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Abstract.

We study existence and regularity of distributional solutions for a class of nonlinear parabolic
problems. The equations we consider have a quasi-linear diffusion operator and a lower order
term, which may grow quadratically in the gradient and may have a very fast growth (for instance,
exponential) with respect to the solution. The model problem we refer to is the following

ue— Au= B()[Vul + f(,t), in Qx0T
u(z,t) =0, on 90Nx]0,T(; (1)
u(z,0) = uo(z), in

with © € RY a bounded open set, T > 0, and ((u) ~ eltl; as far as the data are concerned,
we assume exp(exp(|ug|)) € L*(Q), and f € X(0,7;Y(Q)), where X,Y are Orlicz spaces of
logarithmic and exponential type, respectively. We also study a semilinear problem having a
superlinear reaction term, problem that is linked with problem (1) by a change of unknown (see
(5) below). Likewise, we deal with some other related problems, which include a gradient term
and a reaction term together.

1 Introduction.

The present paper is devoted to prove existence results for some quasilinear parabolic problems
with lower order terms, whose model is (1). This kind of problems has been extensively studied
in the last years (see for instance [19], [7], [4], [5], [8], [12], [13], [15], [17], [18], [21], [23], [24] and
references therein). In those works the hypotheses on the function §(s) imply grosso modo that



B(s) is bounded, with some exceptions as in [7] and [19]. In [7] the existence of subsolutions and
supersolutions is assumed, while no growth assumption is made on the continuous function 3; then
it is proved that there exists a distributional solution to problem (1). This solution turns out to
be Hoélder continuous by Theorem 1.1 in §1, Chapter V of [19].

More recently, in [14], assuming that B(u) = |u|*, A > 0, the authors are able to prove the
existence of solutions to (1) without using sub/supersolutions. In that paper, the assumption on
f(z,t) is that

N T
r .Ta N
f(z,t) € LT(0,T; LY(R)), r>1, q>2max{)\+1,r71},

while on the initial datum wug(z) the assumption is essentially that

/62‘“‘3'6 < 400 for some 6 > A+ 1.
Q

For a slightly improved result for this case, see Section 4. Note that, when A goes to infinity, the
exponent g also goes to infinity . Therefore one could expect that the case where §(s) = e® will
require the use of exponential summability in the spatial variable for f(z,¢) and a condition like
fQ e2e! < 400, for the initial datum. On the other hand, this strong assumption in the x variable
allows to require just a slightly superlinear integrability in the time variable (see also Section 7 for
some comments on these assumptions).

The aim of this paper, which improves and generalises the results of [14], is, in fact, to
deal with very general growth for §(u) like, for example, 3(u) = e* or B(u) = expy(s) =
exp(...(exp(s))...). The assumptions on f(z,t) and ug(z), when 3(s) = e°, are
—_——

k
T
/||f(-7t)||¢ (log™ [I£(,t)lls) (log™log™ £ (-, t)lle) dt < +oo, 2)
0
where log™ s = max{1,log|s|}, || . ||¢ denotes an Orlicz norm (see the definition in Section 2) with

N-function ¢(s) = exp(exp(s)) — e(s + 1), and

/e%luo‘ < 4o0; (3)

Q

this is exactly in the same spirit of the previous considerations.

In order to explain the existence and regularity results, and the assumptions on the data, let
us consider problem (1) with f,ug > 0, for a general continuous function g : [0, +oo[— [0, +o0[
satisfying lims_, 1o 3(8) €]0, +00]. If one performs the change of variable

v=U(u) = /uexp (j@(a) do) ds, (4)
0 0

one obtains the semilinear problem
vy — Av = f(x,t)g(v), in Qx]0,T7;
v(z,t) =0, on 900x]0,T]; (5)
v(x,0) = vo(z) == ¥(ug), in €,

where g(v) = exp (/ﬁ(s) ds) = U/("!(v)) has a linear or slightly superlinear growth in the

0
sense that
lim @: lim f(s) €]0, +oc]

s—4o0o0 8§ s——+00



and
+o0 1

as can easily be checked by a change of variable. For instance, if we start from equation
g — Au = (e* + 1)|Vul® + f
and apply the change of variable v = exp (exp(s) — 1) — 1, then we obtain the equation
vy — Av = f(v+1)(log(v+1) +1).

Similarly, if 5(s) = ¢, we have that g(s) grows at infinity like s (log s) (loglog s), and so on.
+oo

It is well known (see [10]) that if condition (6) does not hold, that is if / ﬁ ds < 400, then
there is no global solution to (5) for large f. On the other hand, if condition (6) is satisfied and f
and ug are bounded, it is easy to obtain a priori estimates using a supersolution of the semilinear
problem (5) depending only on the variable ¢t. However, this method is useless if one deals with
unbounded f and ug. So one of the crucial points of the present paper is to find a priori estimates
for the problem with an equation like (5) for unbounded data. This has been done by the authors
in [14] for an equation whose model is

v—Av=flw+1)(logw+1)+1)°,  0<6<1.

In order to find results of global existence for the general problem (5), with assumption (6), we use
more general techniques which make use of a generalized logarithmic Sobolev’s inequality similar
to those proved in [2] and [11] leading to the assumptions on f described above. Moreover, the
change of variable from quasilinear problem (1) to the semilinear one (5) is not possible in general
if one considers operators endowed with more general structure like

up — diva(z, t,u, Vu) = b(z, t, u, Vu), (7)

but with similar growths. To overcome this difficulty, one is led to use, as in several other papers on
elliptic and parabolic equations with quadratic gradient terms, test functions of exponential type
instead of changing the unknown variable. The role of these tests functions in dealing with gradient
term is put in evidence in Proposition 3.3 below. Actually, we will consider general equations of
the form (7).

The plan of this paper is as follows. The main existence results, Theorems 2.1 and 2.2 below,
respectively for problems (5) and (1), are stated in Section 2 together with a result on bounded
solutions. In Theorem 2.1 we prove the existence of at least one distributional solution of (5),
assuming (2) and vy € L?, while in Theorem 2.2 the hypotheses on the data are (2) and (3) (see
(18) below for the exact statement). In both theorems the differential operators and the lower
order terms which appear in (5) and (1) may be replaced by fairly general nonlinear terms having
similar growth, as in (7).

The proofs of the main results are given in Section 3.

Then Section 4 is devoted to comparison with some previous results, improving those in [14].
Section 5 deals with the case of higher growth for the function (3 in (1), which corresponds to slightly
higher growth for the function g in (5). For instance, if 8(s) = expy)(s) = e, then g(s) grows
like s (log s) (loglog s) at infinity; if B(s) = exp(s)(s), then g(s) ~ s (log s) (loglog s) (loglog log s),
and so on. We can prove existence of distributional solutions to these problems under suitable
(stronger) assumptions on the data f and wg, depending on the growth of the functions g and .
The precise results are stated in Theorems 5.1 and 5.2.

In Section 6 we consider the case where both lower order terms appear together in the right-hand
side, that is, we consider equations of the form

uy — Au = B(w)|Vul? + fi(x, t)g(u) + folz,t),

0 and g being as above. In this case the nonlinear behaviour of the terms implies that the
assumptions on f; must be stronger than the one required for f in (5) (that is, when 3(s) = 0),
while the hypothesis on fs remains the same as the one for f in problem (1).



The last section is devoted to further extensions, a summary and several remarks. We discuss
our method of proving the a priori estimates, showing the possibility of using different Orlicz
spaces in their proofs and we point out the lack of uniqueness by analyzing the change of unknown
function (4).

