REGULARITY AND NONUNIQUENESS RESULTS
FOR PARABOLIC PROBLEMS ARISING IN SOME PHYSICAL MODELS,
HAVING NATURAL GROWTH IN THE GRADIENT
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ABSTRACT. In this paper we study the problem

ut—Au = B)|Vu|?+ f(z,t) in Q=Q x (0,+c0)
u(z,t) = 0 on 99 x (0, 4+00),
u(z,0) = wuo(z) in Q,

where 2 is a bounded regular domain, 3 is a positive nondecreasing function and f, ug are
positive functions satisfying some hypotheses of summability. Among others contribution
the main one is to prove a wild non-uniqueness result.

1. INTRODUCTION

In this paper we will consider the following viscous Hamilton-Jacobi equation

u—Au = B(u)|Vu|®> + f(x,t) in Q= Qx (0,+00)
(1) u(z,t) = 0 on 99 x (0,400),
u(z,0) = wuo(x) in €2,

where () is a bounded regular domain, 3 is a positive nondecreasing function and f, ug are
positive functions satisfying some hypotheses that we will specify later. In the case where 3 = 1,
this parabolic equation appears in the physical theory of growth and roughening of surfaces,
where it is known as the Kardar-Parisi-Zhang equation (see [28]). A modification of the problem
above is studied by Berestycki, Kamin, and Sivashinsky as a model in flame propagation (see
[8]). For constant (3, existence results for problem (1) in the whole RY, with a regular data g
and f =0 is well known, we refer to [26], where the Cauchy problem for the equation

(2) up — Au = |Vul!, ¢>1

is studied. We refer also to the paper [6] where problem (2) is studied in the case ¢ < 2, some
quantitative properties of the solutions are obtained in that case.
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It is not difficult to obtain an existence result for problem (1) in the case where the data
are bounded: it suffices to use a change of unknown of the form v(z,t) = ¥(u(x,t)), also known
as Cole-Hopf transformation, to transform the equation into a semilinear problem (or a linear
one if the function g is constant), which can then be solved by super/sub-solution methods. In
the case where the operator is more general (or in the case where the data are unbounded) this
change of variable cannot be done, but it can be replaced with the use of exponential-type test
function, whose role is again to get rid of the quadratic term in (1) (see [14], [20]). The case
where the Laplace operator is replaced by a nonlinear operator like the p-Laplacian has been
studied in [27], [34], [25], [19], [21] and references therein.

In this paper we shall consider the problem of regularity, uniqueness and non uniqueness
of solutions to problem (1). For the sake of simplicity, the first part of the article is devoted to
the case where the function 5(u) which appears in the equation is constant. In this case we will
prove that all weak solutions of problem (1) satisfy an exponential integrability (see Theorem
3.2). More precisely, we will show that

(3) e —1eL*0,T;Wy?(Q)) NC(0,00); L*(2))  for all § < 1/2, for all T > 0,
(4) / @b dr < oo for all £ > 0.
Q

The result (3) resembles the corresponding one for elliptic equations with quadratic gradient
term, proven by the authors in [2], and has in common with it the fact that the elliptic part of
the equation is never used for the regularity, more precisely that the main estimate come from
the quadratic term on the right-hand side. Moreover, as in the elliptic case, no regularity on the
datum f is assumed (only f € L (Q) is required). However the proof of the parabolic result
is more complicated, since one has to estimate the term with the time derivative of wu.

Then we proceed in performing a precise analysis in what happens in the Cole-Hopf change
of variable, particularly if one does not assume that the transformed function v = ¥(u) belongs
to the “energy space”, that is, L(0, T; Wy > (22))NC°([0, 00); L2(12)), for all T > 0. We will show
a striking nonuniqueness result!, and a direct correspondence between solutions of problem (1)
and solutions of semilinear problems with measure data, that is, we consider the following linear
problem

ve—Av = f(z,t)(v+1)+ps inD(Q)
(5) v(z,t) = 0 on 99 x (0, +00),
v(z,0) = wvo(x) in Q,

where ps is a singular positive Radon measure. Here “singular” means that it is concentrated
on a set with zero capacity, where by “capacity” we mean the parabolic capacity introduced by
Pierre in [38] and studied by Droniou, Porretta and Prignet in [23].

More precisely, under appropriate integrability assumptions on the data f and vy, we show
(Theorem 4.3) that problem (5) admits exactly one solution, and that if we apply the change
of variable u = ¥~!(v) = log(1 + v), then u is a solution of problem (1), with 8 = 1. We could
summarize this nonuniqueness result by saying that there exists a one to one correspondence

1However, we remark that in the Kardar-Parisi-Zhang model, problem (1) with 3 = 1 appears by approxi-
mating /1 + |[Vu|? = 1+ %|Vu|2. That is, in that model only small, regular solutions are considered.
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between solutions to problem (1) and singular measures concentrated in zero parabolic capacity
sets in the cylinder Q@ = Q x [0,00). Therefore problem (1) admits infinitely many solutions,
whose singularities can be prescribed.

The idea behind the result is very simple: if one makes formally the change of variable,
then u = log(1 4 v) solves the equation

w— Au= Va4 f + T2

but if us is a singular measure (for instance, if ps = ps(x) = 0z, (2) in space dimension N > 2),
then v is infinite on the set where i, is concentrated, therefore the last term in equation (1)
vanishes. Of course this is just a formal calculation, but the result will be justified rigorously.

An inverse result can also be proved (see Theorem 4.6): every solution u of problem (1)
with 8 = 1 corresponds, via the change of variable v = ¥(u) = e* — 1, to the solution v of
an equation of the form (5), for a singular measure p; which is determined by u. Among these
infinitely many functions there is only one, which we call the “regular” one, which corresponds
to pus = 0. This function is such that v = ¥(u) = e* — 1 € L?(0,T; Wol’Q(Q)), and is unique in
the larger class of functions such that /2 —1 € L2(0,T; W,"*(€)). All the other solutions only
satisfy e?* — 1 € L2(0,T; W, %(Q)) for every § < 1/2.

It is interesting to point out that we also get infinitely many solutions by singular pertur-
bation of the initial data in the transformed problem. More precisely if v is the renormalized
solution to problem

vw—Av = 0 inD(Q)
v(z,t) = 0  on IN x (0,+00),
v(z,0) = vy in{,
where v, is a singular positive measure with respect to the classical Lebesgue measure, then

u = log(v + 1) solves problem (11) with f = 0 and ug(x) = 0. We refer to subsection 4.4 for
more details.

The elliptic case was recently studied by the authors in [2], where a similar connection
between the stationary solutions of problem (1) and solutions of linear and semilinear problems
with measure data is proven. Therefore, the main result of this paper is to prove that the same
phenomena occur when one deals with the parabolic problem.

Another interesting result is contained in subsection 4.2, where we prove that the regularity
assumptions on f to ensure the existence of positive solutions of (1) are optimal: an explicit
example is given when considering f(z,t) = ﬁ, with large A.

The case of general (§ is considered in Section 5 where we assume that (3 is a non decreasing
function such that g151;10 B(s) = +o0. Under this condition we prove the exponential regularity

of a general solution in subsection (5.1). The existence of a regular solution can be obtained in
the same way as in the case § = 1 with some change of variable which leads to a semilinear
parabolic problem with a slightly superlinear term. Existence of infinitely many positive solution
in connection with a singular measure is proven in Subsection 5.2 where the inverse problem is
also considered. It is worth to point out that the nonuniqueness result opens a large quantity
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of questions about the global dynamic of the problem. In Remark 5.8 we give some comments
on the uniqueness in the case where 8 € C°([0,00)) N L1(0,00) or 8 € C°([0,0)) N L1(0,00) N
L*°(0,00). The elliptic case was considered by Korkut, Pasi¢ and Zubrinié in [29].

2. NOTATIONS, DEFINITIONS AND USEFUL RESULTS

Let © be a bounded domain in RV, N > 1. We will denote by Q the cylinder Q x (0, 00);
moreover, for 0 < t; < t, we will denote by Q,, Q4, +, the cylinders Q x (0,%1), Q x (t1,t2),
respectively.

