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The thin film equation with "backwards" diffusion (v = +1)
(1) ut + {un(ua:a:a: +vu™ " Muy — AUM_nuJJ)}SC =0, v==x1,n>0,M>m,A >0,

describes
(i) the evolution of thin viscous films in the presence of gravity and thermo-capillary effects,

(i) the thin film equation with a "porous media cutoff" of van der Waals forces.

We study (@) with u,(Fa,t) = uzee(£a,t) = 0if u(ka,t) > 0, and ug € H'([—a, al),

proving

(a) Global existence of weak nonnegative solutions whenm —n > —2and A > 0 or
v=—1,andwhen -2 <m-—-n<2, A=0,v=1.
(b) Strong entropy solutions under the additional constraint: m —n > —3/2ifv = 1.

(c) Finite speed of propagationwhenm > n/2, if0 <n <2, v=1,0rif2<n < 3,v = +1.
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Some background:

The thin film equation (Greenspan, 1978)
(2) ut + {un (uacacac)}ac =0, n>0,

whose analysis was pioneered by Bernis & Friedman (1990), and

Beretta, Bertsch & Dal Passo (1995), Bertozzi & Pugh (1996), models

(i) the dynamics of thin viscous films with no slip boundary conditions with n = 3,

(i) Hele-Shaw flow with n = 1.

Often (2) needs to be augmented with various lower order terms in order to take into account
the presence of additional physical effects, and certain such equations shall be considered

here. See Oron, Davis & Bankoff (1997) for a survey and review.
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Some physical systems which we accommodate in our analysis:

(7) the evolution of thin viscous films in the presence of gravity and thermo-capillary effects
(3) ut + {u” (Ugrr + 0™ "ug — AuM_”um)}x =0, A>0,0<n, m<M,

as well as the more accurate variant of (3),

By

’U,(l + BQ’U,)27 GaBlaBQ > 07

(4) ut + {U/n (U/xxx + h/(u)ux)}x = 0, h/(u) = —vG +
where 7 = +1(—1) represents stabilizing (destabilizing) gravitational forces.

The value of n reflects the assumptions on the slip conditions at the interface of the thin film

with the underlying substrate, with n = 3 modeling no slip and 0 < n < 3 modeling various

types of slip.
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(i¢) The equation
(5) ut + {Un (Uxxa: + h/(u)ux)}x — O,
can describe

(a) the evolution of a thin viscous film with attractive polar forces, if h(u) = —bie—%/?2 and

b1,b2 > 0, and

(b) the evolution of a thin viscous film with attractive van der Waals forces, if h(u) = Bu~?,

when b > 0, B < 0, and B is a (negative) Hamaker constant.
When lim,, | o h'(u) > 0 (< 0), h(u) is said to represent limiting attractive (repulsive) forces.

Equation (§) can reflect a combination of attractive and repulsive forces.
The limiting power m = lim,, | o uh’(u)/h(u) can assume both positive and negative values

in modeling various forces.
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(i4¢) The Hocherman-Rosenau equation (1993)

(6) ut + {f (W) uzze + g(u)ug) e = 0,

was proposed as a generalization of the cylindrical Kuramoto-Sivashinsky equation,

which models low Reynolds number two phase cylindrical flows.

Equation (6) with f(u), g(v) > 0 has been a prototype equation for studying the relative
strength of the second and fourth order terms in determining blow up, Bertozzi & Pugh

(1998).

Setting f(u) = u™ and g(u) = u" or g = h/(u) with A/ (u) > 0 yields (§) with "limiting

attractive forces."

o -
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Issues of interest regarding

and

(i) ue + {u™ (Ugze + vu™ Uy — AuM_num)}m =0, A>0,v==l1.

ug > 0= u(x,t) > 07 up > 0= u(x,t) > 07
Solutions which "touchdown" (vanish)?

Solutions with u(x,t) = 0 on a set of positive measure?
Speed of propagation of support of the solution?

Contact angles? (and regularity of solutions....).

© o o o o 0

Global existence? or possibly blow up? or rupture?

R

Special solutions: self-similar solutions, traveling waves, steady states.
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For the thin film equation:

=

Nonnegative data = nonnegative solutions, 0 < n (energy/entropy estimates).
Existence (nonexistence) of source type solutions, 0 < n < 3 (n > 3).

At the contact line, (zg — z)2 for0 < n < 3/2, (zg — )3/ for 3/2 < n < 3.
Existence of strong (C' for a.e. t > 0) nonnegative solutions (entropy estimates),
with the regularity of source type solutions.

Positivity properties depend strongly on n, "touchdown" possible for small n.
Solutions become positive in finite time, and u(x, t)t—oco = .

The nonconstant steady states: (z — a)™ (b — z)™, which are not strong solutions.
Finite speed of propagation of the support of strong solutions, 0 < n < 3.