2 Assumptions and main results.

Let © be a bounded open subset in RV, N > 1. For T > 0, we define the cylinder Q7 =

0x]0,T[. The symbols L9(£2), L™(0,T; L9(2)), and so forth, denote the usual Lebesgue spaces, see

for instance [9] or [16]. Moreover we will sometimes use the shorter notations || f|| , ||f]|  instead of
q 7,

1000 17 gy
with distrlbutlonal derivatives in L?(Q2) which have zero trace on 9Q. H~!(Q) denotes the dual
space of H}(2). The spaces L2(0,T; H}(Q)) and L2(0,7; H=1(Q)) have obvious meanings, see
again [9] or [16]. Let us recall that a function ¢(s) : [0, +oo[— [0, +oo[ is called an N-function if
it admits the representation

, respectively. The simbol H} () denotes the Sobolev space of functions

S
o) = [ plt)as
0
where p(t) is right continuous for ¢ > 0, positive for ¢ > 0, nondecreasing and satisfying p(0) = 0
and p(oo) = oo. If ¢ is an N-function, we call Orlicz space associated to ¢, denoted by L, (), the
class of those measurable real functions u, defined on €2, for which the norm

||uLw(Q):inf{)\>O : /<p(| |) dx<1}
Q

is finite. If the function ¢ satisfies the so-called As-condition, i.e.

©(2t) < ko(t),

at least for all ¢ large enough, then this space is the same as

{u : Q — R measurable s.t. /gp(|u(x)|) dr < +oo} ,
Q

otherwise this last set is not a vector space. It is clear that N-functions which are asymptotically
equivalent near infinity generate the same Orlicz spaces. The following inequality always holds
true:

Jull,_ g <1+ [ lu(@)) do 0
Q

We will sometimes write ||u|| instead of ||u|| @

Let ¢ and ¢ be two N—functlons of class C’1 We say that they are conjugate if ¢’ = (@)
For instance, the functions ¢(s) = s”/p and $(s) = P /p/, with p,p/ > 1 and 1/p+1/p/ = 1, are
conjugate N-functions. Moreover, as in the case of Lebesgue’s spaces, if ¢ and ¢ are two conjugate
N-functions, the following Hoélder inequality holds:

Juvds<z2ul, ol -
] @
Q

for all u € L,(Q), v € Lz(£2). Evolution Orlicz spaces Ly, (0,T; Ls(2)) can be defined in an obvious
way.
We will consider the following two parabolic problems:

—1

—diva(z,t,v,Vv) = F(x,t,v), in Qr;
v(z,t) =0, on 90Nx]0,T; (9)
U(I’O) = UO(I)v in ()



ug — diva(z, t,u, Vu) = b(z,t,u, Vu), in Qr;
u(xz,t) =0, on 9Nx]0,T; (10)
u(z,0) = up(z), in
In both problems, the vector-valued function
a(z,t,5,€) @ Qx]0,T[xR x RY — RV

is a Carathéodory function, that is, it is measurable with respect to (z,t) for every (s,&) € R xRV,
and continuous with respect to (s, &) for almost every (z,t) € Qr. Moreover we assume there exist
positive constant A and « satisfying:

la(z,t,s,6)] < Alg], (11)
a’(‘r>t’8a§) '€2a|£|2’ (12)
[a(a:,t,s,f)—a(a:,t,s,n)] '(5_77) >0, 57&77 (13)

We first consider problem (9), and state the assumptions and the results for this problem.
The function F': Qr x R — R satisfies the Carathéodory conditions; moreover there exists a
positive measurable function f(z,t) satisfying

T
/llf(-»t)||¢> (log™ [l (. t)lls) (log™log™ [ (-, t)llg) dt < +oo, (14)
0

where log® s = max{logs,1} and || . ||4 denotes the Orlicz norm associated to the N-function

#(s) = exp(exp(s)) — e(s + 1) (see also Remark 2.2 below), such that
|F(x,t,5)| < (1+]s| log™ |s]) f(x, 1) (15)

and
vo(x) € L*(Q). (16)

Theorem 2.1 Under the assumptions (11)—(16), there exists at least one distributional solution
v to problem (9) such that

ve L20,T; Hi(Q) nCO([0,T]; LA(Q)), F(x,t,v) € LY(Qr) .

We now turn our attention to problem (10). We will assume that b(z,t, s,£) : Q7 xRxRY — R
is a Carathéodory function satisfying

b, t,5,€)| < (uel*l + DIEP + flat) = BE)EP + f(. 1), (17)
where p is a positive constant, and we will assume that f satisfies (14), while ug satisfies
exp(g)(Juol) € L*(Q) . (18)
The main result for problem (10) is the following:

Theorem 2.2 Under the assumptions (11)—(13), (17) and (18), there exists at least one distribu-
tional solution u to problem (10) such that

u € L2(0,T; Hy () N C°([0, T]; L*(2)), b(z,t,u, Vu) € L*(Qr),

and moreover ‘
w

et

"€ L2(0,T; H'(Q)) n C°([0, T]; LA(QY)) (19)



Remark 2.1 The assumptions on the initial data in the last two theorems can be weakened, as
far as the existence is concerned. For instance, in Theorem 2.1, one can assume vy € L%(Q),
for some d > 1, but in this case one only obtains that (1 + v)d/2 — 1, rather than v, belongs to
L?(0,T; Hy () N C°([0, T]; L*(2)).

Similarly, the assumption on ug in Theorem 2.2 can be weakened to exp ) (|uol) € L(Q), with
€ L*(0,7; H'(2)) N C°([0, T]; L*(2))

|l

d > 1, instead of (18), but in this case one obtains eZ#e
instead of (19). See Remark 3.1 below.

Remark 2.2 We also point out that the assumption (14) on the datum f(z,t) can be weakened
too. Indeed, as will be clear in the proof of the main a priori estimates (Propositions 3.1 and 3.4),
it is enough to assume that (14) is satisfied with an N-function ¢(s) which grows at infinity like

[, exp(exp(s)) ds instead of ¢(s) ~ exp(exp(s)).

Furthermore, if the data are slightly more regular, we can prove that the solutions found in
Theorems 2.1 and 2.2 are bounded:

Theorem 2.3 Let (11)—(13) be assumed and consider
, N
i) Under hypotheses (15) and vg € L>°(Q), the solution obtained in Theorem 2.1 is bounded in
Qr.

it) Under hypotheses (17) and ug € L>®(Q), the solution obtained in Theorem 2.2 is bounded in
Qr.

Remark 2.3 Condition (20) on (r,q) is known as the Aronson-Serrin condition (see [3]). The
assumptions (14), and (20) are all satisfied, for instance, if

feL™(0,T; Ly(2)).
with 7 > 1, where ¢ is the same as in (14).

Remark 2.4 We do not know whether the assumptions (14) and vy € L°°(f2) are sufficient,
without the hypothesis (20), to guarantee the existence of bounded solutions of problem (9). A
similar remark applies to problem (10).

An essential tool for proving the a priori estimates is given by the following Proposition, which
is a generalisation of a logarithmic Sobolev inequality of the same form as in [2] and [11].

Proposition 2.1 Let A : [0,4+00[— [0,4+00[ be a nonnegative, nondecreasing function satisfying
the Ao-condition, that is,
A2t) < KA(Y),

for all t and for some positive K. Then there exists a positive constant C (depending on N, K,
I, A) such that, for every e > 0 and for every u € H} (1),

[ P Atog” @) o < C e [ 1Vuo)? o+ ull24 (og” 1) + [ulAGox” )]
Q Q

In the proofs of the next Sections we will often use the letter ¢ to denote different constants
appearing in the calculations, depending only on the data of the considered problem. The value of
¢ may change from line to line.