In this paper, we will consider problem (1), where ug(z) and f(x,t) are positive functions
defined in Q, Q, respectively, such that ug € L*(Q2) and f € L'(Qr), for every T > 0.

The symbols L4(Q), L"(0,T; L(2)), and so forth, denote the usual Lebesgue spaces, see
for instance [24]. We will denote by W,?(2) the usual Sobolev space, of measurable functions
having weak derivative in L4(2) and zero trace on 9. If T' > 0, the spaces L"(0,T; L4(2)) and
L7(0,T; Wy (Q)) have obvious meanings, see again [24].

Moreover, we will denote by W~=24'(Q) the dual space of W, '%(Q). Here ¢’ is Holder’s
conjugate exponent of ¢ > 1, i.e., é + % = 1. Finally, if 1 < ¢ < N, we will denote by
q¢* = Nq/(N — q) its Sobolev conjugate exponent.

For the sake of brevity, instead of writing “u(z,t) € L"(0, T; Wolq(Q)) for every T > 07,
we shall write u(z,t) € LI, ([0, 00); Wy'?(£2)). Similarly, we shall write v € L% _(Q) instead of

loc loc

u € LYQ,) for every 7 > 0.

Definition 2.1. We say that u(x,t) is a distributional solution to problem (1) if u € C([0, 00); L*(22))N
L2.([0,00); Wy 2(Q)), B(w)|Vul? € L. (Q), and if for all ¢(z,t) € C3°(Q) one has

loc

—//ngbtdxdt—&—//QVu-Vquxdt://Qﬂ(u)|Vu|2¢dxdt—|—//Qf¢da:dt

u(-,0) = ug(+) in L'(Q).

and

Remark 2.2. Note that the previous definition implies that, for every bounded, Lipschitz
continuous function h(s) such that ~(0) = 0, and for every 7 > 0, one has

/QH(u(x,T))dos/QH(uo(x))d:c+//QT |Vul|? B (u) de dt

://@ ﬁ(u)|Vu|2h(u)dasdt+//QTfh(u)da:dt,

where H(s) = [; h(o)do.
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Similarly, if h(s) is Lipschitz continuous and bounded, if ¢(z,t) € L2(O,T;W01’2(Q)) N
L*(Q,) and ¢; € L?(0,7; W~12(Q)), then one has

/ Hu(w, 7)) 6z, 7) da — / H(uo()) 6(z, 0) dz
Q Q

_/Q, gth(u)dxdt—F//QT Vuzh'(u)gbdxdt—F/QT Vu-Vh(u)dxdt

://QTﬁ(u)|Vu|2h(u)¢dxdt+//QTfh(u)d)d;vdt.

We will consider, for k& > 0, the usual truncation at level k, i.e.

sif|s| <k
TkS =
kg if |s| > k.

In order to present some of the results, we need to keep in mind a few regularity and
convergence results about parabolic equations with L! or measure data (see for instance [13],

[12]).

Assume that vg,(z) and f,(x,t) are two sequences of nonnegative, bounded functions
which have uniformly bounded norms in L'(Q) and L'(Qr) (for every T > 0), respectively.
Then, if one considers the solutions v,, of problems

(vn)t —Av, = fn(xvt) inQ
vp(z,t) = 0 on 09 x (0, 00),
vp(x,0) = wonlr) inQ,

the following estimates hold:

(6) Nlvallzr 0,,wrar )y < C(7), for every (r1,q1) such that

N N 2
1< < ,1<ri<2and —+—>N+1;

N-1 @
(7) vnllcoo,mLr @) < C(7);
(8) HT]C'UTL”LQ(O,T;WOI,?(Q)) < C(r)k, for every k> 0;

2
(9) // M <C(r,a), forevery a> 1.
Q- (Un + 1)a

Moreover, if f, converges to some p in the weak sense of measures in @, for every 7 > 0, and
vo,n converges to vy in LY(Q), then for every 7 > 0

(10) v, — v in L™(0,7; Wy ®(2)), for every (r1,q1) as in (6),
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where v is the unique solution of

(V)i —Av = pu in @
v(z,t) = 0 on 09 x (0, 00),
v(z,0) = wo(x) inQ,

in the sense that
// (—v ¢t + Vo - Vo) dadt — / vo(z) ¢(x,0)dx = (u, @)
Q Q

for every ¢(z,t) € CY(Q) with compact support in € x [0,00). Moreover, if u = u(z,t) is a
function in L{ (Q), then

v € C([0,00); L'(9)).
Finally, if f,, — u strongly in L*(Q7), for T > 0, then
Tiv, — Tiv  strongly in L2(0,T; Wy 2(R)), for every k.

The same convergence holds if f,, — p in the weak-* convergence of measures, if p is concen-
trated on a set of null parabolic capacity, see Section 4 below. See a detailed proof in [37] where
a more general framework is also considered.

3. REGULARITY OF GENERAL SOLUTIONS IN THE CASE B =1

In this section we deal with the problem

u—Au = |Vul®>+ f(z,t) inQ
(11) u(z,t) = 0 on 99 x (0, 00),
u(z,0) = wo(x) in Q,

where up and f are positive functions such that ug € L*(Q) and f € L{ (Q). Our first result
on the regularity is the following.

Proposition 3.1. Assume that u € C([0,00); L'(Q)) N L2 ([0, 00); Wy 2(Q)) is a solution of

problem (11), where f € LL (Q) is such that f(x,t) > 0 a.e. in Q. Then

loc

(12) /e“(w’T)d(x) dr < o0 for every T > 0,
Q

where d(x) = dist(z, Q).

PROOF. Let & > 0, we consider v, = H.(u), where H.(s) = e™= — 1, then v, € L=(Q) N
L2 (]0,00); W3 2(Q)). We claim that v, satisfies the inequality

loc

(ve)y — Av. >0
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in the sense of distributions. Indeed, we consider positive and smooth approximations in L,
Gn, fn and ug, of [Vul?, f and ug, respectively, and we consider the approximate problems,

(Un)t —Aup = ¢p+fn iInQ
unp(z,t) = 0 on 99 x (0,00),
Un(2,0) = wugp(r) inQ,

and we consider v, . = Hc(uy,). Then it is clear that for every positive {(x,t) € C5°(Q)

// vngftdmdt—i—/ Vo, e - VEdx dt

/ (dn + fn) H, un)ﬁdxdt—/ |Vu,|* H (u,) € dz dt .

We now wish to pass to the limit in n for fixed . By the theory for parabolic equations with
data in L', the sequence {u,} satisfies the properties stated in the previous Section, and in
particular, using convergence (10), we can pass to the limit in n in every term of (13). As far
as the last integral is concerned, one has

/|Vun|2H”(un)§dxdt / |V Tyun|* HY (uy,) gdxdt+//{ k}|vun|2H;’(un)gdxdt.
Unp, >

The first integral of the r.h.s. passes to the limit by convergence (2), while the second one is
small if k£ is large, uniformly in n, since

|H (s)] < m(g)) for all positive s,
es

and thus, using estimate (9),

// IVt |2 | H ()| € dardlt < —C— // Vel e
{un>k} ! ! 1+ k QNsuppé 1+5un) o <1+€k) .

Therefore one has
// v€§t+/ Vo -Védx dt = / H’ H” ))|Vu\ §d:vdt+/ fH' (u)¢dxdt >0,

since H.(u) — H(u) > 0. Moreover u € C([0,00); L' (2)), therefore v. € C([0,00); LP(£2)) for
every p < oo.

Since u € L'(Q), in particular e*(*Y < oo a.e. in Q. For to > 0, let w be the solution of
problem

—-Aw = 0 in Q x (tg,00)
(14) w(z,t) = 0 on 98 x (tg, ),
w(z,tg) = ve(z,to).

Using a result by Martel (see [31] Lemma 2), we obtain that
c1(O)]Jve (-, t)d()||prd(x) < w(z,t) < ca(t)||ve(-,to)d(+)||prd(z) for all t > tq,
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for some positive functions ¢;(t), ca(t). Since v, is a supersolution to problem (14), we conclude
that w < v in Q X (g, 00). Therefore

cr(O)||ve (-, to)d()||prd(z) < ve(x,t) < e ™ < 0o for ae. (z,t) € Q x (tg,00).
We fix (z,t) € Q x (tg,00), such that u(z,t) < co. Then using Fatou’s lemma we obtain
/e“(’”’t”) d(z) dr < .

