,
continuous and coercive in [cf,+00).

Proof. We prove the statement for the function a — E(8,). We immediately see
that it is strictly increasing and coercive because of its very definition, by (H5) and
by Lemma 4.6. We therefore focus our attention on the continuity issue, which is
more delicate. We will prove the continuity from the right, being the proof of the
remaining case analogous. For this we claim

E(By) = iI;fI; E(Ba) for every b € [cf, +00). (14)

We define, for every a > ¢y and w € 2 the function

1
= / Ba(t,w) dt
0

which is measurable and bounded in 2. From the continuity properties of H in p,
inherited by a +— (,(t,w), we derive

lir{)lJr Ba(t,w) = Bp(t,w) for every (t,w) € R x Q,

and we deduce through the Monotone Convergence Theorem

lilrlr)l+ fa(w) = fo(w) for every w € Q.

Bearing in mind this limit relation and using again the Monotone Convergence

Theorem, we get
/fb(w)dP mf/fa
0



To see that this equality is equivalent to (14), we exploit the joint measurability of
B, in (z,w) to obtain, for any a > ¢y,

/fa )dP = /Q</0 m(aw)dt) dIP_/Ol (/Qﬁa@,w)dp) dt = E(f,).
O

In order to apply the results of the previous section, we will also need the following
property of the set of equilibria £, see (10) for the definition.

Proposition 6.3. £ is a closed random stationary set.

Proof. In view of Proposition 3.2, it is enough to show that the stationary function
f(z,w) := min, H(z,p,w) is jointly measurable in (z,w) and is continuous in z for
every fixed w. For the first assertion, simply notice that f(z,w) = inf,, cq H(x, pk, w)
by the continuity of H in p. The second assertion can be directly deduced from the
definition of f by making use of assumptions (H1) and (H5). O

Our subsequent analysis depends on whether 0 is in the interior of E[Z.,], or
not. If the first instance occurs we further distinguish the subcases when the set of
equilibria is almost surely empty or nonempty. The following two results depict this
setup.

Theorem 6.4. If0 € Int E[Z.,] and E(w) # 0 a.s. inw, then c = cy and (8) admits
an exact corrector, which is, in addition, stationary.

Proof. The relevant consequence of the assumption on 0 that we are going to exploit
is
min{—~E(ac, ), E(fc;)} > 0.

We set

u(z,w) == inf{Sc,(y,z,w) : y € E(w) }, (z,w) e R xQ, (15)
where we agree that u(-,w) = 0 when either £(w) = ) or the infimum above is equal
to —oo. We know by Proposition 5.2 that u is a stationary admissible subsolution,
provided u(-,w) # —oo a.s. in w. To see this, first note that, from the very definition

of Scf,

Se. (y,0,w 1 /Y

Cf(3|~/y’) _ ’y|/ Be,(s,w)ds  fory <0,

Yy
Se,(y,0,w I
Cf(|yy’) = |y!/ e, (s,w)ds for y > 0.
y
By applying the Birkhoff Ergodic Theorem we find
S ,0,w
Hied f(?y\) = min{—E(ac,), E(G,)} > 0

for every w in a set € of probability 1, which, in turn, implies

lim S, (y,0,w) =400 for every w € Q. (16)
ly[—+oc
Exploiting for instance the fact that S, (, ,w) enjoys the triangular inequality,
we readily derive that (16) keeps holdmg when 0 is replaced by any fixed point
x € R. In particular, we conclude that the infimum in (15) is attained for every
w € ' such that £(w) # 0, hence u(z,w) € R a.s. in w. For such an w, we
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furthermore know that u(-,w) is a viscosity solution on R\ £(w) and a subsolution
in R of equation (4) with a = ¢f. It is left to show that wu(-,w) is a viscosity
supersolution on &£(w). We then pick up y € £(w) and let ¢ be a C! test function
touching u(-,w) in y from below. Since y is an equilibrium point, we clearly have
that H(y, ¢'(y),w) > min, H(y,p,w) = cy.

This proves that u is an exact corrector of (4) with a = ¢y, therefore ¢ = ¢¢ in
view of Theorem 4.5, as it was claimed. O

If the random set of equilibria is almost surely empty, we have:

Theorem 6.5. If 0 € IntE[Z,,] and E(w) = 0 a.s. in w, then ¢ = c; and (8)
does not have admissible solutions. However there exist d—approximate correctors
for every & > 0 which are, in addition, stationary.