3 Proof of the main results.

We begin this section by proving Proposition 2.1.
Proof of Proposition 2.1: It is enough to prove the inequality for ¢ < 1. Let us first suppose
||uH2 = 1. Then

[uawog < [ waqoglul + AW)ul?
f (jui>e)
2 N/2 N
= u A(log(& lul) + 5 log(l/s)) +ec.
(jui>e)
Note that the As-condition implies

A(r +s) < k(A(r) + A(s)) for every r, s € [0, +o0],

so that
N
N N
/ u2A(log(5 12|ul) + 5 log(l/s)) < k/uQA((log(g /2|u\))+) + ckA(log1/¢) ||u||2,
{lul>e} Q

where s; = max{s,0} denotes the positive part of s. Applying Holder’s inequality to the first
term of the right-hand side, we get

N-—-2

Q/ 2A((log(=¥u),) < / ) T / (Al(tos1), )™

< ca/|Vu|2,
Q

where we have used Sobolev’s inequality and the fact that a function satisfying the As-condition
has at most a polynomial growth, so that

A((log(eN/2|u|))+) < celu¥N,

2Jw

and, as a consequence,
N/272/N 2/N
[/ (A((log(gN/2|u|))+)) ] < ce[/|u|} < ce||uH§/N <ce.
Q Q

Hence we have proved that, if ||u||2 =1,

/u2A(1og* ) < ¢ (a||vu|\§ + A(log 1/¢) + 1) <e (e||vu||§ + A(log" 1/5)) .
Q

When ||uH2 # 1, we may write u = Hu||21) and apply the last estimate to v to obtain the result,
after using the inequality

A1og" (ull o)) < & (A(log" llul,) + A(log" v]) ) -

n
In order to prove Theorem 2.1, we introduce the following approximating problems.
vy —diva(z, t,v, Vo) =T, (F(x,t,v)), in Qx]0,T7;
v(z,t) =0, on 90Nx]0,T; (21)

v(z,0) = T, (vo(x)), in Q,



where T,,(s) = min{n, max{s, —n}} is the usual truncation at levels £n.
It is well known that there exists (see [19] or [22]) at least a bounded weak solution
v, € L?(0,T5 Hy(22)) N CY([0, T); L*(52)).

The next a priori estimate is the main tool for proving the existence result:
(22)

Proposition 3.1 Let v, be a solution of problem (21). Then there exists a positive constant C
sup

such that, for all n € N,
Jlon+ [ vz
t€[0,T]
Q Qr

/ f |vn|2 log™ |v,| < C'.
QT

(23)

(24)

Proof: Using v,, as test function in (21), we obtain, fixed ¢ €]0, T,
|V, |2 dz < /f(x,t) [vn|(1 + |v,|log™ |vp]) de =T .
Q

1d
Q Q

Note that
Igc(/fdx+/fvfb log*vn|dx>.
Q Q

S

We now use the generalized Holder-Orlicz inequality, with the pair
(s) = / (e(eg_l) —1)do

¥
0

S

o(s) = /log (1+1og(1+0))do
S B(s)
o)

0
of conjugate N-functions. Note that, for s — 400,
5(5) ~ [ explexp(o) do

o(s) ~ sloglog s,
0

where we denote ¢(s) = exp(exp(s)) — e(s + 1). Then we obtain
/fvi log™ [vn| da < 2]|v; log™ [vnll|_IIfIl < clloy log™ |valll_IIf] -

R LA
Q

2 (log™ [vn]) (log* log* |vn|) dx)

n

Now, by (8) and (25), one has
o2 108" el < 1+ [ 07 Tog” ) o < c(1+/v
%)
Q

Q
Now, using Proposition 2.1 with A(s) = slog* s and e = a/(2¢C ||f||¢)7 we then obtain

r<e(Ifl, +161,) + 5 [ Vol do el 1ol (Aog" o0]2) + AClog" 1£1,)) - (26)
Q
27)

Putting (24) and (26) together, one obtains
1d o)
ot 5 [ 1V dz <c(Ifl, +1£1,) +
Q

2t
Q
el lloal2 (A(log” lloall?) + A(log" [I£1],) ) -



Norms of f appearing in the right-hand side of (27) depend on ¢, and are integrable functions on
10, T[, by our assumptions on f. Therefore, if we set

€nlt) = / o (1) de,

Q

from (27) we obtain an inequality of the form

&) <T@ [1+ H(E ()], (28)
where T(t) € L1(0,T), while H(s) is a positive function such that

“+oo

ds

Therefore, if we define

do
6= [ ey

0

from (28) we obtain
G(gn(t)) - G(En(())) <c

which implies a global estimate on &,(t) by (29). Going back to (27), this yields the first desired
estimate (22). Observe that the integral I defined in (24), occurs in (26) in such a way that its
integral with respect to ¢ is uniformly bounded, so that the second estimate follows. [

Proof of Theorem 2.1 By Proposition 3.1, the sequence {v,} is bounded in L>(0,7T; L*(2)) and
in L2(0,T; H}(2)). Moreover, by the equation, {(v,):} is bounded in L(0,T; H~1(Q)) + L' (Q7).
Using standard compactness results for evolution spaces (see for instance [25]), we can extract a
subsequence (still denoted by {v,}) which converges to some function v strongly in L?(Qr) and
weakly in L2(0,T; H}(£2)). Moreover, the right-hand side of the equation is equi-integrable:

* * 1 *
[raspog o)< [ ptallog )+ [ ol (1ol log o).
E

En{|vn|<k} {lvn|=k}

thus, the equi-integrability follows from (23). We also point out that (15), (23) and Fatou’s Lemma
imply F(x,t,v)v € LY(Qr).

Applying [6], it is easy to see that the gradients converge a.e. in Qr, and so pass to the limit
in the weak formulation of (21), thus showing that v solves (9) in the sense of distributions. As far
as the initial datum is concerned, one can use Proposition 3.2 below (which can be proved using
the same argument as in Proposition 6.4 of [13]), which also shows that v € C([0,T]; L*(Q)).

Finally, we will prove that our solution belongs to C'([0, T]; L(£2)). We observe that the solution
v can be taken as a tests function in (9) (since a(z,t,v, Vv)-Vov and F(z,t,v)v belong to L*(Qr)),

and so
/\vxt|dw—7/|vxs\dac+// (x,t,v, Vv) Vv—// (x,t,v)v (30)

s Q

for all s,¢t € [0,7]. Consequently, denoting &£(t) = f |v(x,t)\2dz we deduce from (30) that
¢ € C([0,T]). Since we already know that v € C'([0,T]; L*(R2)), it follows that it actually belongs
to C([0,T); L2(€2)). .

Proposition 3.2 Let v, € L?(0,T; H}(Q)) N C([0,T]; L*(2)) be a sequence of solutions of prob-
lems
(o) — diva(z, t,v,, Vo,) = gn, in Qx]0,T;

vn(x,O) = Vo,n, n Q,



such that

9n S LZ(QT)a gn — G mn Ll(QT)7
Vo — vo in LY(),

VTi(vn) — VTi(v) in L2(Qr; RY), for every k > 0,
Vv, bounded in L*(Qr;RYN).

Then v,, — v in C([0,T]; L' ().

Remark 3.1 Now we can explain how to obtain the result which has been stated in Remark 2.1 in
the case where the initial datum vy is less integrable. Indeed one can use ((1+|v,[)?71—1) sign vy,
instead of vy, as test function in (21), and then follow the outline of the previous proof. Note
that this choice of test function does not affect the assumptions on the datum f, but provides
different regularity of solutions. A similar consideration applies to the proof of the next proposition
concerning the quasi-linear quadratic problem.

Let us turn our attention to problem (10), under hypothesis (17). We recall that 3(s) = pel®!+1.
Then we define

~v(s) = /ﬁ(a) do = u(e‘sl —1)signs+s, U(s) = ot (e“(e‘s‘*l) — 1) sign s. (31)
0

For n € N, we introduce the following approximate problem:
(un)t — diva(z, t,upn, Vuyn) = Tn(b(x,t,up, Vuy)), in Qx]0,T;
un(z,t) =0, on 90x]0,T(; (32)
U (2,0) = ug (), in Q,

where ug , are in L>(Q) N HJ () and satisfy the same requirements as in [13] with a view to pass
to the limit, namely:

1
5||u07n||H5(9) -0 as n— oo,
U(ug,n) — ¥(uo) a.e. and strongly in L*(Q),

(see also [13] for an easy proof of the existence of such a sequence). Note that there exists at least
a bounded solution u,, € L?(0,T; H}(Q)) of (32) by [22].
We will need the following cancellation result (see [13]):

Proposition 3.3 Assume that u, is a bounded weak solution of (32). If ¢ is a locally Lipschitz
continuous and increasing function such that (0) =0, then for a.e. t €]0,T[ one has

d
% /¢(un(7t))d'r + a/eh(un(.’t))lw/(un('vt))|vun('7t)|2 dx < /f("t)eh(un(-7t))"¢(un('7t))| dxv
Q Q

Q

and therefore

sup / B(un) (7)) dz + / P (1) V2 < 2 / S ()| + 2 / B(uon) det,
Q Or Q

T€[0,T] 3
T

where ¢(s) = [ e Dly(o)do .

