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ETA COCYCLES, RELATIVE PAIRINGS
AND THE GODBILLON-VEY INDEX THEOREM

HrirosHl MORIYOSHI AND PAoLO Piazza

Abstract. We prove a Godbillon-Vey index formula for longitudinal Dirac
operators on a foliated bundle with boundary (X,F); in particular, we define a
Godbillon-Vey eta invariant on (0X,Fs), that is, a secondary invariant for
longitudinal Dirac operators on type III foliations. Moreover, employing the Godb-
illon—Vey index as a pivotal example, we explain a new approach to higher index
theory on geometric structures with boundary. This is heavily based on the interplay
between the absolute and relative pairings of K-theory and cyclic cohomology for
an exact sequence of Banach algebras, which in the present context takes the form
0—3J—2A— B — 0 with J dense and holomorphically closed in C*(X,F) and
B depending only on boundary data. Of particular importance is the definition of
a relative cyclic cocycle (75y,, 0gv) for the pair A — B; 75y, is a cyclic cochain on
2 defined through a regularization a la Melrose of the usual Godbillon—Vey cyclic
cocycle Tgy; ogy is a cyclic cocycle on B, obtained through a suspension procedure
involving 7gy and a specific 1-cyclic cocycle (Roe’s 1-cocycle). We call ogy the
eta cocycle associated to 7gy. The Atiyah—Patodi—Singer formula is obtained by
defining a relative index class Ind(D, D?) € K.(2,B) and establishing the equal-
ity (Ind(D), [rgv]) = (Ind(D, D?), (&, 0cv)]). The Godbillon—Vey eta invariant
nav is obtained through the eta cocycle ogy .
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1 Introduction

The Atiyah—Singer index theorem on closed compact manifolds is regarded nowadays
as one of the milestones of modern Mathematics. The original result has branched
into several directions, producing new ideas, new results as well as new connections
between different fields of Mathematics and Theoretical Physics. One of these direc-
tions consists in considering elliptic differential operators on the following hierarchy
of geometric structures:

fibrations and operators that are elliptic in the fiber directions;

Galois I'-coverings and I'-equivariant elliptic operators;

measured foliations and operators that are elliptic along the leaves;
general foliations and, again, operators that are elliptic along the leaves.

One pivotal example, going through all these situations, is the one of foliated bun-
dles. Let ' = N — N be a Galois ['-cover of a smooth compact manifold without
boundary N, let T be an oriented compact manifold on which I' acts by orientation
preserving diffeomorphisms. We can consider the diagonal action of I" on N x T and
the quotient space Y := N xr T, which is a compact manifold, a bundle over N
and carries a foliation F. This foliation is obtained by considering the images of the
fibers of the trivial fibration N x 7' — T under the quotient map N x T'— N xp T
and is known as a foliated bundle. We also consider £ — Y a complex vector bundle
onY and E — N x T the I'-equivariant vector bundle obtained by lifting E to
N x T. We then consider a family of elliptic differential operators (Dg)ger on the
product fibration N x T' — T, acting on the sections of E and we assume that it
is I'-equivariant; it therefore yields a leafwise differential operator (Dy,) Lev/FonY,
which is elliptic along the leaves of F. If dimT > 0 and I" = {1} then we are in the
family situation. If dim7 = 0 and T" # {1}, then we are in the covering situation.
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If dimT >0, I" # {1} and T" admits a I'-invariant Borel measure v in the Lebesgue
class, then we are in the measured foliation situation. Finally, if dim 7" > 0, T" # {1}
then we are dealing with a general, typically type III, foliation. As an example of
this latter type III situation we can consider 7= S', N a compact Riemann sur-
face of genus > 2, N = H? the hyperbolic plane, and I' = m; (N) acting on S! by
fractional linear transformations; we obtain a foliated bundle (Y, F), where Y is the
unit tangent bundle of N and F is the Anosov foliation of codimension one. It is
known that the resulting foliation von Neumann algebra is the unique hyperfinite
factor of type IIIj; in particular (Y, F) is not measured.

In the first three cases, there is first of all a numeric index and the index theorems
of Atiyah—Singer, Atiyah and Connes provide a geometric formula for it.

In this paper we are more generally interested in higher indices, numbers obtained
by pairing the index class, an element in the K-theory of a suitable algebra, with
cyclic cocycles of degree > 0 defined on the same algebra. Notice that in the case
of type III foliation, such as the example above, we must consider higher indices of
degree >0 (indeed, there is no trace on the foliation von Neumann algebra and thus
there is no numeric index).

The higher index problem can be stated as the problem of

defining these higher indices;
proving explicit geometric formulae for them, in the spirit of the original result
of Atiyah and Singer;

e studying their stability properties.

It is important to observe that stability properties are obtained by considering
the index class in the K-theory of a suitable C*-algebra; in the case of foliated bun-
dles, which is our concern here, one considers the foliation C*-algebra C*(Y, F) and
the K-theory groups K, (C*(Y, F)). Equivalently, we can consider the index class in
the K-theory of the Morita-equivalent algebra C'(T") x, I'. The index class, however,
is typically defined in a smaller algebra C°(Y,F) C C*(Y,F) and higher indices
are easily obtained by pairing this class, call it Ind®(D), with cyclic cocycles 7¢ for
C(Y, F).r There is then a subtle point that can be stated in the following way: it
might very well be possible to prove a formula for these numbers (Ind(D), 7¢) with-
out connecting them with the C*-algebraic index class Ind(D), which is the index
class showing the most interesting geometric properties. In order to achieve a com-
plete solution of the higher index problem for the cocycle 7¢ one is usually confronted
with the task of finding an intermediate subalgebra 2, C°(Y,F) Cc A C C*(Y,F)
which satisfies the following crucial properties: it is big enough to be holomorphi-
cally closed in C*(Y,F) and contain (specific) representatives of the C*-index class
Ind(D) but it is small enough that the cyclic cocycle 7¢ extends from C°(Y, F) to
2. Finding such an intermediate algebra can be a difficult task.

! In the Morita-equivalent picture we would be considering the small algebra C(T) Xa. I' C
C(T) %, T.
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Connes’ index theorem for G-proper manifolds [Con94], with G an étale grou-
poid, gives a very satisfactory answer to the computation of the pairing between
the index class Ind®(D) for the small algebra and the cyclic cohomology classes [7¢]
of this same algebra. This higher index theorem applies in particular to a foliated
bundle N xp T (this is a G-proper manifold with G equal to the groupoid 7" x I).

One fascinating higher index is the so-called Godbillon-Vey index on a codi-
mension 1 foliation. In this case Connes proves the following [Con86]: there is an
intermediate subalgebra A, C(T) X, I' € A C C(T) », I', which is holomorphi-
cally closed and contains the index class Ind(D); there is a cyclic 2-cocycle TpT on
C(T) a1 I' (the Bott-Thurston cocycle) which is extendable to A; the general index
formula for the pairing (Ind(D), [Tpr]) can be written down explicitly and it involves
the Godbillon—Vey class of the foliation, GV € H3(Y'). This is a complete solution
to the higher index problem. For the particular 3-dimensional example presented
above this formula reads

(Ind(D), [Tr]) = (GV,[Y]) =: go(Y, F) (1.1)

with [Y] the fundamental homology class of Y and go(Y,F) the Godbillon—Vey
invariant of the foliation (Y, F). Thus, a purely geometric invariant of the foliation
(Y, F), go(Y,F), is in fact a higher index. For geometric properties of the Godbil-
lon—Vey invariant we refer the reader to the excellent survey of Ghys [Ghy89]. It
is worth recalling here the remarkable result by Hurder and Katok [HK84] relating
the Godbillon—Vey invariant to properties of the foliation von Neumann algebras; in
our case, this result states that the von Neumann algebra of the foliation contains
a nontrivial type III component if go(Y,F) # 0; thus the Godbillon—Vey invariant
detects type 111 properties of the foliation von Neumann algebra.

An alternative treatment of the fascinating index formula (1.1) was given by Mor-
iyoshi-Natsume in [MoN96]. In this work, a Morita-equivalent complete solution to
the Godbillon—Vey index theorem is given. First of all, there is a cyclic 2-cocycle gy
on C°(Y, F) which can be paired with the index class Ind®(D). Next, Moriyoshi and
Natsume define a holomorphically closed subalgebra 2, C>*(Y, F) Cc 2 C C*(Y,F),
containing the index class Ind(D) and such that 7y extends to 2. The pairing
(Ind(D), [tav]), which is obtained in [MoN96] as a direct evaluation of the func-
tional gy, is explicitly computed by expressing the index class through the graph
projection ep associated to D, considering sD, s > 0 and taking the limit as s | 0.
Getzler’s rescaling method is used crucially in establishing the analogue of (1.1):

(Wd(D), re)) = [ wav (1.2)

Y
with wgy an explicit closed 3-form on Y such that [wgy] = GV € H3(Y). In par-
ticular, we find once again that (Ind(D), [Tqv]) = go(Y, F).

Subsequently, Gorokhovsky and Lott [GL03| gave a superconnection proof of
Connes’ index theorem, including an explicit formula for the Godbillon—Vey higher
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index. See also the Appendix of [GL06]. Yet another treatment was given by Gorok-
hovsky in his elegant paper [Gor06].

In the past 40 years this complex circle of ideas has been extended to some geo-
metric structures with boundary. Let us give a short summary of these contributions,
with an emphasis on the higher case. First, in the case of a single manifold and of
a Dirac-type operator on it, such an index theorem is due to Atiyah—Patodi—-Singer
[APS75]. Assume that D is an odd Zg-graded Dirac operator on a compact even-
dimensional manifold M with boundary OM = N acting on a Zs-graded bundle
of Clifford module E. Assume all geometric structures to be of product type near
the boundary. For simplicity, here and in what follows always assume the boundary
operator D? to be invertible. Then the Dirac operator D with boundary conditions
{u e C®(M,E") | ulon € KerII>} with IT> = x[o,00) (D?), extends to a Fredholm
operator; the index is given by the celebrated formula of Atiyah—Patodi—Singer

indaps D — / AS — Ln(D?) (1.3)
M 2

with AS the Atiyah-Singer form associated to M and E and n(D?) the eta invariant
of the formally self-adjoint operator D?, a spectral invariant measuring the asymme-
try of the spectrum of D?. The number n(D?) should be thought of as a secondary
invariant of the boundary operator. The Atiyah—Patodi—Singer index is also equal
to the L?-index on the manifold with cylindrical end V = ((—o0,0] x OM) Ugps M.
See Melrose’ book [Mel93] for a thorough treatment of the APS index theorem from
this point of view.

Let us move on in the hierarchy of geometric structures considered at the begin-
ning of this Introduction. For families of Dirac operators on manifolds with boundary,
the index theorem is due to Bismut and Cheeger [BC90a, BC90b] and, more gener-
ally, to Melrose and Piazza [MP97a, MP97b]|. The numeric index theorem on Galois
coverings of a compact manifold with boundary was established by Ramachandran
[Ram93], whereas the corresponding higher index problem was solved by Leichtnam
and Piazza [LP97,LP98], following a conjecture of Lott [Lot92]. See [LP04] for a
survey. The numeric index theorem on measured foliations was established by Ra-
machandran in [Ram93|. See also [Ant09] for the cylindrical treatment. Finally,
under a polynomial growth assumption on the group I', Leichtnam and Piazza
[LP05] extended Connes’ higher index theorem to foliated bundles with boundary,
using an extension of Melrose’ b-calculus and the Gorokhovsky-Lott superconnection
approach. For general foliations, but always under a polynomial growth assumption,
see also the recent contribution [Esf12]. Notice that, by a result of Plante, foliations
with leaves of polynomial growth are measured.

The structure of the (higher) index formulae in all of these contributions is pre-
cisely the one displayed by the classic Atiyah—Patodi—Singer index formula recalled
above, see (1.3). Thus there is a local contribution, which is the one appearing in
the corresponding higher index formula in the closed case, and there is a boundary-
correction term, which is a higher eta invariant. This higher eta invariant should be
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thought of as a secondary higher invariant of the operator on the boundary (indeed,
the index class for the boundary operator is always zero). Geometric applications of
the above results are given, for example, in [BG95,LP01,PS07a,PS07b, CW03].

Now, going back to the task of extending the Atiyah—Patodi—Singer index for-
mula to more general geometric structures, we make the crucial observation that
the polynomial growth assumption in [LP05] excludes many interesting (type III)
examples and higher indices; in particular it excludes the possibility of proving a
Atiyah—Patodi—Singer formula for the Godbillon—Vey higher index.

One primary objective of this article is to prove such a result, thus establishing
the first instance of a higher APS index theorem on type I foliations. Consequently,
we also define a Godbillon—Vey eta invariant on the boundary-foliation; this is a type
111 eta invariant, i.e. a type III secondary invariant for Dirac operators.

In tackling this specific index problem we also develop what we believe is a new
approach to index theory on geometric structures with boundary, heavily based on
the interplay between absolute and relative pairings. We think that this new method
can be applied to a variety of situations.

Notice that relative pairings in K-theory and cyclic cohomology have already
been successfully employed in the study of geometric and topological invariants of
elliptic operators. We wish to mention here the paper by Lesch, Moscovici and
Pflaum [LMPO09b]; in this interesting article the absolute and relative pairings asso-
ciated to a suitable short exact sequence of algebras (this is a short exact sequence
of parameter dependent pseudodifferential operators) are used in order to define and
study a generalization of the divisor flow of Melrose on a closed compact manifold,
see [Mel95] and also [LP00].

Let us give a very short account of our main results. First of all, it is clear from the
structure of the Atiyah—Patodi-Singer index formula (1.3) that one of the basic tasks
in the theory is to split precisely the interior contribution from the boundary contri-
bution in the higher index formula. We look at operators on the boundary through
the translation invariant operators on the associated infinite cylinder; by Fourier
transform these two pictures are equivalent. We solve the Atiyah—Patodi—Singer
higher index problem on a foliated bundle with boundary (X, Fy), Xo = M xp T,
by solving the associated L?-problem on the associated foliation with cylindrical
ends (X, F). Thus, after explaining the geometric set-up in Section 2, we begin by
defining a short exact sequence of C*-algebras

0—C"(X,F) - A"(X,F) — B*(cyl(0X), Fey1) — 0.

This is an extension by the foliation C*-algebra C*(X,F) of a suitable algebra of
translation invariant operators on the cylinder; we call it the Wiener—Hopf exten-
sion. We briefly denote the Wiener—Hopf extension as 0 — C*(X,F) — A* —
B* — 0. These C*-algebras are the receptacle for the two C*-index classes we will
be working with. Thus, given a I'-equivariant family of Dirac operators (Dg)ger
with invertible boundary family (Dg)eeT we prove that there exist an index class
Ind(D) € K.(C*(X,F)) and a relative index class Ind(D, D?) € K,(A*, B*). The



GAFA THE GODBILLON-VEY ETA COCYCLE 1715

higher Atiyah—Patodi-Singer index problem for the Godbillon—Vey cocycle consists
in proving that there is a well defined paring (Ind(D), [rgv]) and giving a formula
for it, with a structure similar to the one displayed by (1.3). Now, as in the case of
Moriyoshi-Natsume, 7¢y is initially defined on the small algebra J.(X, F) of I'-equi-
variant smoothing kernels of I"-compact support; however, because of the structure
of the parametrix on manifolds with cylindrical ends, there does not exist an index
class in K, (J.(X,F)). Hence, even defining the index pairing is not obvious. We
shall solve this problem by showing that there exists a holomorphically closed inter-
mediate subalgebra J containing the index class Ind(D) but such that 7y extends.
More on this in a moment. This point involves elliptic theory on manifolds with
cylindrical ends in an essential way.

Once the higher Godbillon—Vey index is defined, we search for an index formula
for it. Our main idea is to show that such a formula is a direct consequence of the
equality

(Ind(D), [rav]) = (Ind(D, DY), (6, 0cv))) (1.4)

where on the right hand side a new mathematical object, the relative Godbillon—Vey
cocycle, appears. The relative Godbillon—Vey cocycle is built out of the usual Godb-
illon—Vey cocycle by means of a very natural procedure. First, we proceed algebrai-
cally. Thus we first look at a subsequence of 0 — C*(X,F) — A* — B* — 0 made of
small algebras, call it 0 — J.(X,F) — A. — B. — 0; J.(X, F) are, as above, the I'-
equivariant smoothing kernels of I'-compact support; B, is made of I' x R-equivariant
smoothing kernels on the cylinder of I' x R-compact support. The A, cyclic 2-cochain
T4y is obtained from 7y through a regularization a la Melrose. The B, cyclic 3-cocy-
cle oy is obtained by suspending gy on the cylinder with Roe’s 1-cocycle. We call
this ogy the eta cocycle associated to 7gy . One proves, but it is not quite obvious,
that (75, 06v) is a relative cyclic 2-cocycle for A, — B.. We obtain in this way a
relative cyclic cohomology class (75, 0cv)] € HC? (A, Be). All of this is explained
in Section 5; at the end of this section we also explain how this natural procedure can
be extended to other higher indices, producing each time an associated eta cocycle.
Once the algebraic theory is clarified, we need to pair the class [rqy] € H?(J.) and
the relative class [(75y, 06v)] € HC?(A., B.) with the corresponding index classes
Ind(D) € K.(C*(X,F)) and Ind(D,D?) € K.(A* B*) (in fact we shall have to
consider the cocycles defined by suitable powers of the S-operation). To this end
we construct an intermediate short exact subsequence 0 — J — A — B — 0 of
Banach algebras, sitting half-way between 0 — C*(X,F) — A* — B* — 0 and
0 — J.(X,F) - A. — B. — 0. Much work is needed in order to define such a
subsequence, prove that

Ind(D) € K.(3) = K.(C*(X,F)), Ind(D,D%) € K,(%,B) = K.(A*, B*).

and establishing, finally, that the Godbillon—Vey cyclic 7y and the relative cyclic
(76> 0av) extend from J. and A, — B, to J and 2 — B. They therefore define
cyclic cohomology classes [tqv] in HC*(J) and [(15y, 0qv)] in HC*(A,B).
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We have now made sense of both sides of the equality (1.4), (Ind(D), [rqv]) =
(Ind(D, D?), (18, 06v)]). The equality itself is proved by establishing an excision
formula: if aex @ Ky (J) — K. (2, B) is the excision isomorphism, then aex(Ind(D)) =
Ind(D, D?) in K,(2,). The index formula is obtained by writing explicitly the
relative pairing (Ind(D, D?), (7%, oGv)]) in terms of the graph projection ep, mul-
tiplying the operator D by s > 0 and taking the limit as s | 0. The final formula
in the 3-dimensional case (always with an invertibility assumption on the boundary
family) reads:

(Ind(D), [rev]) = /X wav = nav, (1.5)

with wgy equal, as in the closed case, to (a representative of) the Godbillon—Vey
class GV and ngy expressed in terms of the eta cocycle and the graph projection
associated to the cylindrical Dirac family tD%!. Our main result is stated in Theorem
9.7.

Observe that by Fourier transform the Godbillon—Vey eta invariant ngy only
depends on the boundary family D? = (D(g)geT. Notice, finally, that this is a com-
plete solution to the Godbillon—Vey higher index problem on foliated bundles with
boundary, in the spirit of Connes and Moriyoshi-Natsume.

The paper is organized as follows. In Section 2 we explain our geometric data.
Section 3 is devoted to a discussion of the operators involved in our analysis. In
Section 4 we define the Wiener-Hopf extension 0 — C*(X,F) — A* — B* — 0.
In Section 5 we restrict our analysis to a subsequence 0 — J. — A, — B. — 0
of small dense subalgebras. We begin by defining the eta 1-cocycle associated to
the usual trace-cocycle 1y. This is nothing but Roe’s 1-cocycle o1; we define a rel-
ative 0-cocycle for A. — B, by considering (7, 01), with 7 the regularized trace
of Melrose (b-trace). We also discuss the relation of all this with Melrose’ formula
for the b-trace of a commutator. Next we pass to the Godbillon—Vey cocycle 7av,
defining the associated eta 3-cocycle oGy on B, and the associated relative Godbil-
lon—Vey cocycle (7(x, oGy ), with 75, defined via Melrose’ regularization. In the last
Subsection of this Section we also discuss briefly more general relative cocycles. In
Section 6 we construct the intermediate short exact sequence 0 — J — A — 9B — 0.
In Section 7 we define the index class Ind D € Ko(C*(X,F)) and the relative index
class Ind(D, D?) € Ko(A*, B*) and we prove that they correspond under excision. In
Section 8 we prove that the two Godbillon—Vey cocycles extend to the subalgebras in
the exact sequence 0 — J — A — B — 0. We also show how to smooth-out the two
C*-index classes and define them directly in K,(J) and K, (2, B). In Section 9 we
then proceed to state and prove the main result of the paper. We also make some fur-
ther remarks; in particular we explain how to get the classic Atiyah—Patodi—Singer
index theorem from these relative-pairings arguments. The proof of the APS formula
using relative-pairings techniques and the Roe’s 1-cocycle o1 was obtained by the
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first author in 1988 and announced in [Mor98]. Long and technical proofs have been
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collected in a separate Section, Section 10.
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wp The regularized weight 5.12
Téy The regularized Godbillon—Vey cyclic cochain 5.12
(Tév,oav) The relative Godbillon—Vey cocycle 5.12
I (X, F) Schatten-type ideal 6.2
Im (X, F) A Banach subalgebra of Z,,, (X, F) 6.2
B (cyl(Y), Fey1) A Banach subalgebra of B* 6.4
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Ind(D) The Connes—Skandalis index class 7.3
Ind(D, D?) The relative index class 7.4
Indgv (D) The Godbillon—Vey higher index 9.1

The results of this paper were announced in the July 2009 preprint [MoP09].?

2 Geometry of Foliated Bundles

2.1 Closed manifolds. @ We shall denote by N a closed orientable compact man-
ifold. We consider a Galois I-cover I' — N — N, with T" acting on the right, and
T, a smooth oriented compact manifold with a left action of I' which is assumed
to be by orientation preserving diffeomorphisms and locally faithful, as in [MoN96],
that is: if v € I" acts as the identity map on an open set in 7', then + is the identity
element in T'. See also [BP09]. We set Y = N x T’ thus Y is the quotient of N x T
by the I'-action

(y,0)y == (yv,7'0).

Y is foliated by the images under the quotient map of the fibers of the trivial fibra-
tion N x T — T and is referred to as a foliated T-bundle. We use the notation (Y, F)
when we want to stress the foliated structure of Y. Finally, we consider £ — Y, a
hermitian complex vector bundle on Y as well as E— N x T, the latter being the
[-equivariant vector bundle induced from E lifted to N x T.

2.2 Manifolds with boundary. Let now (M,g) be a Riemannian manifold
with boundary; the metric is assumed to be of product type in a collar neighborhood
U 2 0,2] x OM of the boundary. Let M be a Galois I-cover of M; we let § be the
lifted metric. We also consider M, the boundary of M. Let Xo = M xp T; this
is a manifold with boundary and the boundary dX is equal to OM xrpT. (Xo, Fo)
denotes the associated foliated bundle. The leaves of (X, Fy) are manifolds with
boundary endowed with a product-type metric. The boundary 90Xy inherits a folia-
tion Fy. The cylinder R x Xy also inherits a foliation Fy1, obtained by crossing the
leaves of Fy with R. Similar considerations apply to the half cylinders (—oo, 0] x 90X
and [0, 4+00) x 0Xy. We shall consider a complex hermitian vector bundle on X, and

2 This announcement is now published, but with a different title. See [MoP11].
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we shall assume the usual product structure near the boundary: we adopt without
further comments the identification explained, for example, in [Mel93] and adopted
also in [MP97a] and [LPO05].

2.3 Manifolds with cylindrical ends: Notation. ~We consider V := M U oM
((—oo, 0] x OM ) , endowed with the extended metric and the obviously extended

I' action along the cylindrical end. Notice incidentally that we obtain in this way a
I'-covering

I -V -V, with V:=MUyy ((—o0,0] x OM). (2.1)

We consider X := V xp T ; this is a foliated bundle, with leaves manifolds with
cylindrical ends. We denote by (X,F) this foliation. Notice that X = Xy Uyx,
((—00,0] x 9Xp); moreover the foliation F is obtained by extending Fy on X to X
via the product cylindrical foliation Fqy on (—o0,0] x 9Xo. We can write more sug-
gestively (X, F) = (Xo, Fo) Uax,,7) ((—00,0] x 0Xo, Fey1) - For A > 0 we shall also

consider the finite cylinder Vi = M U, <[—/\, 0] x OM ) and the resulting foliated

manifold (X, Fy). Finally, with a small abuse,® we introduce the notation:

cyl(0X) =R x 90Xy, cyl (0X):=(—00,0] x 90Xy and
cyl™(0X) := [0, 4+00) x 0 Xp. (2.2)

The foliations induced on cyl(9X), cyl*(9X) by Fp will be denoted by Fey, Foy; we

cyl
obtain in this way foliated bundles cyl(0X, Fey), (cyl™ (0X), F,) and (eylt(0X),
FI.
cyl

2.4 Holonomy groupoid.  We consider the groupoid G := (V x V x T)/T with
I acting diagonally; G(?) := X and the source map and the range map are defined by
slz, 2!, 0) = [2/, 0], rlx,a’,0] = [z,0]. Since the action on T is assumed to be locally
faithful, we know that (G, r, s) is isomorphic to the holonomy groupoid of the folia-
tion (X, F). In the sequel, we shall call (G, r, s) the holonomy groupoid. If £ — X is
a complex vector bundle on X, with product structure along the cylindrical end as
above, then we can consider the bundle (s*E)*®@7*E over G; this bundle is sometime
denoted END(F). If F' is a second complex vector bundle on X, we can likewise
consider the bundle HOM(E, F) := (s*E)* ® r*F. Finally, we consider the maps
F5:VXVXT =V T, i(z,2,0) = (z,0), (z,2',0) = (2, 0) and, more impor-
tantly, the bundles END(E) := (§*E)* @ (#*E) and HOM(E, F) := (§*E)* ® (F*F).

2.5 The Godbillon—Vey differential form. Following [MoN96], we describe
the explicit representative of the Godbillon—Vey class as a differential form in terms
of the modular function of the holonomy groupoid. Let Xo = M xp T In this section
Xy can also be a closed manifold, namely, a compact manifold without boundary.
Assume that T is one-dimensional, and take an arbitrary 1-form w on Xy defining the

3 The abuse of notation is in writing cyl(0X) for R x X, whereas we should really write cyl(0Xo).
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codimension-one foliation Fy. Due to the integrability condition, there exists a 1-form
71 such that dw = nAw. The Godbillon—Vey class for Fy is, by definition, the de Rham
cohomology class given by n A dn, denoted by GV; thus GV := [n A dn] € Hiz(Xo).
We shall explain another description of GV in terms of the modular function of the
holonomy groupoid.

Consider the product space M x T, which is a covering of Xy. Choose a volume
form df on T it is in general impossible to choose df to be, in addition, I'-invari-
ant. Then df yields a defining 1-form for the foliation (which is in fact a fibration)
obtained by lifting the foliation Fy. The de Rham complex on M x T is isomorphic to
the graded tensor product Q*(M) ® Q*(T) and accordingly the exterior differential
on M x T splits as

dypr = d+ (=1)Pdr (2.3)

on QP(M) ® Q4(T), with d and dr denoting respectively the exterior differentials

along M and T Let us take the volume forms w and 2 respectively on M and X, and

take the pullbacks @ and € to M and M x T. These are I-invariant volume forms.

The modular function of the holonomy groupoid is defined as the Radon—Nikodym
derivative of the two volume forms on M x T
w X df

(G a (2.4)

Notice that 1) has values in R* since I' acts by orientation preserving diffeomor-
phisms. Set

¢ = log . (2.5)

PROPOSITION 2.6 ([MoN96], p. 504). The 3-form wgy = d¢ A ddr¢ = —d¢ A drdg
is I'-invariant and closed on M x T. The Godbillon—Vey class of Fy is represented
by wav in HS’R(XO).

3 Operators

3.1 Equivariant families of integral operators. Let C.(X,F) denote the
space of compactly supported continuous functions on the holonomy groupoid G;
thus C.(X,F) := C.(G). More generally we set

Co(X, F E) = Co(G, (s E)* ® r*E) = C,(G, END(E)) (3.1)

equipped with the x-algebra structure induced from the convolution product. Given
an additional vector bundle F, we also set

Co(X,F;E,F) = Cu(G, (s*E)* @ 1*F) = C.(G, HOM(E, F)), (3.2)

which is a left module over C.(X,F;FE) and a right module over C.(X,F;F).
Restricting ourselves to the space of compactly supported smooth sections on G,
we similarly define C2°(X, F) := C*(G), CX (X, F; E) and CX (X, F; E, F).
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The *-algebra C.(X,F) can be defined also as the space of continuous functions
on V x V x T that are T-invariant and admit T-compact support, i.e. admit support
which is compact in (V x V x T)/T. A similar description holds for C.(X,F; E).
Notice, in particular, that given an element £ in C.(X, F; E) there exists a constant
A(k) = A > 0 such that k is identically zero outside Vy x Vy x T'C V x V x T. Thus
an element k € C.(X,F) give rise to an equivariant family of integral operators
(k(0))ger in a natural way.