Q
Using the fact that to > 0 is arbitrary, we conclude that (12) holds. ®

As a consequence we obtain the following result.

Theorem 3.2. Under the same hypotheses as in the previous propositions, for all T > 0 we

have
(15) // |Vu|? e dx dt < oo, foralld <1,
QT

(16) / fetdrdt < 0o,

QT

u 1

(17) //T eTHeu |Vul? (1 — m) dedt < C(1) wuniformly in e,
(18) /e“o(’”) dr < 00.

Q
and finally
(19) e € L>(0,7; L*(Q)),

PROOF. Let us consider an open set Q OD Q. For 7 > 0, consider the solution o(x,t) of
problem

—pr—Ap = 0 in Qx (0,7 +1)
(20) oz, t) = 0 on 9 x (0,7 + 1),

Sle,T+1) = d),
where

o= {0 e

Then it is well known that
(21) ¢z, t) > c(r) >0, for a.e. (z,t) € Q x (0,7).
Let us define

S

' 1
ks.e(o)do < 5668 .

lise(s) =eTies, Wy (s) = /
0
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We use ¢(z,t) (ks (u(x,t)) — 1) as test function in (11), and we integrate in Q,41, obtaining

(22) /Q\Ilg,g(u(x,T—i— 1)) d(z) dx — / w(z, 7+ 1)d(x) dx

Q

/\1156( (z,0)) ¢(z, 0)dx+/ u(z,0) ¢(z,0) dx+//@m ks o (u) |Vul? ¢ da dt

// kse(u |Vu\ ¢ dx dt— // |Vu| gbdxdt—!—// fkse(u) pdrdt— // fodxdt.
Qr+1 Qrt1 Qr+1 Qr+1

The first integral in (22) is bounded by (12), therefore, using (21), it follows that

// eriis 0 )|Vu|2dxdt+// e%fdxdwr/\lfag(uo(x))dw
(1+¢eu)? o

-

= // (ks.e(u) — kj . () [Vul® do dt + / o [ kse(u)dadt + /Q Us o (up(z)) de < (7).

Then, taking 6 < 1 and passing to the limit as ¢ — 0, we obtain (15). Similarly, taking § = 1,
we obtain (16), (17) and (18). Finally, let w(x,t) be the solution of

—wi—Aw = 0 in Q,
w(xz,t) = 0 ondQx(0,7),
w(xz,7) = 1.
Then 0 < w(z,t) <1 for every (z,t) € Q.. Multiplying equation (11) by ki (u)w gives, with
calculations similar to the previous ones,

(23) /Q\Illyg(u(x,T)) dx

< //T (K1,e(u) — K o(u)) |Vu|2dmdt+//QT [ k1 e(u) dxdt—l—/Q\Ill,s(uo(x))dm.

Since the right-hand side of (23) is bounded by the previous estimates, (19) follows easily.
|

Remark 3.3. If we consider the following approximating problem

|Vul? .
(un)e — Auy, W + T (f(z,t)) in@Q

up(z,t) = 0 on 99 x (0, 00),
un(z,0) = T,(up(x)),

then we can prove using the previous regularity results that u, T v and u, — wu strongly in
L2(0,7; Wy 2(Q)) for all 7> 0.
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4. EXISTENCE AND NONUNIQUENESS.

4.1. Existence of solutions with higher integrability.
Assume that f is a positive function such that

N 2
f(l'vt) GLlroc([Ovoo);Lq(Q))v with q, > 1, ;‘i’; < 2.

We perform the change of variable v = e — 1; then problem (1) becomes

ve—Av = f(z,t)(v+1) in Q@
(24) v(z,t) = 0 on 99 x (0,00)
v(z,0) = vo(z)=e" —1.

If we assume that vg(z) = e — 1 € L?(12), then existence of a solution v € C([0, 0); L3(22)) N
L2.(]0,00); W, %(Q)) can be proved using the same argument as in [30]. Using the lincarity
of the problem the result can be easily adapted to the case where vy only belongs to L(Q),
obtaining v € C([0, 00); L*(2))NLE ([0, 00); Wy * (). Actually v and Vv are Holder continuous

loc
(see the classical theory, again in [30]). We set u = log(v + 1), then u € L2(0,T; Wy*(€2)) and
u satisfies problem (11). The inverse is also true in the sense that if u is a solution to problem
(11) with e®@) — 1 € L2(Q) and e* — 1 € L2((0,T), Wy*(2)), then if we set v = e* — 1 we
obtain that v solves problem (24).

4.2. Optimality of the hypotheses on f: nonexistence result.
To see that the condition on f is optimal in some sense we will assume that 0 €  and that

A

flz,t) = f(z) = FE Note that f(x) € L(Q) for every ¢ < N/2, therefore we are in a limit
x

case of (4.1). Hence we have the following nonexistence result (not even for small times).

Theorem 4.1. Assume that N > 3, and that A > Ay = (%)2, the optimal Hardy constant

defined by
[ 19
Ay = inf L
{$eWL2(Q); 6720} /q’)2 2|2 da
Q

Then, for any initial datum uy > 0 and for any T > 0, problem

A
u —Au = \Vu|2+W in Qr
(25) u(z,t) = 0 on 99 x (0,T),
u(z,0) = wo(x) in £,

has no solution.

PROOF. The proof uses the same arguments as in [15] and [1] (see also [36]); for the sake of
completeness we include here the proof. We argue by contradiction. Assume that u is a solution
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to problem (25) with f(z,t) =
in (1) we obtain that

/u(x,tg)(bzdx—/u(x,t1)¢2dm + 2//Q ¢V - Vudzrdt

t1,t2
Q

// ®* |Vul*drdt + )\// dedt
Q Q ||

tq,to
where we have set Qy, 1, = X (¢1,%2). Hence

/u(m,t2)¢2dx§2//Q ¢V¢)~Vudxdt//@
Q t1,tg
// Vo — ¢Vu|2dxdt+//Qtl ) Vo2 dadt — A //Q dedt

fl ta t1,t2

S(tg—tl) /\V(i)de—A/—zdx .
Q a ||

By the regularity result of Theorem 3.2, we know that u(-,¢) € L*(Q) for all t € (0,T) and for
all a < oo; therefore we obtain that

/|V</>|2dx— /| Fde> tzitl (/ng(m,tg)dx)?v (/Q|¢|2*dm)22*.

By density, this implies that

\V¢|2d$ -
| o [ e s
Q) = inf > — ( w2 (x,tg)dx> > —00.
peW 2 (2)\{0} 2 ta—t1 \ Jg
A ¢l d

On the other hand taking the sequence ¢, (z) = Tn(|x|’¥)n(x), where 7n(z) is a cut-off
function with compact support in Q which is 1 in a neighborhood of the origin, since A >

W, A > Ayn. Let ¢ € C5°(9), by taking ¢? as a test function

t1,t2

#* |[Vul? de dt — A // d:r,dt
Q

t1,t2 t1,t2

2o

(%)2, one can check that I(Q2) = —oo. Hence we reach a contradiction. B

Corollary 4.2.
C(t)

1) If f(x,t) > e in a neighborhood of the origin, where C(t) is a positive function such
x
that C(t) > a >0 in (t1,t2) C (0,T), then problem (25) has no solution.

2) Since the argument used in the proof is local, then under the same hypothesis on f we can
prove that problem (25) has no local positive solution.

A
ProOF. It suffices to observe that in this case, for any A > Ay, one has f(z,t) > W in a
x

small ball centered at the origin. B

11
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4.3. Nonuniqueness: Existence of weaker solutions.
In this subsection we will show a strong connection between solutions of problem (11) and
solutions of a linear problem with measure datum. This will give, as a consequence, a surprising
non-uniqueness result for problem (11).
The theory of elliptic and parabolic equations in divergence form with measure data has been
strongly developed in the last forty years, starting from the pioneering paper [42] by Guido
Stampacchia (see also [13], [9], [12], [22], [10], [7] and references therein). Various definitions
of solution have been introduced in order to obtain uniqueness results. Uniqueness is still an
open problem for general nonlinear operators. However in the case of problem (27) below,
the situation is easier, as far as uniqueness is concerned, because we are considering the heat
operator.