The next a priori estimate is the main tool for proving the existence result:

10



Proposition 3.4 Let u,, be a solution of problem (32). Then there exists a positive constant C
such that

sup /\\I/(un)|2dx + / V()2 < C (33)
te[0,T]
Q Qr
and
[ 1w o5 () < €
Qr
for all m € N.
Proof: It is easy to show that
e < e (14 [w(s) 1og™ [ (s)]) (34)

Using Proposition 3.3 with 1 = ¥, so that ¢(s) = ¥(s)?/2, we obtain

1d
ia/xp(un)%zﬁa/|v\11(un)|2dgc= /f(m) el ()| da .
Q

Q Q

< [ ) )| (14 [0 og” [¥(n)])

Q

This inequality is formally identical to that in (24), whith v,, = ¥(u,). Therefore proceeding as in
the proof of Proposition 3.1 we get the desired estimates.

Remark 3.2 Note that, since ¥ has a superlinear growth, estimate (33) implies that the sequence
{un} is bounded in L?(0,T; Hj(S2)).

Proposition 3.5 1) There exists a positive constant C' such that

/ |75 (b(x, t, up, Vuy))| < C, for every n € N.
Qr

2)
lim / |T (b(x, t, upn, Vuy,))| =0, uniformly in n € N.
m— 400
{lun|>m}

Proof: 1) By (17)

/|Tn(b(x,t,un,Vun))|§ /(uelw+1)|vun\2+/f:11+12.
Qr QT Qr

Since (see (31))
pel*l +1 < W' (s) < eW'(s)?, (35)

we have

L<e / V0 ()2
Qr

which is bounded by Proposition 3.3, while the estimate of the term I is straightforward.

2)

(T (b, £, 1, V)| < / (e £ 1)V |2 + / Fe Tty

{lun|>m} {lun|>m} {lun|>m}

11



By (35) and estimate (33) one has

C

Ji < \Iﬂ(m)Q/ VO (u,)]? < Ok

The estimate of Jy is trivial. n

Proof of Theorem 2.2. We consider a sequence {u,} of solutions of the approximate prob-
lems (32). By Proposition 3.4 and Remark 3.2, the sequence {u,, } is bounded in L?(0,T; H}(Q))N
C°([0,T]; L?*(Q)), which, together with Proposition 3.5, implies that (u,); is bounded in L?(0,T; H~1(Q))+
LY(Qr). Therefore, using a standard compactness result (see for instance [25]), we can deduce that
there exists u € L(0,T; H}(Q2)) such that, up to a subsequence,

Up — U almost everywhere in Qr,

Uy — U strongly in L*(Qr),

Up — U weakly in L*(0,T; Hg(Q)).
The strong convergence in L?(€;RY) of {VT}(un)}n, for every k > 0, can be proved as in Propo-
sition 6.2 in [13], with minor modifications needed in Step 2 of the proof. Thus the gradients Vu,,
converge almost everywhere in Q7. This fact and the previous convergences imply on the one hand
that

a(x, t, un, V) — a(z, t,u, Vu) strongly in LY(Qp;RY) for every ¢ < 2,
a(z, t,un, Vu,) — a(z,t,u, Vu) weakly in L*(Qp;RY)

(recall assumption (11)) and on the other hand that
T, (b(a:, t, Uy, Vun)) — b(x,t,u, Vu) strongly in L'(Qr),

by Proposition 3.5. Hence, one can pass to the limit in each term of the distributional formulation
of (32). Therefore u is a distributional solution of the equation in (10). Using Proposition 3.2, we
obtain that u,, — u in C([0,7T]; L*(Q)), which shows that the initial datum is attained.

We now wish to show that ¥(u) € C([0,T; L?(€2)). Since we already know that u € C([0,T]; L'(12)),
reasoning as in the proof of Theorem 2.1, we only have to prove the continuity of the function de-

fined by £(t) = /\IJQ(u(x,t)) dx. To this aim, we take el"(Tk(“n )W (T} (u,,)) in the approximating

Q
problems, obtaining, for every s,t € [0, T],

/|\I/ (Ty(un(z,1))|? dz — 7/|\I! (Ty(un(z, 5)))|? dz

// (T (un))* a(z, t, upn, Vuy,) - VI (uy)

t
+//ﬂ T () |9 (T () [ T g2 8 1y, Vg ) - VT ()
s Q

://b(x,t,un,Vun)e‘”’(T’“(“"))‘\I/(Tk(un)).
s Q

It is easy to take the limit as n — 400 in the previous equality. Then, using the inequality
B)[ ¥ (u)|e" N Vul? < ¥ (u)e "N Tuf? = ¢ VO ()2,
which follows from

: U(s)
Jm e L

12



jointly with
U (u)? a(z,t,u, Vu) - Vu < A|VE(u)|?,
Bw)| ¥ (w) e a(z, t,u, Vu) - Vu < AB(w)| 0 (uw)]e" ™ Vu|?,
(£, u, V) [N W (u)] < Bu) [P (u)]e | Vul?,

one can also take the limit as £k — +o00. Hence,

/|‘Il(u(z,t))\2dz—/|\ll(u(x, s))|? dx
Q

Q
// a(z,t,u, Vu) - V

—2//5 |eh(“)‘ a(z,t,u, Vu) - Vu

¢
+2//b(a:,t,u,Vu)e"Y(“)“I/(u)
s Q

for all s,t € [0,T], and consequently £ € C([0,T]). Finally, by the inequality |u| < |¥(u)| and
u € C([0,T]; L' (£2)), we obtain u € C([0, T]; L*(Q)). L]

Proof of Theorem 2.3.  As far as the semilinear problem (9) is concerned, the result is a
consequence of Theorem 2.1, p.425, of [19] and of the a priori estimates obtained in Proposition
3.1.

In the case of the quadratic problem, we wish to use exponential test functions in order to apply
again the techniques by Ladyzenskaja, Solonnikov and Ural’ceva in [19]: first of all we observe that
one can assume that the initial data of the approximating problems (32) also satisfy

Then we take ¥(s) = G, (¥(s)), m > ||[¥(uo)||
(31), and

Lo (g 11 Proposition 3.3, where W is defined by

Gm(s) :=s—Ti(s) = (|s| — k)4 sign s.
We obtain

sup /Gm (1) dx+/|VGm T(u)P < c. / 0 ()2
t OT
€l Or Qr (W (un)|>m}

where we have used (34) and the fact that log™ s grows less than any power s at infinity (¢ > 0 to
be determined). Now, by Young’s inequality,

F1(un) = < e (f’”’\lf(un)2 + |\If(un)|2+€p) ’

with p > 1 such that

/ N 1
SO({E,t):fp GLP(07T7LU(Q))7 p70>17 27+7<17
Y
Once p is fixed, ¢ is chosen in such a way that § := 2 + ep is close enough to 2 (for instance,

e < 4/(pN) will suffice). Then one has

sup /G (wn) dx+/|va (W) < e / o [ () + / 0 ()
te[0,T
clo.1] O Qe A% (un)|>m} Qe 1% (un)|>m}

which is essentially inequality (2.8) on page 425 of [19] for the function ¥(u,), under the same
hypotheses. Therefore, this yields an L>°-estimate of the sequence {¥(u,)}, and so, by the
definition of ¥ (31), also an estimate on {u,},. Once an estimate in L>°(Qr) is obtained, it
is clear that this also holds for the limit function w. (]
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4 Comparison with earlier results

4.1 Comparison with the case = 1.

In this subsection we will deal with the most classical case in which
b(x, t,u, Vu)| < |[Vul? + f (36)

(while the operator on the left-hand side of the equations continues to verify assumptions (11)—
(13)). This corresponds to our problem (10) when g = 0 in (17). Observe that this situation falls
outside the framework studied in the previous Section, since there we have assumed g > 0 in (17).
One may wonder what happens if we apply our schema to this borderline problem. Then we would
obtain the following result.