3.2 Dirac operators.  We begin with a closed foliated bundle (Y, F), with Y =
N xp T. We are also given a I-equivariant complex vector bundle Eon N x T, or,
equivalently, a complex vector bundle on Y. We assume that E has a I- equivariant
Clifford structure along N. We obtain in this way a I-equivariant family of Dirac
operators (Dg)ger that will be simply denoted by D. *

If (Xo, Fo), Xo = M xp T, is a foliated bundle with boundary, as in the previous
section, then we shall assume the relevant geometric structures to be of product-
type near the boundary. If (X, F) is the associated foliated bundle with cylindrical
ends, then we shall extend all the structure in a constant way along the cylindrical
ends. We shall eventually assume M to be of even dimension, the bundle E to be
Zo-graded and the Dirac operator to be odd and formally self-adjoint. We denote by
D? = (D3)ger the boundary family defined by DT. This is a I-equivariant family of
formally self-adjoint first order elliptic differential operators on a complete manifold.
We denote by D! the operator induced by D? = (Da)geT on the cylindrical foliated
manifold (cyl(0X), Fey1); D! is R x T-equivariant. We refer to [MoN96, LP05] and
also [BP09] for precise definitions.

3.3 Pseudodifferential operators. Let (Y,F), Y = N xp T, be a closed foli-
ated bundle. Given vector bundles £ and F' on Y with lifts E Fon N x T, we
can define the space of I'-compactly supported pseudodifferential operators of order
m, denoted here, with a small abuse of notation, ¥ (G; E, F).> An element P €
V(G5 E, F) should be thought of as a smooth I'-equivariant family of pseudodif-
ferential operators, (P(6))per with Schwartz kernel Kp, a distribution on G, of
compact support. See [MoN96] and [BP09] for more details; we remark that in these
two references the more general case in which 7' is only a topological T'-space, (so
that (Y, F) is a foliated space) is allowed.

The space V(G B, E) = U,z V7' (G; E, E) is a filtered algebra and will be
simply denoted by ¥2°(G; E). Moreover, assuming E and F' to be hermitian and

4 Observe that this family is denoted D both in [MoN96] and [BP09], the symbol D being employed
for the longitudinal operator induced on the quotient Y = N xrT. However, in this paper we shall
work exclusively with the I'-equivariant picture, which is why we don’t use the tilde notation.

5 The abuse consists in omitting the hats in the notations; in other words this space should be
really denoted by ¥*(G; E, ﬁ) It should be added here that the notation for this space of opera-
tors is not unique. In [MoN96] V*(G; E, F) is simply denoted as \I/F’(E, F ) whereas it is denoted
\If’;fc(]\?' X T;E\,ﬁ) in [LPO05] with x denoting equivariance and ¢ denoting again of I'-compact
support.
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assigning to P its formal adjoint P* = (Py)ger gives ¥°(G; E) the structure of an
involutive algebra; the formal adjoint of an element P € U7'(G; E, F') is in general
an element in V*(G; F, E). We call ¥;*°(G; E) :=(),,cz Y&'(G; E) the algebra of
I'-equivariant smoothing operators with I'-compact support.

4 Wiener—Hopf extensions

4.1 Foliation C*-algebras. The foliation C*-algebra C*(X,F) is defined as
the completion of C.(X,F) with respect to ||k||c+ := supger ||k(0)]], the norm on
the right hand side being equal to the L?operator norm on L*(V x {#}). A sim-
ilar definition holds for C.(X,F; E). For more on this foundational material see,
for example, [MoN96] and [BP09]. It is proved in [MoN96] that C*(X, F; E) is iso-
morphic to the C*-algebra of compact operators of a C(T') x I'-Hilbert module €.
The Hilbert module £ is obtained by completing C’é’o(f/ x T, E‘), endowed with its
C(T) Ma1g '-module structure and C(T') x,1g I'-valued inner product, with respect to
the C(T') x I'-norm. Once again, see [MoN96] and [BP09] for details: summarizing

CH (X, F; E) 2 K(E) C L(E). (4.1)

4.2 Foliation von Neumann algebras.  Consider the family of Hilbert spaces
H := (Hg)oer, with Hy := L*(V x {6}, Eg). Then C,.(V x T) is a continuous field
inside H, that is, a linear subspace in the space of measurable sections of H satisfying
a certain number of properties (see [Con82], p. 576 for the details). Let End(H) the
space of measurable families of bounded operators T' = (Ty)per, where the norms
Ty are measurable function and essentially bounded. Then End(H) is a C*-algebra,
in fact a von Neumann algebra, equipped with the norm

[T := ess. sup{[|T5]| ;0 € T'}

with [|Ty]|| the operator norm. We also denote by Endr(H) the subalgebra of End(H)
consisting of I'-equivariant measurable families of operators. This is a von Neumann
algebra which is, by definition, the foliation von Neumann algebra associated to
(X, F); it is often denoted W*(X,F). We set Cj:(H) the closure of I'-equivariant
families T = (Ty)per € Endr(H) preserving the continuous field C.(V x T). In
[MoN96], Section 2, it is proved that the foliation C*-algebra C*(X,F) is isomor-
phic to a C*-subalgebra of Cj:(H) C Endr(H).% Notice, in particular, that an element
in C*(X,F) can be considered as a I'-equivariant family of operators.

4.3 Translation invariant operators. Recall cyl(0X) := R x 90Xy = (R x
oM ) Xp T with T acting trivially in the R-direction of R x OM. We consider the
foliated cylinder (cyl(9X), Fey1) and its holonomy groupoid Gy := ((R x M) x
(R x OM) x T)/T" (source and range maps are clear). Let R act trivially on T; then

6 The C*-algebra Cf:(H) was denoted B in [MoN96].
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(R x dM) x (R x M) x T has a R x T-action, with R acting by translation on itself.
We define a *-algebra B.(cyl(0X), Fey1) = B. to be

B, :={k e C((RxdM) x (R x M) x T); k is R x I-invariant, k has R
xT'-compact support}. (4.2)

The product is by convolution. An element ¢ in B, defines a I'-equivariant family
(£(0))per of translation-invariant operators. The completion of B. with respect to
the C*-norm (the sup over # of the operator norm of ¢(0)) gives us a C*-algebra
that will be denoted by B*(cyl(0X), Fey1) or more briefly by B*. Notice that we can
in fact define B*(cyl(Y), Fey1) for any foliated flat bundle (Y, F), with Y = N xp T.

PROPOSITION 4.3. Let (Y, F), with Y = N xr T, a foliated flat bundle without
boundary. Let us denote by Ra the group R acting diagonally by translation on
R x R. Consider the quotient group (R x R)/Ra which is isomorphic to R. Consider
the quotient groupoid Gey1/Ra. Then B*(cyl(Y'), Feoy1) = C*(Gey1/Ra) and we have
the following C*-isomorphisms:

C*(Gey1/Ra) 2 C*((R x R)/Ra) @ CH(Y, F) = C*(R) @ C*(Y, F)  (4.4)

Proof. The holonomy groupoid for (cyl(Y), Fey1) is Gey1 = (R x N x R x N x T')/T};
directly from the definition we see that B* is the C*-algebra for the quotient grou-
poid Gey1/Ra which is clearly isomorphic to (R x R)/Ra x (N x N x T)/T =
(RxR)/Ra x G(Y,F). From these isomorphisms we can immediately end the proof.

O

REMARK 4.5. We can interpret B*(cyl(Y'), Fey1) as the compact operators of a suit-
able Hilbert C*-module. Consider R x N x T with its natural I’ x R-action; consider
O (Rx N xT); we can complete it to a Hilbert C*-module &y over (C(T)xT)@C*R.
Proceeding as in [MoN96] one can prove that there is a C*-algebra isomorphism
B*(cyl(Y), Fey1) =~ K(Ecy1). In particular, we see that B*(cyl(Y'), Fey1) can be seen
as an ideal in the C*-algebra L£(&y).

4.4 Wiener—Hopf extensions.  Recall the Hilbert C(7") x I'-module £ and the
C*-algebras K(&) and L(€); see [Bla98]). Since the C(T") xI'-compact operators K(&)
are an ideal in £(&) we have the classical short exact sequence of C*-algebras

0—-K(E) — LE) S QE)—0

with Q(€) = L(€)/K(E) the Calkin algebra. Let x% : R — R be the characteristic
function of (—o0,0]; let xi : R — R be a smooth function with values in [0, 1] such
that:

1 for t< —e

Xr(t) = { (4.6)

0 for t>0.
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for given € > 0. Let x be the smooth function induced by x on X; when we want to
exhibit the dependence on € clearly, we shall denote it by .. Similarly, we consider
Xeyl, the smooth function induced by xp on cyl(0X). Finally, let " and ngl be the
functions induced by the characteristic function % on X and cyl(9X) respectively.

For A > 0, we shall also make use of the real functions x* and Xé\yl’ induced on X
and cyl(0X) by X]ég—oo,—,\]v the characteristic function of (—oco, —\] in R; thus x* is
equal to 0 on the interior of X, and equal to 1 on its complement in X. Similarly:

Xé\yl is equal to zero on (A, +o00) x 90X and equal to one on (—oo, A] x 9Xj.
LEMMA 4.7. There exists a bounded linear map
s: B* = B*(cyl(0X), Fey1) — L(E) (4.8)

extending s. : B. — L(E), s.(f) == x"4x" Here x° stands for the multiplication
operator and s.({) is defined as the composite of those operators.” Moreover, the
composition p = s induces an injective C*-homomorphism

p:B*— Q(&). (4.9)

See Section 10.1 for a detailed proof of Lemma 4.7; there we also explain why
sc is well defined. A key tool in the proof of the Lemma is the following Sublemma,
stated here for later use but proved in Section 10.1:

SUBLEMMA 4.10. Let £ € B.. Then xM(1 — x*), (1 — x")¢x* and [x*, /] are all of
I-compact support on cyl(0X).

In the sequel we shall use repeatedly this simple but crucial result.
We now consider Im p as a C*-subalgebra in Q(£) and identify it with B* =
B*(cyl(0X), Fey) via p. Set

A*(X;F) =7 '(Imp) with 7 the projection L(E) — Q(E).

Recalling the identification C*(X, F) = K(&), we thus obtain a short exact sequence
of C*-algebras: 0 — C*(X,F) — A*(X;F) 5 B*(cyl(0X), Fey1) — 0 where the
quotient map is still denoted by 7.

DEFINITION 4.11. The short exact sequence of C*-algebras
0— C*(X,F) = A(X; F) 5 B*(cyl(0X), Fey1) — 0 (4.12)
is by definition the Wiener—Hopf extension of B*(cyl(0X), Fey).

Notice that (4.12) splits as a short exact sequence of Banach spaces, since we can
choose s : B*(cyl(0X), Fey1) — A*(X; F), the map in the statement of Lemma 4.7,
as a section. So A*(X; F) =2 C*(X,F) @ s(B*(cyl(0X), Fey1)) as Banach spaces.

There is also a linear map t : A*(X, F) — C*(X, F) which is obtained as follows:
if k € A*(X;F), then k is uniquely expressed as k = a + s(¢) with a € C*(X, F)

7 For the precise meaning of this composition, see Section 10.1.
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and m(k) = £ € B*(cyl(0X), Fey1). Thus, m(k) = [x°x"] € Q(€) for one (and only
one) ¢ € B*(cyl(0X), Fey) since p is injective. We set

t(k) ==k — sw(k) = k — X" (4.13)
Then t(k) € C*(X, F).

REMARK 4.14. A standard Wiener—Hopf extension of C*R is obtained as follows.
Let C*R act on the Hilbert space H = L?(R) by convolutions. Recall that x§ is the
characteristic function of (—oo, 0] and denote by H, the subspace L?(—o0,0] C H.
Then the same proof of Lemma 4.7 can be applied to prove that there exists an
injective homomorphism pg : C*R — Q(H,,) with pr(£) = m,(x%0x%), where Q(H,)
denotes the Calkin algebra and m, the projection from the bounded operators on
H, onto Q(H,). Set & = 7, }(Im pr). Exactly in the same manner as before, one
has a short exact sequence 0 — K, — &, Lo, C*R — 0, where K, denotes the
compact operators on H,. It is called a Wiener—Hopf extension of C*R. What we
are going to construct is a slightly larger algebra than this. Observe that Q(H,)
is naturally embedded in the Calkin algebra Q(H). Thus one has another injective
homomorphism pr : C*R — Q(H). Set £ = 7~ (Im pgr) with 7 the projection onto
Q(H). It then induces an extension of C*-algebras: 0 — K — & I, C*R — 0 where
K is the compact operators on H. Obviously it contains the above extension. Now
recall the definition of the Extension group Ext(C*R) and its additive structure;
see Douglas [Dou80] for instance. It is easily verified that the second extension is
exactly the one corresponding to the sum of &, and the trivial extension; hence the
resulting extension class is the same as that of &£,. Therefore, the second extension
also deserves to be called a Wiener—Hopf extension.

Let us consider the simplest case, namely a foliation consists of a single leaf
X, which is a complete manifold with cylindrical end. It turns out that our exten-
sion (4.12) is isomorphic to the second extension tensored with the algebra of com-
pact operators. This can be proved by observing the property B*(cyl(0X), Fey1) =
C*R ® K in (4.4). Thus we call the short exact sequence (4.12) the Wiener-Hopf
extension of B*(cyl(0X), Fey)-

5 Relative Pairings and Eta Cocycles: The Algebraic Theory

5.1 Introductory remarks. On a closed foliated bundle (Y, F) with holonomy
groupoid G, the Godbillon—Vey cyclic cocycle is initially defined on the “small” alge-
bra U, (G, E) C C*(Y,F; E) of I'-equivariant smoothing operators of I'-compact
support, which can be described as U, (G, E) = CX (G, (s*E)* @ r*E).

Since the index class defined using a pseudodifferential parametrix is already well
defined in the K-group K,(V_*°(G, E)), the pairing between the the Godbillon—Vey
cyclic cocycle and the index class is well-defined.

In a second stage, the cocycle is continuously extended to a dense holomorphi-
cally closed subalgebra A C C*(Y,F); there are at least two reasons for doing this.
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First, as already remarked in the Introduction, it is only by going to the C*-algebraic
index that the well known properties for the signature and the spin Dirac operator of
a metric of positive scalar curvature hold. The second reason for this extension rests
on the structure of the index class which is employed in the proof of the higher index
formula, i.e. either the graph projection or the Wassermann projection; in both cases
U (G, E) is too small to contain these particular representatives of the index class
and one is therefore forced to find an intermediate subalgebra 2,

UV (G, E)cUAC C(Y,F,E); (5.1)

2l is big enough for the two particular representatives of the index class to belong
to it but small enough for the Godbillon—Vey cyclic cocycle to extend; moreover,
being dense and holomorphically closed it has the crucial property of having the
same K-theory as C*(Y, F; E).

Let now (X, F) be a foliated bundle with cylindrical ends. For notational simplic-
ity, unless confusion should arise, let us not write the bundle F in our algebras. In this
section we shall select “small” subalgebras J. C C*(X,F), A. C A*(X,F), B. C
B*(cyl(0X), Fey1), with J. an ideal in A., so that there is a short exact sequence
0 — J.— A. = B. — 0 which is a subsequence of 0 — C*(X, F) «— A*(X;F) &
B*(cyl(0X), Fey1) — 0.

We shall then proceed to define the two relevant Godbillon—Vey cyclic cocycles
and study, algebraically, their main properties. As in the closed case, we shall even-
tually need to find an intermediate short exact sequence, sitting between the two,
call it 0 — J — A — B — 0, with constituents big enough for the index classes to
belong to them but small enough for the two cyclic cocycles to extend; this is quite
a delicate point and it will be explained in Section 6. We anticipate that, in contrast
with the closed case, the ideal J. in the small subsequence will be too small even
for the index class defined by a pseudodifferential parametrix. This has to do with
the non-locality of the parametrix on manifolds with boundary; it is a phenomenon
that was explained in detail in [LP05]; we shall come back to it in Section 7.

5.2 Small dense subalgebras. Set J.:= C°(X, F); see Section 3.1. Redefine
B, :={k € C®((R x M) x (R x M) x T); k is R x T-invariant, k has R

xI'-compact support }

see Section 4.3 (we pass from continuous to smooth functions). We now define A;
consider the functions y*, X?yl induced on X and cyl(0X) by the real function
X(—o0,—)] (the characteristic function of the interval (—oco, —A]). We shall say that &
is in A, if it is a smooth function on V x V x T which is I-invariant and for which
there exists A = A(k) > 0, such that

o k—x kx” is of I'-compact support 3
e there exists £ € B, such that y‘ky* = Xi‘ylﬂ)@yl on ((—oo,—A] x OM) x
((—00, =\ x OM) x T



GAFA THE GODBILLON-VEY ETA COCYCLE 1727

LEMMA 5.2. A. is a x-subalgebra of A*(X,F).

Proof. Let k, k' € A.. Write, with a small abuse of notation, k = a+x* £ x* with a of
I'-compact support and ¢ € B, and similarly for &’. Observe first of all that if © > A,
so that —u < —A, then (x* £ x* — x* £ x*) is also of I'-compact support (since £ is of
R x I'-compact support). Thus we can assume that k = a+x" £ x", k' = o’ +x" €' x*.
We compute: kk' = aa’ + ax"#'x* + x*x*a' + xHlxHx €' x*. The first summand on
the right hand side is again of I'-compact support; the second and the third summand
are also of I'-compact support since ¢ and ¢ are of R x I'-compact support; the last
term can be written as x*00' x* 4+ (x*£(x* — 1)) ((x* — 1)¢'x*). Thus kk’ — x"00' x* =
aa’ + (x"(x* — 1))((x* — 1)¢'x*); now, by Sublemma 4.10 both (x*¢(x* — 1)) and
((x*—1)¢'x") are of I'-compact support. Thus kk’ — x*£¢'x* is of I'-compact support
as required. Finally, consider v € R, v > p and let F(p,p’,0) := x"(p)(1 — x*)(p'),
a function on W x W x T which is f-independent. Since £ and ¢ are of R x I'-
compact support, we can choose v > pu so that that supp? N supp F' = (). Thus
XY (X*(x* — 1)) = x"4(x* — 1) is equal to zero. We conclude that for such a v we
do get Y kk'x" = x*£¢'x* and the proof is complete. O

We thus have:

PROPOSITION 5.3. Let 7, := 7|a,. Then there is a short exact sequence of *-alge-
bras

0— J.— A, =% B. — 0. (5.4)

REMARK 5.5. Notice that the image of A, through ¢|4, is not contained in J. since
X" is not even continuous. Similarly, the image of B, through s|p. is not contained
in A..

REMARK 5.6. Using the foliated b-calculus developed in [LP05] and Melrose’ indi-
cial operator in the foliated context, it is possible to define a slightly bigger dense
subsequence. We shall briefly comment on this in Section 5.7.

5.3 Relative cyclic cocycles. Let A be a k-algebra over k = C. The cyclic
cohomology group HC*(A) [Con85] (see also [Tsy83]) is the cohomology groups of
cochain complex (CY,b), where CY is the space of (n+ 1)—linear functionals ¢ on A
satisfying the condition ¢(a1,as,...,an,a0) = (—=1)"¢(ag,...,ant1), Va; € A and
with b the Hochschild coboundary map defined by

n

(b@)(am R an-‘rl):Z(il)j@(aO? B 1 o ER an+1)+(71)n+190(an+1a07 s 7an)-
7=0

Given a second algebra B together with a surjective homomorphism 7 : A — B, one
can define a relative cochain complex

CY(A,B) :={(1,0) : 1€ CY(A),0 € C’/T\LH(B)}
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with coboundary map given by
(r,0) — (bt — 7*0,bo).

A relative cochain (7,0) is thus a cocycle if b7 = 7*¢ and bo = 0. One obtains in
this way a relative cyclic cohomology group HC*(A, B). If A and B are Fréchet
algebra, then we can also define a topological (relative) cyclic cohomology group.
More detailed information are given, for example, in [LMPO09b].

5.4 Roe’s 1-cocycle. In this subsection, and in the next two, we study a par-
ticular but important example. We assume that 7" is a point and that I' = {1},
so that we are really considering a compact manifold Xy with boundary 09Xy and
associated manifold with cylindrical end X; we keep denoting the cylinder R x 9.Xg
by cyl(0X) (thus, as before, we omit the subscript 0). The algebras appearing in the
short exact sequence (5.4) are now given by J. = C>°(X x X)) and

B.={keC>((R x 0Xp) x (R x 0X)); k is R-invariant, k& has compact R-support}.

Finally, a smooth function k on X x X is in A, if there exists a A = A(k) > 0 such
that

(i) k — x kx? is of compact support on X x X;
(ii) 3 ¢ € B, such that x kx* = Xé\ylgxé\yl on ((—oo0, =A] x 0X¢) x ((—00, —A] x 0X)).

For such a k € A. we set 7, := 7|a.. Since k — x"/x" admits compact support,
it belongs to C*(G) (in this case this is just equal to the compact operators on
L?(X)). Hence it follows that m(k) = ¢ and thus m.(k) = £; so we have the short
exact sequence of x-algebras 0 — J. — A, Y B. — 0 (The Wiener-Hopf short
exact sequence (4.12) now reads as 0 — K(L?(X)) — A*(X) 5 B*(cyl(0X)) — 0).
All of this has an obvious generalization if instead of functions we consider sections
of the bundle ENDF := EX E* — X x X, with F¥ a complex vector bundle on X.

We shall define below a relative cyclic 0-cocycle associated to the homomorphism
e : Ac — B.. To this end we start by defining a cyclic 1-cocycle o1 for the alge-
bra B.; this is directly inspired from work of John Roe (indeed, a similarly defined
1-cocycle plays a fundamental role in his index theorem on partitioned manifolds
[Roe88]). It should be noticed that o; is in fact defined on B.(cyl(Y')), with ¥ any
closed compact manifold.

Consider the characteristic function X?yl’ A > 0, induced on the cylinder cyl(Y)

by the real function X]F . For notational convenience, unless absolutely neces-

—00,— ]
sary, we shall use the simpler notation y*.

We define Ui\ :B.x B, — C as
0’1\(60,51) = TI‘(K()[X/\, 61]) (5.7)

We need to show that the definition is well posed.
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PROPOSITION 5.8. The operators [x*, o] and {o[x*, ¢1] are trace class ¥lg, {1 € B
(and Tr[x*, o] = 0). In particular o7 (£o, (1) is well defined.

Proof. We already know, see Sublemma 4.10, that the operator [x*, /1] is expressed
by a kernel on the cylinder which is of compact support. Indeed, in the proof of
Sublemma 4.10, which is given in Section 10, we have explicitly written down the
kernel k corresponding to [y, /] as

f(y’y/73 - S/) if s < —)\, s’ > -
k(y,s.9',8) = ¢ Ly, y/,s =) if & <=\ s>\ (5.9)
0 otherwise

where y,9/ € Y, s,s’ € R and where we have used the R-invariance of ¢ in order
to write £(s,y,s",y") = L(y,y’,s — s'). Choose now a smooth compactly supported
function ¢ on cyl(Y) x cyl(Y), equal to 1 on the support of k. Let ky be the smooth
compactly supported kernel obtained by multiplying & by ¢; kg is clearly trace class.
Now, multiplication by x* is a bounded operator so the operators given by x*ky and
kox? are also trace class. Since [x*, ko] = [x*,], we conclude that [x*,/] is trace
class; since £ defines a bounded operator, we also see immediately that the trace of
to[x?, £1] is well defined. Finally, it remains to justify that Tr[x*,¢] = 0; this is now
clear, since Tr[x*, ] = Tr[x", ko] = 0. The proposition is proved. O

PROPOSITION 5.10. The value Tr({o[x?, ¢1]) is independent of A\ and will simply be
denoted by o1({y, ¢1). The functional o1 : B. x B, — C is a 1-cyclic cocycle.

Proof. In order to prove the independence on A\ we make crucial use of the R-invari-
ance of £;. We write ¢;(y,v',s,s") = {;(y,y/, s — s'). We compute:

o1 (Lo, £1) = Tr(Lox ™My — Lolix™)
— / dy dy’/ ds ds’ [éo(y, Y, s — NSy y, 8" — s)
Y XY RxR

—lo(y.y' s — sy, y,s" — S)X’\(S)}

—A —A
= / dy dy’ (/ ds/ ds’ —/ ds/ ds’) bo(y,y' s — V(Y y, 8" — s)
YxY R J-oo —c R
“+o0 - - “+o0
:/ dy dy’ (/ ds/ ds’ —/ ds/ ds') lo(y,y',s—s V(Y y, 8" —s)
Y XY —A —o0 —00 -
+oo 0 0 +oo
:/ dy dy’ (/ dt/ dt’—/ dt/ dt’) lo(y,y'  t — (Y y,t' —t).
Y XY 0 —o00 —0o0 0

Thus Tr(f[x?*, ¢1]) is independent of A since we have proved that VA it is equal to
Tr(o[x°, £1]). In particular we record that

o1 (bo, £1) = Tr(Lo[X°, £1]). (5.11)
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We shall denote o7 as o1. In order to show that oy is a cyclic cocycle we begin
by recalling that Tr[x*,¢] = 0¥/ € B.. Thus we have o1(fo,¢1) + o1(1,0)) =
Tr(lo[x°, €1]) + Tr([x°, €o]¢1) = Tr([x°, £of1]) = 0 proving that o is a cyclic cochain.
Next we compute

bai (Lo, b1, l2) = Tr (Lol1[X°, €a]) + Lo[X°, £1t2] + Lalo[X°, 41])
=Tr (—lo[X°, 162 + 26o[X°, €1]) = Tr ([2, Lo[x°, 4]]) = 0. 0

REMARK 5.12. We point out that following expression for oi:
1
Ul(fo,fl) = iTr (XO[XO,KQHXO,fl]) . (513)

The proof of (5.13) is elementary (just apply repeatedly the fact that 1 = x" + (1 —
x")) and for the sake of brevity we omit it. The advantage of this new expression
for o1 is that it makes the extension to certain dense subalgebras easier to deal
with. (Notice, for example, that o1 is now defined under the weaker assumption
that [x°, ¢;] is Hilbert-Schmidt.) The right hand side of (5.13) is in fact the original
definition by Roe.

5.5 Melrose’ regularized integral. Recall that our immediate goal is to
define a O-relative cyclic cocycle for the homomorphism n. : A. — B, appearing
in the short exact sequence of the previous section. Having defined a 1-cocycle o1 on
B. we now need to define a 0-cochain on A.. Our definition will be a simple adapta-
tion of the definition of the b-trace in Melrose’ b-calculus (but since our algebra A,
is very small, we can give a somewhat simplified treatment). Recall that for A > 0
we are denoting by X the compact manifold obtained attaching [—X, 0] x 90X/ to
our manifold with boundary Xj.

So, let k € A, with 7.(k) = ¢ € B,. Since { is R-invariant on the cylinder R x 0.X
we can write £(y, vy, s) with y,y’ € 90Xy, s € R. Set

70 (k) ;== lim (/X k(x,x)dvol, )\/ax (y, y,O)dVOlga> (5.14)

A—+00
where the superscript r stands for regularized. (The b-superscript would be of course
more appropriate; unfortunately it gets confused with the b operator in cyclic coho-

mology.) It is elementary to see that the limit exists; in fact, because of the very
particular definition of A, the function

©(A) ::/ k(x,x)dvol, — )\/ {(y,y,0)dvoly,
X 8Xo

becomes constant for large values of A\. The proof is elementary and thus omitted.
75 defines a 0-cochain on A..
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REMARK 5.15. Notice that (5.14) is nothing but Melrose’s regularized integral, in
the cylindrical language, for the restriction of k to the diagonal of X x X.

We shall also need the following

LEMMA 5.16. If k € A, then t(k), which is a priori a compact operator, is in fact
trace class. Moreover

70 (k) = Tr(t(k)). (5.17)
We remark once again that ¢(k) is not an element in J..

Proof. We first need the following: O

SUBLEMMA 5.18. Let x is the characteristic function of a measurable set K in X.
If a € J., then k = xax is of trace class and the trace is obtained as Tr(k) =

[ alz, z)dx.

Proof. Since a gives rise to a smoothing operator with compact support, it is of trace
class. Recall that the algebra of trace class operators forms an ideal in the algebra
of bounded operators. Thus k is of trace class and we can assume that & = bc with
b and c operators of Hilbert—Schmidt class. Then

Te(k) = (b, )2 = /

bz, y)c(y, x)dzdy = / a(z, x)dz,
XxX

K

with (, )2 denoting the inner product for operators of Hilbert—Schmidt class. O

Write k = a+x* £ x* witha € J.and ¢ € B, as in Section 5.2. There exists a com-
pactly supported smooth function o on X, depending on £, such that y*¢x*—x%0x° =
x olox* —x%clox? since the support of x* —x° is compact. Note that we can choose
the same £ in 4.13 and Section 5.2. Thus t(k) = k—x%x° = a+x* olo x* —x"clox"
is of trace class due to the sublemma above. Therefore, we have

Te(t(k)) = /X o, 2)dz — /X My 0y = 51

for a sufficiently large A. This completes the proof. O

5.6 Melrose’ regularized integral and Roe’s 1-cocycle define a relative
0-cocycle.  We finally consider the relative 0-cochain (7, 07) for the pair A, =%
B..

PROPOSITION 5.19. The relative O-cochain (7§,01) is a relative O-cocycle. It thus
defines an element [(75,01)] in the relative group HC®(A., Be).