Measure valued initial data, waiting time phenomena, higher spatial dimensions.

-
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For: w; + {u"(ugppr — 4" "uy) by = 0

=

Nonnegative data = nonnegative solutions, 0 < n, —1 < m.

Existence (nonexistence) of source type solutions, 0 < n < 3 (n > 3), ifm = n + 2.
At the contact line, (zg — z)2 for 0 < n < 3/2, (zg — )3/ for 3/2 < n < 3.
Existence of strong (C! for a.e. t > 0) nonnegative solutions,

with the regularity of source type solutions.

Solutions become positive in finite time, and u(x, t)t—co = .

Touchdown steady states with non-zero contact angle exist if m — n > —2.

Positivity, touchdown properties depend strongly on n.

Finite speed of propagation m > 0, 1/8 < n < 2, infinite speed of propagation if

m<0, -2<m-—n<-—3/2.

Waiting time phenomena, higher spatial dimensions.
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For: Ut + {un(ua:‘xx —+ um_nux)}x, —

s

°
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Longstanding interest in rupture and blow up, (m > n+2; m > 3,n = 1).
Nonnegative data = nonnegative solutions, 0 < n < 3, n < m < n + 2,

(m > n as a conjectured "well-posedness condition").

Existence (nonexistence) of source type solutions, 0 < n < 3 (n > 3), ifm = n + 2.
At the contact line, (zg — )2 for 0 < n < 3/2, (zo — z)3/™ for 3/2 < n < 3.

Existence of strong (C! for a.e. ¢t > 0) solutions,0 < n < 3, n < m < n + 2, with the

regularity of (thin film) source type solutions.

A rich set of steady states, with both zero and non-zero contact angle.
Finite speed of propagation, 0 < n < 3, n < m <n + 2,

Existence of self-similar rupture solutions.

Blow up self-similar solutions: (0 < n < 3/2, existence), (n > 3/2, non-existence).
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Weak solutions

=

Lety = 41,0 < T < oo, and ug € HY(Q), up > 0, ug X 0, and consider

4
ut + (U (Uzzz + vu™ Uz — AuM T"uy)), =0, (2, t) € Qr,

P) 4 we(ta, t) = uewz(Ea, t) = 0 when w(ta, t) £0, te (0, T),

\ u(z, 0) = up(x), =z €Q,

Definition 1 : w € €% 1/2:1/8(Q) x [0, 00)) N L>°([0, co); H'(£)) is a weak solution of () if:
@uecCHY(P), u>0,andu(x, 0) =uo(z), =z € Q.

(b) ug(z,t) = ugzs(x,t) = 0 When u(x, t) # 0, for (x,t) € 9Q x (0, 0),

©) J = u™ (ugze + vu™ "uy — AuM ", € L2(P),

(d) for all ¢ € Lip(2 x (0, co)) with compact support,

/ u ¢ dxdt + / u” (Ugpge +vu™ Mug — AuM_”ua;) ¢ dxdt = 0.
Q P
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Theorem 1 There exists a weak solution to (IP) in the sense of Definition (1] for:
NDr=—-1,0<n,0< A n—-2<m<M, (@({Hr=1,0<n,0<A n—-2<m<M,

(iiyv=1,0<n,0=A,n—2<m<n+2.

Proof.

|S|’n—|—4
e|s|m+s2

® Weset: fo(s) =
® Weset ug. €CHAQ), uo+e’ <ug. <uog+1, 6€(0,2/5],

ulg(fa) = ul!(£a) =0, ucg — up in H'((—a, a)) as e — 0.

°

Existence of a unique maximal positive solution, u. € C** 24 (Q x [0, 7)), 7 > 0,

°

Testing with ¢ = 1 (mass conservation): e (t) = ug..

°

Testing with —we . — h(uc) (energy estimate):
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fQ uegc H(ueldx—l—fQ fe(ue)(Uegpy + I (Ue)Uey)? dr dt = fQ u()ex H(’U,()e):|

‘. ||u€||CO,1/2,1/8(@) S C1l.

°

s 0<s @

® Abpasic entropy estimate .

Let Ge( ——f ge(r dr, ge(s fA fed(r),then

Jo Ge(ue)dz + [, tue2, dedt < <2 2 [o, Ge(ue(z, t)) dz dt + cst + [ Ge(uoe) dz.

® [ Gc(uo.)dx < cq, by (a) and construction of initial conditions.

°

Jo Ge(ue(z, t))dr < De(t) < oo, te€][0, 7).

® Positivity of solutions = global existence.
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Strong entropy-energy solutions
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® Entropy estimates : Let ¢ € C*([—a, a]) with supportin (—a, a) and ¢ > 0, 0r ¢ = 1,

esa—i—n—B a+1

— (a+n—4)(a+n—3) + 048(04—{—1)’

and let G¢(s) where o € (1/2 —n, 2 —n) \ {0, —1}.