Theorem 4.1 If f(x,t) € L' log L' (0, T Lexp(SY)), that is,

T
SIS0, g 108" 150, e < o,
0

where @(s) = e* — s — 1, and el*| € L?(Q), then there exists at least one distributional solution u
of problem (10) with right-hand side satisfying (36) such that the functions u and el*! — 1 belong
to L*(0, T Hy (2)) N CO([0,T]; L*(2)).

This result is proved in a similar way to Theorem 2.1: if one sets v(s) = s, after defining
the approximate problems (32), one can check that Proposition 3.3 hold. Then, applying it with
P(s) =U(s) = (e's‘ —1) sign s, one easily obtain an a priori estimate of the same type as Proposition
3.4. The conclusion is straightforward.

Remark 4.1 We point out that, in the situation of problem (10) with right hand side (36), the
standard hypothesis (see [19] and [22]) on the datum f is

1 N
f(z,t) € L7(0,T;L9(Q)),  r>1, ;+2—q§1.

Following our scheme, we cannot deduce an a priori estimate from this assumption and Propo-
sition 2.1. Indeed, we have to estimate the term containing f in the proof of Proposition 3.4:

I=/f(ﬂf,t)e‘“'l\l/(U)\M:/f(1+ (W (w)]) [ ()] dz
Q Q

1 3 1 3 , L
< i/deJri/f\Ij(u)deS §||f(-,t)H1+§||f('7t)”q(/|\1/(u)|2q d:c) q’
Q

Q Q

where ¥(s) = (el*l — 1) sign s. Since

[ 1v@p de = [ ww?anos [ww)) ds
Q Q

with A(s) = €251 for s large, it is obvious that A does not satisfies the Ay-condition, therefore
we cannot apply Proposition 2.1. The conclusion, in this situation, is that the inequality of
Proposition 2.1 can only be applied to treat source functions belonging to Orlicz’ spaces slightly
superlinear on ¢t and of exponential type on .

4.2 Comparison with the case 3(s) = |s|*

We continue by comparing our results with those in [14]. In that paper two main problems are
studied, the first one considers problem (9) in the case where the source term F(x,t,u) satisfies

|F(z,t,8)| < f(z,t)(1+ |s|(log" [s])?), with 0<6<1, (37)

instead of (15). We will next improve a little bit those results by applying Proposition 2.1.
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LUQ)); that is, || f(-,t)[lq (log" | £ (D)) € L7(0,T);

>Ea r 1
1= M "1

If vo € L*(Q), then there exists at least one distributional solution v of problem (9) such that
v € L*(0,T; Hg () N C°([0, T]; L*(Q)).

Theorem 4.2 Assume f € L"(log L)"°
with

Proof: As usual, we begin the proof by considering the “truncated” problems (21), and let (v;,)
denote the corresponding sequence of bounded solutions.

All we need to prove is a priori estimates similar to those of Proposition 3.1. Then the conver-
gence of approximate solutions follows the proof of Theorem 2.1, and will be omitted.

We point out that 2¢ = N7’ may be assumed; if it is not the case, just replace r by a smaller
value satisfying the equality and apply the usual inclusions between Lebesgue’s spaces. So we will

5 < Ll that is, fr < 1.

assume 2¢ = N1’ which implies 1

Now, for t fixed, multiply the equation in (21) by v,(.,t) and integrate on Q. Using the
assumption (37), this gives

1
5% v2 do + a/ |V, |* de < /f [vn| (1 + |vn|(log™ |va])?) da
%) Q Q (38)

< c/fdl‘+8/f|’0n|2(10g* |vn)? da
O Q

We then proceed to estimate the last integral. Observing that 2g = N7’ implies
1 2 1

- -1
q+2*r/+r ’

it follows from the Holder, Young and Sobolev inequalities that, for every § > 0,

[ 1008 foal)? do = [ £ 100 oo 2 log” o0 d
Q Q

» N - 1/r
217 ([ w0108 o )

<G Dl llon ()

Q
<6 (- 1)]3 +C(5)||f(~,t)||2/vi(10g* |on])?" da
Q
< (50/|an|2dx+c(5)||f(.7t)||g/v?1(log* |vn\)‘gr dx
Q Q

Hence, (38) becomes

&‘Q‘

1
TIK dx+a/\vm?dx<6c/|m|2dx+c||f< Oll + @Ol [ o2 0g” [oa])" do
Q

Q

and taking 6 = a/(2¢), it yields

vidot / Vol de < el Ol + e FCl; [od o foa) da. (39)

Q Q

dt

By applying Proposition 2.1 with A(s) = s, we deduce that

or
/vi(log* |Un|)grda: < €c/|an|2 dz +c [(log* 1/e)" + <log*/vidx> :|/U721 dz,

Q Q Q Q
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and so, choosing € = it follows from (39) that

__a
2[[f®N5°

d r
G [eide s [190de < cl5Cl+ el ol og 156 00)" [ s

Q Q Q

or
+c||f(.,t)H;/v,2de(log*/vgdx) .

Q Q

Then, denoting

Ea(t) = /vi(m,t) dz ,
Q

we have the following differential inequality

&) < e (IFCDI+ 1D (og™ () "7) (14En(0) (log" & () ) = L) L+ H(E (D),
where Y € L'(0,T) and, taking into account r < 1, the function H(s) = s(log* 5)?" satisfies
+oo
ds B
/ T+ H(s) %

Thus, the function &,(¢) is bounded in [0, T], uniformly in n. Going back to (40), we deduce the
desired estimates. [

Once Theorem 4.2 has been proved and having in mind the proof of [14] Theorem 2.2, we study
the second example in [14], which is of type (10) with

b(z,t,5,8)| < [s|MEP® + fla,t), (41)

with A > 0. A few preliminaries are in order. We define the function

U(s) = 0/ exp ('ifj) do . (42)

An easy application of De L’Hopital’s rule yields

A

|8|>\+l A
)~ 1W(s)| (log | ¥(s)) 7T ass— o0, (43)

A+1

|s| M1~ log [W(s)| and exp(

Theorem 4.3 If f € L" 1ogL“‘/()‘+1)(O,T; L1(Q)), with ¢ > %max{r 7, A+ 1}, and Y(ug) €

L?(Q)), then there exists at least one distributional solution u to problem (10) with right-hand side
satisfying (41), such that

u, U(u) € L*(0,T; H} () N C°([0,T]; L*(Q)), lu|MVul* € LY Q7).

Proof: We consider the truncated problems (32). Applying Proposition 3.3 with ¢ = ¥, one has

DN | =

d 9 9 \un|*il

- + \v4 < nl :

dt/‘l/(un) dz a/\ U (up)|* dz /fexp( 1 )\\I/(un)|da:
Q Q Q

Taking (43) into account, it yields

/ (un) dx—|—/|V\I' un)|2dm<c/f 1+ U(uy,)?(log* \\I/(un)|))*+1> dx.