Proof. We need to show that boy = 0 and that b7} = (7.)*o1. The first has already
been proved, so we concentrate on the second. We compute: br(k, k') = 7§ (kk' —K'k).
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Write k = a + xy*4x*, k' = a’ + x*'x* as we did in the proof of Lemma 5.2. Then
we need to show that

10 (kK" — K'k) = oy(m.k, mck') = o1 (¢, 0). (5.20)

There are several proofs of this fundamental relation. One proof of (5.20) employs
Melrose’ formula for the b-trace of a commutator; we shall give the details in the next
Subsection. Here we propose a different proof that has the advantage of extending
to more general situations. Following the proof of Lemma 5.2, we can write

kk = (aa/ + ax™ 0" + Pt — (1 — X”)K/X”) + YOO

Notice that the first summand is trace class; this is obvious for the first term aa’ and
clear for the next two terms; the fourth term, viz. —x*£(1 — x*)¢'x* is trace class
because x*¢(1 — x*) is trace class and ¢'x* is bounded (see the proof of Proposition
5.8). A similar expression can be written for k'k. Using first Lemma 5.16 and then
the definition of ¢, we obtain easily

(kK — K'k) = Te(t(kK' — K'k))
= Tr ([a, a'] + [x"x", a'] + [a, X" € x"] = X"0(1 = x") X"
+ X1 = xM)ExM)
= Tr(=x"0(1 — X" Ix" + XM (1 = xM)ex!) = oy (6, €) = a1(L, 1)

The Proposition is proved. O

5.7 Melrose’ 1-cocycle and the relative cocycle condition via the b-trace
formula.  The results in this Subsection will not be used in the sequel.

As we have anticipated in the previous subsection, the equation b7} = 7)oy is
nothing but a compact way of rewriting Melrose’ formula for the b-trace of a com-
mutator. We wish to explain this point here.

First of all, since it will cost us nothing, we consider a slightly larger subsequence
of dense subalgebras. We hinted to this subsequence in Remark 5.6; we explain it
here for T' = point and I" = {1} even though it exists in the general foliated case.
Thus, following the notations of the b-calculus, we set

and consider
b
0— J' — A" 5B 5, (5.21)

with 7% equal to Melrose’ indicial operator I(-). This sequence is certainly larger
than the one we have defined, viz. 0 — J, — A, =% B, — 0 (indeed the latter
corresponds to the subsequence of (5.21) obtained by restricting (5.21) to the sub-
algebra {k € A% : k — k|g has support in the interior of X x; X}, with ff denoting
the front face of the b-stretched product).
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Let 7§ be equal to the b-Trace: 7§ := ° Tr. Observe that o also defines a 1-cocycle
on BY. We can thus consider the relative 0-cochain (7§,01) for the homomorphism

I(-
Ab 10, BY; in order to prove that this is a relative O-cocycle it remains to to show

that b7 (k, k') = o1(L(k), I(K')), i.e.
"Telk, k') = Te(1(k)[X°, I(K)]). (5.22)

Recall here that Melrose’ formula for the b-trace of a commutator is

"Trlk, k') = ;/RTU)X (OuI(ky ) o I(K', 1)) dps (5.23)

T
with C 5 z — I(k, z) denoting the indicial family of the operator k, i.e. the Fourier
transform of the indicial operator I(k).

Inspired by the right hand side of (5.23) we consider an arbitrary compact man-
ifold Y, the algebra B%(cyl(Y")) and the functional

™

51(0,0) = QL /R Try (ayé(ﬂ)oé'(u)) dp. (5.24)

That this is a cyclic 1-cocycle follows by elementary arguments (it also follows from
the Proposition below). Formula (5.24) defines what should be called Melrose’ 1-co-
cycle

PROPOSITION 5.25. Roe’s 1-cocycle o1 and Melrose 1-cocycle s coincide:
o1(0,8) = TH(EC, 0] = o / Try (9,800) 0 (1)) dpa = ;1 (.0, (5.26)
R

Proof. In order to prove (5.26) we shall employ the Hilbert transformation H :
L*(R) — L%*(R):

H(f) = limi/| 1) dy.

0T Jiz—y|>e T —Y

The crucial observation is that if we denote by F : L?(R) — L?(R) the Fourier
transformation, then

FoHoF '=_—FloHoF=1-2\% (5.27)

where the right hand side denotes, as usual, the multiplication operator. Using this,
we see that Tr(¢[x°, ¢']) = 3 [p Try (€(u)[H,¢'](1)) dpr. Using the definition of the

Hilbert transform H one checks that [H, @] is the integral operator with kernel func-
tion equal to —i/mw(u,v), with w(u,v) = (¢(u) — £(v))/(u — v). This implies that
L Ty (6(w) [, £)(10)) dp s equal to —o& [ Try (f(u) o 8,/?’(;1)) dp which is equal

to the right hand side of (5.26) once we integrate by parts. O
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Proposition 5.25 and Melrose’ formula imply at once the relative 0-cocycle con-
dition for (7, 01): indeed using first Proposition 5.25 and then Melrose’ formula we
get:

a1 (I(k), I(K')) = Te(I(k)[xX", I (K)]) = ZiT/RTYax (OuI (k) o I(K', 1)) dpa
= O Telk, k') = brj (K, ).

Thus [*(o1) = br as required.

Conclusions. We have established the following:

e the right hand side of Melrose’ formula defines a 1-cocycle s; on B.(cyl(Y)), Y
any closed compact manifold;

e Melrose 1-cocycle s1 equals Roe’s 1-cocycle o7q;

e Melrose’ formula itself can be interpreted as a relative 0-cocycle condition for the
0-cochain (7,81) = (7§, 01).

5.8 Philosophical remarks. We wish to recollect the information obtained in
the Sections 5.4, 5.5, 5.6 and start to explain our approach to Atiyah—Patodi—Singer
higher index theory.

On a closed compact orientable Riemannian smooth manifold Y let us consider
the algebra of smoothing operators J.(Y) := C*(Y x Y). Then the functional
J(Y) 3 k — [y k|advol defines a 0-cocycle 79 on J.(Y'); indeed by Lidski’s theorem
the functional is nothing but the functional analytic trace of the integral opera-
tor corresponding to k and we know that the trace vanishes on commutators; in
formulae, bty = 0. The 0-cocycle 7y plays a fundamental role in the proof of the
Atiyah—Singer index theorem, but we leave this aside for the time being.

Let now X be a smooth orientable manifold with cylindrical ends, obtained from
a manifold with boundary Xo; let cyl(0X) = Rx0X(. We have then defined algebras
Ac(X), Be(cyl(0X)) and J.(X) fitting into a short exact sequence 0 — J.(X) —
Ac(X) = Bo(eyl(9X)) — 0.

Corresponding to the 0-cocycle 7y in the closed case we can define two important
0-cocycles on a manifold with cylindrical ends X:

e We can consider 79 on J.(X) = C°(X x X); this is well defined and does define
a 0-cocycle.

e Starting with the 0-cocycle 79 on J.(X) we define a relative O-cocycle (7§, 01) for
A(X) T B(cyl(0X)). The relative O-cocycle (75,¢1) is obtained through the
following two fundamental steps.

(1) We define a 0-cochain 7§ on A.(X) by replacing the integral with Melrose’ reg-

ularized integral.

(2) We define a 1-cocycle o1 on B.(cyl(0X)) by taking a suspension of 1y through

the linear map §(¢) := [x", £]. In other words, o1 (£, ¢1) is obtained from 79 = Tr
by considering (£, ¢1) — To(£o[x°, £1]) = T0(Lod(£1)).
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DEeFINITION 5.28. We shall also call Roe’s 1-cocycle o1 the eta 1-cocycle correspond-
ing to the 0-cocycle 1.

In order to justify the wording of this definition we need to show that all this
has something to do with the eta invariant and its role in the Atiyah—Patodi—Singer
index formula. This will be explained in Section 9.1.

5.9 Cyeclic cocycles on graded algebras endowed with commuting deri-
vations. In this subsection we collect some general facts about cyclic cocycles on
algebras endowed with commuting derivations. These results will be repeatedly used
in the sequel.

The following Lemma is obvious.

LEMMA 5.29. Let A° be an algebra and A' a bimodule over A°. Consider Q :=
A% @ Al as a linear space; define a multiplication on Q by

Oéﬂ = (aobo,aobl + alb[)) for o= (ao,al),ﬁ = (bo,bl) in AO ® Al.

Then () is a graded algebra, with the grading on €2 defined by dega; = i for a; €
A’ i =0,1. Observe that (Q is not a *-algebra in general.

DEFINITION 5.30. A linear map ¢ : 2 — € is called a derivation of degree k if it
satisfies:

(1) d(aB) = (6a)B + a(6p) for o, B € &
(2) deg(da) = dega+ k.

Let 6 : 2 — Q be a derivation on ). Suppose that dq is of degree 0 and denote
by 6 : A — A% and ¢’ : A — A the restrictions g |40, dg|ar respectively. Then the
derivation property of dq is equivalent to the following three properties: (i) d(agbg) =
(5ao)b0+a0(§b0); (11) 5’(&01)1) = (5&0)[)1 +a0(6’b1); (111) 5,(0,11)0) = (5’al)bg+a1 ((5[)0),
for a;,b; € A'. We also observe that giving a derivation dg of degree 1 is equivalent
to giving a linear map & : A — Al with &(agby) = (6ag)bo + ao(dby) in such a way
that dqag = dag and dqa; = 0 for a; € A,

Finally, let w : A — C be a linear map such that

w(agar) = w(ajag) for a; € A" (5.31)

We shall call such a linear map a bimodule trace map on A'. The following Lemma
is obvious

LEMMA 5.32. A bimodule trace map w on A! extends to a trace map w : Q — C
such as w|40 = 0 and w|4 = w.

Let 0;, i = 1, ..., k, be derivations on € := A% @ A! and let @ be a trace map on
2. We consider the following (k + 1)-multilinear map on €:

1 :
T(ao,...,ak)::g Z sign(a) @w(ao 6a(1)a1 --- Sayar) for a;€Q.  (5.33)

acS,
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In order to get a nontrivial map, we may assume that one of 9; is of degree 1 and the
others are of degree 0. Here &), denotes the symmetric group of order k and sign(«)
is the signature of permutation o € S.

PROPOSITION 5.34. Assume that

(1) the derivations §; are pairwise commuting, i.e. 6;0; = 0;0; for 1 <i,j < k;
(2) w(dja) =0 fora e Qand 1 <i<k.

Then 7 defined as in (5.33) gives rise to a cyclic k-cocycle on ).

Proof. First we verify the cyclic condition. The second assumption and the deriva-
tion property imply that

1

T(ag,a0,...,a5_1) = i Z sign(a) @(ak 0q(1)@0 --- Sa(k)ak—1)
’ aeGy
1 .
= T Z sign(a) {w(ak 6a(1)a0 6a(k)ak71)
" acSy

—@ (0a(1)(arao da(z)ar - 6a(k)ak71))}

1 .
= > sign(e) @((a(1)@k)00 Sa(2)a1 - O (k) 0h—1)
’ acSy,
1 k—1
,H Z sign(a) w(akaoéa@)al PN 5a(1)5a(i+1)ai ce 5a(k)ak_1).
T aEGy, i=1

The second summand in the last term vanishes. In fact the signatures are opposite
to each other for aw and avo (1,7 + 1); thus the values cancel out due to assumption
(1). Observing that the signature of the cyclic permutation (1,2, ..., k) is equal to
(—1)*=1, the trace property implies that

(=D*
R

> @(ao bayar - Sagar) = (—1)F7(ag, a1, ..., ax).
a€6k

T(ak, ag,...,ap_1) =

Second we prove the cocycle condition. Due to the derivation and trace properties
again we obtain

k
b’T(ao, . 7ak+1) :Z(—l)iT(ao, I 747 T PN ,ak+1)+(—1)k+1’r(ak+1a0, Alyeeny (Zk)
=0
—1)k )
— ( k;l) Z sign(a) {w(ao da(ya1 .- ((SQ(k)ak) ak+1)
' aceBy
7w(ak+1a0 §a(1)a1 . 5a(k)ak)}

and the last term is zero. This completes the proof. O
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5.10 The Godbillon—Vey cyclic 2-cocycle Tgy. Let (Y, F), Y = NxpT, be
a compact foliated bundle without boundary. We take directly 7' = S'. Let E — Y
a hermitian complex vector bundle on Y. Let G be the holonomy groupoid associ-
ated to Y, namely G = (N x N x T)/T. Consider again the convolution algebra
U (G, E) = CX(G, (s"E)* @r*E) of equivariant smoothing families with I'-com-
pact support. On ¥_*°(G, E) there exists a remarkable 2-cocycle, denoted by qv,
and known as the Godbillon—Vey cyclic cocycle. It was defined by Moriyoshi and
Natsume in [MoN96], following seminal work of Connes. Here we shall simply recall
the very basic facts leading to the definition of 7gy .

Recall from Section 2.5, the modular function ¢ on N x T defined by @Adf = ¢,
where & and Q denote I-invariant volume forms on N and N x T respectively.

There is a well defined derivation d2 on the algebra U, (G, E):

52(P) = [¢,P] with ¢ = log. (5.35)

We observe here that ¢ is neither I'-invariant nor compactly supported in general.
It is even possible that ¢ is unbounded. Recall next the bundle E' on N x T intro-
duced in [MoN96]: this is the same vector bundle as E but equipped with a new
I-equivariant structure. See [MoN96]. There is a natural bijective correspondence
between ¥ (G, E) and ¥_*°(G, E'). Take ¥_°(G; E, E') as in Section 3.3. Using
the above identification we consider ¥_*°(G; E, E') as a bimodule over ¥, (G, E).
Let ¢ denote the partial derivative of qS in the direction of S*. There is a Well defined
bimodule derivation 41 : ¥, (G, E) — V_*°(G; E, E'):

61(P) =[¢,P] with ¢ =logi). (5.36)

There is also a linear map 05 : ¥_°(G; E,E') — ¥_>°(G; E, E') defined in a similar
way to (5.35). Then one can verify that

01(02(P)) = 65(01(P)). (5.37)

Recall, finally, that there is a weight wr defined on the algebra U, *°(G; E):
wr(k) = / Tr(y0)k(y, y,0)dy do. (5.38)
Y(I)

In this formula, Y'(T') is a fundamental domain in N x T for the diagonal free action
of I"on N x T’ the kernel k is restricted to Ag x T'C N x N x T where A5 is the
diagonal set in N x N and Ay xT = N x T; and Tr(, p) denotes the trace map on
End(E(yﬂ)) (If the measure on T is I'-invariant, then this weight is a trace; however,
we do not make this assumption here).

We shall be interested in the linear functional® defined on the bimodule
-°(G; E,E") by the analogue of (5.38). Following what has been explained in

8 This will not be a weight, given that on a bimodule there is no notion of positive element.
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the previous subsection, we call this linear functional on ¥_*°(G; E, E') a bimodule
trace; this is justified by the next fundamental equation, which is proved in [MoN96]:

ke V. ®(G,E,E'),k € V_®°(G;E) =V_>®(G;E') = wr(kk')=wr(k'k).
(5.39)

It is also important to recall that the bimodule trace wr on ¥_°(G; E, E') satisfies
the following Stokes formula:

ke UI®(GE) = wr(di(k) =0 and ke U,®(G: B, E') = wp(d)(k)) = 0.
(5.40)

DEFINITION 5.41. When dim7T" = 1, the Godbillon—Vey cyclic 2-cocycle on W >
(G, E)=CX(G, (s*E)* @ r*E) is defined to be

Tav (a0, a1, a2) = 51> ce, Sign(@) wr(ag do(1ya1 da(2)a2)
= % {wr(ao (510,1 52@2) — wr(ao 52&1 (51(12)}. (5.42)

We remark that the Godbillon—Vey cocycle in [MoN96] is equal to twice the
above cocycle.

ProrosITION 5.43. The 3-functional tgvy does satisfy
brav =0, 7(ag,a1,a2) =7(a1,a2,a0),va; € ¥, (G E). (5.44)

Proof. This is certainly proved in [MoN96]. We give a proof here by using general
results of the previous subsection; this will serve as a guide for the more compli-

cated situation we will consider later. Recall the definition of 7¢y: 7gv (ag, a1, az) :=

%{wp(ao d1a1 d2a2) — wr(ag d2aq 51(12)} where d1a = [gf),a] and dra = [¢,al. Let

A° be the algebra ¥, °(G; E) and Al the A%bimodule ¥_°°(G; E, E') introduced
above. Proceeding as in Section 5.9, we construct a graded algebra © out of A° and
A as in Lemma 5.29. We denote this algebra by Q(G); thus Q(G) := V_*®(G; E) @
U_°(G; E, E'). Then, according to the explanations given in Section 5.9, there exist
extensions of our derivations to

5 : QUG) = QG), j=1,2 with d1a=[,a], dea = [0,a] (5.45)

with d; a derivation of degree 1 and Jo of degree 0. Here we employed the same
notation for these extensions. On the other hand, we know that the functional wr :
V. *(G; B, E') — C defined by (5.38) induces a bimodule trace map on A! due to
(5.39). Thus Lemma 5.32 implies that there exists a trace map m : Q(G) — C with
mr(a) = wr(a) for a € A' and 1r(a) = 0 for a € AY. Now the relation (5.37) shows
that the derivations d1, d2 in (5.45) commute with each other, whereas (5.40) implies
that m0(d;a) = 0 for a € Q(G) and j = 1,2. Thus, directly from Proposition 5.34,
we obtain a cyclic 2-cocycle

1
T (ag, a1, az) = 3 {Tr(ao dra1 d2a2) — r(ap d2a; 51(12)}-
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Thus 7y is also a cyclic cocycle on A = U °°(G; E) since it is nothing but the
restriction of 75 to the subalgebra A C Q(G). Thus the proof is completed. O

We now go back to a foliated bundle (X,F) with cylindrical ends, where X =
V xr T as in Section 2. We consider the small subalgebras introduced in Section 5.2.
Note that the weight wr is well defined on J.(X, F); thus the 2-cocycle 7gy can be
defined on J.(X,F), which we call the Godbillon—Vey cyclic cocycle for (X, F).

5.11 The eta 3-cocycle ogy corresponding to 7gy. Now we apply the
general philosophy explained at the end of the previous Section. Let x° be the usual
characteristic function of (—o0,0] x 90Xy in cyl(0X) = R x 9Xy. Write cyl(0X) =
(R x M) xp T with I acting trivially on the R factor. Let cyl(T') be a fundamental
domain for the action of " on (R x oM ) x T'; finally, let wlfyl be the corresponding
trace map on the bimodule defined similarly to (5.38). Recall 6(¢) := [x, £]; recall
that we passed from the 0-cocycle 79 = Tr to the 1-eta cocycle on the cylindrical
algebra B, by considering (¢g,¢1) — 79(¢od(¢1)). We referred to this operation as a
SUSPENSION.

We are thus led to suspend Definition 5.41, thus defining the following 4-linear
functional on the algebra B..

DEFINITION 5.46. The eta functional ogy associated to the Godbillon—Vey 2-cocy-
cle 7qy is given by the 4-linear functional on B,

1 . c
Ugv(fo, 51, 52, 63) = g Z Slgn(a) wal(go 5&(1)51 (50{(2)52 50((3)63) (547)
T ae6;

with
630 :=[X°, 1], 0ol :=[09,f] and 1€ := [$g,!] (5.48)

and ¢y equal to the restriction of the modular function to the boundary, extended in
a constant way along the cylinder. We shall prove that this is a cyclic 3-cocycle for
the algebra B.(cyl(0X), Fey1). More generally, formula (5.47) defines the Godbillon—
Vey eta 3-cocycle on Be(cyl(Y), Feyl) with Y = N xp T any closed foliated T-bundle,
not necessarily arising as a boundary. Here, as usual, we don’t write the bundle F
in the notation. In this case d2f := [¢y, ¢] and 6,4 := [gﬁy,f] with ¢y the logarithm
of a modular function on Y extended in a constant way along the cylinder.

We must justify the well-posedness of this definition. To this end, remark that
each sum will contain an element of type d3(¢;) := [x°,¢;]. This is a kernel of I'-
compact support (we have already justified this claim in Sublemma 4.10) which
is, of course, not translation invariant. Since the other three operators appearing
in the composition (fo da(1)(£1) da(2)(f2) da(3)(£3)) are (R x I')-equivariant and of
(R x T')-compact support, we can conclude easily that each term appearing in the
definition of ogv, (fo da(1)(£1) da(2)(£2) da(3)(€3)), is in fact of I'-compact support.
Indeed, recall that a kernel that is I'-equivariant and of I'-compact support, such
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as 03(¢;) = [x°, ;] above, can be considered as a compactly supported function on
the holonomy groupoid Gy for (cyl(0X), Fey). On the other hand, a kernel that
is (R x I')-equivariant and of (R x I')-compact support corresponds to a compactly
supported function on Gey1/Ra, which admits a R-compact support once lifted to
Gey1; see Proposition 4.3. We then take the convolution product of these kernels.
A simple argument on support implies that the resulting kernel corresponds to a
compactly supported function on G¢y and hence the kernel itself is of I'-compact
support on (R x M) x (R x M) x T.

Summarizing, wlfyl(ﬁo a(1)(£1) da(2)(£2) da(3)(£3)) is finite and the definition of
ogy is well posed. In fact, we can define, as we did for o1, the 3-cochain ‘76\:\/ by
employing the characteristic function x*. However, one checks as in Proposition 5.10
that the value of Ué*v does not depend on A.

PROPOSITION 5.49. Let Y = N xp T be an arbitrary foliated T-bundle without
boundary. The eta functional ogy on B.(cyl(Y'), Fey1) is cyclic and is a cocycle:
bogy = 0; it thus defines a cyclic 3-cocycle on the algebra B.(cyl(Y'), Fey)-

Proof. We wish to apply Proposition 5.34 as we did in the proof of the 2-cyclic-co-
cycle property for 7gy, see Proposition 5.43. However, we need to deal with a small
complication, having to do with the fact that x° is not smooth and that [x", /] is
no longer translation invariant. Recall the groupoid Gy := cyl(N) x cyl(N) x T/T
which is nothing but Gy x R x R with Gy the holonomy groupoid for Y = N xp 7.
Define

L (Gey1) ={k : Gey1 — C | k is measurable, essentially bounded and of I'-compact support}.

c

More generally, let E be a vector bundle on Y with lift Eon N x T; we pull back
E to cyl(Y) through the obvious projection obtaining a vector bundle E.y. We can
then consider in a natural way LZ°(Gey; Eey1) and LSO(chl);Ecthéyl)- We omit
the obvious details. Recall also

Be(Geyt) = Be:={{ : Gey1 — C | £ is smooth, R x T' — invariant and of R x I' — support}.

We also have B.(Gey; E) (this is the algebra on which ogy is defined) and
B.(Gey1; E, E'). We set now

A% := B.(Geyt; E) & L (Geyt; Ecyl)
Al = Be(Geyt; B, E') ® L (Gey; Beyt, Egy)-

cyl

First, observe here that A” and A! are naturally considered as subspaces in End(H)
and Hom(H, H') respectively, where we recall that H = (Hg)ger, Ho = L*(cyl(N) x
{6}, Ecy19) and similarly for H'; indeed, each summand of AY, for example, is in
End(H) and the direct sum holds because of the support conditions. Next we observe
that A° is in fact as a subalgebra of End(H), since the product of k € B.(Geyi; E)
and k' € L°(Geyt; Ecy) is an element in LY°(Geyt; Eey1). Moreover, for the same
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reason, A' has a bimodule structure over A°, inherited from the one of Hom(H, H’)
over End(H). The direct sum Q := A° ® A!) with the product defined in Lemma
5.29, is the graded algebra to which we want to apply Proposition 5.34.

We can define three derivations 61, d2 and d3 as in (5.48). We consider 4; as a
derivation of degree 1, mapping A° to A and vanishing on A'; we consider 5 and
03 as derivations of degree 0, preserving A° and A'! respectively. Notice that since
¢p and d)a are translation invariant on the cylinder, §; and J, are diagonal with
respect to the direct sum decomposition of A? and A'. As far as 63 is concerned, we
remark that using (5.9) we see that 63 maps B. ® L into L both on A% and A'.
It is clear that these three derivations are pairwise commuting. Finally, we define
a bimodule trace map on A! by employing the bimodule trace wliyl appearing in
Definition 5.46; this is well defined on L (Gey1; E, E') since elements in this space
have I'-compact support. We can then define w : A! — C by w(a) = wliyl(k:) if
a=(l,k) € A' = B.(Geyi; E, E') & LE(Geyt; Ecyl, E¢,). We know that w(d;a) = 0
if j = 1,2. On the other hand, always for a = (¢,k) = £+ k € A', we have

w(d30) = (X" 0+ K) = W (X, £+ K)
- / 1) Try.s0) (X" (5)((y,,0,0) + k(y,y, s, 5,0))

—(E(y, Y, 07 9) + k(y> Y, s, 8, 0))X0(8)) dy do

and the last term is zero. Thus, we also have Stokes formula for the derivation d3.
Now we define 7y from w as in Lemma (5.32) so that all the conditions in the hypoth-
esis of Proposition 5.34 are satisfied. Finally, we point out that B, is a subalgebra
of AY: proceeding exactly as in the proof of Proposition 5.34 we can now check that
ogy is indeed a cyclic 3-cocycle on Be. O

5.12 The relative Godbillon-Vey cyclic cocycle (75y,0av). We now
apply our strategy as in Section 5.8. Thus starting with the cyclic cocycle Tgy on
Jo(X, F) we first consider the 3-linear functional on A.(X,F) given by

1 , .
’(/JE;V(ko, kl, kz) = 5 Z 81gn(a) wr(ao 5a(1)a1 5a(2)a2)
T aEe6,

with wi the regularized weight corresponding to wr. The regularized weight wr. is
defined as follows. Let us consider X = V xp T, the quotient of V x T with free
I-action, and denote X (I') a fundamental domain for this I'-covering. We can take
X(T) as F x T, with F' a fundamental domain for the Galois covering I' — V —
V,V =MUg; ((—oo,O] X (9M> and V := M Ugps ((—o0,0] x M) . See Section 2.3.
Thus F' has a cylindrical end, with cross section Fj Then, using the usual notations,
we set

wr(k) := lim ( / k(x,z,0)drdd — )\/ E(y,y,(],@)dyd@) (5.50)
A—+00 F\xT FoxT
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with 7.(k) = £. Here we have used the translation invariance of ¢ in order to write
¢ as a function of (y,v/,s,0) with s € R.

Notice that, as in Section 5.5 the function ¢(\) = [, k(z,2,0)drd) —
/\fFaxTﬁ(y, y,0,0)dydf becomes constant for A >> 0.

Next we consider the cyclic cochain associated to g,

1
TGy (ko, k1, k2) == 3 (Vv (Ko, k1, k2) + ¥y (K, ke, ko) + ¥y (ke, ko, k1)) . (5.51)
The next Proposition is crucial:

PROPOSITION 5.52. The pair of cyclic cochains (78, ogv) € Ci(Ac, Be) is a relative
cocycle: thus

bogy =0 and briy = (m.) ogv. (5.53)

We have proved the first equation in the general (non-bounding) case in Propo-
sition 5.49. Notice that in the present context, with Y = 90X, we can prove the first
equation using the second; indeed 7, is surjective and thus the induced cochain map
7 is injective; thus brly, = (7.)*ogv implies that b(n.)*ogy = 0 so that bogy = 0.

We shall present a proof of the second equation of Proposition 5.52 in Section 10.

For later use we also state and prove the analogue of formula (5.17):

PROPOSITION 5.54. Let t : A*(X,F) — C*(X,F) be the section introduced in
Section 4.4. If k € A. C A*(X,F) then t(k) has finite weight. Moreover, for the
regularized weight wi. : A, — C we have

Wi = wr o t. (5.55)

Proof. The proof is virtually identical to the one establishing (5.17). Write k =
a+xMx* with a € J, and ¢ € B,. Remark that the support of y* — x° is compact.
Thus t(k) = k — x°0x° = a + xMx* — x%0x° has certainly finite weight, given that
it is of I'-compact support. Thus,

wr(t(k)) = / oz, 2, 0) dz df — / 0y, 1,0, 0)dy dt-dO — W (k)
FxT FExXT\FoxT
for a sufficiently large A. This completes the proof. O

5.13 Eta (n + 1)-cocycles. The goal of this subsection is to generalize the
results stated above for the Godbillon—Vey cyclic 2-cocycle 7gy to the more gen-
eral cyclic n-cocycles 7(ag, ..., an) == > oacs, sign(a) @w(ao dq(1)a1 - Sa(n)an)
considered in Proposition 5.34. We hope to use these results in a future project, in
collaboration with Sacha Gorokhovsky, where our aim will be to extend the results
of this paper to all Gelfand-Fuchs classes, employing the very interesting results
in [CM90]. Here we shall explain how to construct, starting with such a 7, an eta
(n + 1)-cyclic cocycle o on B, and a relative cocycle (77, 0) on (A, Be); proofs will
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be given in Section 10.2. For the sake of clarity we shall make our notation slightly
more precise.