Proof. Fix a 6 > 0 and set
Ew) = {yeR :minH(y,p,w) >cy—6}
P

usle,w) = inf{S(ya,w) Yy &)}, (nw) ERxQ,

where we agree that ug(-,w) = 0 when either Es(w) = 0 or the infimum above is
equal to —oco. By arguing as in Proposition 6.3, we see that Es(w) is an almost surely
nonempty stationary closed random set. Arguing as in the proof of Theorem 6.4, we
see that us(-,w) # —oo a.s., hence it is an admissible subsolution of (4) with a = ¢y,
and a solution as well on R\ &(w) a.s.. In particular, we get that ¢y > ¢, and so
cy = c for the converse inequality trivially holds.

To prove that ug is a d—approximate corrector, we need to show that the inequality
H(y, Dus(y,w),w) > cf—9 in the viscosity sense for every y € £5(w) a.s inw. To this
aim, fix w such that &(w) # 0 and pick up a y € (w). Let ¢ be a C! test function
touching us(-,w) in y from below. Then H(y, ¢ (y),w) > min, H(y,p,w) > cf — 9,
as was to be shown.

Finally, to prove that equation (8) does not admit exact correctors, we argue by
contradiction. Let u be an admissible corrector, we pick up an w such that u(-,w)
is a viscosity solution of (8). We apply Theorem 5.1 with wg = u, a = ¢ and
U = (—n,n) for each n € N to derive that there exists a diverging sequence (yn)n
such that

Se(Yn, 0,w) = u(0,w) — u(yn,w) for every n € N,
which implies, thanks to the sublinearity of u(:,w), liminf},_,,  Sc(y,0,w)/|y| = 0,
in contrast with the limit relation

lim inf 5e(9,0,w)
yl—too Yl
derived from Birkhoff Ergodic Theorem. ([

> min{—E(a.), E(G:)} >0 as. inw,

Remark 6.6. We stress that the functions ugs defined in the previous proof are
actually admissible critical subsolutions.
If 0 is not in the interior of the averaged cs—sublevel we have:
Theorem 6.7. If 0 ¢ IntE[Z,], then
c=inf{a >cy : 0€ E[Z,] }

and (8) admits an exact corrector (not necessarily stationary), almost surely of class
c*.
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Proof. For ¢ defined as in the statement, we have, by Proposition 6.2, that either
E(5.) or E(a.) vanish. Let us assume, to fix ideas, that the first case occurs. We set

u(z,w) = /Ox Be(s,w)ds a.s. in w, (17)

and we see that u/(z,w) = B.(z,w) a.s. in w, and consequently u has stationary
gradient with mean 0. Moreover u(-,w) is almost surely of class C! for S.(-,w) is
a.s. continuous, according to Proposition 6.1. In particular, it is a classical solution
of (8) a.s. in w, which finally implies that ¢ is the critical value by Theorem 4.5 and
u is the sought exact corrector. The proof is complete. O

We finish the section by showing some uniqueness results for exact correctors.

Theorem 6.8. Let us assume that either 0 € E[Z,], or 0 € OE[Z,,] and E(w) =0
a.s. inw. Ifu is an admissible solution of (8), then u(-,w) is almost surely of class
Ct, and
Sc={u+k : k:Q— R measurable},

i.e. u is the unique admissible subsolution, up to an additive real random variable.
Proof. We know by what seen above that 0 € OE[Z;. Let us assume, to fix
ideas, that E(8.) = 0, and let u be the random Lipschitz function defined via (17).
According to Theorem 6.7, u is an exact corrector almost surely of class C'. Given
a critical subsolution v, we set

Y(w):={z € Ay(w)NA,(w) : v (z,w) £ (z,w)},
and notice that it is a random stationary set by Proposition 3.6. By the fact that v
is admissible, we have
E(v/(z,)) = 0 = E(e(x,)) for any z,
and this together with the inequality v'(x,-) < B.(z,-), holding a.s. in  because v is

a critical subsolution, yields v'(z, ) = f.(z,) a.s. in Q. In other terms P(Y ~1(x)) =
0, and consequently |Y (w)| = 0 a.s. in w by Fubini’s Theorem. Summing up:

/ !/
u(z,w) =2 (z,w) forae xeR
a.s. in w, and so u and v coincide up to a real random variable. U

Theorem 6.9. Assume that 0 € E[Z.,] and E(w) # 0 a.s. in w. Then £ is a
uniqueness set for the critical equation in the semse that if two exact correctors u
and v agree on £(w) a.s. in w, then they coincide on the whole R a.s. in w.