Q

This is the same inequality as in (38), so that the same arguments may be followed to obtain a
priori estimates. The convergence of approximate solutions may be proved as for Theorem 2.2.
m
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5 Extension to higher growth

We are now interested in higher growths for the continuous function § in problem (1); more
precisely, we will consider problem (10) with

b(x,t,s,&) @ Qx]0,T[xR x RY - R

satisfying
[b(z, ¢, 5,€)| < B(Is))IE]* + f(,t), (44)

while the functions a satisfies the usual assumptions (11)—(13). Let us introduce the hypotheses
satisfied by 3 and f. To begin with, the function 3(s) : [0, +o0o[— [0, +oo[ satisfies

0 < B(s) < crexpyy(s) +c2, (45)
for some k € N, k > 2, where, as above,

exp(x(s) = exp(... (exp(s))...).

k
Let us also define the functions
log(;) s = log"(log™(... (log" 5) ... )), where log™ s = max{1,log|s|},
Ay (s) = |s|log" [s| log(y) [s]. . .1og () |s] . (46)

Regarding the function f(z,t) which appear in (44), we assume that

||¢) dt < +o0o, where ¢(s) ~ exp(;41)(s)- (47)

T
/ A (I£C1)
0

Remark 5.1 Indeed, as we shall see in the proof of Theorem 5.1, a more general hypothesis on ¢
in (47) should be ¢(s) ~ [ expj41)(0) do, which is weaker than the previous one, but less simple
to handle. Note also that assumption (47) is satisfied if exp 1) (f) € L"(0,T; L' (), with r > 1.

On the initial datum ug, we require that:

expg1)(uol) € L*(9) . (48)
We now state the main result of this section:

Theorem 5.1 Under the above assumptions (44)—(48), there exists at least one distributional
solution u of problem (10) such that

we L2(0,T; Hy(Q)NC([0,T); L2(), bz, t,u, Vu) € LY(Qr),
exp(i1y(u) € L2(0,T; H' () N C°([0, T; L*(9)) -
In order to prove this result, the only part that must be modified with respect to Theorem
2.2 is the a priori estimate, which is stated in Proposition 5.1 below (the other changes being

straightforward). To this aim, we introduce the following families of functions defined on the real
line

ﬂo(s) =1, 70(3) =S5,

S S

Bis) = e piae) ) = [Biloyds, W) = [ ldr, =012

0 0
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Note that the functions 3;(s) are even, while the functions v;(s) and ¥,;(s) are odd. For positive
s, one has

Bo(s) =1, Yo(s) = s, Tp(s) =e® —1;
Oi(s) =€’ + 1, v(s)=¢€e’—1+s, Uy(s)=e "1 —1;
Bals) = e b e 41, yals) = (T — 1) (¢ — 1) s, Wals) = e o1
and so on. It is easy to prove that one has, for ¢ > 1,
exp)([s]) < Bi(s) +eiy,  7i(s) = Wia(s) +vi-1(s) Wy (s)| = el il -1 (49)
We define the sequence of auxiliary functions

Lo(s) =1+|s|, Li(s) =1+1log(l+[s]), La(s)=1+Ilog(1l+log(1l+]s])),

Ll(S) = Lo(log(Li_l(s))) = Ll_l(log(Lo(s))) s 1= 1, 2, cee (50)

Note that
L;i(s) ~ log’&-) |s| ~ log?i+1+k) [Tk (s)] for s — oo, (51)
Lip1(s) =1+ 0. (s)  for s >0, (52)

Am(s) < Lo(s)L1(s) ... Ly(s).

The following Lemma will be useful for the a priori estimates:

Lemma 5.1 For every j =0,1,2,..., one has
el = Lo(W; () La(W5(s)) ... L; (), (53)
Bj(s) ~ L1(¥;(s)) ... Lj(¥;(s)), (54)
Wh(s) ~ B (s)W;(s). (55)

Proof: We prove the first assertion by induction on j. Indeed, (53) is obviously true for j = 0.
Assume now that it holds for some j, and let us prove it for j + 1. Indeed, using (49) and (50), we
obtain

O @] s)]
= el MO Lo(W;(5)) L1(T;(s)) ... Lj(¥;(s))
= (1+]9;11(5)]) Lo(log(1 + [¥;41(s)])) L1 (log(1 4 [¥;41(s)])) - - - Lj(log(1 + [¥;41(s)]))
= Lo(Vj11(5)) L1(¥j41(5)) - Ljt1(¥j41(s)) -

The second claim, follows from the above one, just deriving; while (55) is a straightforward conse-
quence of (53) and (54), by applying De 'Hopital’s rule. [

Proposition 5.1 Let u, be a solution of problem (32) with the function b satisfying (44) and
assume the hypotheses (45), (47) and (48). Then there exists a positive constant C' such that

sup / W ) 2+ / VU ()2 + / F 10k (1) (T (1)) < C
Qr Qr

te[0,T
[ ]Q

for all m € N.
Proof: Let us first observe that (45) and (49) imply

B(s) < Br(s)+ 46 for some ¢ > 0. (56)
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For sake of simplicity, all the proofs in the present section will be written assuming § = 0. For the
general case, we will point out the necessary changes in Remark 5.2. Using Proposition 3.3 with
1) = Uy, we obtain

1d
5a/xpk(un)%zma/|v\1/k(un)|2dan < /f(x,t)em<w>l|\1/k(un)|dm =1T. (57)
Q Q Q
Let us estimate the integral I. We set, for brevity,
v =|Ug(un)l.
Using (51) and Lemma 5.1, we have
1< /f|U|L0(’U) Li(v)...Lg(v)dx < c/fderc/ foAg(v)de, (58)
Q Q Q

where Ay (s) has been defined in (46). To estimate the last integral, we use the generalised Holder-
Orlicz inequality, with the pair
o) = [(Lin()-ndo. 6= [(4) 0)do = [Walo)do

0 0 0

of conjugate N-functions. Note that, for s — 400,

() _ ), 50)

o
¢(s)  expry1)(s)

p(s) ~ SIOg?k-H) s~ 5Lpi1(s),
where ¢ is the N-function appearing in the assumption (47) on f. In particular we obtain

[ o o < clo Aol 11,
Q
Now, by (8), (59), for every nonnegative function w one has
||w\|@ <1+ /cp(w) dx < c(l + /w 1og2‘k+1)wdm> ,
Q Q

therefore

/fv Ap(v) da < c||f|¢<1 + /vAkH(U) dx) , (60)
Q Q

since Ay (s)log(y1)(s) = Agt1(s). From (58) and (60), using Proposition 2.1 with A = Ay and

€= a/(20€||f||¢), we then obtain

r<e(ifl, +11,)+ 5 [ [woPde+
Q (61)

el Anva (Iol2) + ellel21 1, Ax (Tog” (cllf11,)) -

Putting (57) and (61) together and having in mind Ak(log* (c||f||¢)) < C’(Ak (log™ (||f||¢)) + 1),
one obtains

%/Ude+/|Vv|2dm
Q

Q (62)

2 2 2
< e (171, + 1AL, + 170, A (1012) + BelZAnsa (171, + 171 o)
All the norms appearing in the right-hand side of (62) depend on ¢, and are integrable functions

on |0, T[, by our assumptions on f. Therefore, if we set £(t) = [, v(t)? dz, we can conclude the
proof of the a priori estimate just as in the proof of Proposition 3.4. [
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Remark 5.2 In the previous proof we have assumed that (56) holds with 6 = 0. In the general
case, some modifications are needed. We define

S

A6 = wl) 45, W)= [,
0

and we observe that, by De L’Hopital’s rule,
U(s) ~ el W (s) for s — +oo, (63)
and, as a consequence, by Lemma 5.1,
e < Wy (5)] A1 (log™ [Wi(s)]) < ¢ (s)| Ap—r (log™ [¥(s)]).
Similarly, from (51) and (63) it follows that
Li(s) ~log; 11 |¥(s)] for s — +oo.
The proof proceeds by replacing ¥y, by ¥ and v, by v everywhere (including Proposition 3.3).

It is clear that, using the same technique, one can prove an existence result for problem (9)
under slightly weaker growth assumptions on the reaction term F(x,t, ), that is:

F(a,t,5)] < flot) (1+ Ax(s)), (64)
where f(xz,t) satisfies assumption (47) and A(s) is defined as in (46), while
vy € L*(Q). (65)
The following theorem holds:

Theorem 5.2 Under the above assumptions (64), (47), (65), there exists at least one distributional
solution u of problem (9) such that

u € L2(0,T; H} () N CO([0, T]; L*(2)), F(x,t,u) € LY(Q7).