Let J., B. and A, be the algebras defined in Section 5.2, fitting into the exact
sequence 0 — J, — A, =% B, — 0. Starting with a foliated bundle (X, F) with
cylindrical ends, we consider the following situation:

e There exist (graded) algebras Q7,4 and Qp, which contain J., A, and B, as
subalgebras, respectively and which fit into a short exact sequence:

0— 05— Q4 =5 Qp — 0.

Here Q; is the analogue of the algebra 2(G) constructed in (5.45) for closed
foliated bundles.

e One has a trace map T§y1 : Qp — C and a linear functional 7{: : Q4 — C. The
second map is not a trace map; however, it satisfies

(s’ = ') = 1A N])

for k, K" € Q4 with mq(k) = X and mq (k') = X in Qp. Observe that the above
identity implies that 7{. is a trace map once restricted to {2 since 7o (k) = 0 for
k € Q5. We then require that the restriction coincides with the trace map m on
17, which is defined in the proof of Proposition 5.44. We call 7{. a regularized
trace associated to 7 on ; and to Tlfyl on p.

e There exist derivations (5{4 on Q4 with 1 < i < n, which preserve €); and
satisfy 6;4(53-4 = (53»45;4 for 1 < i,5 < n. There also exist derivations (51-3 on g
with 1 <14 < n, which are compatible with 5;4 in the sense that 7TQ(5;-4 = (S,L-Bﬂ'Q
(thus 523 are pairwise commuting since 5{4 are). In the sequel we often suppress
the suffix and simply denote them by the same letter d;.

e Stokes’ formulas hold: one has 7%(6:1k) = 0 and Tlfyl(cSZB)\) =0 for k € Q4 and
A€ Qp with 1 <7< n.

We shall now produce eta cocycles and relative cocycles in this setting. Note
that for eta cocycles we shall proceed more generally, precisely as we did for Godb-
illon-Vey, thus considering B.(cyl(Y), Fey1) for Y = N xp T a foliated T-bundle
without boundary; in this more general situation we shall assume that the deriva-
tions 5}9, j=1,...,n, are pairwise commuting.

First we take a cyclic n-cochain on J, of the following form:

Tn(ao, ... an) = % Z sign(a)m (aoéa(l)al o (5a(n)an) (5.56)
acs,

for a; € J.. Due to Proposition 5.34 it is a cyclic cocycle. Now simply replacing
by the regularized trace 7, we extend 7, to A, by the same formula:

1 , .
(ko ... kn) = o EZ(; sign(a) T (kodu(1)k1 - - - Ou(n)on)
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for k; € A.. However, the resulting multilinear map 1 is not a cyclic cochain anymore.
Thus, in order to get a cyclic one we set ¥ (kg, ..., kn) = (ki ... kn, Koy ... ki_1)

with ¢ = 0,1....,n and define a cyclic n-cochain on A, to be
1 <& . .
"(koy. .. k) = — )" (kg K. :
7o (kos - k) Hl;( )" YO ko, k) (5.57)

Now we have the following two Propositions:

PROPOSITION 5.58. Let Y = N xp T be a foliated T-bundle without boundary.
Introduce a new derivation 0,41(¢) := [x°, ¢] for £ € B.(cyl(Y), Fey1) and define a
(n + 1)-linear functional oy,+1 by

On1(los -+ -y bnt1) = (nt 1) Z sign(B) 7 (o0 a1y 1 - - - Op(ns1ybnr1)-

| BEG 11
Then 0,41 is a cyclic (n + 1)-cocycle on B.(cyl(Y'), Fey).

Proof. The proof follows directly from Proposition 5.34, once we take into account
the modifications that were made in order to prove that ogy is a cyclic
3-cocycle. O

PROPOSITION 5.59. Let (X, F) be a foliated T-bundle with cylindrical ends. Let T,
be the cyclic n-cochain on A, defined in (5.57). Consider the eta (n+1)-cocycle op41
defined in the above Proposition. Then the relative cocycle condition is satisfied: one
has boy, 1 = 0, which we already know, and bt} = (7.) op41.

Notice once again that in this bounding situation the equation bo,+1 = 0 on
Be(cyl(0X), Fey1) is in fact a consequence of b1}, = (7.)*op41 (using that 7% is
injective).

Summarizing: starting with 7, of the form (5.56) we have obtained an eta co-
cycle 0,41 and a relative cocycle (77, 0p,+1). For example, given a codimension ¢
foliated bundle (Y, F), there exist derivations §; with 1 < ¢ < ¢ + 1 obtained from
[dr,a] and [¢,a] where dp is the exterior differentiation along transversal and ¢
the logarithm of the modular function. Then a Godbillon—Vey cyclic (¢ + 1)-cocycle
can be constructed on J. = C°(Y, F) by a similar formula to (5.41). Thanks to the
above results it is then possible to obtain an eta (g + 2)-cocycle and a relative cyclic
(g+ 1)-cocycle associated to such a generalized Godbillon—Vey cyclic (¢4 1)-cocycle.

6 Smooth Subalgebras

6.1 Summary of this section. The goal of this whole Section is to define the
subsequence

0—-J—=A—-B -0
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of 0 = C*(X,F) = A*(X,F) — B*(cyl(0X), Fey1) — 0 we have alluded to in the
Introduction and in Section 5.1. Since the definitions are somewhat involved, we
have decided to give here a brief account of the main definitions and of the main
results of the whole Section; this summary will be enough for understanding the
main ideas in the proof of our main theorem.

Step 1. We begin by defining Schatten-type ideals Z,, (X, F) C C*(X, F); these are
for each m > 1 dense and holomorphically closed subalgebras of C*(X, F). (We shall
eventually fix m greater than dimension of the leaves.) By imposing that the kernels
in Z,,(X, F) define bounded operators when multiplied by a function that goes like
(14s2) on the cylindrical end, we obtain the Banach algebras J;,, (X, F) C C*(X, F);
these are still dense and holomorphically closed.

Step 2. Next we define dense holomorphically closed subalgebras B,,(cyl(0X),
Fey1) € B*(cyl(0X), Feyr) (often simply denoted B,;,).

To this end we first define OP~!(cyl(0X), Fey1), the closure of \I’I@lc(GCyl) C
B*(cyl(0X), Fey1) with respect to the norm ||| P||| := max(||P||—n,—n—1, | Plln+1,n)s
where on the right hand side we have the norm for operators between Sobolev
spaces and where n is a fixed integer greater or equal to the dimension of the
leaves. Next we define D,, as those elements in OP~!(cyl(0X), Fey1) for which (a
certain closure of) the derivation [y’,] has values in J,,. We then define Dy, o
as Dy, N Dom(9,) with 0, the closed derivation associated to the R-action oy
defined by au(¢) := e'Sle="5. B, is obtained as a subalgebra of Dy, o: By = {{ €
Dol lf. 0] and [f,[f,¢]] are bounded, with f(y,s) = v1+ s?}. We endow
B, with a Banach norm and we prove that it is a dense holomorphically closed
subalgebra of B* for each m > 1.

Step 3. We define A,,,(X,F) := {k € A*(X,F);n(k) € Bn(cyl(0X), Fey1), t(k) €
In(X, F)} with t : AY(X,F) — C*(X,F) defined in (4.13). We endow A, with a
norm that makes it a Banach subalgebra of A*

Step 4. We prove that 7, is an ideal in A, and that there is for each m > 1
a short exact sequence of Banach algebras 0 — 7, (X,F) — An(X,F) —
B (cyl(0X), Fey1) — 0.

Step 5. Recall the function ¢, equal to the logarithm of the modular function.
Recall the (algebraic) derivations 01 := [, | and d := [¢, ]. We define suitable clo-
sures 01, 2 of these two derivations and we define Jm as Jp, N Dom(81) N Dom(ds).
We endow J,, with a Banach norm and we remark that it is a dense holomorphi-
cally closed subalgebra of C*(X,F). Similarly, we define suitable closures of the
derivations &, := [pg, ] and s := [py, | on the cylinder and we define By, as
B,, N Dom(d1) N Dom(ds). We endow B, with a Banach norm and we show that it
is a dense holomorphically closed subalgebra of B*. Finally, we define in a similar
way the Banach algebra 2(,y,; this is a subalgebra of A*.
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Step 6. We prove that Ju, is an ideal in 2, and that there is a short exact sequence
of Banach algebras 0 — Jm — Am — Bm — 0.

The subsequence we are interested in is obtained by taking m = 2n + 1 in the
above sequence, with 2n equal to the dimension of the leaves in (X, F).

6.2 Schatten ideals. Let xr be a characteristic function for a fundamental
domain of I' — V' — V. Consider C°(G) =: J.(X,F) = J..

DEFINITION 6.1. Let k € J. be positive and self-adjoint. The Schatten norm ||£||,
of k is defined as

(I1&[lm)™ = sup [ [xr (k(0))" xrlh (6.2)
oeT
with the || ||1 denoting the usual trace-norm on the Hilbert space Hy. Equivalently

(1klln)™ = sup |Ixr (k(6))™ 2|15 (6.3)
oeT

with || ||ms denoting the usual Hilbert-Schmidt norm. In general, we set ||k||,, =
|| (kk*)Y/2 ||, The Schatten norm of k € J,. is easily seen to be finite for any m > 1.

PRrOPOSITION 6.4. The following properties hold:

(1) if 1/r =1/p + 1/q then [[kK'|[ < |[k[p [[K']lq;
(2) if r > 1 then ||kK'|[; < [[Klc- [[K[],;
(3) if p < q then ||kl|, > [[kl]q;
(4) ifp > 1 then ||k}, > [[kl|c-.
The proof of the Proposition is easily given using standard properties of the Schatten
norms on a Hilbert space.

Consider now xr, the characteristic function of a fundamental domain for V.
Define a map

bm - C*(X, F) — End(H) (6.5)

to be given by ¢, (k) = (xr|Th|™xr)eer with m € N. It is a continuous map
(although, obviously, not a linear operator), given as the composition of (Tp)ger —
(|Tp|™)ger and left and right multiplication by yr. Let £'(#) be the subalgebra of
End(H) (see Section 4.2) consisting of measurable families T = (T})per such that Ty
is an operator of trace class for almost every 6. It is a Banach subalgebra of End(H)
with the norm

Tl = ess. sup{| Tyl ; 6 € T) (6.6)
where [|Ty||; denotes the trace norm. For m € N, m > 1 we set

In(X,F) = {T € C*(X, F) | ¢m(T) € L (H)} (6.7)
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and denote by 1, the restriction of ¢, to Z,,(X,F), so that ¥, : Z,(X,F) —
L'(H). We anticipate that we shall need to take a slightly smaller algebra; this
smaller algebra will be denoted 7, (X, F).

It is clear that Z,,, (X, F) is closed under composition. We can prove that the graph
of 1y, is a closed subset of C*(X,F) x L1(H): indeed the graph of ¢,, is a closed
subset of C*(X, F) x End(H) due to continuity, the inclusion of C*(X, F) x L}(H)
into C*(X, F) x End(H) is continuous and the graph of v, is the intersection of the
graph of ¢,, with C*(X,F) x L1 (H).

PROPOSITION 6.8. Z,,,(X, F) is a Banach algebra, an ideal inside C*(X,F) and is
isomorphic to the completion of J.(X,F) with respect to the m-Schatten norm. In
particular Z,,(X,F) is a holomorphically closed dense subalgebra of C*(X,F).

Proof. We define a norm on Z,,(X, F) by considering the graph norm associated to

U, Viz:
[Tl = TN+ + [9m(T) 1

Since the graph of v, is closed this is a complete Banach space. Moreover, by the
analogue of Proposition 6.4 (stated for elements in Endr(H)) we see that this graph
norm satisfies [|[ST|;, < ||S||m||T||m so that Z,,(X,F) is a Banach algebra. Next
observe that, obviously, J.(X, F) C Z,,(X, F); moreover, from the fourth inequality
in Proposition 6.4 we see that on J.(X,F) the graph-norm and the Schatten norm
introduced in Definition (6.1) are equivalent (thus the small abuse of notation);
since Z,, (X, F) contains J.(X,F) as a dense set and it is complete by the norm
| |lm, we conclude that the completion of J.(X,F) by the norm of Definition (6.1)
is naturally isomorphic, as a Banach algebra, to Z,,,(X, F). The fact that Z,, is an
ideal in C*(X, F) follows easily from the inequality ||k&'||, < [|E|| ||K||m. From the
ideal property one can easily prove that Z,, is closed under holomorphic functional
calculus; indeed if a € Z,, and f is a holomorphic function in a neighbourhood of
spec(a) such that f(0) = 0 then we can write f(z) = zg(z) for some holomorphic
function g and thus f(a) = ag(a) which therefore belongs to Z,,, given that Z,, is
an ideal. O

REMARK 6.9. For the elements in the ideals Z, (X, F) the inequalities of Proposi-
tion 6.4 continue to hold. In particular, if we have T; € Z,(X,F) for j = 1,...,p,
then their composition T4 --- T}, € Z;(X, F) and the product map Z,(X,F) x --- X
T,(X,F) — 7:(X, F) is continuous.

Recall now the weight wr defined on J. := C°(G, (s*E)* @ r*E):

wr(k) = /X(F) Tr(y,0)k (7, 2, 0)dx do, (6.10)

where Tr(, ) denotes the trace map on End(FE,)) identifying End(E(wg)) with
End(E(; ). Recall also that

wr(k) = /Sl Tr(ogk(0)og)do (6.11)
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with o a compactly supported smooth function on N x S! such that Zyer y(o)? =
1, 00 := ol (0} and Tr denoting the usual trace functional on the Hilbert space
He.

PROPOSITION 6.12. The weight wr in (6.10) extends continuously from J. to Z;. In
particular, if ko, k1,...,ky € Zpy1 then wr(koky - - - kp) is finite.

Proof. We need to prove that for an element k € J.(X, F) we have |wr (k)| < C||k]|1.
However, this follows at once from the following two inequalities

[ Tk 0)ds| < kel [ 176)1d0 < vol(T)sup|£(0).
FD T

Thus |wp (k)| < vol(T)| k|1 as stated. 0

We shall now introduce the subalgebra of C*(X, F) that will be used in the proof
of our index theorem. Consider on the cylinder R x Y (with cylindrical variable s)
the functions

fcyl(suy) =1+ 52 gcyl(suy) =1+ 52 (613)

We denote by f and g smooth functions on X equal to fey1 and gy on the open
subset (—00,0) x Y; f and g are well defined up to a compactly supported function.
We set

In(X, F) :={k € I, | gk and kg are bounded} (6.14)
We shall often simply write 7.
ProrosITION 6.15. 7, is a subalgebra of Z,,, and a Banach algebra with the norm
1kl = ¥l + llgEllc- + gl (6.16)
Moreover [Jy,, is holomorphically closed in Z,, (and, therefore, in C*(X,F)).

Proof. The subalgebra property is obvious, so we pass directly to the fact that J,,
is a Banach algebra. It suffices to show that multiplication by ¢g on the left and
on the right induces closed operators; namely if k; — k, kjg — {1, gk; — {2 for
ki € U-1(@), then £; = kg and £y = gk. In fact, given £ € C2°(V x {#}), one has

1(§) = (lim k;jg)(§) = (lim k;)(g€) = kg(¢)

noting that g¢ € C°(V x {#}), which proves that ¢; = kg. Similarly one has ¢, = gk.
This proves that (Jm,|| |7,) is a Banach space. The Banach-algebra property of
this norm follows easily from the Banach-algebra property of || |, on Z,, and
| llc on C*(X,F). Finally we show that 7, is holomorphically closed in Z,,. To
this end we need to show that if 1+ &k € 7} := J,, + C- 1 is invertible in Z;},
with (1 +k)~' = 1+ %" and k' € Z,, then one has k' € J,,. First we observe
that 1 = (1+ k) (1 +k) =1+ k+ K + kk'. Thus ¥’ = —k — kk’. Similarly one
has k' = —k — K'k (using 1 = (1 + k¥)(1 + k)). Thus gk’ = —gk — (gk)k’ and
kK'g= —kg— k' (kg). Since the right hand sides are bounded so are gk’ and k’g. The
Proposition is proved. O
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REMARK 6.17. As usual, we have not included the vector bundle E into the nota-
tion; however, strictly speaking, the notation for the Schatten ideals we have
defined above should be Z,,(X,F; E). With obvious changes we can also define
(X, F; E, F), with F' a hermitian vector bundle on X; in particular, given £ on
X =V xp T, and thus E on V x T, we can define E’ which is £ but with a
new [-equivariant structure. We then have Z,,(X, F; E, E’ ). Notice that, by con-
tinuity, we have an isomorphism of Banach algebras Z,,(X, F; E) = Z,,(X,F; E')
as well as continuous maps Z,(X, F; E,E') x T,(X,F; E) — Z,(X,F; E,E’) and
I,(X,F;E) x Iy(X,F; E,E') — 1,(X,F; E,E') if 1/r = 1/p + 1/q. Moreover, the
analogue of Proposition 6.12 holds for the bimodule trace wr : J.(X, F; E,E") — C.

6.3 Closed derivations. In this Subsection we give some general results on
derivations; this material plays an important role in the sequel. Let in general T :
By — Bj be a linear operator between Banach spaces with a domain Dom(7") which
is assumed to be dense. Denote by G the graph of T', namely the subspace G :=
{(u,Tu) € By ® By |u € Dom(T)} and consider the closure Gr. Also, denote by p
the projection p : By ® By — By onto the first component. The following Lemma and
Definition are well known:

LEMMA 6.18. The following are equivalent:

(1) Gr is the graph of a linear operator T, with p(Gr) equal to the domain of T,
which is an extension of T';

(2) set pr := plg,; then Ker pr = 0;

(3) for u; € Dom(T) with u; — 0 and Tu; — v one has v = 0.

DEFINITION 6.19. A linear operator T : By — B; with dense domain Dom(7) is a
closable operator if one of the properties of the Lemma above is satisfied. Then T is
called the closure of T.

It is obvious that Dom(7)(= Im pr) becomes a Banach space if we equip it with
the graph norm

[ullz == lfullo + [[Twll1, (6.20)

with || ||; denoting the Banach norms on B;. It is also obvious that the closure T
induces a bounded operator T : (Dom(T), || ||7) — (B, || |l1)-

Let now Ap be a Banach algebra with norm || ||p and A; a Ap-bimodule with
norm || ||1. Let § : Ag — Aj be a closable derivation into the bimodule Ay, that is:
0 is a closable operator that has the derivation property

d(ab) = (da)b+ a(db), for a,b € Dom(9). (6.21)
Denote by 0 : Dom(§) — Aj the closure of 6.

PROPOSITION 6.22. Set 2 := Dom(9).
(1) A is a Banach algebra with respect to the graph norm;
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(2) 6 induces a derivation % — Ay, §(ab) = (da)b + a(db), a,b € 2.

Proof. Let a,b € Dom(d). Then there exist sequences {a;},{b;} in Dom(d) such
that a; — a, 6a; — da, b; — b and §b; — 0b in Ay and A; respectively. Since
Ap is a Banach algebra and A; is a bimodule over Ay, we have a;b; — ab and
§(a;bi) = (8a;)b; + a;(6b;) — (5a)b + a(6b), which implies (ab, (da)b + a(db)) € Gs
and d(ab) = (da)b + a(db) since G is the graph of § by the previous Lemma. This
proves that ab € 2 and hence 2 is an algebra. Moreover 0 satisfies the derivation
property. Finally, we note that

lablls = llabllo + l16(ab)ll < llallo [bllo + lI3allx 12llo + llallo 16b]1x
< (llallo + lloall)(l[bllo + [166]l1) = llall5 [[bll5-

which proves that 2l is a Banach algebra with respect to the graph norm of §. O

We shall also need the following simple but important Lemma. First we intro-
duce the relevant objects. Let By be a subalgebra of Ag endowed with a Banach
algebra norm, || |p,, satisfying ||bo||B, > ||boll4,- Let B1 C A; be a By-bimodule

with ||b1||g, > ||b1]|4,. Observe that A; is then also a By-bimodule since

1boarlla, < l[bollaollarlla, < llboll s, llaxlla,

and similarly ||a1bolla, < |la1]la,llbollB, for by € Bo, a1 € A;. Then By is a By-
submodule of A; endowed with the above By-bimodule structure and moreover the
inclusion is clearly bounded.

LEMMA 6.23. Let § be a closed derivation from Dom(d) C Ag to A;. Set
Domp := 6 *(B1) N By = {a € Dom(8) N By | da € By}.
Define §p : Domp — By as 6g(b) := §(b). Then dp is a closed derivation.

Proof. By hypothesis we know that the graph of § is a closed subspace of Ay @ A;.
Then, because of our assumptions, its intersection with By ¢ Bj is a closed subset
of By ® B (indeed, it is the inverse image of the graph for the inclusion map, which
is continuous). On the other hand, this intersection is easily seen to be the graph of
d0p. The Lemma is proved. O

6.4 Schatten extensions. Let (Y,F),Y := N xp T, be a foliated T-bundle
without boundary; for example Y = 0.Xy. Consider (cyl(Y'), Fey1) the associated foli-
ated cylinder. Recall the function ngl (often just x°), the function on the cylinder
induced by the characteristic function of (—o0,0] in R. Notice that the definition
of Schatten norm also apply to (cyl(Y'), Fey1), viewed as a foliated T-bundle with
cylindrical ends. Let W5 (Gey1) = ¥e?(Gey1/Ra), see Proposition 4.3, be the space
of R x I'-equivariant families of pseudodifferential operators of order —p on the
fibration (R x N ) x T" — T with R x I'-compact support. Consider an element
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0 € U, P(Gey1/Ra); then we know that ¢ defines a bounded operator from the Sobo-
lev field £F to the Sobolev field £¥P. See [MoN96], Section 3. Let us denote, as in
[MoN96], the operator norm of a bounded operator L from £F to €7 as ||L|| x; notice
the reverse order. For a R x [-invariant, R x I'-compactly supported pseudodiffer-
ential operator of order (—p), P, we consider the norm

IP[llp == max([|Pll-n,—n—p; [IPllntp.n) (6.24)

with n a fixed integer strictly greater than dim N. We denote the closure of ||| - |||,
by OP7P(cyl(Y'), Fey1). We shall often write OP™7.

PROPOSITION 6.25. OPP(cyl(Y'), Fey1) Is a Banach algebra and a subalgebra of
B*(cyl(Y), Fey1)

Proof. 1t is proved in [MoN96], section 3, that the norm ||| - |||, satisfies the Banach
algebra inequality ||| PQ|||, < ||| P]||p |||Q]|]p- Thus OP~? is indeed a Banach algebra.
In order to prove that OP~P is a subalgebra of B* we need the following

LEMMA 6.26. B* coincides with the C*-closure of U, ”(Gey1/Ra).

Proof. Let D be the Dirac operator on (cylY, Fey1). Applying the same arguments
as in [MoN96] we can prove that (D + s)~! belongs to B* (see the proof of Propo-
sition 7.18 in Section 10.5 for the details). Given ¢ € W.”(Gey1/Ra), p > 1, we can
write ¢ = (D + s)P(D + s) P where we know that (D + 5)? € UY(Gey1/Ra) and
(D +s)"? € B*. Now recall from Remark 4.5 that B* is an ideal in £(Eqy1); thus
the above equality proves that ¢ € B*. On the other hand, obviously, U.”(Gey/Ra)
contains B, = C°(Gey1/Ra). Thus B* = C*(Gey1/Ra), which is by definition the
C*-closure of B, is contained in the C*-closure of W.”(Gey1/Ra). Thus one has:

B* = C*(Gey1/Ra) C C*-closure of W P(Gey1/Ra) C B*

proving the Proposition. O
Since the C*-norm is dominated by the ||| - [|[,-norm, we can immediately
conclude the proof of the Proposition. O

Notation. From now until the end of this subsection we fix p = 1 and, following
[MoN96], we denote the corresponding norm simply as ||| - |||

Consider now the bounded linear map 95" : B* — Endr H given by 05/ :=
[x°, £]. Consider in B* the Banach subalgebra OP~! endowed with the Banach norm
|| - ||| and consider in Endr H the subalgebra 7, (cyl(Y'), Fey1). Let 03 be the restric-
tion of 95 to OP~1. Since || - || < ||| - ||| we see that 95 is also bounded. Let
Dy i={ € OP™! | 05(¢) € T(cyl(Y), Fey1)}. From the restriction Lemma of the
previous subsection, Lemma 6.23, we know that 03 |p,, induces a closed derivation
03 with domain D,,,. This is clearly a closed extension of the derivation d3 considered
in Section 5.11.
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DEFINITION 6.27. If m > 1 we define D, (cyl(Y), Fey1) as Dom 5 endowed with
norm

1€llp,,. = 111elll + ey 41l 7, - (6.28)
We shall often simply write D,, instead of Dy, (cyl(Y), Fey1)-

PROPOSITION 6.29. Let m > 1, then D, is a Banach algebra with respect to (6.28)
and, obviously, a subalgebra of B* = B*(cyl(Y'), Fey1). Moreover, Dy, is holomorphi-
cally closed in B*.

Proof. From the results of the previous subsection, we know that Dom(d3), endowed
with the graph norm, is a Banach algebra; since Dom(83) is by definition D,,, we
have proved the first part of the Proposition. Finally, that D,, = Dom(é3) is holo-
morphically closed in OP~™! is a classic consequence of the fact that it is equal to
the domain of a closed derivation. See [Roe88], p. 197 or [Con94|, Lemma 2, p. 247.
Since OP~! is in turn holomorphically closed in B*, see [MoN96] Theorem 3.3, we
see that D,, is holomorphically closed in B* as required. The Proposition is proved.

O

The Banach algebra we have defined is still too large for the purpose of extend-
ing the eta cocycle. We shall first intersect it with another holomorphically closed
Banach subalgebra of B*.

Observe that there exists an action of R on W 1(Gey/Ra) € OP ™! (cyl(Y),
Fey1) C B* defined by

oy (0) == e e (6.30)

with ¢ € R, s the variable along the cylinder and ¢ € U !(G.y/Ra). Note that
a;(f) is again (R x I')-equivariant; indeed e'** is T-equivariant and moreover T) o
ai(0) o Ty L' — a4(#), T denoting the action induced by a translation on cyl(Y') by
A € R. It is clear that |||a:(£)||| = |||€]||; thus, by continuity, {a;}er yields a well-
defined action, still denoted {o };er, of R on the Banach algebra OP ! (cyl(Y), Fey).
Note that this action is only strongly continuous. Let 9, : OP™! — OP~! be the
unbounded derivation associated to {ay}icr

O0a(f) := lim W. (6.31)

t—0
By definition
Dom(d,) = {£ € OP™! | 94(¢) exists in OP™'}.

PROPOSITION 6.32. The derivation 0, is closed.
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Proof. Observe preliminary that if A and A’ are two closed operator on a Banach
space B then their sum A + A’ is also closed (with domain equal to the intersection
of the two domains). The proof is elementary.

Next we claim that if A is a densely defined operator and A~! : B — Dom(A)
exists and is bounded, then A is closed. Indeed: suppose that z; — x and Az; — y;
we want to prove that x € Dom(A) and Ax = y. By hypothesis we know that
z; — A7ly. Thus x = limjz; = A~ 'y. Since A~ is bijective, one has x € Dom(A)
and Az = y, as required.

Finally for each £ € OP~! we consider the following Laplace transform R(f) :=

0+O° dte~tay(€). Since |||a (€)|| = |||4]]], we see that the integral converges. Now, an
elementary computation shows that (I — d4)R = I. Thus the previous statement,
applied to (I — Jy), implies that (I — d,) is a closed operator. Thus, by our first
observation we get that d, is closed. The Proposition is proved. O

We endow Dom(d,,) with the graph norm
€N + 1106 (O] (6.33)

PROPOSITION 6.34. Dom(9,) is a Banach algebra with respect to (6.33) and, obvi-

ously, a subalgebra of B* = B*(cyl(Y'), Fey1); moreover it is holomorphically closed
in B*.
Proof. From the results of the previous subsection, we know that Dom(9, ), endowed
with the graph norm, is a Banach algebra. The first part of the Proposition is thus
proved. That Dom(d,) is holomorphically closed in OP~! is as before a consequence
of the fact that it is equal to the domain of a closed derivation. Since, as before,
OP~! is in turn holomorphically closed in B*, see [MoN96] Theorem 3.3, we see that
Dom(d,,) is holomorphically closed in B* as required. The Proposition is proved.

g

Let now p > 1 and consider OP?(cyl(Y), Fey1). Then a; on OP ™ (cyl(Y), Fey)
preserves the subspaces OP7P(cyl(Y), Fey1) and we therefore get a well-defined
strongly continuous one-parameter group of automorphisms on each Banach algebra
OP7P(cyl(Y), Fey1)- Let Oap be the associated derivation. Proceeding as in the proof
of Proposition 6.32 we can check that this is a closed derivation with domain

Dom(0qa,p)={¢ € OPP(cyl(Y), Feyr) | %ii%(at(ﬁ)—f)/t exists in OP™P(cyl(Y), Fey) }-

Similarly, proceeding as above, we can check that Dom(d,,,) is a Banach algebra
with respect to the norm |||¢|[|, + ||[0a,p(€)]|[p-
Before going ahead we make a useful remark.

