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Mean-field Sparse Optimal Control?

“Ultimately it would be good to have a theory that combined both the
collective behaviour of a large number of “ordinary” agents with the decisions
of a few key players of unusually large (relative) influence — some complicated
combination of PDE and game theory, presumably — but our current
mathematical technology is definitely insufficient for even a zeroth

approximation to this task”.

— Terry Tao, January 7, 2010
https://terrytao.wordpress.com/2010/01/07/mean-field-equations
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Technical assumptions

(K)

The function K € C*(R% RY) is odd and sublinear, i.e., there exists
Ck > 0 such that for all x € R? it holds

KGN < Cre(L+Ix]])-

The function L : R x P1(RY) = R is

L(y,p) = /Rdf (y,x,/ﬂu) du(x),

with £ € C?(R™ x RY x R?;R) and Q € C*(R?; RY).
The function g € C*(R™™; C*(RY; RY)) satisfies for all x € R? and all
y e Rdm
g(")(x) - x < Gillx>+ G max_ |yl + G,
where the constants Gi, G» and Gs are independent on x and y.

For each k = 1,..., m, the function fi € C*(R?"; RY) satisfies for all
y € Rdm
f(y) -y < Fi max iy + F,

where the constants F; and F, are independent on y and k.
The set U C RP is compact and convex.
The function v : U — R is strictly convex.
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The finite particle sparse optimal control model
For T > 0 fixed, find u* € LY([0, T];14) minimizing the cost
functional

.
Fue) = [ L), in(e) + 2 (u(e))] .
where (y, un) solve

{ykzkzj”_lK(yk—x,-)+fk(y)+Bku, k=1,...,m

ki:%z:‘;\lle(X;—)g)—l—g(y)(X,'), i=1,...,N,
for the given initial datum (y(0), x(0)) = (y°, x°) € R9™ x RIN,
where

1 N
an(£)x) = 5 D2 8(x = (),

is the empirical measure centered on the trajectory

x(-) = (al), - xn(+))-
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Corresponding sparse mean-field optimal control

For T > 0 fixed, find u* € L1([0, T];U) minimizing the cost
functional

)
- /0 [L(y(t), 1(£)) + 1 (u(£))] o,

where (y, i) solve

{)’/k(t) = (K p(0)(y(t)) + fi(y(t)) + Bru(t), k=1,....m,
t

+
Oepul(t) = =V - [(K % p(t) + g(y(t)))u(t)],

for the given initial datum

(y(0), 1(0)) = (y°, 1°) € RI™ x P(RY).
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Mean-field optimal control

Definition

Let (y°, u%) € R9™ x P.(RY) be given. A optimal control u* for
the oo-dimensional OC with initial datum (y°, 10) is a mean-field
optimal control if there exists a sequence (u})nen C LY([0, T];U)
and a sequence (u%)nen € Pc(RY) such that

> forevery Ne N, uQ,(-) i= LM (- — ?n) is a sequence of

empirical measures for some XBN € supp(u°) + B(0,1) such
that M?v — 1% weakly* in the sense of measures;

» for every N € N, uy, is a solution of the finite dimensional OC
with initial datum (y°, u%));

> there exists a subsequence of (ujy)nen converging weakly in
LY([0, T];U) to u*.
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[ -convergence

Theorem (F., Rossi, Piccoli,'14)

Consider an initial datum (y°, u°) € R9™ x P1(R?), and a
sequence (1) nen, where 1S, is as in Definition. Then the
sequence of functionals (Fn)nen on X = LX([0, T];U) T-converges
to the functional F. In particular, there exist mean-field optimal
controls in the sense of Definition.