® Testing with ¢*GZ(ue):

Theorem 2 (Theunstablecase.) Letr =1,0< A, 0 < n, —% <m-nm-—-n<2ifA=0,
andm < M if0 < A.

3
n+aoa1+1’

ag < 2 —n. Thenul/B(., t) € CY([—a, al]), forall B € (0, B1) for almost every ¢t > 0.

i) Letag = ap(¢ = 1), a1 = max{ag, —2m+n — 1}, and g1 =

and suppose that

i1) For ¢ as above, let ap = a¢(¢) and as = max{ag, —2m +n —1, —m — 1}, and

suppose that ag < 2 —n. Then, for any a € (a2, 2 —n)/{0,—1} and for any ~ satisfying

t+1—+/(t—2)(1—2t) - <t—|—1—|—\/(t—2)(1—2t)
3 K 3 ’

o -
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1
—/ C4u1+o‘(x, T)dx 4+ A Ay tM= 1u2 dx dt+
CM(Oé +1 0 Qr

c1 /§4uo‘+"’_27+1(u7)ixdmdt—|— Crudtn 3yl dedt| <
P Qr

62/ (|Ca|* + [¢Cam|?)um Tt dmdt—i—cg/ 1(¢3C0) e |u®T ™ da di+
QT Qr

ca C4 at+2m—n—+1 dﬂjdt—f—
Qr a(a

/ CHug® Tt de.

If 0 < n < 2 ("strong slippage"), the local entropy estimates can be used to prove finite
speed propagation for the strong solutions. However, if 2 < n < 3 ("weak slippage"), these

local entropy estimates are insufficient. In this latter case, to demonstrate the finite speed of

propagation property, we rely on certain local energy estimates . . .
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Theorem3 Letr =+1,0<A4,2<n<3,m-2n>—-2if2<n< 3 andm-n> -3

if 2 < n < 3, with the additional constraints that m < M if A > 0,andm <n+2if A=0

and v = 1. Then the strong solutions satisfy the following local energy estimate

| Cluste )P do+dio [ (@ 4+ @+ @) dodt
Q QT

dlo/ CCumu? da:dtﬁ/ O luge (x)|? do+
QrN{u>0} Q
o [ (Gl dodt + (o ) dudt—
QT

/ (vu™uy — AuMug) (upC®) ey da dt,
QT N{u>0}

where ¢(z) is arbitrary nonnegative function from C4([—a, a)).

o -
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Thank you for your attention,
and

Best wishes for 5571!



=

References

[1] A. Rotman, M.Sc. Thesis, Technion-IIT, Haifa, Israel, 2009.

[2] A.L. Adams, D. Kinderlehrer, W.W. Mullins, A.D. Rollett and S. Ta’asan, Extracting the relative grain boundary free
energy and mobility functions from the geometry of microstructures, Scripta Mater. 38: 531-536 (1998).

[3] L. Bronsard and F. Reitich, On Three-Phase Boundary Motion and the Singular Limit of a Vector-Valued
Ginzburg-Landau Equation, Arch. Rational Mech. Anal., vol. 124, pp. 355-379, (1993)

[4] C. Herring, Surface Tension as a Motivation for Sintering, pp. 143-179 in The Physics of Powder Metallurgy. Edited by
W. E. Kingston. McGraw-Hill, New York, 1951.

[5] M.S. Masteller and C.L. Bauer, Recrystallization of metallic materials, ed. F. Haessner. Riederer Verlag, Stuttgart, 1978.
[6] W.W. Mullins, Capillarity-Induced Surface Morphlogies, Inter. Science 9, 9-20 (2001).
[7] W.W. Mullins, Theory of thermal grooving, J. Appl. Phys. 28, 333 (1957).

[8] D.M. Saylor, D.E. Maso, and G.S. Rohrer, Experimental Method for Determining Surface Energy Anisotropy and Its
Application to Magnesia, J. Am. Ceram. Soc., 83, [5], 1226—-1232 (2000).

[9] D. Turnbull, Trans. Am. Inst. Min. Engrs. 191, 661 (1951).

[10] J.Ch. Verhasselt, G. Gottstein, D.A. Molodov, and L.S. Shvindlerman, Shape of moving grain boundaries in
Al-bicrystals, Acta Mater. 47, [3], 887—892 (1999).

o -

—n. 19/1



	For the thin film equation:
	For: $u_t+ {u^n(u_{xxx} - u^{m-n}u_x )}_x=0$
	For: $u_t+ {u^n(u_{xxx} + u^{m-n}u_x )}_x=0$
	Weak solutions
	Strong entropy-energy solutions