The first result we will prove, therefore, is an existence and uniqueness theorem for problem
(24) with an additional term which is a finite Radon measure:

Theorem 4.3. Let f be a function in L, (]0,00); LY(Q)) with

loc

(26) r,g>1, ﬁ—|—1<1.
2g r
Let p be a Radon measure on Q, which is finite on Qp for every T > 0. Then problem
ve—Av = flx,t)v+p in Q
(27) v = 0 on 982 x (0, 00),
0(@,0) = o(x) € LYQ),

has a unique distributional solution such that

N 2
([0, 00); Wy ™ (Q)) for every r1,q1 > 1 such that — + — > N 4+ 1;

i) velLl
q1 1

loc

ii) v € LT ([0,00); LY(Q)), for every k > 0;

loc

iii) Trv € L2 ([0, 00); W012(Q)) , for every k > 0;

loc
iv) fvelLl (Q).

ProoOF. Notice that if v satisfies (28) 4) and i), then, using the Gagliardo-Nirenberg inequality,
ve L ([0,00); L7(£2)), for all p and o satisfying

loc

(28)

N 2
(29) p,o0>1, —+->N.
o p

Consider g,, € L*°(Q), such that {g,} is bounded in L!(Q7) for every T' > 0 and moreover, as
n — oo,
gn — 1 weakly in the measures sense in Qr, for every T > 0.
Consider ¢,, € L>=(Q), ¢,, — ¢ in L*(2). We solve
(Un)t —Av, = fon+gn InQ
v, = 0 on 0§ x (0, 00),

Un(mv O) = ¢n(x)
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Claim.- For every T > 0 there exists a constant C'(T) > 0 such that

onll L 0,7;00 () < C(T)-
(r', ¢’ Holder conjugates of 7, ¢ in (26)). If the claim holds then f v, is uniformly bounded in
LY(Qr) for every T > 0 and we can conclude in a standard way (see for instance [13] and [12]).
Hence it is sufficient to prove the claim above. We argue by contradiction; assume that, up to
a subsequence,

HUHHL?‘/(O,T;L‘Z'(Q)) — oo
Up,

Normalizing the sequence, i.e., putting w, = , then [|wn |l o710 (@) = 1

llvn|l g (0,T;L4' (Q))
and for each n € N, w,, satisfies problem
(wn)t — Aw,, = f(x,t)w, + In in Qr
lonll L 0,709 ()
w, = 0 on 90 x (0,7T),
wn(z,0) = #n(2)

||'UnHLT'(0,T;Lq'(Q)) .

The right-hand side in equation (4.3) is uniformly bounded in L' (Qr), hence by using the results
(6)-(9) in Section 2 we find that {w,, } is bounded in L (0, T; L*(Q)) and in L™ (0, T; Wy " (Q)),
for all (1, ¢1) asin (28) ¢). Therefore by Sobolev’s embedding, {wy, } is bounded in L*(0,T; L7 (2)),
for all (p, o) as in (29). Hence there exists w such that w, — w weakly in L™ (0, T; Wy (Q))
for all (r1,¢q1) as in (28) i). Moreover, w verifies

w—Aw = f(z,t)w in Qr
(30) w € L=(0,T; LY Q)N L™ (0, T; Wy (Q)) for all (r1,q;) as in (28),
w(z,0) = 0,
because In — 0in LY(Q7) and On(2) — 0in LY(Q), as n — oo.

||vn”Lr'(0,T;LQ’(Q)) HUHHL?‘/(O,T;L‘?'(Q))

We will show that
1) w, — w strongly in L' (0,T; LY (), therefore ||w|
2) Problem (30) admits only the trivial solution.

L (0,10 (@) = 1

Notice that 1) and 2) give a contradiction, and then we have proved the claim.
Proof of 1). By using the compact embedding Wol’q1 (Q) — L3(Q) if s < ¢f, the continuous
embedding L#(2) ¢ W14 (Q) + LY() and the fact that

< C and ||(wy) <C,

1wnllpe o rwies @) et o= @+ nr@n
using Aubin’s compactness results (see for instance [41]), we conclude that {w,} is rela-
tively compact in L™ (0,T; L*(2)) for all s < ¢f. Therefore, {w,} is relatively compact in
Lr(0,T; L7 (2)) for all (p,o) as in (29). Therefore we only have to show that one can take
(p,0) = (r',¢') in (29). Indeed, the condition

T

13
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is equivalent to the assumption (26). This completes the proof of 1).

Proof of 2). Since uniqueness is trivial in the space L2(0,T; Wy >(2)), we only have to show
that every solution w of (30) belongs to this space. This is done by a bootstrap method. Indeed,
using Holder’s inequality and the regularity of f we find that fw™ € LY(Qr), for every m;
such that

N 2
miq’  mqr’
2 1 2 wmr—1

> 1, we can chose 1 <m; < — + Ny Therefore, using [ as a

Nr’
test function in (30) and passing to the limit as € — 0, we obtain, for every 7 € (0,7,

1
— /wml(va)dx+(m1—1)[/ wm1—2|Vw\2dxdt=// fw™ dedt
mi1 . 0.

Q

S/ fw™ dzdt =C(T), V7 € 10,17,
Qr

> N,

1
and since -+

Hence, setting
my
v=w?7?
the last estimate implies
v e L2((0,T); Wy (@) N L=((0,T); L*(9)) ,
which by Gagliardo-Nirenberg inequality gives
ve L°((0,T); LY(Q)) with 2 <y < 2%, § <2 and % + % = g

Hence it follows that w € LA((0,T); L%())) where

o 2% N N
4o ﬂ:%, mi << S mlgﬂand%+ T

2 )

1 - .
(31) @ 20 2

This implies that

1 2
/ fw™ drdt < 0o, where my = my (7+7/).
Qr q Nr
Iterating the process, if we consider the sequence defined by
ith ! + 2 > 1
m =pm wi = -+ —
k+1 = P s P 7 TN ,
then
/ fw™ dxdt < co.
QT
Thus

// w™ 2 |Vw|*dedt < C(k) and  sup /wmk(:ﬂ,t)dm < C(k).

7€(0,T
T ( )Q
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As my, — oo and since Ty (w) € L2(0,T; W, *(Q)), then for k > 1, it follows that

// \Vw\zdxdt<// |V T (w \dedt+// w™ 2 |Vw|* dz dt < C(k).

Thus w € L2(0,T; W 2()) N L>®(0, T; L*(Q)) and then the uniqueness result follows. m

The previous problem (27) with measure datum appears in a natural way when we perform
the change of unknown function as before. Theorems 4.6 and 4.8 below will show that there
exists a one-to-one correspondence between the solutions of problem (11) and (27), where 4 is
an arbitrary “singular” measure. To clarify the meaning of “singular” measure we have to use a
notion of parabolic capacity introduced by Pierre in [38] and by Droniou, Porretta and Prignet
in [23].

For T' > 0, we define the Hilbert space W by setting

W =Wy = {ue L*0,T; Wy *(Q), w € L*(0,T; W)},

equipped with the norm defined by

T
ul 2y, :// \Vu|2dmdt—|—/ otg By 2l
Qr 0

Definition 4.4. If U C Qr is an open set, we define
capy o(U) = inf {[Jullw : v € W, u > Xy almost everywhere in  Qr}

(we will use the convention that inf ) = +00), then for any borelian subset B C Qr the definition
s extended by setting:

cap; o(B) = inf {capl’z(U), U open subset of Qr, B C U}.

We refer to [23] for the main properties of this capacity. We observe that, if B C Q7 C Q7,
then the capacity of B is the same in Q7 and in @7, therefore we will not specify the value of
T when speaking of a Borel set compactly contained in Q.

We recall that, given a Radon measure p on @ and a Borel set E C @, then pu is said to be
concentrated on E if y(B) = p(B N E) for every Borel set B.