PMP mean-field convergence

Theorem (Bongini, F., Rossi, Solombrino, ‘16)

Fix an initial datum (y°, u°) € R x P(R?). If u* is a mean-field optimal
control and (y*, u*) is the corresponding trajectory, then (u™,y™, u*) satisfies
the following extended Pontryagin Maximum Principle:



PMP mean-field convergence

Theorem (Bongini, F., Rossi, Solombrino, ‘16)

Fix an initial datum (y°, u°) € R x P(R?). If u* is a mean-field optimal
control and (y*, u*) is the corresponding trajectory, then (u™,y™, u*) satisfies
the following extended Pontryagin Maximum Principle:

There exists (g*(+),v*(+)) € Lip([0, T]; R™ x P1(R>?)) such that



PMP mean-field convergence

Theorem (Bongini, F., Rossi, Solombrino, ‘16)

Fix an initial datum (y°, u°) € R x P(R?). If u* is a mean-field optimal
control and (y*, u*) is the corresponding trajectory, then (u™,y™, u*) satisfies
the following extended Pontryagin Maximum Principle:

There exists (g*(+),v*(+)) € Lip([0, T]; R™ x P1(R>?)) such that

> there exists Rt > 0, depending only on y°, supp(u°), m, K, g, fx, B, U,
and T, such that supp(v*(-)) C B(0, Rr) and it satisfies
mipv*(t) = p*(t) for all t € [0, T];



PMP mean-field convergence

Theorem (Bongini, F., Rossi, Solombrino, ‘16)

Fix an initial datum (y°, u°) € R x P(R?). If u* is a mean-field optimal
control and (y*, u*) is the corresponding trajectory, then (u™,y™, u*) satisfies
the following extended Pontryagin Maximum Principle:

There exists (g*(+),v*(+)) € Lip([0, T]; R™ x P1(R>?)) such that

> there exists Rt > 0, depending only on y°, supp(u°), m, K, g, fx, B, U,
and T, such that supp(v*(-)) C B(0, Rr) and it satisfies
mipv*(t) = p*(t) for all t € [0, T];

> jt holds

y;: :vquC(y*aq*7V*’u*)7
q; = —Vkac(y*7q*7V*7U*)a
O = Ve (UVuHely " v u ),

*

u* = argmaxyey He(y™, ", v", u),
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PMP mean-field convergence
> J e R¥*% is the symplectic matrix
0 1Id
/= ( “1d 0 ) ’
the Hamiltonian H. : R**™ x P.(R*) x R®? — R is defined as

H(Y7qyl/7 U) if supp(l/) C B(07 RT)7

+o00 elsewhere;

Hc(y,q,v, U) = {
and H : R*™ x P.(R*) x R — R is defined as

H(y, q,v, u) :% /Rw(r —r') - K(x — x")dv(x, r) dv(x', r')

+ [ re0)ednxn + Y [ a K= x) dutxn)

m

+ > k- (fly) + Bew) — Ly, mgv) — y(u).
k=1
> y*(0) = y° and v*(0)(E x R?) = 1u°(E) for every Borel set E C R?,

> g*(T)=0and v*(T)(R? x E) = 8(E) for every Borel set E C R?,
where dg is the Dirac measure centered in 0.
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Remarks

» (y*, g*,v*) is essentially an Hamiltonian flow in the
Wasserstein space of probability measures with respect to
state and adjoint variables with Hamiltonian H, in the sense
of Ambrosio-Gangbo.

» This fact is remarkably consistent with the state dynamics,
since both are flows in a Wasserstein space.

» This formulation of the optimality conditions making use of
the formalism of subdifferential calculus in Wasserstein spaces
of probability measures constitutes one of the novelties of the
work.
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Proof strategy

» The extended PMP is derived after reformulating the
finite-dimensional PMP in terms of the empirical measure in
the product space of state variables x; and adjoint variables
pi, defined as

N
1
vn(x,r) = N Z d(x — xi, r — Np;).
i=1

» Notice that rescaling the adjoint variables p; by the number N
of agents is needed in order to observe a nontrivial dynamics
in the limit;

» A final explicit hard computation is done to verify that the
mean-field limit dynamics of the PMP coincides with the
symplectic (Wasserstein)-gradient flow of the Hamiltonian.
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Mean-field optimal control without isolated leaders

We consider here mainly large particle/agent systems of form:
T
dii = | > K(xi,x)(xj— xi) | dt + fidt + V20 dBf, i=1,...,N,
j=1

where K(-,-) represents the communication function between
agents x; € R and B,-t is a d-dimensional Brownian motion.