Proof. Given an exact corrector u, we will show that
u(z,w) = inf{u(y,w) + Se, (y,z,w) : y€&(w)}, zeR

almost surely in w. We take into account Proposition 5.3 and the argument used
in the proof of Theorem 6.4 to see that the right hand—side of the previous formula
gives an exact corrector coinciding with v on £(w) a.s. in w. We will denote it by v.

We pick an w for which £(w) # 0 and all the previous relations hold. Let x¢ &
E(w). Since £(w) is closed there are y; < yo in £(w) with

20 € [y1.y2] 5 (Wy2) NEW) = 0.
By Theorem 5.1-(ii) we have
U(ﬂi‘o, w) = ZIE%DQ{U(ZU@, w) + SCf (y’m Zo, w)}a
24



which implies u(xg,w) > v(zg,w). To prove the opposite inequality, we note that
being u(-,w) a subsolution yields, by Proposition 4.9,

U(l‘o,LU) < u(y,w) + SCf (y,l'o,(.d) for every y € 5(&))7

and we conclude by taking the infimum over y € £(w) of the right—-hand side term.
O

Remark 6.10. We propose a notion of Aubry set adapted to the present random
environment. We recall, as a starting point, that in the deterministic case the
Aubry set is made up by points such that the intrinsic distance from them is a
critical solution. The idea here is to replace, as in the spirit of the whole paper,
points by closed random stationary set. This leads to the following definition: a
closed random stationary set A is called Aubry set if

(i) the extension of an admissible critical subsolution from any closed random
stationary subset of A via the Lax formula, see (11), yields an exact corrector;
(ii) no closed random stationary set properly containing A enjoys the previous
property.
According to the results of the section, we easily derive that A =& if 0 € int E[Z,],
and A = R otherwise. Note that this is exactly the setup in the periodic case, apart
from the fact that £(w) can be almost surely empty, while the set of equilibria is
non void in the periodic setting. We have therefore proved that an exact corrector
does exist if and only if A(w) # 0 a.s. in w.

7. AN APPLICATION TO STOCHASTIC HOMOGENIZATION

In this section we will exploit the results previously obtained to extend the homog-
enization result proved by Souganidis [19] to the case of quasiconvex Hamiltonians.

For every P € R we define the effective Hamiltonian H(P) as the stationary
critical value of the Hamiltonian H(-, P + -, -), namely

S

(P) := min <ess sup H(z, P+ v’(x,w),w)) a.s. in w.
veS z€R

Proposition 7.1. The function H : R — R is continuous and coercive, with min-
imum equal to cy. It is, in addition, quasiconvex in the sense that Z, := {p € R :
H(p) < a} is a compact interval for a > cf, and 0Z, = {p € R : H(p) = a} for
a>cy.

Proof. We recall from Proposition 6.2 that the functions a — E(a,), a — E(G,)
admit inverse denoted by f and g, respectively, in [cf, +00) with

fi(=00,Blac,)] = [ep, +00) 5 g: [E(Be;), +00) = [ef, +00),

both strictly monotonic and continuous. According to what proved in the previous
section, we have

f(P) if P e (—o0,E(ac,)]

F(P) = Cf lf P € (E(acf)7E(6Cf))
g(P) if P e [E(B.,),+00).
This formula proves all the points of the assertion. O

The main result of the section is the following:
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Theorem 7.2. Let H : R x R x Q — R satisfy (H1)-(H6). Then for any uy €
UC(RY), the unique viscosity solutions u(-,-,w) € UC((O, +0o0) X RN) of

(18)

Owue + H(x /e, Opue,w) =0 in (0,400) x R
ue (0, z,w) = up(x) on R

converge, locally uniformly in (0, +00) xR as e — 07, to the unique viscosity solution
u € UC((0,+00) x R) of

{&gu + H(Oyu) =0 in (0,400) x R (19)
u(0,2) = up(x) on R
a.s. in w.
A result is preliminary.
Proposition 7.3. There exists a set Qg of probability 1 such that equation
H(z, P+ (z,w),w) = H(P) (20)

has approzimate correctors, sublinear at infinity, for any w € Qg and P € R.