REMARK 6.35. Multiplication in B* induces a bounded bilinear map
Dom(0q ) x Dom(0y,q) — Dom(0a ptq)- (6.36)

The proof is an easy consequence of the derivation property and of the inequality
€ p+q < IEl1Ipl1€]|lg for £ € OP™P(cyl(Y'), Fey) and £/ € OP™(cyl(Y'), Fey1).-



1754 H. MORIYOSHI AND P. PIAZZA GAFA

We can now take the intersection of the Banach subalgebras D,, (cyl(Y), Fey)
and Dom(0q):

Dna(cyl(Y), Fey1) := D (cyl(Y), Feyr) N Dom(0y)
and we endow it with the norm

1]

mea 1= [+ I xeyss Al + 0alll- (6.37)

Being the intersection of two holomorphically closed dense subalgebras, also
Dnal(cyl(Y), Fey1) enjoys this property.
We are finally ready to define the subalgebra we are interested in. Recall the

function feyi(s,y) = V14 s2.

DEFINITION 6.38. If m > 1 we define

B (cyl(Y), Fey1) := {€ € Dia(cyl(Y), Feyr) | [f, €] and [f,[f,€]] are bounded}.
(6.39)

This will be endowed with norm

1N, := [llm.o + 2[[f; €l 3= + [I[f; [ €]l -
= (11Nl + ey, Az, + 0atll] + 2111, 4]

- +[IIf; [f: 4]l -

The appearance of the factor 2 will be clear from the proof of Lemma 6.43. Pro-
ceeding as in the proof of Proposition 6.15 one can prove that B, (cyl(Y'), Fey1) is
a holomorphically closed dense subalgebra of B*. We shall often simply write B,
instead of B, (cyl(Y'), Feyl)-

Let us go back to the foliated bundle with cylindrical end (X, F). We now define

A (X, F) = {k € AY(X,F);n(k) € Bn(cyl(0X), Fey1), t(k) € Tm(X, F)}(6.40)
Now we observe that, as vector spaces,

A = T @ 5(Bp). (6.41)

In order to prove (6.41) we recall the C*-sequence 0 — C*(X,F) — A*(X,F) 5

B*(cyl(0X), Fey1) — 0 and the sections s : B*(cyl(0X), Fey1) — A*(X,F) and

t: A*(X,F) — C*(X,F) defined in (4.8) and (4.13) respectively. Note that

Kert = Ims since t(k) = k — son(k) and mo s(¢) = ¢ for k € A*(X,F) and

¢ € B*(cyl(0X), Fey1). Moreover, we obviously have 7(a) = 0 and t(a) = a for
aecC*X,F).
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Proof of (6.41) Define ¢ : Ay, — Tm @& s(Bp) by w(k) = (t(k),s o w(k)). Define
Vo TInm @ s(Bpn) — Am by ¥(a,s(f)) = a+ s(f). Note that Ime C A, since
tla+s()) =a € Ty and 7w(a + s(¥)) = £ € By,. The maps ¢ and ¢ are obviously
linear. Then we have

b0 p(a,s(0) = (ta + s(0).s owla+ s(6)) = (a.s(0)),
pot(k) = (k- som(k)) +som(k) = k

and we are done.
We endow A, with the direct-sum norm:

[Ella,. = 1t 7, + llw(k)l[5,.- (6.42)

Obviously s induces a bounded linear map B,, — A,, of Banach spaces and similarly
for m. Moreover, note that the restriction of the norm || ||4, to the subalgebra 7,
is precisely the norm || ||z, .

We shall prove momentarily that these algebras fits into a short exact sequence;
before doing this we prove a useful Lemma. Remark that for a foliation (Y, Fy)
without boundary, (cyl(Y'), Fey1) is a foliation with cylindrical ends; for the latter
TIm(cyl(Y), Fey1) makes perfect sense.

LEMMA 6.43. Recall the function x° on X and ngl on the cylinder cyl(0X). One

(1) Xojm C JIm and ijO C Im;

(2) X"Tm(cyl(0X), Fey1)X? € Tn(X, F);

(3) on cyl(Y), for example on cyl(0X), we have T, By, C T and By Tm C Tm;
(4) (X°BnX°) T (X, F) € Im(X, F) and T (X, F)(X°Bnx’) C Tn(X, F);

(5) (XOBmXO)(XOBmXO) C XOBmXO + JIm-

Proof. (1) The operators gx°k = x’gk and x°kg are bounded if k& € J,,. Thus
one has Xojm C Jm- Similarly we proceed for the other inclusion.
(2) The proof is similar to 1).
(3) Take k € Jp, and £ € B,,. Obviously one has k¢ and ¢k € Z,,, given that
JIm C I, and that Z,, is an ideal. Moreover, g.y1kf is bounded and so is

klgeys = kUf21 = K[l fey] foyr + K foyil feyt
= k[[& fcyl]a fcyl] + 2kayl [57 fcyl] + kgcy1£

given that [[¢, fo], fey]s Kfeyts [, fey] and kgey1 are all bounded. Thus
kl € J,,. Similarly one proves that ¢k € J,,.

(4) The proof is analogous to the one of 3), let us see the details for the second
inclusion:

kx"0x°g = kx°lgeax” = kx Lf2x° = kX°IL fes] foX® + kX" feyil fesiX”
= kX°[0, feyt], FeytX® + 2k FX°1 fet]X° + kgx "
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which is easily seen to be bounded using the definitions of 7, and B,,. The
rest of the proof is similar but easier.

(5) Note that, on the cylinder, [ngl,ﬁ] € Jm if £ € B,,. Thus for ¢,¢ € B,, we
have that x*0(1 — x2)¢x% = X" %, (1 = XD, x2)x° belongs to T,
due to 1). This implies that

XOZXOZ/XO _ XOEEIXO o Xog(l . XO)EIXO c XOBmXO + jm 0

PROPOSITION 6.44. (A, || |l4,,) is a Banach subalgebra of A*. Moreover, J, is an
ideal in A, and there is a short exact sequence of Banach algebras:

0 = Tn(X, F) = Apn(X, F) 5 Bpu(cyl(0X), Feyt) — 0. (6.45)

Finally, t : A*(X,F) — C*(X,F) restricts to a bounded section t : A, (X,F) —
Im(X, F)

Proof. Write k = a+ x"0,x°, with w(k) = ¢;. By definition ¢t(k) = k — x%x* = a €
Jm(X, F). Similarly we write ¥’ = a’ + x%x°. We thus have

kk' = (a+ x"x°) (@ + X"l ).

Since p is an injective homomorphism we check easily that £, = 0., We compute,
with ¢ = ¢, and ¢/ = ¢},

kk/ — (CL+ XOKXO)(G// + XOEIXO)

— ad’ + ax°0° + x°0d + x 000l

= ad’ + ax"0x" + X°0 " + (2 — DX+ X0ee'°

= aa’ + axl'x° + X’ a’ + X° X%, A1 x8s Ix° + x00X°.
The first three terms belong to J,(X,F) because J,,(X,F) is an algebra and
because of property 4) in the Lemma ; we also know that, by the very defini-
tion of By, [X(C)yl,ﬁ] and [X(C)yl,f’ | are in Jp,(cyl(0X), Fey1) so that their product is
in Jm(cyl(0X), Feyr). Using this, the second item of the Lemma and the identity
L = Uil , we finally see that A, is a subalgebra.

Next we prove that A,, is a Banach algebra. Recall that if a € A, then ||a||;, =

llallm + llagl|lc- + ||lgal|c~; this clearly satisfies ||ad’||7, < |lal|lz, ||d’]l7,,. We shall
prove that

lax’ex°|lz,, < llallz, lells, and [x°x"allz, < lalz,|l]s,-

Indeed one has

1ax°eX° )| 7, = lax’x° |l + [laxex°gllc- + lgax" x| c-
= laxex°[lm + 12afX 1, F1X° + ax"[[¢, £1, FIX° + agx"ex°| -
+/lgax"ex°| -
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< llallmllell 5= + 2llafllmll 6, FHllm + lallml e, £1, flim + llaglic- €] -
+llgallc- 1]l 5-
< llallz. |14

T, m B m*

Similarly one proves the second inequality. Then we have

1k K4, = llaa’ + ax®¢'x° + x"0x°a’ + X"y, Alxey X N 7., + 116€']]5,,
7. +llallz, 1€, + 145, lld'|
Dy Az ey €Mz, + e, 1€ 15

< [1%l.4,. [1E].4,,-
Thus A,, is a Banach algebra. Since it is clear that the inclusion of A,, into A* is
bounded, we see that A,, is a Banach subalgebra of A*. The fact that we obtain a

short exact sequence of Banach algebras is now clear. Finally, observe that t(k) =
k — s(m(k)); thus the boundedness of s implies that of t. 0

< llallg, lla’| T

6.5 Smooth subalgebras defined by the modular automorphisms. The
short exact sequence of Banach algebras 0 — 7, — A, — B, — 0 does not
involve in any way the modular function ¢ and the two derivations ¢; and d2. Thus
we cannot expect the two Godbillon—Vey cyclic 2-cocycles to extend to the cyclic
cohomology groups of these algebras. For this reason we need to further decrease
the size of these subalgebras, taking into account the derivations §; and ds.

6.5.1 Closable derivations defined by commutators.  Let k be an element either
in Jo(X,F), Ac(X,F) or B.(cyl(0X), Feyr1). We consider k as a I'-equivariant family
of operators k = (k(6))per acting on a family of Hilbert spaces Hy as in Sections 3
and 4.

We first work on A.(X, F) which we endow with a Banach norm || ||o and denote
it as AY. Next, we consider the bimodule A!, as in the preceding subsections, i.e.
the bimodule built out of A. by considering operators acting from sections of E to
sections of the bundle with new equivariant structure, E’. We endow the bimodule
Al with a norm || ||;. We shall assume that both || ||o and || ||; are stronger than
the C*-norm:

1]l > ||

c-, i=0,1. (6.46)

Let f be a smooth function on V x T and consider the bimodule derivation
§: (A% llo) — (AL || |l1) given by 6k := [f, k]. We assume that f has been chosen
so that [f, k] is a ['-equivariant family of operators. Note that, then,

(0K)(0)80 = f(,0)k(0)Ep — K(0)(f (2, 0)E0)

for &g € Hyp. We don’t assume that f is I-invariant, nor we assume that f is com-
pactly supported or even bounded (this being a basic difference with the case of x°
already considered).
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PROPOSITION 6.47. Under the above assumptions we have that ¢ is a closable der-
ivation.

Proof. Because of the Lemma above it suffices to show that ¢ satisfies the following
property:

||k72H0 — 0 and H(Sk‘@ — k‘Hl — 0, with k; € A., then k=0.
Take &,n € Cé’o(f/ x T'; F); these induce elements &y, g € Hy once we restrict them

to V x {6}. Since, from (6.46) the operator norm ||[f, k;](8) — k(8)]| is less than or
equal to ||[f, k] — k||1, which in turn goes to zero, one has

([f, kil(0)&9, mo) — (K(0)&9, o)
where ( ) denotes the inner product on Hy. On the other hand

(K[, kil (0)€0,ma)| < [(f (-, ) Ki(0)Ea, mo)| + [(Ki(0) f (-, 0)Ea,m0)|
= [(k ( &0, F(,0)no)| + [(f (-, 0)E0, ki (0) np)]

)
< & @) IFC Omoll + 1Lf (-, 0)8all i (O)[]Imo |
< Cllk: ()]

(¢

< C[ki(0)llo
where C' is a constant depending on £,n and f but independent of k;. Note that

F(-,0)ng and f(-,0)& are of compact support in V x {#} and thus their norms are
finite. Thus we obtain

I([f, kil (0)€0,m0)| — 0 as i — o0, since |[kilo — 0.

This implies that (k(8)&g,ng) = 0 for any &, € C°(V x T; E) and hence the family
(k(0))per is the zero operator. Thus we have proved that J is closable. 0

6.5.2 The smooth subalgebra Jm C C*(X,F). We apply the above general
results to the two derivations 01 and d, introduced in Section 5.10, namely 41 := [qb, ]
and 9 := [¢, |, with ¢ equal to the logarithm of the modular function.

Recall, see Section 4.2, the C*-algebra C{(H) D C*(X,F); it is obtained, by
definition, by closing up the subalgebra Cr.(H) C Endp(H) consisting of those
elements that preserve the continuous field Cc(f/ x T, F). We set

Dom (65%%) = {k € Cr.(H) |[¢, k] € C{(H)}
and
S22 Dom (65%) — Ci(H), 65 (k) == [¢, k].

The same proof as above establishes that 5'* is closable. Similarly, with self-explan-
atory notation, the bimodule derivation

S5 Dom (59%) — CE(H, H'), 6™(k) == [, k],
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with Dom (67"%%) := {k € Cr.(H) | [$, k] € Ci:(H,H')} is closable. Let E?Iax be their
respective closures; thus, for example,

~max ~max

d9  :Domoy  C CE(H) — CL(H)

and similarly for §7"**. Define now

—~max —~Imax

@2 = {a c D0m52 mjm(ny) ‘ 52 ac jm(X7f)}

and by : Dy — T (X, F) as the restriction of 55 to Do with values in Jy, (X, F).
We know from Lemma 6.23 that ds is a closed derivation. Define similarly ©; and

the closed derivation d;.
We set

Jm := Jm N Dom(d1) N Dom(d2) = T N D1 N Do. (6.48)
We endow Jq with the norm
lall3,, = llallm + [[62allm + [d1a]lm- (6.49)
PROPOSITION 6.50. Jm is holomorphically closed in C*(X, F).

Proof. We already know that the Banach algebra 7, is holomorphically closed in
the C*-algebra C*(X,F). On the other hand, we know [Roe88], p. 197 or [Con94],
Lemma 2, p. 247, that Dom(d;) and Dom(d3) are holomorphically closed in 7, (since
they are the domains of closed derivations). Thus Jp, is holomorphically closed in
C*(X,F) as required. 0

6.5.3 The smooth subalgebra Bm C B*(cyl(0X), Fey1).  Consider B,,; we con-
sider the derivations 01 := [gﬁa, |, 62 := [ps, ] on the cylinder R x 9Xp; we have
already encountered these derivations in Section 5.11, see more precisely Definition
5.46. Consider first &5. Define a closed derivation 0y by taking the closure of the clos-

able derivation W1 (Gy1/Ra) 5, B*, with 05(f) := [¢g, ] and with W' (Gey1/Ra)
endowed with the norm ||| - |||. Then, from Lemma 6.23, we know that da|p,, with

Dy = {b S Dom(gg) ’ 52(&)) S Bm}

is a closed derivation with values in B,,. We set 0 ::752\@2; thus Dom(d3) = D2
and 02 := 02|o,. A similarly definition of §; and Dom(d;) can be given.
We set

B = By, N Dom(d1) N Dom(d2) = By, N D1 N Da. (6.51)
We endow B, with the norm
1€]ls,.. := I4ll5,. + 101€]15,, + [|624|3,- (6.52)

PROPOSITION 6.53. By, is holomorphically closed in B*(cyl(0X), Fey).
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Proof. We already know that the Banach algebra B, is holomorphically closed in
the C*-algebra

B*(cyl(0X), Fey1). On the other hand, we know that Dom(d1) and Dom(d3) are
holomorphically closed in B,,. Thus By, is holomorphically closed in B*(cyl(0X),
Fey1) as required. O

6.5.4 The subalgebra Ay C A*(X,F). Next we consider the Banach algebra

A (X, F) which is certainly contained in Ct.(H), given that A.(X, F) is contained in

Cr..(H). Consider again 5;-11“ and restrict it to a derivation with values in A,, (X, F'):
39 : Dy — Am(X, F)

—~max —~max

with Dy = {a € Domd, = | dy ~a € Ay, (X, F)} and similarly for 01. We obtain in
this way closed derivations d; and do with domains Domd; = D7 and Domdy = Do.
We set

Am = A, N Dom(d1) N Dom(dz) N7 (Bpm). (6.54)
We endow the algebra 2;,, which is a subalgebra of A*, with the norm
&2 = [1E]l 4, + [101K[|.a,, + [[02K] 4, + [I7(k)[|s,- (6.55)
It is an easy exercise to show that 2, is a Banach algebra.
6.5.5 The modular Schatten extension  We can finally state one of the basic
results of this whole section:

PROPOSITION 6.56. The map 7 sends Ay, into By, ; Im IS an ideal in Ay, and we
have a short exact sequence of Banach algebras

0— Jm — Am — Bm — 0. (6.56)
The sections s and t restricts to bounded sections s : By, — Am and t : Ay — Jm.

We give a proof of this Proposition in Section 10.3

6.6 Isomorphisms of K-groups. Let 0 — J — A 5 B — 0 a short exact
sequence of Banach algebras. Recall that Ko(J) := Ko(J T, J) = Ker(Ko(J 1) — Z)
and that K(A™, BT) = K(A, B). For the definition of relative K-groups we refer, for
example, to [Bla98, HR00,LMP09b]. Recall that a relative Ky-clement for A = B
with unital algebras A, B is represented by a triple (P, Q,p;) with P and @ idem-
potents in Mgk (A) and p; € My« (B) a path of idempotents connecting w(P) to
m(Q). The excision isomorphism

tex : Ko(J) — Ko(A, B) (6.58)

is given by aex([(P, Q)]) = [(P, @, c¢)] with ¢ denoting the constant path (this is not
necessarily the O-path, given that we are taking JT). In particular, from the short
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exact sequence given by the Wiener-Hopf extension of B* = B*(cyl(0X), Fey1), see
(4.12), we obtain the isomorphism:

Qox : Ko(C*(X, F)) = Ko(A*, BY) (6.59)
whereas from the short exact sequence of subalgebras (6.56) we obtain the “smooth”
excision isomorphism

gy Ko(Jm) = Ko(2m, Bm)- (6.60)
On the other hand, since Jm is a smooth subalgebra of C*(X,F) (i.e. it is dense
and holomorphically closed), we also have that the inclusion ¢ : Jm — C*(X,F)
induces an isomorphism ¢ : Ko(Jm) — Ko(C*(X, F)). Consider the homomorphism

byt Ko(Am, Bm) — Ko(A*, B*) induced by the inclusion. We have a commutative
diagram

Ko(Um, Brm) (6.61)
Ko(C*(X, F)) == Ko(A*, BY)

and since three of the four arrows are isomorphisms we conclude that i,
Ko(m, Bm) — Ko(A*, B*) is also an isomorphism. In particular,

Ko(A*, B*) 2 Ko(C*(X, F)) 2 Ko(3m) = Ko, Brn). (6.62)

6.7 Notation. From now on we shall fix the dimension of the leaves, equal to
2n, and set

J:=0m, A:=%Un and B:=DVB, (6.63)

with m = 2n + 1. The short exact sequence in (6.56), for such m, is denoted simply
as

0—-J—-A—-B —0. (6.64)

This is the intermediate subsequence, between 0 — J. — A, — B, — 0 and 0 —
C*X,F) - AY(X,F) — B*(cyl(0X), Fey1) — 0, that we have mentioned in the
introductory remarks in Section 5.1.

7 C*-index Classes: Excision

7.1 Geometric set-up and assumptions. Let (X, Fp), Xo = M xp T, be a
foliated bundle with boundary. Let (X, F) be the associated foliated bundle with
cylindrical ends. We assume that M is of even dimension and consider the T-equi-
variant family of Dirac operators D = (Dp)ger introduced in Section 3.2. Then D
splits into a direct sum D @ D~. We denote as before by D? = (Da)geT the bound-
ary family obtained from D%, and by D! the operator on the cylindrical foliated
manifold (cyl(9X), Fey1) induced by D75 D! is R x I'-equivariant. From now on we
shall make the following fundamental
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Assumption: There exists € > 0 such that V0 € T
L? —spec(D§) N (—e,€) = 0. (7.1)
For specific examples where this assumption is satisfied, see [LP05].

7.2 Index classes in the closed case. Let (Y, F), Y = N xp T, be a closed
foliated bundle. We need to recall how in the closed case we can define an index
class Ind(D) € K, (C*(Y,F)).

7.2.1  The Connes-Skandalis projection. — First recall that given vector bundles
F and F on Y with lifts £, F on N x T, we can define the space of I'-compactly
supported pseudodifferential operators of order m, denoted here VI (G; E, F'). An
element P € U'(G; E, F') should be thought of as a I'-equivariant family of pseudo-
differential operators, (P(0))ger with Schwartz kernel Kp, a distribution on G, of
compact support. See [MoN96] and [BP09] for more details.

The space Y°(G; E,E) := U,,e7 V7' (G; E,E) is a filtered algebra. Moreover,
assuming E and F to be hermitian and assigning to P its formal adjoint P* =
(Py)eer gives ¥ (G B, E) the structure of an involutive algebra; the formal adjoint
of an element P € VI'(G; E, F) is in general an element in V7'(G; F, E).

0 Dy, )
D; 07
(Dy)* = D; acting on a Zs-graded vector bundle £ = E* ¢ E~. Using
the pseudodifferential calculus, one can prove that DT admits parametrix @ €
v LG, E7,ET):

Consider now a Zg-graded odd Dirac operator D = (Dg)ger Dy = (

QD" =1d - Sy, DTQ=1d - S_ (7.2)

with remainders S_ and Sy that are in C®(G, (s*E*)* @ r*ET) = C®(Y, F; EY).
All of this is carefully explained in [MoN96]; even more details are given in [BP09].
Consider the projection

2
Py = (S_S5+ S*gf;;”) . (7.3)

See, for example, [Con94| (I1.9.cr) and [CM98] (p. 353) for motivation. Set

€0 i— (é 8) e i— (8 ?) (7.4)

Also denote by C°(Y, F; E)** the algebra generated by eq, e and C°(Y, F; E). It
is isomorphic to the direct sum C°(Y, F; E) @ Ceo @ Ce; as a linear space. Note that
there exists a splitting short exact sequence: 0 — C2(Y, F; E) — C®(Y, F; E)*T 5
Cep @ Ce; — 0, which naturally contains a subsequence 0 — CX(Y,F; E) —
CX(Y,F; E)t — C — 0, where C°(Y, F; E)" is the algebra with unit 1 = e @ e;
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adjoined. Hence, comparing the induced exact sequences of Ky-groups, one has the
following isomorphism:

Ko(CX(Y, F; B)) := ker[K (CZ(Y, F; BE) ') — Ko(C)]
= ker[K(C(Y, F; E)T) — Ko(Cep @ Cey)].

Now it is easy to verify that Py and e; are idempotents in C(Y,F; E)*". In
fact they belong to C°(Y,F;E) @ Ce; C CX(X,F; E)*t (but they are not in
C(Y,F; E)T); moreover it is clear that m(Py) = e; = w(e;). Thus we obtain
a class [Pg] — [e1] € Ko(C°(Y,F;E)). Notice that this class is well defined in
Ky(C*(Y, F; E)), independent of the choice of the I'-compactly supported parame-
trix. Recall now that there is an inclusion C°(Y, F; E) — C*(Y,F; E) = K(€); the
Connes-Skandalis index class is the image of [Pg] — [e1] under the induced homo-
morphism Ky(CX(Y,F; E)) — Ko(C*(Y,F; E)). Unless strictly necessary we don’t
introduce a new notation for the Connes—Skandalis index class in Ko(C*(Y, F; E)).

7.2.2  The graph projection.  If we give up the requirement that the elements in
our projection are of I'-compact support then we have more representative for the
index class. One which is particularly useful in computations of explicit index for-
mulae is the index class defined by the family ep = (ep g)per of projections onto the
graph (of the closure) of D, . (With common abuse of notation we do not introduce
a new symbol for closures.) The projection ep is explicitly given by

(I+D-D*)~'  (I+D-D*)"'D-
€D = <D+(I+DD+)1 D+(I+DD+)1D)' (7.5)
Let s be the grading operator on E. Define
ep:=ep—ej. (7.6)
It is useful to point out, see [MoN96, p. 514], that
ép=(s+D)"L (7.7)
Notice that (s + D) is invertible, indeed
(s+ D)t =(s+D)(1+D?*)" (7.8)

One proves by finite propagation speed techniques that ep is in C*(Y, F; E), see
[MoN96] (Section 7) for details; thus the following class is well defined

len] — [e1] € Ko(CH(Y,F; E)). (7.9)

ProOPOSITION 7.10. The Connes—Skandalis index class equals the class defined by
the graph projection:

[Po] = [e1] = [ep] — [e1] in  Ko(CH(Y, F; E)). (7.11)
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For a proof see [MoN96], where two elements u,v € C*(Y, F; E)T are explicitly
defined such that uv = Py and vu = ep. Here C*(Y, F; E)™" denotes as before the
C*-algebra generated by eg, e; and C*(Y, F; E).

We define the index class associated to D, denoted Ind(D), as this common value,
thus

Ind(D) = [PQ] — [61] = [ep] — [61] € K()(C*(Y, F; E)

REMARK. One could also introduce the Wassermann projection Wp, involving the
heat kernel of the associated Laplacian, see [CM98]. One can prove that [Pg]—[e1] =
[ep] = [ea] = [Wp] = [e1] in Ko(C*(Y, F; E)).

7.3 The index class Ind(D). We now go back to our foliated bundle with
boundary (Xo, Fp) and associated foliated bundle with cylindrical ends (X, F). It is
proved in [LP05] that given D+ = (D )ger, a I-equivariant family with invertible
boundary family (Dg)eeT, there exists a parametrix @Q for D' with remainders S_
and Sy in C*(X, F):

QDT =1d-S,, D'Q=Id-S5_, SiecK(E)=C*X,F). (7.12)

Thus, there is a well defined index class in Ky(C*(X,F)), fixed by the Connes—
Skandalis projection Pg. The construction explained in [LP05] is an extension to
the foliated case of the parametrix construction of Melrose, using heavily b-calcu-
lus techniques; needless to say, all the complications in the foliated context go into
dealing with the non-compactness of the leaves.

In Section 10.4 we sketch an elementary treatment of the parametrix construc-
tion for Dirac operators on manifolds with cylindrical ends, using one idea from the
b-calculus but nothing more than the functional calculus on complete manifolds; in
particular, we do not use any pseudodifferential calculus. In any case, either via the
b-pseudodifferential calculus or using this elementary approach, we have the follow-
ing fundamental result, valid for a Dirac operator on an even dimensional manifold
with cylindrical ends with invertible boundary operator:

Theorem 7.13. Set G=(I+D D")"'D~ and G'= —X((Dct,l)’l (I—l—Dg]lDC_yl)’l))Q
with x a smooth approximation of the characteristic function of (—oo, 0] x 9Xo. Then

the operator Q = G — G’ is an inverse of D™ modulo m-Schatten class operators,

with m > dim M.

More generally one can prove the following:

Theorem 7.14. Let D = (Dg)ger be a I'-equivariant family of odd Dirac opera-
tors on a foliated bundle with cylindrical ends (X, F) = (V xp T, F). Assume (7.1).
If dim M is even and m > dim M, then there exists Q € L(E), S+ € Z,,,(X,F) such
that

I-QD"=85_, I-DtQ=25,. (7.15)
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We discuss the proof of these two Theorems in Section 10.4.

DEFINITION 7.16. The index class associated to a Dirac operator D = (Dg)ger
satisfying assumption (7.1) is the Connes-Skandalis index class [Pg] — [e1] associ-
ated to the parametrix ) appearing in (7.15). It is an element in Ky(Z,,(X,F)) =
Ko(C*(X,F)) for sufficiently large m and denoted by Ind(D).

7.4 The relative index class Ind(D, D?). Let (X, F) be a foliated bundle
with cylindrical ends. Let (cyl(0X), Fey1) be the associated foliated cylinder and
recall the Wiener—Hopf extension

0— C*(X,F) — AY(X; F) 5 B*(cyl(0X), Fey1) — 0

of the C*-algebra B*(cyl(0X), Fey1) of translation invariant operators. We shall be
concerned with the K-group K, (C*(X,F)) and the relative group K.(A*(X;F),
B*(cyl(0X), Fey1)), often denoted simply by K. (A*, B*),. Recall that a relative ele-
ment in Ko(A*, B*) is represented by a triple (P, @, p;) with P and @ idempotents
in My, xn(A*) and py € My« (B*) a path of idempotents connecting 7(P) to 7(Q).

Denote by D% the Dirac operator induced by D? on the cylinder. Consider the
triple

€4 Deyl if te [1,+OO)

el it t=o0. (7.17)

(eDaelapt)y te [17+OO], with pt = {

PROPOSITION 7.18. Let (X, F) be a foliated bundle with cylindrical end as above.
Consider the Dirac operator on X, D = (Dy)per. Assume (7.1). Then the graph
projection ep defines through (7.17) a relative class in Ko(A*, B¥).

We call the class defined above a relative index class and denote it by
Ind(D, D%) € Ko(A*, BY).

Note that we could also employ the Wassermann projection in order to define this
class; since we shall not need it we omit the (easy) details.
We shall give a proof of this Proposition in Section 10.5.

7.5 Excision for C*-index classes. The main goal of this subsection is to
state the following

PROPOSITION 7.19. Let D = (Dg)ger be a I'-equivariant family of Dirac operators

on a foliated manifold with cylindrical ends X =V xp T. Assume that V is even
dimensional. Assume (7.1). Let aeyx : Ko(C*(X,F)) — Ko(A*, B*) be the excision
isomorphism for the short exact sequence

0—C"X,F) = A"(X,F) — B*(cyl(0X), Fey1) — 0.
Then
tex (Ind(D)) = Ind(D, D?). (7.20)
We give a proof of this Proposition in Section 10.6.
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8 Smooth Pairings

In the previous Section we have proved the existence of C*-algebraic index classes.
In this Section we shall prove that we can extend the cocycles 7oy and (T@V, oGv)
from J, and A, = B, to the smooth subalgebras J and 2 I 9B and that we can
simultaneously smooth-out our index classes and define them directly in 0 — J —
2 5 B — 0. Once this will be achieved, we will be able to pair directly [tgy] with
Ind(D) and [75y,0cv] will Ind(D, D?). This is, as often happens in higher index
theory, a rather crucial point.