One can use the model for d =1 and x; € | = [—1, 1] to formulate
opinion models, where x; represents an opinion in the continuous
set between two opposite opinions {—1,1}.

According to the choice of the communication function K(-,-),
consensus can emerge or not, and opinion control is of interest.



Mean-field optimal control without isolated leaders

The control

T1 X
L3S (Gho =72+ vt ) o).
i=1

where X represents a target point, v is the penalization parameter
of the control g, which is chosen among the admissible controls in
U, and ¥ :R? — Ry U{0} is a convex function.

f= inJ(x,g) =E
argmin J(x. )
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Mean-field optimal control without isolated leaders
As the number of particles N — oo, the finite dimensional optimal
control problem with SDE constraints converges to the following
mean field optimal control problem!:

Op+ V- (Klp] + F) p) = oBp, (1)

where the interaction force KC is given by

Kl0) = [ Kxan)ly =ty ) dy )
and the solution p is controlled by the minimizer of the cost
functional

/1
J(p, ) = / (2 / Ix — X|?u(x, t) dx + v/lll(f)u(x, t) dx) dt.
0

(3)
!D. Lacker. Limit theory for controlled McKean-Vlasov dynamics. SIAM J.

Control. Opt. 2016;

M. Fornasier and F. Solombrino, Mean field optimal control, ESAIM: COCV,

2014




Deterministic case: ¢ =0

Definition
For a given T and g € [1,00), we fix a control bound function
€ L90, T). Then f € Fy([0, T]) if and only if
(i) f:RY x [0, T] — R9 is a Carathéodory function.
(i) f(-,t) € WL°(R9) for almost every t € [0, T].

(iii) |F(0, t)| + |If (-, t)|lLip < £(t) for almost every t € [0, T].
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» Finite dimensional optimal control problem:

neu;_\ J(x, f) := fr’gljgZ /T L Z( — X v(f (Xi,t))) dt, (4)

where x; is a unique solution of

N
. 1 .
X":NE K(Xi7xf)(XJ'7X")+f(Xi7t)7 i=1---, N, t>0 (5)

» Infinite dimensional optimal control problem:

(T /1 -
in (e £)i= i [ (5 [ b= xR 40 [ w0 () ) e

(6)
where 1 € C([0, T]; P1(RY)) is the unique weak solution of

Orfir :V'((K[ﬂt]+f)uf)7 (X7 t) € R? x [O» T]v

7
Klpd() = [ Kxoy)y = xhueley). "
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Deterministic case: ¢ =0

Theorem (F. and Solombrino, ‘14)

Let T > 0. Suppose that K € WE>°(R??) and W si such that for
1<g< o

Lip(V, B(0,R)) < CR™* forall R > 0.

Assume that {x°}" | c B(0, Ro) for Ry > 0 independent of N. For
all N € N, let us denote the control function fn € Fy as a solution
of the finite dimensional OC. If there exits g € Pc(R?) such that
My oo Wl(uév, o), then there exists a subsequence (ftNk)keN
and a function f° such that ftN" — ° weakly. Moreover, f>° and
the corresponding 17° are solutions of the co-dimensional OC.

The proof follows by a combination of a I'-limit and mean-field
limit.
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introduce:

V= L%(0, T; HY(Q))NAY 0, T; H71(Q)), and H Y(Q) = HY{(Q),
and the set of admissible controls

Qu = {lIfll e, =) <M : fel?0,T;L¥(Q))},
for a given M > 0.



Stochastic case: 0 > 0

Let Q denote an open, bounded, smooth subset of R. We
introduce:

V=120, T; HY(Q)NH*(0, T; H-Y(Q)), and H 1(Q) = HY(Q),
and the set of admissible controls
Qu == {IIfll2(0,7:1(0)) < M : f € L0, T; L>(Q))},
for a given M > 0.The OC problem reads:
. [T/ _
fmin J(u, f) := frgg;ﬂ/o (E/QIX*XW(X, t) dX+7/§2W(f)u(x, t) dX) dt,
(8)

where 1 is a weak solution to the following parabolic equation:
Oepe + V- (K[plp + fu) = oAy, (x,t) € Qr :=Qx [0, T], (9)