Definition 4.5. Let the space dimension N be at least 2. Let p be a positive Radon measure
in Q. We will say that p is singular if it is concentrated on a subset E C Q) such that

cap; o(ENQ-) =0, for every 7 > 0.

As examples of singular measures, one can consider:

i) a space-time Dirac delta p = (4, +,) defined by (u, @) = (o, 1) for every p(z,t) €

Ce(Q);
i1) a Dirac delta in space p = p(z) = d,, defined by {(u, ©) fo 330,
i7) more generally, a measure u concentrated on the set E x (0,+00), Where E C Q has

zero “elliptic” 2-capacity;
iv) a measure ;1 concentrated on a set of the form E x {¢o}, where E' C {2 has zero Lebesgue
measure.

The main result of this paper is the following multiplicity result.
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Theorem 4.6. Let ug be a positive, singular Radon measure such that MS‘QT is bounded for
every T > 0. Assume that f(x,t) is a positive function such that f € LI ([0,00); L1(Q)),

loc
where r and q satisfy the Aronson-Serrin hypothesis (26), and that the initial datum ug satisfies

vy = e¥ — 1€ LY(Q). Consider v, the unique solution of problem

v —Av = f(z,t) (v+1) +ps in D(Q)

vo€ Lis(0,00); LN€) N Li ([0, 00); Wy ()

(32) L, N 2
where o, p > 1 verify ;—I—; >N+1
’U(.%‘,O) = Uo(x), f’U € Llloc(@)-
We set u = log(v+1), then u € L2, ([0, 00); Wy 2(2)) NC([0, 00); LY (Q)) and is a weak solution
of
(33) u—Au = |Vul? + f(x,t) in D'(Q)
u(z,0) = uo(x) =log(vo(x) +1).

PROOF. Let h,(z,t) € L™(Q) be a sequence of bounded nonnegative functions such that
Pl (@ry < C(T) for every T > 0, and

hn, — pus weakly in the measures sense in Qrp, for every T > 0.
Consider now the unique solution v,, to problem
()t — Avp, = To(f(w+1))+ hy in Q
(34) Un L, (0,00); Wy *(€2)
vn(2,0) = Th(vo(x)).
Notice that (v,): € L% _(Q) (see for instance [24]), and that, for every T > 0, v, — v in

loc
LP(0,T; W) 7 (Q)) for all p and o as in (32). We set u,, = log(v, 4 1), then by a direct compu-
tation one can check that

m

To(f (v+1)) b o,
p— vn+11nD(Q).

Notice that by using the definition of v, we conclude easily that, for every T > 0,
To(f(v+1))

(un)t — Au, = |Vun|2 +

(35) I f(z,t) in LY(Qr) and u,, — u in L*(Q7).
We claim that

hy, oy
(36) ] — 0 in D'(Q).

To prove the claim let ¢(z,t) be a function in C§°(Q); we want to prove that

h
lim / p———dr =0.
n—oo [ /o, Un+ 1
We assume that supp ¢ C Qr, and we use the assumption on ug: let A C Q1 be such that
cap; o(A) = 0 and ps.Qr is concentrated on A. Then for all ¢ > 0 there exists an open set
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Us C Q7 such that A C U, and cap; 5(U.) < £/2. Then, we can find a function 1. € Wr such
that ¥, > Xy. and ||¢||w, < e. Let us define the real function

Then one has

m(ye) <2, m(1.) > Xy, and

J[L wmapdsde= [[ it PIve. drdr <z

Using a Picone-type inequality (see [3]), we obtain that

17

422> /|Vm(w5)|2dac2 /%m%%)daz z/v hj_lmQ(wg)dx—/ U(”’;)tl m2(4.) da.
Q Q " Q " Q "
By integration in ¢, we get
// fon drdt < 4&*T+ [log(v,(z,T) + 1) m?(¢e(z,T)) dx
_up+1 Q
(37) b2 [ tog(un + Dy m' () (s dode

= 42T+ L+ 1.

We begin by estimating the integral I;. Since |m(s)| < 2, then using Hélder’s inequality we
obtain that
1 1 1
I < C(/log2(vn(x,T) + 1)dm) ’ (/m‘l(wa(x,T))dx) e, (/mQ(z/JE(x,T))dx) ’
Q Q

Q

where in the last estimate we have used the inequality log(s + 1) < s2 4 ¢ and the bound

t)dx < C(T).
[ ono)do < C(T)
Q

Since m(s) < 2|s|, it follows that

39 <o [t nPw) < mas ([vena)’ <o, <
Q

t€[0,T]
Q

by the fact that W C C([0, T]; L?(€2)) with a continuous inclusion.
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m?(¢e)

We now estimate I5. Using
Up +

as a test function in (34), by a direct computation we obtain

/IOg(vn(xaT) + 1) mQ(ws(va)) dx — /log(Tn(’UO) + 1) m2(¢6(1.7 0)) dx

Q Q

=2 [ tostwn+ )miye) m(e) (e dwdt+2//QT (i) ' (02) Ve 0 d

n

/ m? (1e) M / n(f(v—l—l))—i—hn(%t)) drdt>0.
Qr Qr Un + 1
Thus, recalling (38) and ( ) which holds for v,,, we get

(39) 2// log(vy, + 1) m(tpe) m’ (we) (he)¢ da dt
|V n\

§11+2//Tm(1/)5) (wg)wg = dxdt<05+8// Ve U

2 1
<05+8 // [Vipe|? da dt // Vol dt)2 <Ce.
- (vp, +1)2

Hence by (37) we conclude that

I
(40) // . +1dxdt§0(5+52).
Now, by 39)
‘// 6" da dt‘
vy +
< ||¢||oo// dodt+ [[ ol dvdt <Cllgll e+ )+ [[Jolhdadr,
U. Un +1 Qr\U. Qr\U.

Since h,, — ps in Mo(Qr) and pg is concentrated on A C Ug, we conclude that

// |¢| hpydxdt — 0 as n — oo.
Q\U.

Since € is arbitrary we get the desired result, hence the claim (36) follows.
Let ¢ € C3°(Qr), then we have

((un)t — Auy,) ¢pdxdt

/1.,
://QT (K:H & da dt+// V| ¢dmdt+//T -

Hence using (35) and (36) we just have to prove that
V[ — [Vul* in LY(Qr)

ddt
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which means that ) )

V| [Vol* .

(’Un T 1)2 — (7) T 1)2 in L (QT)

vl

(v+1)*

only have to prove that it is equ1 integrable. Let £ C Q7 be a measurable set. Then, for every
0 €(0,1) and k > 0,

2 2 2
// Vol g = // %dxdtjt// Vol a
(vn +1)2 Enfu.<k} (Un +1) BEn{vn>k} (Un +1)

2 Vo, |
// VT (vn)|” do dt + k—l—ll 5//T o +11+6dxdt.

By (9), the last integral is uniformly bounded with respect to n, therefore the corresponding term
can be made small by choosing k large enough. Moreover, since s is singular and T,,(f(v+1)) —
f(v+1) in L*(Qr), one has (see Petitta [37]) Th(v,) — Ti(v) strongly on L*(0,T; W,*(2))
for any k > 0, therefore the integral [, [VTx(v,)|? da dt is uniformly small if meas (E) is small
enough. The equi-integrability of |Vu,|? follows immediately, and the proof is completed. Hence
we conclude that

Vo nl

Since the sequence { W } converges a.e. in Qr to then by Vitali’s theorem we

IN

— Au = |Vul® + f(z,t) in D'(Q).
Since |Vul?+ f € L1 (Q2x (0,T)), then using classical result about the regularity and uniqueness
of entropy solution we obtain that u € C([0, 00); L' (£2)) and the result follows.

Remark 4.7.
(1) An interesting point is the following. If we consider zo € 2 and 0 < ¢y < T and the
problem
—Au =04y, v(x,t)=00n00x(0,T), wv(x,0)=0,

then it is easy to check that ¢ — [|v(¢)||1, has a jump in ¢ = t;. However, defining
u = log(1 + v), u belongs to C([0,T]; L*(£2)). The mechanism of this behavior is as
follows: 1) u solves the equation u; — Au = |Vu|? in the sense of distributions; 2) the
regularity theory for L' data provides the continuity.