8.1 Smooth index classes.

PROPOSITION 8.1. Let D = (Dg)ger and X = V xp T as above; then the Connes—
Skandalis projection Py belongs to J,, ® Ce; with m > dim V.

PROPOSITION 8.2. Let epen be the graph projection for the translation invariant Di-
rac family D' = (Dgyl)geT on the cylinder. Then epeyi € 9B,,®Ce; withm > dim V.
More generally, Vs > 1 we have ey pey € By, & Ceq with m > dim V.

PROPOSITION 8.3. Let ep be the graph projection on X. Then ep € Uy, ® Cey with
m>dimV.

We give a detailed proof of these three Propositions in Section 10.7.
As a consequence of these three statements we obtain easily the first two items
of the following

Theorem 8.4. Consider the modular Schatten extension of Section 6.7, 0 — J —
A — B — 0.

(1) The Connes-Skandalis projection defines a smooth index class Ind*(D) €
Ko(J); moreover, if v, : Ko(J) — Ko(C*(X,F)) is the isomorphism induced by
the inclusion ¢, then t,(Ind*(D)) = Ind(D).

(2) The graph projections on (X,F) and (cyl(0X),Fey) define a smooth rel-
ative index class Ind*(D, D?) € Ky(2,B); moreover, if 1, : Ko(2A,B) —
Ko(A*, B¥) is the isomorphism induced by the inclusion ¢, see (6.61), then
t+(Ind*(D, D?)) = Ind(D, D?).

(3) Finally, if af, : Ko(J) — Ko(2,B) is the smooth excision isomorphism, then

o2 (Ind*(D)) = Ind*(D,D%) in Ko, B). (8.5)

Proof. The fact that the Connes-Skandalis projection Py defines an index class
Ind®*(D) € Ko(J) such that t(Ind®*(D)) = Ind(D) in Ko(C*(X,F)), is a direct con-
sequence of Proposition 8.1. Similarly, the fact that the graph projections on (X, F)
and (cyl(0X), Fey1) define a smooth relative index class Ind*(D, D?) € Ko(A,B)
such that 1,(Ind*(D, D?)) = Ind(D, D?) in Ko(A*, B*) is a direct consequence of
Proposition 8.2 and Proposition 8.3. Regarding the third statement, namely that
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a2 (Ind*(D)) = Ind*(D, D?), we argue as follows. Recall that we have a commuta-
tive diagram where all arrows are isomorphism:

Ko(3) —2 — Ko(,B) (8.6)

Ko(C*(X, F)) =~ Ky(A*, B*)

Assume, by contradiction, that o, (Ind*(D)) — Ind*(D, D?) # 0 in Ko(2,). Then
1(a, (Ind*(D))) — tx(Ind*(D, D?)) # 0, given that 1, is an isomorphism. By the
commutativity of the diagram we thus have aey(t«(Ind*(D))) — ¢, (Ind*(D, D?)) # 0.
Since we know that t,(Ind*(D)) = Ind(D) and t.(Ind*(D, D?)) = Ind(D, D%) we
conclude that aey(Ind(D)) — Ind(D, D?)) # 0 and this contradicts the excision for-
mula (7.20) we have already proved. 0

8.2 Extended cocycles. We begin by recalling the definition of the pairing
between K-groups and cyclic cohomology groups. First we state it in the absolute
case, explaining the pairing between the Ky-group and the cyclic cohomology group
of even degree. Here we shall follow the definition in [Con94] p. 224 rather than the
one in [Con85] p.324; notice that the difference in these two definitions is only in
the normalizing constants (and more precisely in powers of 27i).

Let A be an arbitrary Banach algebra with unit. Given a projection e € M, »,,(A)
and a continuous cyclic cocycle 7 : A®(P+T1) _ C of degree 2p, the pairing (,) :
Ko(A) x HC?(A) — C is defined to be:

(bl == S0 leiinsCivimr s imin):

1<, i, 7i2p§n

where e;; denotes the (i, j)-component of the idempotent e. In the sequel we denote
the summation in the right hand side simply by 7(e, ..., e). This also satisfies

([e], [7]) = (lel, [ST]) (8.7)

where ST is the result of the S-operation in cyclic cohomology, see [Con85] and
[Con94, p. 193] as well.

If A is not unital, we take the algebra A* with unit adjoined. We then extend 7 to
a multilinear map 77 : (AT)®(P+Y) — C in such a way that 7% (ag, a1, ..., az,) = 0
if a; € C1 C A" for some 0 < i < 2p. It is easily verified that 77 is again a cyclic
cocycle on AT. We shall often suppress the + in the notation of 77 and denote it
simply by 7. Given [e1] — [eg] € Kp(A) (note that e; (i = 0,1) is a projection in a
matrix algebra of A" of a certain size), the pairing between Ko(A) and HC?P(A) is
defined by the following formula:

(fea] — [eol. [y = = (7ler,- o) = (e, o)) = = (e, . o).
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Next, recall the definition of relative Ky-group: if A and B are unital Banach
algebras and 7 : A — B denotes a unital bounded homomorphism, then the relative
group Ky(A, B) is the abelian group obtained from equivalence classes of triplets
(e1,eo, pr) with eg and ey projections in a matrix algebra of A, say eg, e1 € M, xn(A),
and p; a continuous family of projections in M« (B), t € [0, 1], satistying 7(e;) = p;
for i = 0,1. Recall also from Section 5.3 that (7,0) is a relative cyclic cocycle of
degree 2p if br = o and bo = 0 with 7 € C37(A) and o € CY*™'(B). Then the
pairing Ko(A, B) x HC*(A, B) — C is defined by

1
!

([(er.co.pe)) [(7, )] (wez», = o) [ alipda . ,podt) |

(8.8)

One can prove, thanks to the transgression formula of Connes-Moscovici [CM98,
p. 354], that this formula is well defined. Notice that we take a piecewise C!-family
p¢ in the above formula. Here we need to make the following remark: the family
pt in the triplet (e1,ep,pt) is, by definition, just a continuous family of projections;
thus we need to replace it by a piecewise C''-family in order to obtain a well-defined
pairing. In fact, it is always possible to do this without changing the homotopy class
of p; and, thus, the relative class of (e1, eg, p¢). This follows from the following result:
given a Banach algebra A and projections p; (i = 0,1) in A with ||p1 — po|| < 1,
there exists a C'-path p; of projections connecting py with p; and such that the
homotopy class of p; is uniquely determined. See [Bla98, section 4.6]. Taking this as
granted, we divide a given continuous path of projections into the composition of
small subpaths in such a way that the end points of each small subpath are close
enough, namely the distance is less than 1. Then we replace each small subpath by a
C'-path, thanks to the result just stated; the resulting homotopy class is the same as
the one of the original continuous path. In such a way one can replace a continuous
family of projections by a piecewise C'-family without changing the relative class in
K-theory.

Observe now that [rgv] € HC?*(J.) and [(t&y,06v)] € HC?*(A., B.) can be
paired with elements in K(J.) and Ko(A., B.) respectively. As in [MoN96], and
with the pairing with the index classes in mind, we set

SP oy = Top and <Sp_17'gv, SP_IUGV> = (13p, 02p41)  (8.9)

2p+1
with S denoting the S-operation introduced in [Con85]. Recall the formula bS¢p =
Z%S bg for a cyclic cochain of degree ¢ (see [Con85], p. 322). We then have

3 3

brip = VS ey = 5 S ey = 55

—1__% *
SP it oqy = mroopt

and obtain in this way cyclic cohomology classes

(T3] € HC?(J:) and  [(73,,00p+1)] € HC?(A., B.). (8.10)
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Let n,m be integers such as 2n = dimension of V and m = 2n+ 1. Thus 2n is equal
to the dimension of leaves in X =V xpr S

PRroPOSITION 8.11. Let J := Jm, Then the cocycle 19, extends to a bounded cyclic
cocycle on J.

Proof. By the definition of the S operation in cyclic cohomology, we know that
Ton (Ko, - . ., kan) is expressed, up to a multiplicative constant, as the sum of elements
of the following type

wr(ko -« ki—101(ki)kig1 -+ kj—1 02(kj)kjg1 - - - kon)
—wr (ko ki—1 02(ki)kiv1 - kj_161(kj)kjqr - kan);

We know, see Proposition 6.12, that wr is bounded with respect to the Zj-norm;
moreover, the product appearing in the above formula is bounded from J,®™ to Z;.
This establishes the Proposition. O

ProrosiTiON 8.12. The eta cocycle o, extends to a bounded cyclic cocycle on B,

PROPOSITION 8.13. Assume that 2p = degSP~ 75, > ¢ with ¢ = m(m —1)? —2 =
8n3 4 4n? — 2. Then the regularized Godbillon—Vey cochain Top = Sp=17l., extends
to a bounded cyclic cochain on 2,

We give a detailed proof of these two propositions in Section 10.8.

Fix m = 2n + 1 with 2n equal to dimension of the leaves and set as usual
J:=Tm, A :=Am, B =B Using the above three Propositions we see that there
are well defined classes

[rop] € HC?*(3) for p>n and [(T3ps O2p+1)] € HC*(A,B) for 2p>q.
(8.14)

9 Index Theorems

9.1 The higher APS index formula for the Godbillon—Vey cocycle. @ We
now have all the ingredients to state and prove a APS formula for the Godbillon—Vey
cocycle. Let us summarize our geometric data.

Geometric data 9.1. We have a foliated bundle with boundary (Xo,Fo), Xo =
M xp T. We assume that the dimension of M is even and that all our geometric
structures (metrics, connections, etc) are of product type near the boundary. We
also consider (X, F), the associated foliation with cylindrical ends. We are given a
I'-invariant Zo-graded hermitian bundle E on the trivial fibration M x T, endowed
with a T-equivariant vertical Clifford structure along M. We have a resulting T -equi-
variant family of Dirac operators D = (Dy).
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We assume the boundary family to be invertible. Fix m = 2n+1 with 2n the dimen-
sion of leaves and consider J := Jm, A := A, B := By, We have proved that there
are well defined smooth index classes Ind*(D) € Ky(J), Ind*(D, D?) € Ky (2,B),
where the first is given in terms of a parametrix ) and the second given in term
of the graph projections ep and epen. Let T = S'; consider Top 1= SP~lray and
(T9ps T2pt1) = (SP=i7ly, 2p%SY[’_IUGV). The following is a direct consequence of
Section 8.2.

PRrROPOSITION 9.2. There are well defined additive maps:
(', [m2p)) : Ko@) —C, p>n (9.3)
(-, [(13, 09p+1)]) : Ko(A,B) — C, 2p> g:=m(m—1)2-2, m=2n+1. (9.4)

DEFINITION 9.5. Let (X, Fo), Xo = M xp S', as above and assume (7.1). The
Godbillon—Vey higher index is the number

Indgy (D) := (Ind*(D), [12n])- (9.6)
with 2n equal to the dimension of the leaves.

Notice that, in fact, Indgy (D) := (Ind*(D), [12,]) for each p > n, see (8.7).
The following theorem is the main result of this paper:

Theorem 9.7. Let (Xg, Foy), with Xg = M xpS%, be a foliated bundle with bound-
ary and let D = (Dgp)ges: denote a I'-equivariant family of Dirac type operators as
in the Geometric Data 9.1.. Assume (7.1) on the boundary family and fix an integer
p such that 2p > q. Then the following two equalities hold

Indgv(D) = (Inds(D, Da), [(Tgp, 02p+1]> = / ASANway — nav (98)
Xo

with

2p+ 1 & .
(p')/ op1([Pe, 0], Dty - - pe)dE, Dy = €4pen, (9.9)
' 0

nGv =
defining the Godbillon—Vey eta invariant of the boundary family, wgy the Godbillon—
Vey differential 3-form introduced in Section 2.5 and AS denoting the form induced
on Xg by the (T -invg\riant) Atiyah-Singer form for the fibration M x S* — S' and
the Clifford bundle E.

Notice that using the Fourier transformation the Godbillon—Vey eta invariant
nay does depend only on the boundary family D? = (Dg)g€ g1,

Proof. For notational convenience we set 1, = 7qv, Tgp = 7oy and 09,11 = oqv.
We also write aex instead of af,. The left hand side of formula (9.8) is, by defi-
nition, the pairing ([Pg, e1], 7qv) with Py the Connes-Skandalis projection. Recall
that aex([Pg, e1]) is by definition [Py, e1, ¢|, with ¢ the constant path with value e;.
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Since the derivative of the constant path is equal to zero and since 75|35 = Tav,
using the obvious extension of (5.55), we obtain at once the crucial relation

(aex([Pg; e1]), [(Tav, oav)]) = ([Pg, e1], [tav])- (9.10)
Now we use the excision formula, asserting that acx([Pg,e1]) is equal, as a relative
class, to [ep, e1, pi] with p; := e;pesi. Thus

(lepserspi)s [(Tavs oav)]) = ([P, e1l, [Tav])

which is the first equality in (9.8) (in reverse order). Using also the definition of the
relative pairing we can summarize our results so far as follows:

(Ind*(D), [rev])

= ([P, e, [rev])
(aex([Pgs e1]), (G, o6v)])
(

1 2p+1) [T .
= HT&;V(@D _61)+(2?')/ O’Gv([pt7pt],pt,...,pt)dt
! | 1
L, 2p+1) [T .
= aTéV(eD) + (p‘)/ UGV([pt7pt]7pt7 s 7pt)dt
! | 1

with €p = (D + s)~!. Notice that the convergence at infinity of f1+°° oav ([Pt, el
Dty .., p)dt follows from the fact that the pairing is well defined. Replace D by
uD, u > 0. We obtain, after a simple change of variable in the integral,

2p+1) [T , s L@
(pp')/ ocv ([Be, pel, pts - s pt, pr)dt = —(Ind*(uD), [rav]) +];ch(euD>-

But the absolute pairing (Ind®(uD), [tgyv]) in independent of u and of course equal
to Indgy (D); thus

(2p+1)

400 1
p' / UGV([Ijtvpt]7pt7 CIEa 7pt7pt)dt - - IndG’V(D) + ETEJV(/e\uD)
i w \

The second summand of the right hand side can be proved to converge as u | 0 to
S x, ASAwgy (this employs Getzler rescaling exactly as in [MoN96]). Thus the limit

(2p+1) oo

li ) ... dt
o ocv([Dt, pt)s Pty -+ P Dt)
exists? and is equal to f X, AS ANwgy — Indgy (D). The theorem is proved O

9 The situation here is similar to the one for the eta invariant in the seminal paper of Atiyah—

Patodi—Singer; the regularity there is a consequence of their index theorem.
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REMARK 9.11. The path p; = e;pen is a C'-family of projections. In fact, one can
easily obtain

d ! ! 1 !
pi= (5 n tDCy) . (s + tDCy> D (5 + tDCy> (9.12)

where we have used formula (7.7) for D%

9.2 The classic Atiyah—Patodi—Singer index theorem. The classic Ati-
yah—Patodi-Singer index theorem on manifolds with cylindrical ends is obtained
proceeding as above, but pairing the index class with the 0-cocycle 75 and the rel-
ative index class with the relative 0-cocycle (7,01). (If we use the Wassermann
projection we don’t need to use the .S operation; if we use the graph projection then
we need to consider 1o, := S"7 and 9,41 := S"01 with 2n equal to the dimension
of the manifold.) Equating the absolute and the relative pairing, as above, we obtain
an index theorem. It can be proved that this is precisely the Atiyah—Patodi—Singer
index theorem on manifolds with cylindrical ends; in other words, the eta-term we
obtain from the relative pairing is precisely the Atiyah—Patodi—Singer eta invariant
for the boundary operator. In this computation the explicit formula for p;, given in
(9.12), is employed. As we have pointed out in the Introduction this approach to the
classic APS index theorem was announced by the first author in [Mor98].

REMARK. This approach to the classic APS index formula is also a Corollary of
the main result of the December 2009 preprint of Lesch, Moscovici and Pflaum
[LMP09al, that is, the computation of the Connes—Chern character of the relative
homology cycle associated to a Dirac operator on a manifold with boundary in terms
of local data and a higher eta cochain for the commutative algebra of smooth func-
tions on the boundary (see also [Get93] and [Wu92]). Needless to say, the results in
[LMP09a] go well beyond the computation of the index; however, they don’t appear
to have much in common with the non-commutative results presented in this paper.

9.3 Gluing formulae for Godbillon—Vey indices. A direct application of
our formula is a gluing formula for Godbillon—Vey indices: if Y := N xp T is a

closed foliated bundle and N = N* Uy N2 with H a I-invariant hypersurfaces, then
we obtain

NxpT=Y =X"Uz X?:= (N xp T) Ursepr) (N? xp 7).

Under the invertibility assumption (7.1) and assuming all geometric structures to
be of product type near H, we have, with obvious notation,

Indgy (D) = Indgy (D') 4+ Indgy (D?).



GAFA THE GODBILLON-VEY ETA COCYCLE 1773

9.4 The Godbillon—Vey eta invariant. Let Y = N xp T be a closed foliated
bundle and let D = (Dpy)ger be an equivariant Dirac family satisfying assumption
(7.1). We do not assume that Y is the boundary of a foliated bundle with bound-
ary; in particular, we don’t assume that D arises a boundary family. Then, thanks
to Proposition 8.12, we know that for € > 0 the following integral is well defined
% f:/e oon+1([Pt, pt)s Pty - - - s De, pr)dt with 2n — 1 equal to the dimension of the
leaves of Y.

If the integral converges as € | 0 then its value defines the Godbillon—Vey eta
invariant of the foliated bundle N xp T. This is a C*-algebraic invariant (precisely
because we are assuming (7.1)).

One might speculate that there is a corresponding von Neumann invariant,
defined in the same way, but without the assumption (7.1). This is indeed the sit-
uation for the von Neumann eta invariant of a measured foliation; it exists without
any invertibility assumption on the operator.

10 Proofs

In this Section we have collected all long proofs. On the one hand this results in
some repetitions leading to one or two additional pages; on the other hand in this
way we were able to present the main ideas of this paper without long and technical
interruptions.

10.1 Proof of Lemma 4.7. Recall that we want to prove that there exists a
bounded linear map s : B* — L(&) extending s. : B. — L(E), s.(f) := x"¢x", and
that the composition p = 7s induces an injective C*-homomorphism p : B* — Q(¢&).
Our first task is to make sense of the operators appearing in the statement of the
Lemma. Thus consider the function y° and its lift to the covering X := V x T,
which will be still denoted by x°. Consider the family of operators induced by the
multiplication operator by x". To be precise this consists of the multiplication oper-
ators on the Hilbert spaces L2(V x {6}), for § € T, obtained by restriction of x° to
V x {6}. Call the resulting family of operators simply the multiplication operator by
x? and still denote it by x°. Similarly, we consider X(C)yl and the induced multiplica-
tion. Given a translation invariant operator ¢ € B,, we can consider the compressed
element x%0x" as a I'-equivariant family of operators acting on the Hilbert spaces
L%(V x {6}); in order to define this element rigorously we decompose the family of
Hilbert spaces H = {L*(V x {#})}per as follows: write H as the direct sum

H ="My & H,y, (10.1)

of families of Hilbert spaces associated to the decomposition (X,F) = (Xj,
Fo) Ugax,, 7o) ((=00,0] x 0Xo, Fey); accordingly x"0x" is represented by a matrix
as(g Xo(zxu ) We shall prove below that x/x? belongs to £(£) and therefore defines
a class in Q(€). Here observe that x%/x admits a I'-equivariant kernel function on
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V x V x T for £ € B,. Although it is not continuous, it is certainly a measurable
function.

SUBLEMMA 10.2. Let £ € B.. Then the element x"¢x" belongs to L(£).

Proof. Let x. be the function introduced in (4.6) and set o, = X" — x.. We may
assume that o.(p) converges to zero for almost every p € X as ¢ — 0. We often
suppress € when it is clear from the context. Given ¢ € B, we have x%/x° — ylx =
olx + xfo + olo. Note that oly, xfo and olo admit kernel functions that have
I-compact support (although, again, they are not continuous). For such a function
k the I-Hilbert—Schmidt norm || ||2 will be defined in Definition 6.1 in Section 6.2.
We have

|oelx||3 < sup </ |Xp(x)05(a:)€(x,$/,0)|2d:1cdx/> . with Vp =V x {6},
0T VQXVQ

which implies ||olx||2 — 0 as € — 0 due to Lebesgue’s dominated convergence the-

orem. A similar argument proves that ||xfoc||2 and ||oeloc||2 also converge to zero.

Now, if k € C.(G) then, see Proposition 6.4, we know that

1&llc- < ||E]l2- (10.3)

This implies that ||x%¢x? — xelxc|lc- — 0 as € — 0. We thus obtain x%/x" € L£(€)
for ¢ € B, since x lx. € L(E).
This completes the proof of Sublemma 10.2. O

We go on establishing a result on the elements of B,; it will be often used in the
sequel.

SUBLEMMA 10.4. Let £ € B.. Then xy (1 — x), (1 — xM¢x?* and [x*, ] are all of
I-compact support on cyl(0X).

Proof. Recall first that by definition of B, the support of ¢ is compact on (cyl(0X) x
cyl(0X))/R x I'; observe also that xy ¢ — £x* = xM(1 —x*) — (1 —xM)x?, V4 € B..
We can explicitly write down the kernels ki, ko and k corresponding to y*/(1 —
), (1 —xM)ex> and [x?, £]. The first two are given by:

o Yy, s—8,0) if s< =X & >—=A

kl(y)svy S 70) - {0 otherwise (105)
o Uy s—8,0) it < =X s>

Falys sy, 8',6) = {0 otherwise (10.6)

whereas the third is obviously given by the relation Y — ¢x* = X/\£(1 — XA) —(1—
X)‘)Ex’\, Viz.
Uy, y',s—s,0) if s<—A ¢
k(y,s,0,8,0) = —L(y,y/,s—,0) if s <-\ s
0 otherwise

(10.7)
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In these formulae v,y € M, s,s' € R, § € T and we have used the translation
invariance of ¢ in order to write £(s,y,s",y',0) = l(y,y',s — §',0). These explicit
formulae establish the sublemma; indeed since £ is of R x I'-compact support it is
immediate to check that the kernels appearing in (10.5), (10.6) and (10.7) are all of
I'-compact support. O

Consider now the map s, : B. — L(E), s.(f) = x"¢x", appearing in the state-
ment of Lemma 4.7. The fact that the map s. extends to a bounded linear map
s: B* — L(&) is clear; indeed we have

Is¢(€)]

It remains to show that p := 7s is a injective and a C*-algebra homomorphism. For
the latter property observe that p. := s, does satisfy p.(¢0') = p.(£)p.(¢'): indeed,
if ¢,¢ € B, then

Pe (65/)

o < |||

o =[x

o

r(X0X°) = o (X X") + (U1 = x) X))

T((OCEX) + (UL = XD X)) = 7 (XX

r(X )T (XX°) = pe(€)pe(?')

since ((x"0(1 — x")¢'x")) = 0 given that /(1 — x?) is of I'-compact support (we
have used Sublemma 4.10 here). By continuity it follows that p(£¢') = p(¢)p(¢') for

0,¢' € B*. The fact that it is a *-homomorphism is clear.
Injectiveness is implied at once by the following:

s(B*(cyl(9X), Fuy1)) N C*(X, F; E) = 0. (10.8)

Let us prove (10.8). First observe that, because of the translation invariance of
the elements in B, we immediately have that s.(B.) N C.(X,F;E) = 0. Next we
show that s.(B.) N C*(X,F;E) = 0. Suppose the contrary and let a € s.(B.) N
C*(X,F;E), a # 0. Then a = x%x" for £ € B, and Ja; € C.(X,F; E) such that
llaj — allc+ — 0 as j — oo. The first information tells us that there exists a ¢ € RT
and y,y € OM such that a(y,t,y/,t+ ¢) # 0 for each t > 0. Take a bump-function
5(t) at (y,t,y',t+c) with ||6(¢)|| L2 = 1. Then, keeping the notation a for the operator
defined by a, we have that for some € > 0 we have ||a(d(¢))||z2 > € > 0Vt > 0. On the
other hand, for each fixed j we also have that |la;(6(¢))||z2 — 0 as t — +o0, given
that a; is an element of C.(X,F; E). Write now ||a(6(%))||z> < ||(a —a;j)(0(¢))|lz> +
lla;(6(t))|lz2 < |[(a—aj)||c++]la;j(6(t))] r2. Then, choosing j big enough we can make
the first summand smaller than €/2. For such a j we can then choose t big enough so
that |la;(6(¢))||z> is also smaller than €/2. Summarizing, € < [|a(d(t))| > < €, a con-
tradiction. Finally, we show that s(B*)NC*(X,F; E) = 0. Assume the contrary and
let k € s(B*)NC*(X, F; E), k # 0. Then 3¢ € B* such that k = s(¢). Choose ¢; € B,
such that ¢; — ; clearly s(¢;) = x"¢;x° — k. Set k; := s({;), so that ||k;—r||c- — O.
On the other hand there exists a; € C.(X,F; E) such that ||a; — &||c- — 0. Pro-
ceeding as above we have that there exists an € > 0 such that ||x;(d(t))||r> > € for
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each t > 0. Observe now that ||x;(6(t))||z2 < ||kj — &l + ||aj — &l + ||a; (5(2))]| 12
and the right hand side can be made smaller than € by choosing j and ¢ suitably.
Thus, there exists j and ¢ such that € < ||x;(d(¢))||z2 < €, a contradiction.

The proof of Lemma 4.7 is complete.

10.2 Proof of Proposition 5.52: (75, 0gv) is a relative cyclic 2-cocycle.
We shall in fact directly prove the more general Proposition 5.59 and then show
how this Proposition immediately gives a proof of Proposition 5.52.

We are considering Qg := Be(cyl(0X), Feyi; Ecyt) @ Be(eyl(0X), Feyi; Eeyl, Eyy)
with the algebra structure given as in Lemma 5.29. Similarly we consider 4 :=
A(X,F;E) @ A(X,F;E,E') and Q; = J.(X,F;E) & J.(X,F; E,E") with the
algebra structure given as in Lemma 5.29; the homomorphism =, : A. — B, induces
an algebra homomorphism wq : Q4 — Qp and a short exact sequence 0 — Q5 —

Q4 ™% Qp — 0. Recall the bimodule trace wliyl on Be(cyl(0X), Feyi; By, By )
vl

and that it induces a trace T; on {1p. We also have a bimodule trace wr on
Jo(X,F; E, E') inducing a trace 0 on 2. Finally, let 7 be the functional on 4
induced by wf.. In other words, we employ the weight w}. on the algebra A.(X,F; E)
in order to define a map, still denoted wf., on the bimodule A.(X, F; E, E'); then we
set

Tla.xFE) =0, T AdX,FEE) = wr- (10.9)

We know that 7{. is not a trace map on the algebra €24 since the bimodule regular-
ized trace wr. does not satisfy the tracial property. Remark however that by using
Melrose’ formula for the b-trace of a commutator followed by (5.26), one can show
that

Wi (kK — K'k) = o (01°, ), (10.10)

ifke Ad(X, F;E), K € Ad(X,F; E,E'), (k) = ¢, (k") = ¢'. Notice that Melrose’
proof extend to the regularized weight wy. (even though wr is a weight and not, in gen-
eral, a trace). Alternatively, we can simply adapt the alternative proof of Proposition
5.19, which works here for the linear functional w}. : A.(X,F; E, E') — C; namely
we write, using Proposition 5.54, and for k € A.(X,F; E), ¥ € A.(X,F; E, E'),

Wi (kK — K'k) = wr(t(kk' — K'k))
= wr ([a, ']+ [XFOXF, a'] + [a, xOXH] — (1= X"
+ XM (1= xM)ex!)
= wr(=x"0(1 = X)X+ X (1= x")ex) = wr (X, ¢)
= —wr([x’, 4¢)
where we have used the bimodule-trace property for wr in order to justify the

third equality. Note also that, with obvious notation, a € J.(X,F;E),k €
A(X,F;E,FE) = ak € J.(X,F;E,E');a € J.(X,F,;E,E"),k € A(X,F;E) =
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ak € J.(X,F; E,E'), and similarly for ka. Thus, in any case, by using (10.10) we
obtain immediately that

(k' — K'R) = T O, N) (10.11)

for k, k" € Q4 with mq(k) = X € Qp and mq(k') = N € Qp.

We pause here in order to remark that we have now checked that the algebras
and the (regularized) trace functionals we have been considering for a foliated bun-
dle with cylindrical ends do satisfy all the requirements that we had abstracted in
the discussion in Section 5.13 leading to Proposition 5.59.