Proof. Let (Pg); be a dense sequence in R. By the results obtained in Section 6,
there exists, for each k € N, a sequence of random functions (vF),, C S and a set Q
of probability 1 such that, given w € Qy, the function v¥(-,w) is sublinear at infinity
and solves the following inequalities in the viscosity sense:

_ 1 - 1
H(Py) = — < H(w, P+ (vp) (v, w),w) <HPL) + — inR.

We claim that the statement holds true by choosing €y := Ngx. Indeed, let us
fix w € Qp and Py € R, then a subsequence P}, converge to Py and the functions
vl (-, w) are equiLipschitz-—continuous for Ay, large enough. Therefore we can employ
assumption (H4) to control

|H($,P0 +paw) _H(xaphk +p7w)|

for any x, p € Ovl'*(x,w), hy large enough. Using this and the fact that H is
continuous, we can finally select, for any given § > 0, two indices hj and n such that
the function ¢(x) := v/* (x,w) satisfies

H(PRy) — 6 < H(z,Py+¢'(z),w) < H(P)+6  inR,

in the viscosity sense, which proves the claim. O

Proof of Theorem 7.2. Let us fix w € €y, where €y is a set of probability 1
chosen according to Proposition 7.3. The family {u.(-,-,w) : € > 0} of solutions
to (18) is made up by equi-uniformly continuous functions in Ry x RY that agree
at t = 0, hence it is precompact in UC(R; x R™) with respect to the local uniform
convergence. In order to get the assertion, it is enough to show that any convergent
subsequence has the (unique) solution u of (19) as limit.

The proof of this is based on the perturbed test function method (see [10, 11]) and
basically exploits the existence of approximate correctors sublinear at infinity, which
has been proved in Proposition 7.3. We just sketch it for the reader’s convenience.

We show, for instance, that any function v, obtained as limit of a sequence of
solutions to (18), say ug, (-, -, w), is a viscosity subsolution of (19). Let a point (¢, )
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be a local strict maximizer of v — ¢, with ¢ of class C', and let us assume, by
contradiction

§:= 0(t, %) + H(0,0(t,7)) > 0.
We denote by x a d/2-approximate corrector of (20) sublinear at infinity, with
P = 0,¢(t,T), and set
Or(t,z) == o(t,x) + epx(x/ek) for (t,z) € Ry x R.
We can find r > 0 such that
Ook(t, x) + H(x/ep, 0¢k(t, x),w) > 0

in the viscosity sense in V, := (t —r,t +r) x (T —r,T + 1), for every k € N. Hence,
by the comparison principle,

mvé'x (usk('a '7w) - (z)k') < nél‘%rx <u€k('7 ',CU) - ¢k)

By the sublinear character of x, u., — ¢ = v —¢ in R x R, so that, by passing to
the limit in the above inequality, we obtain

max (v—20¢) < max (v—9),

in contrast with (¢, %) being a local strict maximum point for v — ¢. O

When the probability space has also a topological structure and the Hamiltonian
is continuous with respect to w, we can improve Theorem 7.2 by showing that the
homogenization results holds for every w. This allows us to recover what is known
in the quasi—periodic and almost—periodic setting, see Remark 4.2.

Theorem 7.4. Let H : R x R x Q — R satisfy (H1)-(H6). Let us additionally
assume that £ is a topological space such that

(i) P(U) > 0 for every nonempty open set U C €;

(ii) the map w— H(-,-,w) from Q to C(R x R) is continuous with respect to the
uniform convergence on R x Bgr for every R > 0.

Then the conclusion of Theorem 7.2 holds for every w € ().

Proof. Let )y be a set of probability 1 chosen according to Proposition 7.3. Given
w € 2\ Qp, we need to show that equation (20), with such an w, admits approximate
correctors, sublinear ay infinity, for any P € R.

Let us fix P € R and § > 0. Since P charges every open neighborhood of w,
there is a sequence wy contained in g such that H(-,-,wy) converge to H(-,-,w)
uniformly on R x By, for every R > 0. We denote by uy a § /2—approximate corrector,
sublinear at infinity, of (20) with wy in place of w and note that such functions are
equiLipschitz—continuous, therefore for k£ large enough we have

J
|H(x,P+p,w)— H(x,P+p,w)| < 3 for any =z € R, p € Qug(x).

This implies that uy is a d—approximate correctors of (20) for k large enough. The
proof is complete. O
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