(2) In general we can prove that if v is a solution to problem

—Av=ypin Qr, v(x,0)=uv(z)e L' Q),
where p is a positive Radon measure, then sup /v(x,t) dx < C(u(Qr),T). Indeed,
t€[0,T]
Q

consider w, the solution to problem (3), it is clear that w < 1, hence w is globally defined
and therefore using w as a test function in (2), it follows that

/v(x, T)dx < /UQ(SU) w(z,0)dz + c(T)pu(Qr).
Q Q

Hence the result follows by taking the maximum for 7 € [0, T.

19
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Theorem 4.8. Let u € C([0,00); L' () N L2 ([0, 00); Wy *(2)) be a solution to problem (11),

where f(z,t) is a positive function such that f € Li,.([0,00); L1(R2)), where r and q satisfy the

loc

Aronson-Serrin hypothesis (26). Consider v = e* — 1, then v € L (Q), and there exists a
bounded positive measure p in Qr for every T > 0, such that

(1) v is a distributional solution of
(41) ve—Av = f(z,t) (v+ 1)+ pu in Q.
(2) p is concentrated on the set A = {(x,t): u(x,t) = oo} and cap; o(ANQr) =0 for all
T >0, that is p is a singular measure with respect to cap, 5-capacity.

Moreover i can be characterized as a weak limit in the space of bounded Radon measures, as
follows:

(42) w= lirré |Vu|?eTeu (1 - in Qr, for every T > 0.
£—

1
(14 eu)?
Proor. We set v = e" — 1, then by the regularity results of Theorem 3.2, we obtain that
v € L (Q) and

(43) /Q, Fat) (v—i—l)dxdt—i—//QT IVl e (1— (le)2> dwdt < C(r).

Therefore, there exists a positive Radon measure p in @ such that for all 7 >0

1

Vul2emren (1 — ——
[Vule < (1+eu)?

) — 1 in the weak measure sense in Q.

Notice that p is concentrated in the set A = {(x,t) € @Q : u(x,t) = co}. This follows from the

fact that
u 1
// |Vul|? eT+eu (12> drxdt — 0 ase— 0.
Qs N{u<k} (1 +eu)

(@8)
o, t) = / et ds € L2, ([0, 00); W2().
0

We now define

By making an approximation as in the first part of the proof of Proposition 3.1, it is easy to
check that v, solves

1

_u 2
(44) (/UE)t - A’UE = elteu |VU‘ (1 - m

)+ f(x,t)e e

in the sense of distributions.

By (43) and the monotone convergence theorem we get easily that the last term converges in
LY(Q,) for all 7 > 0, while the remaining one converges to p. Since v. — v in L*(Q,) for all
7 > 0, we obtain that v solves the equation (41) in the sense of distributions, therefore p is
uniquely determined.

Finally to prove that cap; (A N @Q7) = 0 and then p is a singular measure in the sense of
Definition 4.5 we use a remark by A. Porretta, [39], that we detail below.
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Consider Ar = ANQr, it is clear that u € C([0, T]; L' (2)) N L2([0, T]; W, %(2)) solves problem
—Au = g(z,t) = |Vul? + f(x,t) inQr
u(z,t) = 0 on 092 x (0,7,
u(z,0) = wup(z) in Q,

Let 7 < T, using Ty (u) as a test function in the above problem it follows that

/Q@k( u(x, 7)) der// VT (w)]? dedt = // (z,t)Tx(u dxdtJr/@k(uo( ) dx

where

s 1s? it |s| <k,
On(s) = / Ty(0)do =
0

ks —3k* if  |s| > k.
Thus

/Q O(ulz, 7)) dz + / / VT (w)[? d dt < (9]l (gm + ol Iz (@)-
Since O (s) > 3TZ(s), we conclude that

||Tk(u)”2L°°((O,T);L2(Q)) + ||Tk(u)||iz((O’T)’W012(9)) < C(T)k

T;
Consider wy, = %, it is clear that wy, € X = L>°((0,T); L2()) N L2((0,T); W, *(Q)) and
c(T)

lJwel)% < % Hence ||wy||% — 0 as k — oco. Using an approximation argument and by Kato

type inequality, see for instance [35], there results that
(wk)t — Awk Z 0

Therefore by using Proposition 3 in [37], we obtain z; € W such that z; > wy and ||zx||w <
[|wk||x. It is clear that z; > 1 on Ap. Hence

C(T).;s
P

capy o (A7) < |[zk|lw < [|willx < (

Letting k& — oo it follows that cap; (A7) = 0 and then the result follows. m

Corollary 4.9. There exist a unique solution to problem (11) in the class
X ={ueLi,(Q) : e? — 1€ Ly ((0,00); Wy *()}-

Proor. It is sufficient to observe that, setting v = e* — 1, then by Theorem 4.8, v solves (41).
Using (42) we get = 0. We claim that

/v(x,T)(,zSdm — /(e“o(m) —1)¢dx as T — 0 for all ¢ € C1(Q), p|aq = 0.
)

Q
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From the regularity result of Theorem (3.2) we know that e* € L>°(0,7; L*(Q2)). Let ¢ € C1(Q)
be such that ¢|an = 0, since e? —1 € L2 ([0, 00); W, *(€2)), then using Theorem (3.2), and by
an approximation argument, we can use e" ¢ as a test function in (11). Hence it follows that

/e“(w’T)qux—i—/ /e“VquSda;dt:/ /e“qudxdwr/euo(%dx.
Q 0 Q 0 Q Q

Since fe* € LY(Q,,) where 71 > 0, then

lim/ /e“f(bdxdt =0.
T—0 0

Q
Moreover we have

T 1 T T
/ /e“|VuHV¢|dx dt < 5/ /6“|Vu|2 dx dt +/ /e“|¢>|2dx dt - 0as7T— 0.
0 0 0
Q Q Q

Putting together the previous estimates we conclude that

/v(x,T)gbdx = /(e“(””) —1)¢dr — /(6“0("’”) —1)¢pdrasT—0
Q

Q Q
and then the claim follows. Hence v € L2_([0, 00); Wy*(€2)) solves

loc
vy — Av = f(z,t) (v+1) in Q.
with
/v(m,T)cbdx — /(e“ou) —1)¢pdx as 7 — 0.
Q

Q
The linear classical theory gives the uniqueness. B

Remark 4.10. A direct computations show that if u is a solution to problem (11), then
ug, [Vul> € W2, the dual of Wy defined in (4.3), for every T > 0.

\V4 2
jf T (1|+v)2 € W/. where v is the solution to problem (32). We
v v
refer to [23] for a complete characterization of W/..

In the same way we have

4.4. Nonuniqueness induced by singular perturbations of the initial data.

We prove in this subsection nonuniqueness for problem (11) by perturbing the initial data in
the associated linear problem with a suitable singular measure. For sake of simplicity, we limit
ourselves to the case where f(x,t) = 0. In what follows, we will denote by |E| the usual Lebesgue
measure RV, The main result in this direction is the following.

Theorem 4.11. Let vs be a bounded positive singular measure in €, concentrated on a subset
E CcC Q such that |E| = 0. Let v be the unique solution of problem

ve—Av = 0inD(Q)
(45) v(z,t) = 0 on 02 x (0,00)

v(z,0) = vs.
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We set u = log(v + 1), then u € L2 ([0, 00); Wy 2(2)) and verifies

w—Au = |Vul|? in D'(Q

) : Val? in D/(Q)
u(z,0) = 0.

PROOF. Let h,, € L>(f2) be a sequence of nonnegative functions such that ||h,||z1 (o) < C

and h, — v weakly in the measure sense, namely

lim [ h,(z)¢(z)dz — (vs, @) for all ¢ € C.(Q).

n— oo

Q
Consider now v,, the unique solution to problem

(o)t —Av, = 0inQ
(47) v € L} ([0,00); Wy ()
vp(x,0) = hy(z).