Stochastic case: ¢ > 0
Let Q denote an open, bounded, smooth subset of R. We
introduce:

V=120, T; HY(Q)NH*(0, T; H-Y(Q)), and H 1(Q) = HY(Q),
and the set of admissible controls
Qu == {IIfll2(0,7:1(0)) < M : f € L0, T; L>(Q))},
for a given M > 0.The OC problem reads:
. [T/ _
fmin J(u, f) := frgg;ﬂ/o (E/QIX*XW(X, t) dX+7/§2W(f)u(x, t) dX) dt,
(8)

where 1 is a weak solution to the following parabolic equation:
Oepe + V- (K[plp + fu) = oAy, (x,t) € Qr :=Qx [0, T], (9)
with the initial data
(-, 0) = po(x) x € Q,



Stochastic case: ¢ > 0
Let Q denote an open, bounded, smooth subset of R. We
introduce:

V=120, T; HY(Q)NH*(0, T; H-Y(Q)), and H 1(Q) = HY(Q),
and the set of admissible controls
Qu == {IIfll2(0,7:1(0)) < M : f € L0, T; L>(Q))},
for a given M > 0.The OC problem reads:
. [T/ _
fmin J(u, f) := frgg;ﬂ/o (E/QIX*XW(X, t) dX+7/§2W(f)u(x, t) dX) dt,
(8)

where 1 is a weak solution to the following parabolic equation:
Oep+ V- (Klplp + fu) = olp,  (x,t) € Qr:=Qx[0,T], (9)
with the initial data
(-, 0) = po(x) x € Q,
and the zero-flux boundary condition

(eVu — (K[p] + f)p, n(x)) =0, (x,t) € 02 x [0, T],



Stochastic case: 0 > 0

Theorem (mathematical folklore)

For a given T,M > 0, let us assume po € L?(Q2). Furthermore, we
assume that K € L>°(Q?) and V satisfies that for all R > 0

Wh(w, B(0,R)) < CR,

for some C > 0. Then there exist f*° € Qu and the corresponding
density 1 solving the OC.



Stochastic case: 0 > 0

Theorem (mathematical folklore)

For a given T,M > 0, let us assume po € L?(Q2). Furthermore, we
assume that K € L>°(Q?) and V satisfies that for all R > 0

Wh(w, B(0,R)) < CR,

for some C > 0. Then there exist f*° € Qu and the corresponding
density 1 solving the OC.

One rigorous and simple proof based on the direct method is
reviewed in the survey:

G. Albi, Y.-P. Choi, M. Fornasier and D. Kalise. Mean field control hierarchy,
to appear in Applied Mathematics and Optimization (special issue on
Mean-Field Games)
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Rigorous derivation of first order optimality
Let X and Y be Banach spaces, and let a functional
J:U(x*) € X = R and a mapping G : U(x*) C X — Y be
continuously differentiable on an open neighbourhood of x*.

Consider:
J(x) = inf, G(x)=0. (10)

Theorem (Lagrange multiplier theorem in Banach spaces)

Let x* be a solution and let the range of the operator
G'(x*) : X = Y be closed. Then there exists a nonzero pair
(A, p) € R x Y’ such that

L (x* A\, p)(x)=0 forall x € X,

where
L(x, A, p) = M(x) + G(x)(p)-

Moreover, if Im G'(x*) =Y, then A # 0 in the above, thus we can
assume that A = 1.



Rigorous derivation of first order optimality

In order to apply the above theorem, we set

X=VxL?Q7), Y=L0,T,HYQ),

I, f):/OT <;/Qx—>_<|2,u(x, ) dx—I—’y/Q\IJ(f)u(x, ) dx) dt,

Gy, F)(t / / Det) pu ddt + / / Vb - (K[ul) dxdt

+/O /QVQp-(fu)dxdt—a/o /Qw-wdxdt,

for v € Y = L2(0, T; H3(Q)).
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Theorem (mathematical folklore: mean-field OC system)

Let (u*,f*) € V x Qum be a solution to the OC. Suppose that
there exists a piy > 0 such that p* > py for all (x,t) € Qr. Then
there exists {* € Y’ such that
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Rigorous derivation of first order optimality