Let {e1,...,en} be the standard orthonormal basis of R™ and A*R™ denote the
exterior algebra endowed with the induced basis. We shall use standard multi-index
notation; thus a generic element of the basis in A*R"™ will be denoted by ey. Then
Q4 ®A*R™ becomes a graded algebra with respect to the multiplication (k®ey) (k' ®
e1) = kk' ® ey A er and the grading in A*R™. (Here we forget the grading originally
defined on 4. )

Recall that we are assuming the following conditions:

e There exist derivations 5;4 on 24 with ¢ = 1,...,n, which are pairwise commuting
and preserve the subalgebra € ;
e There exist a derivation (51-3 on g with i = 1,...,n that are compatible with (5{4

on 24, namely, they satisfy that 7TQ5,Z4 = 5{3779;
e the derivations satisfy Stokes’ formulas: 77:(6/ ) = 0 and 7 (62 )) = 0 for x € Q4
and A € Qp withi=1,... n.

Note that 5iB are also pairwise commuting since 5;-4 are. In the sequel, we often sup-
press the suffix and simply denote them by 9;.
Notation:

e Given an element a ® ey € Q4 @ A"R", we set
(a®eg)y:=1(a)(eg,er A+ Aep), (10.12)

where ( , ) denotes the induced inner product on A*R".
e Wedefine D: Qy @ A*R" — Q4 @ A*R™ to be D(a®ey) =Y 1 dia®e; Aey
fora®ey € Q4 @ A*R™,

LEMMA 10.13.

(1) D is a skew-derivation on 4 ® A*R™ and one has D? = 0;
(2) Stokes formula holds: (Dk), = 0 for k € Q4 ® A" 'R"™,

Proof. Tt is straightforward to see that D is a skew-derivation. Next D?(k ® e3) =

D35 0jk ®@ej Aeg) = 30051 0i0jk @ ei Aej Aey = 0 since [0;,0;] = 0 and

ei Nej+e; Ae; = 0. The second property is obvious from 7 (d;x) = 0. O
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Recall that our starting point is the cyclic n-cocycle on J. given by
Tn(ag, ... an) = % Y acs, sign(a)Tr (a05a(1)a1 o 5a(n)an) a; € J,

Let us take the multilinear map

1 .
U(ko, ... kn) = (koDky ... Dkyp),/n! = ~ > sign(e) (koSa(yki - - - Sa(mkn)r

acs,

with k; € A, and set 9 (ko,...,k,) = (k;Dkiyy ... Dk,Dkq... Dk;_1),/n! and
@ =) for i = 1....,n. Due to Lemma 10.13, we have

VO (ko,. .. k) = (—1)"*i{<D(kka,~+1 ... Dky)ko(Dky ... Dk;_1)),
—((Dk;. .. Dky)ko(Dk; . .. Dki_1)>r}/n!
= (—=1)""""Y((Dk; ... Dky)ko(Dk;y ... Dk;_1)),/n!.
Thus we obtain
b ko, ... k) = (—1)%”1{(—1)171«17/%“ ... Dkpy1)ko(Dky ... Dki_q)ki),

+(=1)!{ki(Dkis1 ... Dknsr)ko(Dhy . .. Dki_1)>r}/n!
= (=1)"([(Dkis1 - .. Dkys1)ko(Dk1 ... Dki—1), kil)r/n!

and

bk ) = (= )" o (DR . Dk )/l (1) o (D .. D)) /!
= (=1)"([ko(Dky ... Dky), kni1]),/n.

Set

7 (ko, ... k — 1) (ko L k). (10.14)

0

Obviously it is a cyclic n-cochain. Recall the (n + 1)-eta cocycle 0,41 associated to
Tn. Recall that our goal is to prove the relative cocycle condition b7, = (7.)*op41.
We compute, using the above results,

n+1
brh (ks -y kny1) = Sy 'Z ([(Dkiy1 ... Dkypi1)ko(Dk1 ... Dki—1), Ki])r.

(10.15)
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Due to (10.11), formula (10.15) is equal to:

n+1

n+1 D0 Z "N (Gagis kit - Oagnayknr1)ko(Gayk - - 1yki—1, ki)
ac’,

x(ea, e1 N+ Aen)

n+1
= n+1 i Z Z 1((5a(i+1)5i+1~~5a(n+1)€n+1)
ac’,

XE()( a(l) 1..- a(ifl) i—15n+1£i)<eay [ AREENA en>, (1016)
where we write £; := m.(ki), €a = €a(it1) A A Cany1) A €a() Ao A eq(i—1y and
Ont1¥; = [XO,&-]. To be precise here, « in the summation above is considered as
a bijective mapping from {1,...,i —1,i+ 1,...,n+ 1} to {1,...,n} rather than
a permutation of {1,...,n}. To such an a we shall assign another permutation

B € &,41 by setting B(i) =n+ 1 and B(j) = a(j) for j # i. The signature of these
permutations are related as follows:

(as €1 N+ Nep)

= (*1)(i_1)(n_i+1)<6a(1) A Negizt) N ea(ir1) N -+ Ca(ngl), €1 A Aen)

— (_1)(i71)(n7i+1)sign(a)

and

sign(a) = (65(1) N Negi—1) Negi+1) N - Negmrr), €1\ -+ A €n)
= (=1)"""Hepay A Aeguiny, e A Aenst) = (=1)" sign(B).

Now observing that Tlfyl is a trace map on B, and that &,,1 = ”H{ﬁ c

Gn+1l| (i) = n+ 1}, the formula (10.16) turns out to be:

n+1
n + 1 | Z Z T;yl(&)éﬁ(l)ﬁl R 5B(n+1)£n+1)<€a, S WARERNA €n>;

= n T 1 ' Z Z n Z+1Slgn(a)7'l(—:\yl(£0(55(1)€1 A 6ﬁ(n+1)£n+1)

1

CES] Z sign(B) 7" (bodp(1y 1 - - Oy los1).
‘566n+1

This proves the fundamental equation b7), = (7.)*0,+1. The above arguments prove
Proposition 5.59 in the case considered in this paper. The more general statement
is just an abstraction of this particular case.

We shall apply Proposition 5.59 in order to prove the equation b7y, = (7.)*ogy .
In order to do this, we simply need to verify the assumption we have made on the
derivations (5;4, (5lB . Recall the situation in Sections 5.10 and 5.11. There exist deri-
vations 0 : Q4 — Qy for j = 1,2 with 01k = [(i), K], 02k = [¢, k], which are pairwise
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commuting. These are defined in the same way as in (5.45). There also exist deri-
vations on Qp defined in the same way as in (5.48): 63X := [\, A], d2) := g, A]
and 01\ := [, A] for A € Qp (here we denote the corresponding derivations by the
same letters). It is straightforward from the definition to verify that ¢; and dy are
compatible on Q4 and Q5. Thus the remaining part is to prove the Stokes formulas.
With respect to Tlfyl the formula is already verified in the proof of Proposition 5.49.
As far as the regularized trace is concerned, we have

LEMMA 10.17. One has 1-(61k) = 0 = 7(d2k) VEk € Qu. Put it differently,
(Da, = 0Va € Q4 ® A'R2.

Proof. Since 7 is an extension of wr., it suffices to show that wp(61k) = 0 Vk €
A (X, F; E) and wj(02k) Vk € Ac(X,F;E,E’) Recall the definition of w]. given
in (5.50). Remark that [¢, k], which is by definition d;(k), is given explicitly at
(z,2/,0) € V x V x T by (¢(x,0) — (2, 0))k(x,2',0). Next, from the definition of
¢ (it is the logarithm of the Radon—Nikodym derivative of measures that are con-
stant in the normal direction near the boundary), we see that m.([¢,k]) = [¢s, (]
with 7.(k) = ¢ and with ¢y the restriction of ¢ to 90X, (extended to be constant
along the cylinder). Thus the value of [¢g, ] at (y,t,y,t',0) is equal to (¢a(y,0) —
da(y',0))(y,y',t —t',0). In any case, by applying the definition of w]. (see again
(5.50)), which involves [¢, k|(x, z,0) and [¢g, {](y,t,y,t,0), we immediately get that
wl-(01k) = 0. Similarly one proves that wf.(d2k) = 0. 0

Now all the requirements needed in order to apply Proposition 5.59 are verified
for 7/, and ogy. Thus the proof of the equation bt/ = (7.)*ogv is completed.

10.3 The modular Schatten extension: proof of Proposition 6.56.  Recall
that we want to show that there is a short exact sequence of Banach algebras 0 —
Jm — Am SN Bm — 0 Moreover, the sections s and t restricts to bounded sections
S:Bm — Am and ¢ : Am — Im-

We begin with two Sublemmas.

SUBLEMMA 10.18. Let us set B, := U Y (Gey1/Ra). If €y is an element in B, then
Y22 x° belongs to Dom(éé»nax) for j = 1,2 and it follows that

(x*lox") = x"[¢a, bo]x" and 57" (xXoX") = X"[$a, Lo]X".

Proof. We shall work on 4y first. Let x. be a smooth approximation of the function
induced by XY on V x T. It is easily verified that x*ox" preserves the continuous
field C°(V x T) and that [6, xcloxe] = Xe[#s, fo]xc belongs to Ci(H), since [¢p, ()
is again a compactly supported pseudodifferential operator of order —1. Thus one
has xeloxe € Dom(65*) and 65" (xcloxe) = XelPa, lo]xe. Next we observe that
lIxebxe — X°bX°||c+ — 0 as € — 0 for any b € B.. Indeed, according to Lemma 6.26

we can choose an approximating sequence {b;} in B, such that ||b; — b||c~ — 0; then
one has

~max

09

xebxe —x"bx |lo+ < Ilxe(b—b:)xello= + Ixebixe = x"bixX°[l o= +[1x° (b = b)x ||+ — 0
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since || xebixe — XobiXOHC* — 0 for b; € B, due to Sublemma 10.2. This implies that
I xeloxe — Ogoonc* — 0 and that

||5max(X6£0X€) _ XO[Qsa,EO]XOH = ||X€[¢87£O]X6 - X0[¢87€0]X0|
—<max
)

as € | 0.7Since xloxe € C’pc(H) this proves that x*/ox° belongs to Dom(d,
and that (51211 *(x%ox°) = x°[¢a, Lo] X as required. We can apply a s1m11ar argument
to the second derivation and prove that x“4ox? belongs to Dom(51 ") and that

51 (¢ ox®) = X", Lo]x"- O

SUBLEMMA 10.19. Assume that ¢ € By N Dom(d1) N Dom(d2). Then s(f) €
Dom(01) N Dom(d2) and §;(s(¢)) = s(6;¢) for j =1,2.

c-— 0

Proof. Notice that we employ the same notation for the derivations on the cyl-
inder cyl(0X) and on X; this should not cause confusion here. Let ¢ be an ele-
ment Dom(ds). Then, by definition, there exists a sequence {/;} € B. such that
[[|€;—£||| — 0 and [¢s, ¢;] converges in C*-norm as i — +oo. Thus, there exists an ele-
ment dof € B,,. We then obtain [|s(4;)—s(¢)||c- — 0 and ||s([dg, £;]) —s(520)]
since we certainly have ||s(€)||c+ < |||l < | |£H] for ¢ € B*. Using the previous
sublemma we have s([¢g,4]) == x°[0a, li]x" = 09 (X°4ix°) = 05 s(¢;). Hence we

obtain

o — 0,

165 (s(£:)) — 5(82(0))]

Since 0, is a closed derivation, this proves that dy  (s( )) 5(62(¢)). Now recall
that that Ay, = Jm @ s(By,), see (6.41). Then one has 0y (s(£)) = 5(32(£)) €
$(By) C Ap, since 5(¢) € By,. This implies that s(£) € Dom(dy) by the defini-
tion of domain for d, and thus ylelds da(s(0)) = b8y T (s(0)) = s(62(¢)). A similar
argument will work for §;. The proof of this second Sublemma is completed. O

c — 0.

We now go back to the proof of Proposition 6.56. First we show that 2/, is iso-
morphic as Banach space to the direct sum Jm@®s(Bm), in a way compatible with the
identification ¢ : T ® s(B,,) — Ap, sending (k, s(£)) to k+ s(¢) explained in (6.41).
Let ¢ be an element in B, which is by definition B,,,NDom(d;)NDom(d2). Using the
last Sublemma we then see that s(¢) € A,;,NDom(d1)NDom(d2) and hence that s(¢) €
A, given that 7o s(f) = £ € By,. Moreover, if a € Jm = T NDom(d1) NDom(d2),
then we certainly have a € Uy, since m(a) = 0 € By,. This proves that Jm & 5(Bm)
is sent into A, by 1. Conversely, given k € A, we can write kK = a + s(¢), with
a € Jymand £ € By, If k € Ay, then (k) = w(a) + 7(s(f)) = £ € By, by definition
of Apy. This implies in turn that a = k — s(¢) € Ay because k and s(¢) belong
to Am. We have proved above that ¢ € By, = s(f) € Am; thus a € Ay N T
which is nothing but J,, by definition. This proves that k& = a + s(¢) belongs to
the image of Jm @ s(Bm) through (6.41). Thus we have established that Ay, is iso-
morphic to the direct sum Jm @ $(Bm). Now it is clear that the sequence (6.56)
0= Jm — Ay — By — 0is exact, since wo s = Id on B,,. Moreover, one has

8;(k) = 0;(a) +9;(s(0)) = 3;(a) + s(5;(£))-
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This proves that Ej commutes with 7 : A, — By, as well as with s : By, — A
This implies that 7 and s are bounded linear maps. The boundedness of ¢ follows
from that of s. Finally, it is obvious that 7 is a homomorphism and that J, = Ker
is an ideal in Ay, .

10.4 The index class: an elementary approach to the parametrix con-
struction. In this Subsection we sketch a proof of Theorem 7.13 and Theorem
7.14. We first recall some elementary results for a Dirac operator D on an even
dimensional manifold X with cylindrical end obtained from a Riemannian manifold
(X0, 9) with boundary 0Xy = Y and with g a product metric near the boundary.
As usual we denote the infinite cylinder R x 0Xg = R x Y by the simple notation
cyl(Y). Finally, we denote by s the grading operator on the Zs-graded bundle E
on which D acts; we shall employ the same symbol for the grading on the induced
bundle on the cylinder. The following lemmas are elementary.

LEMMA 10.20. Let f € C*°(X). We assume that f and df are bounded.
Then we have the following equality of L?-bounded operators [(D + s)~', f] =
—(D+s)"tel(df)(s + D)L

LEMMA 10.21. Let x be a smooth approximation of the characteristic function of
(—00,0]xY incyl(Y'). Consider x as a multiplication operator from CZ°(cyl(Y'), Ecy1)
to C2°(X, E). Similarly consider the operator given by Clifford multiplication cl(dy).
Then Dx = xDcy1 + cl(dx) as operators C°(cyl(Y), Eey1) — C°(X, E)

LEMMA 10.22. Let 1,09 € C2°(X). Then as a bounded operator on L?(X, E) the
operator ¢1(D + 5)"'po belongs to I,,, the m-Schatten ideal.

Let p € C°(X). Then as bounded operators on L?(X, E) the operators o(D +5)~*
and (D +s) !¢ belongs to I,,.

As an application of these Lemmas, with simple algebraic manipulations, one
can prove the following

PROPOSITION 10.23. The difference (s + D)~! — x(s + D¥)~!x is a m-Schatten
operator, with m > dim M.

We shall now construct a parametrix for DT; in fact we shall construct an inverse
of DT modulo m-Schatten class operators, with m > dim X. We introduce the fol-
lowing useful notation: if L and M are two bounded operators on a Hilbert space
and if m € [1,4+00) then

L ~, K if L—MEeTI,. (10.24)
Consider the operator
G=(I+D D")'D". (10.25)

Using elementary properties of the functional calculus for Dirac operators on com-
plete manifolds, we certainly have that I — G D" = (I + D-D")"'Y I - DTG =
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(I+D*D7)~L. The operator G, as well as the two remainders, do not have Schwartz
kernels that are localized near the diagonal; still they are perfectly defined and they
are all bounded on L2. For notational convenience we set (Di)cyl = D . Recall
that up to standard identifications nyl = 40, + D?, acting on the restrlctlon of
E™ to the boundary, extended in the obvious way to the cylinder. We consider the
operator

G = —x((Dg,)~ LI+ DELDL)x- (10.26)

Then, a simple computation proves that
G'D" = —x(I+ DD 'x +x(DL) "' (I + DE,D,) " el(dx)  (10.27)
DTG = —x(I+DZ,Dz,) " x — cl(dx) (D)~ (I + D, D))" 'x. (10.28)

Inspired by the b-calculus we set @ := G — G'. Q is clearly bounded on L?. For the
benefit of reader we restate the theorem we wish to prove (Theorem 7.13):

Theorem 10.29. The operator Q is an inverse of D™ modulo m-Schatten class
operators, with m > dim M.

Proof. First we observe that (I + D?)~! = (s + D)~2. Using this we check that
(I+D?)~ ' —x(I+ Dcyl) 1y can be expressed as

(5+D) " ((s+D) " = x(54Dey1) " x)+((s+D) " = x(5+Deyt) ™ X)X (54 Deyt) ™' x
+X(5 + Dcyl)_l(X2 - 1)(5 + Dcyl)_1X'

Since this term is m-Schatten, wee see that (I + D?)~! ~,, x(I + Dcyl) Ly. Now,
from (10.27), we have

G'D* ~p —x(I+ Dy DE) Y, DTG~ —x(I+ DiyD) "X

cyl

so that, if we define S, := I—Q D%, S_ := I — D" Q and recall that Q = G — &,
we obtain

S, =1-(G-GYD"=I+D DN '+GD" ~,, I+D D!

(I + DcleC—‘;l) X ~m 0.

Thus the remainder Sy is of m-Schatten class. Similarly we proceed for S_. The
theorem is proved. O

We have presented the parametrix construction in the case 7' = point, I' = {1}.
However, a similar proof applies to the general case of a foliated bundle with cylin-
drical ends (X, F) = (V xp T, F) with V of even dimension.'0 It will suffice to apply
to the T'-equivariant family (Dp)ger the functional calculus along the fibers of the

10 Similar arguments establish the analogues in odd dimension.
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trivial fibration V' x T"— T (obtaining, of course, I'-equivariant families). All our
argument apply verbatim once we observe that given compactly supported smooth
functions ¢, v on X, the family (p(Dp + 5)" 1)y defines an element in K(&), the
compacts of the Hilbert module £. In fact, once we observe that such an element is
in fact in Z,, (X, F), if m > dim V, we can finally conclude that Theorem 7.14 holds.

10.5 Proof of the existence of the relative index class. In this subsection
we give a proof of Proposition 7.18. Denote by D! the Dirac operator induced by
D? on the cylinder. Consider the triple

€(¢tDev1) if te [1, +OO)

e1 if t=o0.

(ep,e1,pt), t€[l,+o0], with ps:= { (10.30)
First, we need to justify the fact that the relevant elements here are in the right
algebras. Thus we need to show that ep is in A*(X;F) and that e;pey is in
B*(cyl(0X), Fey1). We start with the latter. Fix for simplicity ¢t = 1. We need to
show that there exists a sequence of elements k; € B.(cyl(0X),Fcy1) such that
le(pesty = kjll — 0 as j — 400, with the norm denoting the C*-norm of Sec-
tion 4.3. We use the fact that D! is an R x I'-equivariant family. (Strictly speaking
we are taking the closure of the operators in this family.) Proceeding precisely as
in [MoN96], Section 7, thus following ideas of Roe, we are reduced to the following
remark: if f is a rapidly decreasing function on R with compactly supported Fourier
transform, then f(D%!) is given by (the family of integral operators induced by) an
element in B (cyl(0X), Fey1). The proof of the last assertion is an easy generalization
of the well known results by Roe, see for example [Roe87] or the detailed discussion
in [Roe88|. Since the functions as f are dense in Cp(R) the assertion follows.

Next we show that ep € A*(X;F). First of all, we need to show that ep € L(E).
This is the same proof as in [MoN96].

Now we need to show that the image of ep in Q(€) is in the image of p.
Write ep = (ep — Xoe(Dcyl)XO) + Xoe(Dcyl)XO. Since we have proved that epen is
in B*(cyl(0X), Feyr), it suffices to show that

ep — Xoe(Dcyl)XO e K(&). (10.31)

In order to prove (10.31) we first show that ep — xe(penyx € K(€), with x a smooth
approximation of x’. Using (7.7) we reduce ourselves to establishing that (s+ D)1 —
x(s + D=1y, which we already know. As far as (s + D)™' — x?(s + DY) =1\ is
concerned, we simply choose a sequence of smooth functions y; converging to X"
in L2 and we use the fact that K(€) is closed in £(€); we have already used this
argument in the proof of Sublemma 10.2. The proof of (10.31) is complete.

Finally, we need to prove that p; is a continuous path in B* joining 7(ep) to ey
Now, the above argument shows that for ¢ € [1,+o00) m(e;p) = ey peny = pr, S0 we
only need to show that e(;pevy converges to e; in the C*-norm of B*(cyl(0X), Fey1)
as t — 0o; however, using assumption (7.1) this follows easily.

The proof of Proposition 7.18 is complete
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10.6 Proof of the excision formula (7.20). Let Q € £L(£7,€™") be the para-
metrix for DT obtained as in Theorem 7.13.
We consider

1 Sy Q
e(DF,Q) = <D+) (8+ Q)= <D+S+ D+Q> : (10.32)
The following Lemma is elementary to check

LEMMA 10.33. e(D™,Q) is an idempotent in A*(X,F) = A*. Moreover, if P
denotes, as usual, the Connes—Skandalis projection associated to (), then

PQ:<é ?>_16(D+,Q)<é ?) (10.34)

The path obtained substituting s@, s € [0, 1], to @ in the first and third matrix
appearing on the right hand side of (10.34) is a path of projections in A* and con-
nects the projection Py € C*(X,F) C A* with the projection e(D",Q). On the
other hand, another direct computation shows that if G = (I + D~D%")~'D~, then
e(D*,G) = ep, the graph projection. Recall that Q = G — G’, with G’ given by
(10.26); by composing the path of projections

(5 1) wra (] )

with the path of projections e(D*,G — 7G’), 7 € [0, 1], we obtain a path of projec-
tions H (t) in A* joining Pg = H(1) to ep = H(0). Consider now

Df :=uD*, G,:=I+D,D)"'D,, Qu,r7):=G,—7G, (10.35)
with G}, as in (10.26) but defined in terms of D,". We have then
D:Q(/JHT) :I_S—(M7T)7 Q(M77>D: :I_S+(M7T) (1036)

In this notation the above path, H(t), first joins Py(11) to e(D™,Q(1,1)) and then
joins e(DT,Q(1,1)) to e(DT,Q(1,0)), which is ep. We write

Pq = Py v e(DT,Q(1,1)) ~e(DT,Q(1,0)) = ep.

Similarly, we can consider Pg(.1) ~ e(D¥,Q(u,1)) ~ e(DT,Q(u,0)) = eup
with the second homotopy provided by e(D*,Q(u, 7)), 7 € [0,1]. Let H(u,t) be
this homotopy, connecting Py,1) to e p. We set p(u,t) = 7(H(u,t)), where
€ [1,+00),t € [0,1]. We also set

p(00, 1) = <8 9) vt € [0,1]. (10.37)
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Assume we could prove that the above defined function p(u,t) is continuous on
[1,+00], x [0,1];. Then from the above discussion we obtain that

o). () plur) joins (10, (o) a1y 0 10 (o) o000

But, as already remarked, H(1) = Py and H(0) = ep; moreover p(u,1) is the
constant path, indeed p(y, 1) := 7w (H (p,1)) = m(Pg(u1y) = (§9) , given that Py, 1)
is a true Connes-Skandalis projection, thus with the property that Py, 1) — (8 (I)) €
C*(X,F); finally, H(p,0) = eup, so that p(u,0) = e, pen; thus, taking into account
(10.37), we see that p(u,0) is precisely the path of projections appearing in the
definition of the relative index class. Summarizing, if we could prove that p(u,t) is
continuous on [1, 4+00], x [0, 1]; then

[P, <8 ?) const] = [ep, (8 ?) 2]

which is what we need to prove in order to conclude. Now, p(u,t) is certainly con-
tinuous in [1,4+00) x [0, 1]; we end the proof by showing that, in the C*-norm,

. 00
“ETOOP(W)_<0 I>

uniformly in ¢ € [0, 1].
We begin with the projection of the first homotopy, that connecting Py, 1) to
e(uD*,Q(u,1)). This is

1
W((é sQ(;M)) e(D,]L,Q(,u,l))(é SQ(}"”)), s€0,1], (10.38)

which is easily seen to be equal to

(8 (1- S)W§Q(u, 1))> _

Set DX := (D*)¥!. Now we write explicitly:
_ _ _ 1 - _ -
T(Q(u, 1)) = ,UDCy1(I + Dcle:—ylﬂ2) b ;(D;’;’l) 1<I + Dcle;;l:“Q) !

which does converge to 0 in the C*-norm as g — +oo. Thus (10.38) con-
verges to (8 ?) uniformly in s, as required. Next we look at the second path,
connecting e(uDT,Q(u,1)) to e(uDT,Q(r,0)). We need to compute explicitly
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m(e(uDT,Q(u, 7)) and show that it goes to 0 uniformly in 7. An explicit and ele-
mentary computation shows that

0t Q) = (e (/" DDy U+ QDC_ylf:&)l“Df_%l)>
“Dcyl(l +u Dclecyl) I—(I+p Dclecyl)

—T T(uD- )"}
+(I + p* (DY)~ (_TMD+1 (v Tcyl) ) .
cy.

The second summand converges uniformly to 0 in the C*-norm, whereas the first

summand converges uniformly to (8 ?) in the C*-norm. This ends the proof.

10.7 Proof of the existence of smooth index classes.

10.7.1 Proof of Proposition 8.1.  Recall the Connes—Skandalis projection

_ (St ST +S0Q
Fo= <5D+ -8 ‘

Let

5 S2 Su(I+54)Q
Fo= <S+D+ e )

We want to show that
Py € Jm(X,F) N Domd; N Domdy,

with m > 2n and 2n equal to the dimension of the leaves of (X, F). We fix such an m.

We set, as usual, DCjEyl ;= (D*)%!, We begin by showing that the Connes-Skandalis

matrix ]3Q is in Jp, (X, F). First we show that it belongs to Z,,,. Recall our parametrix
Q=G -G with G=(I+D"D")7'D~ and G" := x((D5,)) " (I + DL,D5) " x-
We know that Sy := I — QD%' and S_ := I — D" Q are elements in Z,,(X, F)
for m > dim V; hence, obviously, so they are (S1)? and (S (I + S4))Q. Thus we
only need to show that S_D* belongs to Z,,(X,F) for m > dimV. Recall that
S =({I+D"*D")' 4+ D*G"; thus S_D* = (I + D*D7)"'D* + D*G'D*. Now,
with elementary algebraic manipulations, we can express the last term as

(I+D*D7)'D* = x(I+ DD )" D)

+(x(I + D:glec_yl)fl cl(dx) — cl(dx)(I + D:;ch_yl)le
+el(dx)(DF) (I + DE, D)~ el(dy)

with d denoting the differential along V in the product V x T. See formula (2.3).
Employing the usual reasoning, the first term is easily seen to be in I (X, F) for

m > dim V'; we have already proved that the same is true for the second term. Thus
S_D% isin Z,,,(X, F) for m > dim V.
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Thus, we have proved that ]3Q € I (X, F) for m > dim V.
Next we show that Py € J,,. Consider for example

Sy = +D D) —x(I+ Dy DE) " x + x(DE) (I + DEyD) ™" el(dy).

We want to show that ¢S is bounded. However, from the explicit expression we
have just written this is readily checked by hand using (variants of) the following

LEMMA 10.39. The operator g(1 + D?)~! is bounded.

Proof. Write g(1 + D?)™! = ff(D +s)~%(D + s)~! and write the last term as
flf,(D+3s)"(D +s)"t + f(D+s)"'f(D +s)~! which is in turn equal to f(D +
s)"Lel(df)(D+5) Y (D+s)"t+ f(D+s)"' f(D+5)~!. Thus it suffices to show that
f(D+5)"! and (D +s)~!f are bounded. This is easily proved using the Sublemma
10.49 below. The Lemma is proved. O

Next we show that ﬁQ € Domd; N Domds. First of all, we have the following

LEMMA 10.40. Under assumption (7.1) we have that

—~Inax

Dc_yl1 S Dom(gf;?i) N Dom(dy 2)

with 6cyl,2 = [¢8a ] and 5cyl,1 = [(1'387 ]

Proof. Consider a smooth function h € C*°(R) such that h(x) = 1/x for |z| > e,
with € as in our invertibility assumption (7.1). Clearly h(Dgy1) = Dc_}i We can find
a sequence of functions {3} >0 with the following properties:

(1) BA is compactly supported;
(2) {Br}as0 is a Cauchy sequence in W?2(RR)-norm;
(3) By — h in sup-norm as A — +00.

The function () such that /ﬁ\k = p,\ﬁ, with py as in [MoN96] p. 515, does satisfy these
three properties. We assume this for the time being and we conclude the proof of
the Lemma. First, from the very definition of 8 and from finite propagation tech-
niques we have that 3y (Dgy1) is a (—1)-order pseudodifferential operator of compact
R x I'-support. Next, from property (3), we see that 5)(Dey1) — h(Dey1) = Dc_ﬁ in
C*-norm when A\ — +o00. Finally, from Duhamel formula we have:

1 o~
53(B(Deyt) = 60, B (Deg)] = /R ds /0 dt v/ —TsBh(s)eY TP g, DeypleVTo0-DDes

Moreover, as explained in [MoN96], p. 520, we have

I[¢a, Bx(Dey1)] — [90, Bu(Dey)]|| < C /]R 1BA(5) = Bu(s)l|slds.
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/R 356) = Bullslds = [ 151(5) = Bu(ollsv/T+ 7]ty
<iI(5s —@JWH (. Hﬁnp

1452
< ClDeyi(1 +DZy1)? (Bx = Bl < C’HﬁA = Bullw2 )

Thus, from property (2), we infer that [¢g, ﬁ)\( eyl)] is a Cauchy sequence in C -
norm. This means that h(Dcy1), which is D_ 1, is in the domain of the closure &
Similarly we proceed for ;.