6 A nonlinear phenomenon.

6.1 Problems with a gradient term and a reaction term together

It is possible to consider problems which feature both a quadratic gradient term as in (10) and
a linear or slightly superlinear reaction term as in (9). For simplicity, one could consider a very
simple case:

up — Au = |Vul> + fi (2, t) u+ fo(w,t). (66)

One could guess that the assumptions on the functions f; and fo should be the same as in the
following situations where only one of the terms depending on u is taken:

up — Au = |Vul> + fo(z,t) .

u — Au = fi(z,t)u.
In these cases one is lead to assume fi, fo € L"(0,T; L(2)), with

rq>1, N + ! <1.
2qg r
We will try to provide evidence that this is a sufficient assumption on f5, but not on f;, so that
one needs stronger hypotheses on f; due to the presence of the quadratic term in (66). Indeed, if
one makes the change of unknown v = e — 1 in order to get rid of the quadratic term, equation
(66) becomes
vy — Av = fi(z,t)(1 4 v) log(l +v) + fo(x,t)(1 4+ v).
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Then the summability of f; should be higher than before in order to get a priori estimates and
existence, while the hypotheses on fo may be the same.
The same kind of remark can be extended to more general equations of the form (10), with

bz, t,5,€)] < c1Bk()IEP* + file, 0)(1 + An(s)) + fa(z, ). (67)

In this case we can still obtain a priori estimate and an existence result with a similar choice of
test functions with respect to Theorem 2.2, provided suitable assumptions are made on the data.

More precisely, as far as the functions fi(x,t) and fa(z,t) which appear in (67) are concerned,
we assume that

T
/Ah+k+2(||f1('7t)||¢l) dt < 400, (68)
0

where ¢;(s) is an N-function which is equivalent to exp ;) (s) near infinity (actually one can
write a weaker assumption as in Remark 5.1), and k, h are the same as in (67). Similarly, we
require

T
[ Al ) dt < oo, (69)
0

where ¢2(s) is now equivalent to exp,qy(s). On the initial datum uo, we require that:

exp 41y (|uol) € L*(9). (70)
We now state the existence result under these generalized hypotheses:

Theorem 6.1 Under the assumptions (67)—(70), there exists at least one distributional solution
u to problem (10) such that

u € L2(0,T; H} () N C°([0, T]; L*(2)), b(z,t,u, Vu) € LY(Qr),

and moreover
exper)(u) € L2(0,T; H'(Q)) N C°([0,T1; L*())

The proof of this result is a straightforward modification of the proof of Theorem 2.2 and we
will not write it. In order to obtain an a priori estimate for the approximate problems (32), one
again has to use W (u,) in Proposition 3.3. The only different term is now the integral

/ S, t) (1 Ap () el [ ()| e
Q

which, using (51), may be handled as follows:

/fl(x,t) (14 Ap(un)) e [0 ()] der
Q
< C/fl (14 Ap(un)) [Wr(un)| Lo(Yr(un)) L1 (Vi (un)) - - - Le(Vr(un)) do
Q

<e ( [z [ 5 wk<un>Ak+h+l<m<un>>dx) .
Q Q

From now on the proof follows the same course as the one of Proposition 5.1. ]
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6.2 Related problems

Let us recall that in [14] the authors study separately the semilinear problem (9) with F satisfying
(37) and the quasilinear problem (10) with b satisfying (41). In the spirit of the considerations at
the beginning of this Section, one is led to consider the problem in which the right hand side of
the previous equations occur together, that is, problem (10) with

b(x,t,u, Vu) = [ulMVul® + fi(z,t) (1 + |u|) (log* [u])? + fa(z,t), with 0<@<1. (71)

A
To deal with this problem, we consider the function ¥ defined in (42): ¥ fo exp ( )\‘ Q ) do.
The existence of a distributional solution may be proved under suitable assumptlons on the data.

Theorem 6.2 Let <p( ), ¢(s) be a pair of conjugate N-functions such that p(s) ~ s(log(y) s)'~
at +0o, so that @(s) ~ [ expo)((1 — 0)c'/ =Y do, and assume

T
/Az 11 (D)) dt < oo, (72)
0

T
r % or
/Ilfz(',t)llq(log 1£2(,8)llg) " dt <ooand  ¥(Juo|) € L* ().
0
Then there exists at least one distributional solution u to problem (10) with right-hand side (71)
such that
u, U(u) € L2(0,T; Hy(2) N CO(([0, T L*(Q),  wVul®; filx,t) (1 +]u]) (log” [u])” € LY(Qr) -

Remark 6.1 Once again a nonlinear phenomenon appears, namely the hypothesis on f5 is the
same as in Theorem 4.3, but on f; must be more restrictive than in Theorem 4.2. Of course, this is
due to the fact that looking for an estimate similar to that of Proposition 3.1, the term containing
f1; that is

h= / Fr(, 1) (1 + Jun]) (log” un])* @ (un)? (log" [@ () ) da

must be estimated in a different way. Indeed, denoting as usual v = ¥(u,), and taking (43) into
account, we get

L < /fl(x,t) (14 v? log*v (log(s) v)?) dz .
Applying the Holder inequality for Orlicz’ spaces with conjugate N-functions ¢ and @, it yields

I < ||f1(-,t)||¢< /v log" v log, vdx) —IAGD (1—}—/1}2A(10g* v) dx),
Q Q

where A(s) = slog™ s. Finally, by Proposition 2.1, there appears a term of the form
[l 111 C )l log™ [1f1( )l loglay 11 ()l s
and hence the hypothesis (72) must be required.

Remark 6.2 Let us consider the situation in the borderline cases, namely when 6 goes to 1 and
to 0. To obtain a distributional solution of problem (10) with right hand side

b(x,t,u, Vu) = \u|>‘|Vu|2 + fi(z,t) (1 + |u]) log™ |u| + fa(z,t),

we consider an N-function such that ¢(s) ~ slogloglogs and denote by ¢ its conjugate, which
satisfies @(s) ~ fos exp(3)(0) do. Then we prove an estimate on the solution under the assumption

T
/A3 ||f1 )dt<OO
0
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Thus a little discontinuity appears, since the assumption on f; is not the same one would obtain
when 0 — 1 in (72).
On the other hand, in the case where

b(x, t,u, Vu) = |u|’\|Vu|2 + fi(z, t) (L + |u|) + fo(x,t),

the conjugate N-functions ¢ and @, where p(s) ~ sloglogs and @(s) ~ fos exp(9) (o) do, will be
considered. We may get a distributional solution if the following assumption on f; is done:

T

/ (I Fi( ) ) dt < oo

0

We point out that now there is continuity with the previous hypothesis (72) as 8 — 0.

As a final example, we turn to consider what happens when a sublinear growth on u is consid-
ered. Let us consider problem (10) with right hand side

bz, t,u, Vu) = |[ul* | Vul®> + fi(z,t) (1+ |[u))? + fa(z,t), where 0<6<1.
To study this problem, we may follow the proof of Theorem 4.2 requiring as assumption on f that

it belongs to L"(log L)T(’\"‘Q)/(’\“)(O, T; L9(Q)), with ¢ > % max{ -5, % , while we assume on
f2 the same hypothesis we made in Theorem 4.3.

7 Comments and remarks

Remark 7.1 In Section 5 we dealt with functions 3(s) in (44) which grow like exp(s) for an
arbitrary positive integer k. Continuous functions 5(s) with completely free growth will induce a
function ¢7(*) which may be written as ¥(s)A(log ¥(s)) with A(s) = eY(¥" " (¢))=5 (remember that
v(s) = [y B(o)do, ¥(s) = [; e@lds). The problem to deal with such a kind of function 3(s)
is that actually we do not know if the corresponding function A satisfies always the As-condition
which we need in order to prove the logarithmic Sobolev inequality. In fact the case of totally
general growth for G(s) is an open question.