N 2
Notice that v,, — v strongly in L"(0, T} Wol’q(Q)) for all r and ¢ satisfying — + — > N 4+ 1 and
q r

/vn(aﬁt dx—>/h x)dx as t — 0, for all ¢ € C(9).
Q

As in the proof of Theorem 4.6, we can prove that |Vu,|?> — |[Vu|? strongly in L'(Q7) for all
T > 0, the only difference being that in this case the strong convergence of the truncates is
proved in [11].

Moreover to finish we have just to show that log(1 + v, (.,t)) — 0 strongly in L*(2) as ¢t — 0

and n — oo. .

To prove this last affirmation, take H (v, ), where H(s) =1 — e 0 <a<<1,as atest
s
function in (47), then
|V, |?
/anxT dx—l—a// 1+vn1+“dxdt H
where H(s) = [J H(o)do = s — 2~ ((1 + s)'=® — 1). Hence fQ vp(2,t)de < C where C is

positive constant mdependent of n and t. As a consequence we obtain that log(1 4 v,(.,t)) is
bounded in LP() for all p < co uniformly in n and ¢.
By the strong convergence of T vy, then for small ¢ > 0 we get the existence of n(e) and
7(g) > 0 such that for n > n(e) and t < 7(¢), we have

|an|
4 <e.
(48) //1 T+ 0)? s drds <e¢

Since v is concentrated on a set E CC 2 with |E| = 0, then for £ € (0,1) [[I have added ¢ < 1]]
there exists an open set U, such that E C U, C Q and |U| < ¢e/2.

Without loss of generality we can assume that supp h,, C U for n > n(e).

Let ¢. € C°(RY) be such that 0 < ¢. <1, ¢ = 1 in U, supp ¢ C O, and |O,| < 2e.
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Consider w,, the solution to problem
o —Aw. = 0in Q,
we(x,t) = 0on I x (0,00),
we(z,0) = ¢ ().
It is clear that 0 < w. <1,
w. — 0 strongly in L*(0, 00); W, *(Q)),
w, — 0 strongly in C([0,00); L*(Q)),

( and % — 0 strongly in L2(0,00); W=12(Q))).

For t <7 =7(¢e), we set we(x,t) = w(x,7 — 1), using T

follows that

2
/log(l + v (z, 7)) We(z, 7) d — // _Vonl” We dx ds = /log(l + hp)We(x,0) dz.
Q

as a test function in (47), it
Up

(1+v,)?
Using (48) and the properties of w,, we get

/ log(1 + v, (x,7))dx < e+ /1og(1 + hp) We(x,0)de < e+ /log(l + hy) dx
ve Q Q
It is clear that we can obtain the same estimate for any ¢ < 7(g). Since supp h,, C U;, then

/log(l + hy)dx = / log(1+ hy,)dx < C’<5+/ hl/? dac) < Cle+eY?) < Cel/?,
U UE

Hence we conclude that

(49) / log(1 4 vy (z,t)) de < Ce'/? for n > n(e) and t < 7(e).

We now deal with the complement integral fQ\UE log(1 + v, (x,t)) da.

Let ¥, € C>°(RY) be such that 0 < 9. < 1, 1. = 0 in N where N is an open set such that
Ecc NccU and ¢ =1 in Q\U.. [[¢p, not ¥]]
As above, let z., the solution to problem

(ze): — Az, = 0in Q,
ze(xz,t) = 0on 92 x (0,00),
Zs(x70) = 7/%(90)

It is not difficult to see that 0 < z. < 1. For t < 7 = 7(¢), we consider Z.(x,t) = z(z, 7 — 1),

using as a test function in (47), and proceeding as above, we get the existence of 7(¢)

Ze
1+,
and n(e) such that for n > n(e) and t < 7(¢g), we have

/ log(1 4 vy (z,t)) de < C /2
Q
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and then we get the desired result.
Hence, as a conclusion we obtain that u solves (46). B

Remarks 4.12. The previous theorem can also be shown to be true under the presence of an
additional initial data vg € L'(2) and a term f(x,t) in the right-hand side. Therefore, putting
together this and the result of Theorem 4.6, the following general multiplicity result can be
proved.

Assume that pg is a positive Radon measure in @), singular with respect to the parabolic capacity
cap, o, and vy € M(f2) is a positive Radon measure in €2, singular with respect to the classical
Lebesgue measure, and let v be the unique positive solution to problem

ve—Av = f(x,t) (v+ 1)+ ps in D'(Q)

v(z,0) = wo(z)+vs,

where where f € L] ([0,00); L9(Q))), with r and ¢ satisfy the Aronson-Serrin hypothesis (26),

loc

and vy € L*(Q). If we set u = log(1 + v), then u solves

w—Au = |Vul*+ f(z,t) in D'(Q),

u(z,0) = log(l+ vo(x)).

5. THE CASE OF INCREASING 3

We will now consider problem (1), where f is a nonnegative function in L (Q) and

B+ 0,00) — [0,00)

is a continuous nondecreasing function, not identically zero. We set

t ¢
(50) 1) = [ als)as. v = [ s,
and we define
v(z,t) = U(u(x,t)).

Then problem (1) becomes

ve—Av = f(z,t)glv) inQ
(51) v = 0 on 99 x (0, 0)

v(z,0) = P(up) in Q,

where

(52) g(t) =T =1 4 /otﬁ(\Il_l(s)) ds.
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The main properties of the continuously differentiable function g : [0, 00) — [0, c0) are:

(1) ¢(0) =1, and g is increasing and convex

g(s) -1

@ m St ) = o)
(53) (3) Jim @ = Jlim B(s) € (0,00]

> ds
4 / —— = +00; indeed
S e

*ds ™ ds meV(t)dti
o 9s) Sy ooy f, e T

Proposition 5.1. Assume that g verifies the assumptions above and that f is a bounded
function. Let vy be a bounded positive function, then there exists a unique positive solution

v € L2 (Q) to problem

loc

ve—Av = f(x,t)gv) nQ
(54) v = 0 on 082 x (0, 00)
v(z,0) = wvo(x) in Q2.

Therefore problem (1) has at least one positive solution u such that ¥(u) € LS (Q)NLE .
and u(z,0) = U1 (vg).

PRrOOF. The proof is trivial, using a sub/super-solution argument, considering a super-solution
of the form w = w(t). By (4) in (53) all solutions of (54) with bounded data are bounded in
Q. Since g is locally Lipschitz, the uniqueness follows directly by using Gronwall’s inequality.
|

In order to obtain a global solution for unbounded initial data and a measure source term,
we will assume the following structural hypotheses on g, which is satisfied by all elementary
functions B(u):

(55) g(s) < (14 sA(log™ s)), for every s >0,

where log* s = max{log s, 1}, and A(%) : [0,4+00) — [0, +00) is a continuous, increasing function
such that
(1) A satisfies the so-called Ay condition, that is,

(56) A(2t) < EA(t) for all t >t

for some positive constants k and tg;
(2) A is at most slightly superlinear, in the sense that

“+o0 s
(57) / £L>_+m.

([0, 00); Wo*(€2))
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The following existence result is proved in [18].

Proposition 5.2. Assume that g verifies (55), (56) and the (57) condition. If vo € L(Q), and
W is a positive measure in Q which is bounded in QT for every positive T, then there exists a

function
v € Lise([0,00); L'(2)) N L]

e((0,00); Wy (€2)) N Lo (2 % [0, 00))
for every g < 1+ ﬁ and for every o <1+ %, such that
a) For every § < 3, |v|° € LE ([0, 00); H} () ;
b) For allk >0, Tyv € L2 ([0,00); H} (),
which is a weak solution to
ve—Av = f(x,t)glv)+p  inQ
(58) v = 0 on 90 x (0, +00)
v(z,0) = wvo(x) in €,
Moreover, if u =0 and vo € L?(2), then
v € C([0,00); L*(€2)) N Lije ([0, 00); Wy *(92)).
Finally, if g satisfies
2
(59) l9(s1) = g(s2)l < C (L [s1 "+ [s2") [s1 = s, O << &,
for every s1, s2 € R, then the weak solution of (58) is unique.
Remark 5.3. The assumptions (55), (56), (57) and (59) are satisfied in all the model cases (for
instance in the case where (3(s) is a power, an exponential, or a finite iteration of exponentials,
however we do not know whether they hold for every choice of 3.