Theorem (mathematical folklore: mean-field OC system)

Let (u*,f*) € V x Qum be a solution to the OC. Suppose that
there exists a piy > 0 such that p* > py for all (x,t) € Qr. Then
there exists {* € Y’ such that

G, (W £ ), ") = J(u", F*)(v), forall veV,

/ * * * U * * 2 (11)
Gf(lu’ 7f )(g71/) ):Jf(u 7f )(g)7 for all g€ L (QT)

One rigorous and simple proof is reviewed in the survey:

G. Albi, Y.-P. Choi, M. Fornasier and D. Kalise. Mean field control hierarchy,
to appear in Applied Mathematics and Optimization (special issue on
Mean-Field Games)
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that p is bounded from below by some positive constant until the
fixed time T.



Rigorous derivation of first order optimality

Let us comment the positivity principle on the existence of puy, > 0
such that p* > py for all (x, t) € Qr.

If we assumed that jig, f, P € C? and pg is bounded from below by
a positive constant, then by Feynman-Kac formula, we can show
that p is bounded from below by some positive constant until the
fixed time T.

We have only numerical evidence of the persistent positivity more
in general.



Rigorous derivation of first order optimality

Formally, forward-backward system in strong form:
1
O + 5lx = X2+ (W(F)=VU(F) - ) + o B”

+ /Q (K(x, y)Vi™ (x, t) = K(y, x)Vi™ (v, 1)) - (v = x)u"(y, t) dy = 0,
Oep” + V- (K[p'] + F)u*) = o Ap”

V() = —%w*.




Rigorous derivation of first order optimality

Formally, forward-backward system in strong form:
1
O + 5lx = X2+ (W(F)=VU(F) - ) + o B”

+ /Q (K(x, y)Vi™ (x, t) = K(y, x)Vi™ (v, 1)) - (v = x)u"(y, t) dy = 0,
Oep” + V- (K[p'] + F)u*) = o Ap”

V(f*) = —%w*.

Uniqueness and guaranteed numerical solutions are still open problems.



Numerical approaches: mean-field control hierarchy?

The numerical solution of the mean-field optimal control system
can be approached by sweeping, grad. desc., or aug. Lagrangian

alg.:

2G. Albi, M. Herty, L. Pareschi, Kinetic description of optimal control
problems and applications to opinion consensus , Comm. Math. Scien., 2015
G. Albi, L. Pareschi, M. Zanella, Boltzmann type control of opinion consensus
through leaders. Proc. of the Roy. Soc. A., 2014.
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Numerical approaches: mean-field control hierarchy?

The numerical solution of the mean-field optimal control system
can be approached by sweeping, grad. desc., or aug. Lagrangian
alg.: computational expensive and no theoretical guarantees
(nonconvexity). More accessible alternatives? Idea: Solve the
control problem on two particles and average it over their
distribution.?

Two agents have positions x, y € Q and modify them according to

x* :X+aK(XvY)(y _X) +aUa(X>Ya t) + V20éfx,
v =y +aK(y,x)(x —y) + als(y,x, t) + V2a&”,
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Numerical approaches: mean-field control hierarchy?

The numerical solution of the mean-field optimal control system
can be approached by sweeping, grad. desc., or aug. Lagrangian
alg.: computational expensive and no theoretical guarantees
(nonconvexity). More accessible alternatives? Idea: Solve the
control problem on two particles and average it over their
distribution.?

Two agents have positions x, y € Q and modify them according to
X" =x+aK(x, y)(y — x) + ala(x, y, t) + V2ag",
v =y +aK(y,x)(x —y) + ala(y, x, t) + V28,

where (x*, y™) are the post-interaction positions, a measures the influence
strength, (£%,&”) is a vector of i.i.d. random variables with zero mean and

variance o, and U.(x, y, t) indicates a feedback control.