Let us summarize in the following first table the situation for different classes of functions 3 in
(44) and for the related involved functions. In the second table we focus our attention on different
classes of admissible data f(z,t) depending on different situations for 8. We do not consider the
case f(x,t) € L(0,T; L>(Q)), since, as already pointed out, in this case for every function 3 we
have always existence of solutions via a sub-supersolution method. For simplicity we only consider
s> 0.
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S

Function 5(s) Function ¥(s) = /67(0)d0 e7(%) as a function of ¥(s)

0
B(s) bounded — et _ 1 ~U(s)
/ A1
B(s) = s* = /exp <§+ 1) do ~ \I’(s)(log\ll(s))’\/(1+’\)
0
Bls) =€ +1 =e 11 ~ U(s)log ¥(s)

B(s) =exp(yy s | =exp(exp(...(exp(s) —=1)...) =1) =1 | ~ ¥(s) log(;)¥(s)...log(,¥(s)
k+1

S

Any B(s) fixed = /67(0) do ~ U(s)A(log ¥(s)),

’ A(s) = exp (v(T(e)) — )

Table 1. Relations between the functions 3, v, ¥ in some model cases. We recall that v(s) = [ 8(c) do.

Function f3(s) Condition on source function f(z,1)
T

((s) bounded /Hf(.,t)H;dt < 0, 2¢/N >r">1
0

T
B(s) = / ||f(.,t)\|g(log* Hf(.7t)||q)9" dt <oo, 2¢> Nmax{\+1,r"}
0

T
B(s) = e® /A2(||f(.,t)||¢) dt < oo, &(s)~ exp(2)(o) do
0

S,

T s
5(6) =expy(s) | [ AuaaIFC0,) de <00, 6(s) ~ [ exppan(o)do
0 0

Any B(s) fixed ?

Table 2. Assumptions on the datum f(z,t) as a function of 3(s), in order to obtain existence for problem
(10). We recall that Ax(s) = s log™ s logy) s...log(y, s

For what refers to the initial datum wg, a sufficient assumption for the existence is, in all cases,
U(ug) € L(Q) (actually, it suffices ¥(ug) € L2(2), § > 1, see Remark 3.1).

Remark 7.2 We point out that the functions ¢ and @ which appear in the proof of Proposition 3.1

are not uniquely determined by ( and several choices are possible. This implies that assumptions
on f(x,t), different that those above, can be made in order to get existence. For instance, for our

24



exponential model example (1), that is when 3(s) = el*l 4+ 1, we have chosen in Proposition 3.1

S S

o(s) = / (La(c) — 1) do ~ sloglog s and P(s) = / (eea_l - 1) do .

0 0

As a consequence, one is led to choose A(s) = |s|log™ |s| in Proposition 2.1, and the assumption
on the datum f has to be

T
/Ilf(-,t)llga log™ [[f(., D)l logz I/ (- )l dE < +oo.
0

Besides this, other possibilities on ¢ are:

S

(i) o(s) = / (La(o) — 1)6 do with 0<6<1,

0
s

@) e(s) = / (Ls(0) — 1) do,
0

(iii) w(s):/(Lg(o)—l) (Ls(o) — 1) do .

0

In each of the first two cases, its conjugate N-function may easily be written (this is not the case
in the third one), namely:

respectively. Each choice implies a different function A and a different assumption on the datum
f. On the one hand, in the case (i), one takes A(s) = |s| (log* |s|)?, and f should satisfy

T
/ 1FCo )5 Tog™ 117 )l (logay (o 0)]15)° dt < +oo.
0

On the other hand, when (ii) is considered, A(s) = |s|log(,) |s| and the assumption on f should be

T
/Ilf(-,t)llga log™ [[ (- t)ll5 logs I (- )l dt < +o0.
0

It is clear that we may take functions ¢ growing even more slowly which implies that A grows
also more slowly, and so the corresponding space where f lies is smaller in = and larger in ¢. Hence,
the datum f belongs to a space of the type Ly(0,T; Ls(€2)) in such a way that the smaller the
space is with respect to the variable x, the larger it is with respect to the variable . It seems that
Aronson-Serrin’s curve has been extended through the Orlicz spaces. Note, however, that if we
choose the smallest space in z, namely L*>°(Q2), we will have L*log L(0,T; L>°(Q)). This space,
obviously, is not the largest one we may obtain, because one can always take f € L'(0,T; L>°(f2))
using sub/supersolutions.

The choice that we have done throughout this paper is to consider spaces in the variable z for
which explicit calculations are possible, and notations are quite intuitive. Thus, we have chosen
o(s) = [, (L2(0) —1) do and not ¢(s) = [; (L2(c) — 1) (Ls(o) — 1) do since the last one is not as
easy as the previous one to handle.
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Remark 7.3 The fact that different choices of Orlicz spaces are possible, allows another way of
comparing the conditions on f for several related problems. Consider, for instance, the problems
appearing in Section 4 jointly with our exponential model problem. Starting from the N-functions
o(s) ~ slog"log”™s and ¢(s) ~ fo exp 2)( o)do, and applying our procedure, one obtains the
situation showed in the followmg table.

Function j3(s) Condition on source function f(z, )

B(s) bounded / 1£( )l loglog 17 (., )]l d < oo

T
B(s) = s> / 1o t)lloQog 1 (., ) 16)* X Toglog || £ (., 1) dt < o0
0

T
Bls) = e* / 17 D)o Jog | £ D)o Joglog || £ (-, )]l dt < oo
0

Table 3 Comparison among conditions on the datum f(z,t) taking the N-functions ¢(s) ~ slog™ log™ s
and ¢(s) ~ [ exp(y)(0) do as starting point.

Remark 7.4 In Section 5 we have considered a family of functions defined by recurrence. Its
main advantage is that these functions can easily be handle. Unfortunately, steps between two
consecutive functions belonging to this family are very big. In other words, fixed a function §(s)
and supposed we may find the smallest k € N such that exp(s) grows faster than ((s); then the
fact is that exp;)(s) may exceed B(s) overmuch.

We point out that other possible families can be considered to obtain a function closer to a
given 3(s). For instance, fixed v > 0, we could have introduced

Bo(s) Yo(s) = s,
Bi(s) = Bi_1(s) + vehi-1GN /51 Ui(s) = /e\w(v)l do, 1=0,1,2,...
0
velsl
Thus, B1(s) =vell +1, v1(s) = (vels! +|s| — v) sign s, U,(s) = eT sign s, and so on.

Remark 7.5 As far as uniqueness is concerned, let us consider the model case, where, for sake of
simplicity, we assume that all data are positive.

—Au=|Vu]® + f(z,t), in Qx]0,T];
u(z,0) = up(x), in Q, (73)
we L2(0,T; H (D)) .

If u is a solution of (73) such that v = ¥(u) = % — 1 € L2(0,T; Hi(Q)), (for instance this
happens if u is bounded), then v satisfies the linear problem

—Av=f(v+1), in Qx]0,T;
v(2,0) = ¥(ug(x)), in Q,
ve L*0,T;Hi(Q)),
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which has a unique solution. However the solution of (73) is not necessarily unique, and it is indeed
possible to show that problem (73) admits infinitely many unbounded solutions. Every solution of
(73) corresponds, via the same change of unknown function, to a solution of problem

ve—Av=f(v+1)+pu, in Qr;
v(x,0) = U(ug(x)), in Q, (74)
ve L0, T; Wy 9(Q)), for every ¢ < (N +2)/(N +1),

where p is a positive “singular” Radon measure on Q (i.e., concentrated on a set of null capacity).
Viceversa, for every such singular measure p one can solve problem (74). Then u = log(1 + v) can
be shown to be a solution of problem (73). For these results, see the paper [1].

In the case of a more general operator as in problem (10), the question of uniqueness is open
even in the class of functions such that W(u) € L?(0,T; H}(2)) (where ¥(s) is defined as in (4)).
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