5.1. Regularity and existence of weaker solutions. Assume that f € Llloc(@) is a non-

negative function. Let us consider a distributional solution u of problem (1) in the sense of
definition 2.1. We start with the following regularity result.

Proposition 5.4. Assume that u(x,t) is a distributional solution of problem (1), where f €

L}, .(Q) is such that f(x,t) >0 a.e. in Q. Then
(60) /\I/(u(x,t)) d(z) dz < oo, a.e for every t >0,
Q

where U is defined as in (50).

ProoOF. It suffices to consider the function
ve = H.(s) = / e’ do
0

and to follow the lines of Proposition 3.1, using the inequalities

c(e)

B(s)H.(s) —H!(s) >0, |H"(s)] < Atesp
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As a consequence and using the same type of computation as in the proof of Theorem 3.2 we
get the following main regularity result.

Theorem 5.5. Under the same hypotheses as in the previous Propositions, for all T > 0 we

have
(61) // B(u) |Vul? ™ dzdt < co,  foralld <1,
Q-
(62) / fe'™dedt < oo,
Q-

(63) // B(u el+sw(u)

(64) /\I'(uo(:c)) dr < 00,

Q

Vul? ( ) dedt < C(1) wuniformly in e,

(1+ 67( )?

and finally
(65) U(u(z,t)) € Lis([0,00) ; L'(Q))

PrOOF. It suffices to follow the lines of the proof of Theorem 3.2: first one takes ¢(z,t) (ks (u(z,t))—
1) as test function in (1), where ¢(x, ) is the solution of problem (20), and

S y(s)

kse(s) =eTr@™ | §<1.

Using the inequality (60) and passing to the limit as & — 0, one obtains (61)— (64). Then one
multiplies by k1 . (u(x,t)) w(x,t), with w(z,t) satisfying (3), to obtain (65). B

5.2. Existence and multiplicity result. The main result of this subsection is the following.

Theorem 5.6. Let s be a bounded, positive, singular measure on @Q such that us(Qr) is
bounded for every T > 0. Let v be a solution to problem

—Av = f(z,t)g(v) + ps in D(Q)

) Ve Li(0,00)s LA(@) N £ (0. 50 WL ()
flz,t)g(v) € Li(Q)
v(z,0) = wvo(x) € LYQ),
for all (r,q) such that
q,r>1, E+2>N+1.
q T
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If we define u = U=1(v), where W is given by (50), then u solves

—Au = Bu)|Vul? + f(z,t) in D'(Q)
o wo€ LR (0,000 W)
6(u)|vu|2 € loc( )
u(r,0) = wp(x) =¥ H(ug(z)).

PROOF. We begin by proving that 3(u)|Vu|? € Li (Q). Let {h,} be a sequence of a bounded
positive function such that h,, — ps in Mo(Qr) for every T' > 0. Let v,, be the unique solution
to problem

(o)t — Av, = To(fg(v)) + hp(x,t) in Q

(68) vn € Li([0,00) Wy (2))

vn(x,0) = Th(vo(x)).
Notice that v, — v in L"(0,T; Wy?(€2)) and ||Tkvn||L2(o,T;W(}v2(Q)) < Ag for all T > 0 and
k> 0. Fix T > 0. By taking g(v()) as a test function in (68), we obtain that

g\Un

/h(vn(x,T))dxf/ vo(x dm+// Un |an| dx dt < C(T),
Q T on)

8 -1
where h(s) = / glo) —1 do < s. Hence using Fatou’s lemma we get

g(o)
2
/ B(u) |Vul? dz dt = // (v ‘W| de dt < O(T).

Qr T (g(v

Notice that by taking w, = 1 — W as test function in (68), we obtain that, for every
g(Un
0 >0,
vn |V”Un\2 )\V |2
T T

Since ¢'(s) = 6(\11 ( )), the hypothesis on 3 implies ¢’(s) > C; > 0 for s large enough; recalling
that Tyv, is bounded in L?(0,T; VVO1 2(Q)) for every fixed k, we conclude that, for every § > 0,

|Vu,|? Vo2
//T ) 1+6d xdt < C(T,0) and then // ﬁdxdtSC(T,(S).

We set u, = ¥~1(v,), then by a direct computation one can check that

Tn(fg(v)) hn . /
o) gl mP@

(un)t — Ay, = /B(un)|vun|2 +

29
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T (f g(v))
g(vn)

the fact that |Vu,|=

Notice that — fin LY(Qr) and u,, — u in L*(Q7). (The last estimate follows by

|V,
g(vn)

is bounded in L?(Q7), hence u, — v in L*(Qr)).

We claim that
IS

9(vn)
We prove the claim, assume that A is a set of zero capacity such that p ’ or is concentrated on

A, and find an open set U, D A and a function 1. € W such that ¢, > Xy and ||¢e]|lw < e.
Let m(s) be the function defined in (4.3). Integrating in time and using a Picone-type inequality

(see [3]), we obtain
4¢? Z/Wm( )|2dx>/wm2(w5)dx

~0 inD(Qr).

n+1
Q
b,
> _
/Un-l-l (e) dz e) dx
Q Q
ZC/ i pe) de .
g(vn
Q Q

Hence, after integrating in time,

(69) //U ndmdt<4e+ﬂ/ &(1 + v (2, T)) m (e (2, T)) do

+ 2// log(1 4 vp,) m/ (1) m(ve) ¥l dz dt .

The last two integrals in (69) can be estimated exactly as in the proof of Theorem (4.6), and
the claim (5.2) follows easily. Finally, by a direct adaptation of the argument used in proof of
Theorem 4.6 we can prove that

g'(wn) [Von|?
(9(vn))?

Hence we conclude that u is a solution to problem (67), moreover u € C([0,T]; L(Q)), which
shows that the initial datum is ¥~ (vg). m

| 2

Blutn) [V 2 = ) [uf? = FTEE stwonly in £1(Qr).

Let consider now the inverse problem, namely we have the next result.

Theorem 5.7. Let u € C([0,00); LY(Q)) N L3 ([0,00); Wy *(2)) be a solution to problem
(1), with B(u)|Vul? € LL (Q) and f € L2.(Q), is a positive function. Let v = U(u), then
v € Ll (Q) and there exists a bounded positive Radon measure s, singular with respect to

cap o—capacity, such that v solves

—Av = f(z,t) g(v) + s in D'(Q).
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Moreover us can be characterized as a weak limit in the space of bounded Radon measures, as
follows:

1
(1+ey(u))?
Proor. We set v = ¥(u), then by the regularity result of Theorem 5.4 we obtain that v €

L .(Q). Using the estimate (63), we can extract a sequence of vanishing values of ¢ such that

()
ps = lin%)e“:“(“) Bu) [Vul® <1 - ) in Q7 for every T > 0.
e—

v (u) 1
They(m) 2 (1 — 7) dx dt s
eFer@ B(u) |Vul (T o9 (u) 2 T Al — fhg
where p; is a positive Radon measure defined in Q7 for all T' > 0. Since
y(u) 1
e+ G(u Vu2(1—7>dxdt—>0ase—>0,
/. W1Vl (1~ o

then ps is supported in the set A = {z € Q : u(x) = co}. The rest of the proof consists in
taking

u(x,t) (s
vo(,t) = / eTTE @ ds € L0, T; Wh2(9),
0

and in following the same arguments as in the proof of Theorem 4.8. B

Remark 5.8. Notice that if 8 € L'[0,0), then necessarily the measure ys defined in (5.7) is
equivalent to 0. This result follows using the fact that y(s) < [~ 8(c)do and that

(u) 1
lim // B(U)\Vu|2el+1ﬂ“> <1 — ) ¢dxdt =0 for all ¢ € C§°(Qr).
=0/ Jo, (1+evy(u))? 0

Moreover if 3 € L[0,00) N L*°[0,00), then g is a Lipschitz function, hence problem (5.7) with
s = 0 has a unique positive local solution, thus problem (1) has a unique local solution. In the
elliptic case, the uniqueness result under this condition on § was obtained in [29].
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