2G. Albi, M. Herty, L. Pareschi, Kinetic description of optimal control
problems and applications to opinion consensus , Comm. Math. Scien., 2015
G. Albi, L. Pareschi, M. Zanella, Boltzmann type control of opinion consensus
through leaders. Proc. of the Roy. Soc. A., 2014.
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Boltzmann-type equation
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First of all a Boltzmann model

We consider now a kinetic model ruled by the following
Boltzmann-type equation

81“:“’(X7 t) = QOA(:LL’ :u)(X7 t),

where

Qulp . 8) = E[ [ (Bt e t)— Buloe, 0ty ) ) o]

where (X, y.) are the pre-interaction positions that generate
arrivals (x,y).
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The collisional operator Q4(+,-) includes the expected value with
respect to £* and &Y, while J,, represents the Jacobian of the
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First of all a Boltzmann model

The collisional operator Q4(+,-) includes the expected value with
respect to £* and &Y, while J,, represents the Jacobian of the
transformation (x,y) — (x*,y*). Here B. = B(x, .)—(x,y) and

B :_B(xyy)ﬁ(x*,)_,*) are the transition rate functions. More into the
details we take into account

Bxy)—(x+y*) = mxa(xIxaly®),

as the functions with an interaction rate n > 0, and where xq is
the characteristic function of the domain .



From Boltzmann to mean-field equations
Theorem (grazing collision limit)
Fix some control Uy(x,y,t). Introducing
a =g, n=1/e,

for the binary interaction and defining by pc(x, t) the
corresponding solution, 1f(x, t) converges for e — 0 to pu(x, t)
where . satisfies the following Fokker-Planck-type equation,

Oep+ V- (Klp] + Fp) = oAp,

where the control

f(Xv t) - iy U(vav t)M(Y: t) dy.
with U(x, y, t) = lima—0 Ua(x, y, t).3

3G. Albi, Y.-P. Choi, M. Fornasier and D. Kalise. Mean field control
hierarchy, to appear in AMO (special issue MFG)
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Mean-field control hierarchy
Inspired by the BBGKY herarchy in kinetic theory: we choose the
control f(x, t), in three ways:
» Instantaneous control: in this case U,(x, y,t) is computed in
such a way that the post-collisional positions minimize the
cost function:

1(!X* = X2+ |y" = x%) + 1 (V(Ualx, ¥, 1) + ¥(Ua(y, x, 1)),

2
then

fxt) = [ Uy, Oty 1) dy.
eg., for U():=|-]?/2

U(X,% t) = lim UC!(X7.y7 t)
a—0



Mean-field control hierarchy

» Binary optimal control: U(x,y, t) is the true solution of
(just!) the N = 2 particle finite time optimal control problem
(computed by solving the Hamilton-Jacobi-Bellman equation
for 2 particles only); again

f(x,t) = N U(x,y, t)u(y, t) dy.
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Mean-field control hierarchy

» Binary optimal control: U(x,y, t) is the true solution of
(just!) the N = 2 particle finite time optimal control problem
(computed by solving the Hamilton-Jacobi-Bellman equation
for 2 particles only); again

f(x,t) = N U(x,y, t)u(y, t) dy.

This control is unfortunately NOT mean-field optimal as it
does not fully solve the forward-backward system.

» Mean-field optimal control: f(x,t) is the “true” mean-field
optimal control, solving the forward-backward system
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Applications to opinion control

uncontrolled

¢ FH oc

7=25  J(u f) = 0.8807 T, ) = 0.6079 T(i, f) = 0.5080
)
3
)
=

Hegselmann-Krause model, K(x,y) = x{jx—y|<r} (¥)-




Remarks and open issues

» From the numerical experiments, we observe that the
numerical realization of the mean field optimality system
yields the best controller in terms of the cost functional value.



Remarks and open issues

» From the numerical experiments, we observe that the
numerical realization of the mean field optimality system
yields the best controller in terms of the cost functional value.

» Feedback controllers obtained for the binary system perform
reasonably well, and provide a much simpler control synthesis.



Remarks and open issues

» From the numerical experiments, we observe that the
numerical realization of the mean field optimality system
yields the best controller in terms of the cost functional value.

» Feedback controllers obtained for the binary system perform
reasonably well, and provide a much simpler control synthesis.

» A proof of a convergence of a hierarchy is open: is there a
form of BBGKY hierarchy for controls?



A few info
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