It remains to prove that with our definition of 3y we can satisfy the three proper-
ties. The ﬁrst one is obvious from the definition. For the second property we estimate,

cyl 2

with D = fﬂ on R:
18x = Bullw=wy = [I(1 + D2)(A A — 5u)||L2(R L
= (1 +5*)(Br = Bl ey = 11+ 5*)(oah = pul) |l 22 (w)
=[(1+s )2h (ox — Pu) T+s2 HL2(R

<11+ 522l 2wy 1 (ox — pu) 1 e )

In the last term, the first factor can be estimated directly and shown to be finite,
using the equality

11+ s*)2h|z2r) = [I(1 4+ D?)?h||2(r)

and the very definition of h (namely, that it is equal to 1/x for |z| > €); the second
factor, on the other hand, is clearly Cauchy (from the definition of py). Thus we
have established (2). Finally, we tackle (3). Recall that the Fourier transformation
extends to a bounded map from L'(R) to Cy(R). Thus

18y = Plley @y < 118 — Rllragry = Il(px — Dl (e
= [l(ox — )1+sz (1+ s2)h (=)
<|l(ox = D1z le (1 + s )h||L2(R
The second factor can be estimated as above and shown to be finite; the first factor

goes to zero using Lebesgue dominated convergence theorem. The Lemma is now
completely proved. O

We go back to our goal, proving that ﬁQ is in Domé&; N Domds. This means that
for j = 1,2 and m > dim V' we have:

Pg € Domd, ™ N J(X,F) and 8, (Pg) € Tm(X, F).

First, we establish the fact that ]3Q € Domgg-nax (we already proved that ]3Q €

Im(X,F)). We concentrate on 0y ; similar arguments will work for d; . Recall
that

=~ 52 S (L4 50)Q
Py = <SJ_FD+ —TS’(% +) >
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Let us concentrate on each single entry of this matrix. For the sake of brevity, let us
—<max

give all the details for the (1,1)-entry, S%. It suffices to show that S € Domd,
and that 0y S} € Tn(X, F).
For notational convenience we set, for this proof only,

g;nax = @, SZ;’BI?(Q = @Cyl-

We observe preliminarily that proceeding exactly as in [MoN96] we can prove
that (s + D)~! is in Dom®; hence so is (s + D)~2 which is equal to (1+ D?)~!. The
same proof establishes the corresponding result on the cylinder, for (s+ Dcyl)_l and
(5 + Dey1) ™2 = (1 + Dgyl)_l. This, together with the last Lemma, shows also that

D;y%(l + Dgyl)_1 belongs to the domain of ©.y1. Recall now that

S, =(I+D D"'—x(I+D_,Dt

-1 —
cyl ™~ cyl ) (I+D+ D

cyl Cyl)_l Cl(dX)

The first summand is in Dom®, as we have already remarked. The second sum-
mand, —x (] + Djlec_yl)*l X, is obtained by grafting through pre-multiplication and
post-multiplication by x an element which is the domain of ©y. Such a grafted
element is easily seen to belong to Dom®, since we can simply choose as an approx-
imating sequence the one obtained by grafting the approximating sequence for

(I + D . D_)~!. In the (easy) proof we use

cyl™cyl
(Z)X = X¢87 X¢ = X¢87 [¢87 X] =0.

(They all follow from the fact that the modular function is independent of the normal
variable in a neighbourhood of the boundary of X.) Similarly, the third summand
is in Dom®, given that, as we have observed above, Dc_yll(l + Dgyl)*1 belongs to the
domain of ©.y. Summarizing: Sy is an element in Dom®. Next we need to show
that ©(S4) belongs to J,, (X, F). First we prove that it is in Z,,. We first observe

that Sy is the (1,1)-entry of the 2 x 2-matrix

(54—D)_2—<6< ?()(5+Dcyl)_2 <§ ?()

+ (g 2) (s + Dey)) 2D} <21(d><) gl(dX)> .

We compute © of this term, finding

)_1X + X(Dc—g,l

o+ D)%)~ (3 ) Ouille+ Do (3 1)

+<§ i>@cyl<<s+Dcyl>‘ZDcﬁ)(wa) Sl(dX))'

The last summand is certainly in Z,, (X, F), since dx is of compact support. It is
clear that this last term is also in [7,,, i.e. it is bounded if it is multiplied on the
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right and on the left by the function g. Thus we are left with the task of proving
that

O((s + D>72) — XOcyi((s + Dcyl)iz)X

is in Jpn (X, F). We first show that this term is in Z,,. Remark that the above dif-
ference can be computed explicitly, using [MoN96]; we get
(s + D) "cl(de)(s + D)2 — x((s + Dey1) " cl(dpp)(s + Dey1) ~2)x
+(s + D) 2 cl(d)(s + D) " — x((s + Dey1) ™ cl(dpo) (s + Dey1) ) x-
Now, proceeding as in the discussion on the parametrix given in Section 7.3, we can

prove that each of these two differences is in Z,,(X,F) Let us see the details; we
concentrate on the first difference

(5 + D)~ cl(do) (s + D)% = x((5 + Deyr) ™" cl(déo)(s + Deyt) )i (10.41)
we shall analyze the second difference, namely
(s + D)2 cl(dg)(s + D) " — x((5 + Deyt) 2 cl(déo)(s + Deyt) ™ )x (10.42)

later.

For notational convenience we set A = (s + D) and B = (s + D¢y1). Recall that
At ~,, xB7 'y, see Proposition 10.23. There we also remarked that fA=! ~,,
0, A7 f ~,, 0, gB~' ~,, 0 and B~ 'g ~,, 0 if f and ¢ are compactly supported.
Rewrite the difference (10.41) as A~! cl(dg)A=2—x B~ ! cl(dpy) B~2x. Using A~ ~,,
xB~1x we see that the difference is ~,,-equivalent to

XB_IX cl(dcb)xB_IXQB_lX — XB_I cl(dgba)B_Qx.

Now add and subtract YB~ !y cl(d¢)xB~2x to the first summand; obtaining, for this
first summand,

xB~'xcl(dp)xB2x + xB ' x cl(dg)xB~ (x* - 1)B~*

which, by our second remark, is ~,,-equivalent to xyB~!x cl(d¢)xB~?x. Here we
have used that x? — 1 is compactly supported. Thus (10.41) is ~j,-equivalent to
xB~1(x cl(dp)x —cl(dpy)) B2 x which is equal to x B~ (x cl(dga)x —cl(dga)) B—2x,
given that y cl(d¢)x = x cl(dpy)x. We can rewrite this last term as

XxBH(x cl(dga)x — (x + (1 = x)) cl(dda) (x + (1 — x)))B~*x

which is in turn equal to

—xB 7M1 —x) cl(dpa) (1 — x) B *x — xB~'x cl(doy) (1 — x)B*x
—XxB7H(1 = x) cl(dpy)x B x.
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The last two summands are ~,-equivalent to 0 because x(1 — x) has compact sup-
port. Regarding the term yB~1(1 — x) cl(d¢y)(1 — x) B~?x; we rewrite it as

x(1 = x)B~ ' el(dpa)(1 — x)B~*x + x[B~*, (1 — x)] cl(doa)(1 — x) B~ *x

and this is certainly ~,,-equivalent to x[B~, (1—x)] cl(dpg)(1—x)B~2x. The latter
term is in turn equal, up to a sign, to

xB~lel(dx) B~ cl(dog)(1 — x) B 2x

which is ~,-equivalent to 0 (dx is compactly supported). Thus (10.41) is in
Zm(X,F); similarly one proves that the second difference (10.42), viz. (s +
D)2 cl(dg)(s + D)1 — x((5 + Dey1) 2 cl(dgpg) (s + Dey1) 1) x is in Z,, (X, F). Now,
by direct inspection we also see that both the first difference (10.41) and the sec-
ond difference (10.42) are in J,,, i.e. they are bounded if they are multiplied on
the right and on the left by the function g. Thus, we have proved that S. is in
Jm(X, F) N Domds. Similarly one proves that S, € Domdy, proving finally that

S, € Jn(X,F)NDomé; NDomés = Jpn, m > dim V.

The reasoning for the other entries in the Connes—Skandalis projection is analogous
and hence omitted. The proof of Proposition 8.1 is now complete.

10.7.2  Proof of Proposition 8.2.  We shall first concentrate on the larger algebra
B,; thus we begin by establishing Proposition 8.2. in this context, namely, we prove
that e(pevy € By, © Cey with m greater than 2n, which is the dimension of the leaves
of (X,F).

LEMMA 10.43. For the translation invariant Dirac family D% = (D;yl)geT on the
cylinder we have:

X%, (D 4 5)71] € T, (cyl(8X), Feyl) (10.44)

with x" denoting as usual the function induced on the cylinder by X?R, the charac-
teristic function of (—o0, 0], and s the grading operator.

Proof. We shall prove that [x°, (D! 4+ 5)7!] has finite Schatten m-norm. We shall
denote by t the variable along the R-factor in the cylinder; we shall omit the vector
bundles from the notation. First we observe that x° is bounded and only depends
on the cylindrical variable. Observe next that [D%!, x9] defines a family of bounded
operators from W' ((OM x {8}) xR) — W~1((dM x {6})xR) and the same is true for
[D?,x"]; it is then elementary to check that [D?, x°] = 0, as an operator from W' to
W', Similarly, the operator [9;, x"] induces bounded maps W' ((OM x {#}) x R) —
W=1((OM x {6}) x R). We then have the following equality of bounded operators:

KO (D 48)71] = (DY )7 DV (D )
= (DCyl —1—5)’1 [0y, XO] (DCyl —|—5)’1.
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Thus we can write
[X°, (DY + )71 = (DY + 5) (I + (DY) 79, X°] (I + (D)1 (DY + 5).

This means that it suffices to prove that (I + (D%¥)2)=1/2[9,, "] (I 4 (D¥")?)~1/2 ¢
TIm(cyl(0X), Fey1). We conjugate this operator with Fourier transform and obtain
the operator

T := (I + 2+ (D?)?)"V2[H,it](I + > + (D)%)~ 1/2

with H denoting the Hilbert transform on L?(R).
Note that [H,t]¢(t) = i/m [y &(s)ds. Thus, T = (Tp)ger and each Ty is the

composite tg o Ty, with

v s LXON x {0}) — L2((OM x {0}) x R), to(n) = (I + 2+ (D)%) /%y
g : L2((OM x {0}) x R) — L*(9M x {0}),mo(¢)(y)

= [+ @) ey e
R
where, as before, we are omitting the vector bundles from the notation. Thus
Tén =190 (’/T@ o Lg)mil o Y.

On the other hand,
moou(m) = [ dH(T+ ¢+ (DY) AT+ (D))
= [+ + (DR = U+ (D) (),
with C' = 7 The last step can be justified as follows. Observe that Va > 0 and k£ > 0

dt _ T (2k>!a—2k—1
- (t2 i a2>k+1 T 92k (k:!)2 )

Using this we can show that, in the strong topology,

(1+(Dg)*)"%,

where p = 2k + 1. Thus, for p = 1 we have, in the strong topology,

/(1 +82 4+ (DNt =C(I + (D))=, with C =T,

R

which is what we had to justify. We thus obtain: Tj*¢ = CP(1go(1+(D§)?)~ 5 omgl)
and we are left with the task of proving that my and ¢y are bounded on L? (indeed,
it is well known, see [MoN96], that (I + (Dg)Q)fé has finite Schatten (m — 1)-norm
for m — 1 > dim 0M, which is the case here since m > dim M).
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SUBLEMMA 10.45. The map 1y : L2(OM x {0}) — L*((0M x {0}) x R), 14(n) =
(I 4+t + (D3)?)~/2n is bounded.

Proof. We set Ay := (D3)? and compute:
lea ()17 =/ ) dydt| (I + t* + Ag)~2n(y)|?
OM x{0})xR
_ 2 —1 2
B /RdtH(I 174 Do) 20l o7 g0
< [l soseroy [ AT+ + 202

where [|(I + % + Ag)fé |? is the operator norm and it is considered as a function of
t. We are left with the task of proving that ||(I + 2+ Ag)~z || is in L2(R;), namely

/\|(1+t2+A9)—é||2 < . (10.46)
R

In order to establish (10.46) we write

Ay
1+ t2

)z = 1+ 7E (| F(DF)]
with f(x) := (1—1—%)7%. Now, the sup-norm of f(z) is equal to 1: thus || f(D3)|| < 1
from which (10.46) follows. O

SUBLEMMA 10.47. The map my : L2((OM x {0}) x R) — L2(OM x {0}), mo(€)(y) =
Jo(I 4+ 12+ (D§)*)~/2¢(y, t)dt is bounded.

(I + 82+ D) 72| = (1 + 1) 73| (1 +

Proof. We can consider a decomposable element {(y,t) = n(y)f(t), with n €
L?(OM x {6}) and f(t) € L?>(R;). Then

17 L2 anrxg01) = /(9MX{0} dy‘ /Rdlt(Ith2 (D))" 2y £(1)

2
2 9\2y—1/2 2
< /a o ( [+ -+ ) n(y)f(t)!)

</ o ([arser. [ aiase g2 2awp)

ey [ dydel(z 2 (D)) ()P
OM x{0})xR

= 1112 g dt||(1+t2+(D3)2)—1/2 L.
< I (R)HnHLz ety L AT+ + 203
2 —19
< NEZ2 ot oy ey /Rdt”(l+t +89) 2|

where in the last term we are taking the operator norm considered as a function of
t. Using (10.46) we finish the proof. 0

‘ 2
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The proof of Lemma 10.43 is now complete. O

Going back to the proof of Proposition 8.2, we observe that €peyi € OP~! by the
results of [MoN96]. Thus, using the Lemma we have just proved, we conclude that

epen € OP™1 and  [x°,€pen] € T

with m greater than the dimension of the leaves of (X, F). Now we need to prove
that, in fact, [x",€pe] is in Jp,, that is gey[X%, €pe] and [0, €pevi]gey1 are bounded;
this will ensure that €pen € Dy,.

LEMMA 10.48. The operators gey[X°, €pen] and [X°, €pesi]gey1 are bounded.
Proof. Consider geyi[x°, €pesi]; this is equal to

[9eyt, (DN +5) 1[0, X WD +5) 71+ (DY 4 5) " gey [0, X | (D! 4 5) 7
which is in turn equal to

(Dcyl + 5)_12fcyl Cl(dfcyl)(Dcy1 + 5)_1 [8157 XO](Dcyl + 5)_1
+(D + 8) "L g [0, XON (D + 5) 7L

SUBLEMMA 10.49. The operator (D! +5) ! fey1 and fcyl(DCyl +5)~! are bounded.

Assuming the sublemma for a moment we see that in the last displayed formula
the term (D! 4 5)~12 feyl appearing in the first summand is bounded; thus so is
(DY + 8) 712 fe) cl(dfy1) since cl(dfey) is itself bounded (here we use the very defi-
nition of fey1); the term (D! + 5)~1[9, x°|(D! + 5)~1 is known to be bounded
(just see the proof of Lemma 10.43); next, we consider the term (D' +
5) "L gey1 [0, XV (DY + 5)~1. We shall prove that with with A := (1 + (DYN2) =%

Agey1 [0, X°IA == Ty = T := A0y, X"]A

and since the latter is bounded by Lemma 10.43, we will be able to conclude that
(DY + 5) 7L gey1[0r, X°) (D! + 5) 71 is bounded and that the Lemma holds.
For &, nin L? we have:

(Toé, mhrs = /

~dtdy (Mogey1[0r, X"1N6E) (£, )7(t, y)
RxN

0 0
_ /N dy ( / (A0E) 1)k 9T 0,1) / eI y)(gAw)(t,y))

__ /N [(A6€) (1, 9)g (1) (Ao (£ 9)]
:/~(Ae£)(0,y)(1\0ﬁ)(0a9) since 9(0) =1

N
= (1 + (DF?) 20, X" (1 + (D) 26, 1) 12
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where for the last equality we use again the computation done in the preceding four

equalities.
We are left with the task of proving the Sublemma. To this end we observe that,
with 8 := 14 we have (D'")? = 97+ D3 ; we also know that 97 and D3, commute.

It is easy to see that the (unique) self-adjoint extensions of (14 97) and (1+ D3%y)
are invertible and that the following two equalities hold:

(1+07) 7 = (14 (D)) ™ = (1+07) " (L + (D)) = (1+07)) (1 + (D))~
= (1+87) ' Djx (1 + (D))~

Moreover the last operator is non-negative; thus (1 + 92)~! > (1 + (D®)2?)~! and
thus (1 4+ 02)7Y2 > (1 + (D%)?))~Y/2. Then with fe1 = V1 + 2 as usual, we
have [|(1 + (DYN2)"V2f€lle < ||(1 4 02)"V2 foé] with & € C°. This means
that if (1 + 9?)71/2f., is bounded, then (1 + (D9")2)~1/2f. ) is also bounded. Now
remark that (1 4 97)7'/2f., has Schwartz kernel equal to k(s,t) = e 1>~ f(s) =
e 1s=11\/1 + 52 and that this is an L?-function on R x R. Thus the integral operator
defined on L?(R) by k(s, t) is Hilbert-Schmidt and thus, in particular, bounded. This
implies that our operator, which is really (1 + 8?)*1/ 2 fo1 @ Idgx is also bounded.
Summarizing, (14 (D%")?)~1/2 f..1 is bounded. Thus (D' +5)~! f..1 is also bounded,
since it can be written as (D! + 5)71(1 + (D9)2)V/2(1 + (D%)?)~Y/2f,.1. Finally
notice that foy1 (DY +5)71 = [fey1, (D +5) 71+ (D' +5) 71 f.y1 and we know that
both summands on the right hand sides are bounded. The Sublemma (and thus the
Lemma) is proved. 0

Thus we have proved that epey € D,,,. On the other hand, see Definition 6.38,

By, = {{ € Dp, N Dom(0q) | [fey1s £]s [feyts [fey1s £]] is bounded }.

Thus we need to show, first of all, that it is also true that €pet € Dom(9,,). We need
to prove that the limit

1 . ~
%EI&) E(Oét(eDcyl) — €Dcy1)
exists in OP~!. We compute

% (at (/e\Dcyl) - /e\Dcyl )

— %[67;758, (Dcyl + 5) 1]e—zts — %(Dcyl + 5)—1[Dcy17 eits](Dcyl + 5)—1e—its

= (DY + 5)~Licl(ds)es (DY 4 5) e is

= (DY 4 5)"Licl(ds)[e™, (DY + 5) 7 ]e~ s + (D! 4 5)~Licl(ds) (DY 4 5) 71
— (D! 4 5) Licl(d

i Cl( S)(Dcyl + 5) [Dcyl7 eits](Dcyl + 5)—1e—its

+(DY! - 5) icl(ds)(DY! 4 5)*

= (DY 4 5)7 Y Cl( s) (DY 4 5)71i cl(ds)iteits (DY 4 g)LeTits
+(DY! + )~ Licl(ds) (DY + )

and the last term converges to (D% + s)~licl(ds)(DY! + s)~1 as t — 0. Thus
€pet € Dom(d,). Thus, we have proved that €peyt € Dy, o := Dy, N Dom(y).
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Next we need to show that [fey1,€pen] and [fey1, [fey1, €pen]] are bounded. How-
ever, this is elementary at this point: for example [fcy1,€pen]| is nothing but
(DY + 5) 7Y cl(dfey1) (D! + §) 1 which is indeed bounded. Similarly we proceed
for [ foy1; [fey1, €pen]]-

Next we prove that €pen = (DY 45)7! € Dom(d;), j = 1,2. We only do it for &2,
the arguments for 0; are similar. It suffices to show that (D' +s)~! € Dom(d) and
02((DY!' +5)71) € B,,. Using [MoN96] Proposition 7.17, we know that (D! +5)~!
does belong to Dom(dz2) and moreover

oD 45)7L = (DY 45) 1DV, 4] (DY 4-5) .

In order to see that the right hand side of this formula belongs to B, we show sep-
arately that it belongs to D,, and Dom(9,) and that, in addition, it is such that its
commutator and its double-commutator with fc1 is bounded. First of all we employ
Lemma 10.43, which shows that (D! + s)~1 € D,, = Dom(d3). Since, by the same
arguments, [DY!, ¢5] (D' +5) !, which is the composition of Clifford multiplication
by dps with (D! + 5)~!, also belongs to Dom(d3) we conclude that their product
is in Dom(d3) i.e. in D,,. Here we have used the fact that the domain of a closed
derivation is a Banach algebra. Exactly the same argument, together with the above
proof that (D! + 5)~1 belongs to Dom(d,), establishes that

(D% 4 )71 [D, 5] (D' +6)~! € Dom(@y).

Finally it is clear that the above term is such that its commutator with f. is
bounded; similarly we proceed with its double-commutator. This completes the proof
of the Proposition 8.2.

10.7.3 Proof of Proposition 8.3. We need to show that ep € Ay = A, N
Dom(d1) NDom(d2) N7~ (B ), for m > dim V. First of all we prove that €p € A,,.
Thus we need to show that t(ep) € J, and that w(ep) € B,,. However, this is
clear from our previous results. Indeed, 7(ep) = €p,,, and we have proved in the
previous proposition that the right hand side is in B,,. Similarly, if x is a smooth
approximation of \V, we can write:

t(ep) :==ep — X"ep.. X" = (€p — X€p..X) + (X€p.uX — X"€p.,,X").  (10.50)

We have already proved that the first summand ep — xép,,, x is in Z,,. We now
proceed to show that it is indeed in J,,. We need to show that (D + s)~! and
(D + 5)~'¢ are not only in Z,, but in fact in J,, provided that ¢ is compactly
supported. However, this is can be proved as follows. First, go(D + s)~! is clearly
bounded, given that it is in Z,, (indeed gy is compactly supported). As far as
©(D + 5)"tg, we rewrite it as ©[(D + s)71, g] + pg(D + s)~1. The latter is equal
to —p(D +s)"12cl(df) f(D +5) "' + pg(D + s)~L. This is bounded using the above
reasoning and Sublemma 10.49. Summarizing, we have proved that ep — xep,_,,x €

Im-
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As far as the second term in (10.50) is concerned we simply observe that it can
be rewritten as (xep(x — x°)) + (x — x")ép.,,x" and both these terms are m-Sch-
atten class if m > dimV, given that (y — x°) is compactly supported. This trick
can be also used in order to show that if we multiply by g on the left and on the
right we get a bounded operator, according to what we have observed above. Notice
that since m(ep) = ep,,, we also have, directly from the previous Subsubsection,
that €p € 7 '(Bm). Next we need to show that €p is in the domain of the two
closed derivations introduced in Section 6.5.4. Consider, for example, do. Recall that
02 : Doméy — A, (X, F) with

—~<max , =max

Domés = {a € Domdy |6y a € An(X,F)}.

The fact that €p = (s + D)~ is in Domd, . is proved in [MoN96] where it is also
proved that

~max

5y ((s+D) Y =(s+D) YD, ¢l(s+ D)L (10.51)

Thus we only need to show that the right hand side belongs to A,,(X, F'), where
we recall that A, (X, F) = {a € A* such that w(a) € B,,(cyl(0X), F¢y1) and t(a) €
JIm(X, F)}. But the image under 7 of the right hand side of (10.51) is precisely
(DY + §) DY ¢ (DY + 5)~! which was shown to belong to B,, at the end of
the proof of the previous Proposition. Thus we are left with the task of proving that

t((s+D)"'[D,¢l(s + D)7') € Tn(X, F).
By definition of ¢ this means that
(s + D) '[D,¢l(s + D)~ = xX*(DY +5) ' [DV, g} (DY +5)"'x* € Tn(X, F).

However, this can be proved by first reducing to x, a smooth approximation of x,
using the same reasoning as in (10.50); then, in order to show that

(s + D) [D,¢)(s + D)~! = x(DV +5) " DV, 6] (DY +5) " 'x € Tn(X, F)

we employ the same arguments used in order to establish that (10.41) is in J,, (X, F').
The proof of Proposition 8.3 is now complete.

10.8 Proofs for the extension of the relative GV cyclic cocycle.

10.8.1 Further properties of the modular Schatten extension.  This Subsection is
devoted to the statement of some technical properties of the algebras 9B,,. In the
next Subsection we shall use these properties in order to show that the Godbillon—
Vey eta cocycle extends from B, to Ba,+1 with 2n equal to the dimension of the
leaves.

We begin with the Banach algebra OP~!(cyl(Y), Fey1). Here Y = N xp T is a
foliated bundle without boundary.
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We have proved in Proposition 6.25 that OP_l(cyl(Y),}"Cyl) is a subalgebra of
B*. The latter was proved to be isomorphic to C*R ® C*(Y, F), see Proposition 4.3.
Thus, the Fourier transformation applied to B* has values in Co(R,C*(Y,F)). In
particular, the image of OP~!(cyl(Y), F.y1) under Fourier transformation is a sub-
algebra of Co(R, C*(Y, F)). Put it differently, the Fourier transform ¢ of an element
¢ € OP7 (cyl(Y), Fey1) is a continuous function { : R — C*(Y,F) vanishing at
infinity.

Recall also the Banach algebras OP~P(cyl(Y), F), see Proposition 6.25. Simi-
larly, we can define OP7P(Y,F) for a closed foliated bundle (Y, F). Thinking to
OP7P(Y,F) as a subalgebra of the von Neumann algebra of the foliation (Y, F),
we see that an element b in OPP(Y, F) is given by a family of operators (bg)gper,
with by acting on Sobolev spaces along N x {#}. Let f : R — OP7P(Y,F) be a
measurable OP7P(Y, F)-valued function. This means that f = (fp)ger with fy a
measurable function with values in the bounded operators of order —p on Sobolev
spaces on N x {0}. We define a norm || f[| ,2(r,op-»(v, 7)) by setting

T — ( / mf9<a:>m,%dx) . (10.52)
oeT R

Moreover, let g : RxR — OP7P(Y, F) be a measurable OP~P(Y, F)-valued function;
it is also considered as a family (gg)per, With gy a measurable function on R x R
with values in the bounded operators of order —p on Sobolev spaces on N x {#}. We
define a norm ||g([z>(rxr,0P-7(v,7)) Py the analogue of (10.52). It is easily verified
that L?(R x R,OP~?(Y, F)) is a Banach algebra with the convolution product g * h
given by the family (gg * hg)ger, with

9o * ho(x,2) = / dygo(, y)ho(y, 2)
R
for g = (g9)ger, h = (hg)oer € L*(R x R,OP~P(Y,F)). Notice that the prod-

uct in the integrand involves the algebra structure of OP7P(Y, F). Remark that if
p+ q > dim N then there exists a bounded pairing

() L*(R x R,OP7P(Y, F)) x L*(R x R,OP~ (Y, F)) — C (10.53)
with

(g, h) = /R _dadyo (gl 9)h(z.9)")

Indeed, given g,h € C°(Gey), considered as elements in L*(R x R, OPP(Y, F))
and L2(R x R,OP~4(Y, F)) respectively, we have

(g.h) < /M dady|wy (g(z, y)h(z,y)*)|
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<C dxdyl||g(z, y)h(z,y)"||lp+q
RxR

<C dzdyl||g(x, y)[l[pl[|~(z, y)I[lq
RxR

< gl z2@®xr, 0P (v, o) 10l L2 R xR, 0P~ (v, 7)) -

In the second step we have used [MoN96], p. 508, Cor. 6.11. Thus (10.53) is bounded.
Observe now that wlgyl (gh) = (g, h*); thus the above inequality also implies that

L*(R x R,OP7P(Y, F)) x L*(R x R,OP~I(Y, F)) 3 (g,h) — wZ'(gh) € C
(10.54)

is bounded.
The following Lemma will play a crucial role:

LEMMA 10.55. (Key Lemma) (1) If £ € OP P(cyl(Y), Fey1) and 0 < ¢ < p —1/2
then for each x € R

118G 1lq < Melll, (10.56)

so that, in particular, /(z) is an element of OP~9(Y, F) for each = € R and for each
0 < g < p—1/2. Moreover there is a constant C' > 0 such that

||£HL2(R,0P-Q(Y,f)) < Clllefll, for 0<qg<p-—1/2. (10.57)

(2) If £ € OP7P(cyl(Y), Fey1) N Domd,,, then { is differentiable as a function from
R with values in the Banach algebra OP~4(Y,F), 0 < q¢ < p — 1/2. Moreover there
is a constant C' > 0 such that

dl
H%HL?(R,OP*‘?(YI)) < Cll[0at]llp for 0<g<p-—1/2.

(3) Given £ € OPP(cyl(Y), Fey1) N Domd,, p, the commutator [x°, ¢] admits a kernel
function k : R x R — OP~4(Y, F) and there exists a constant C' such that

1]l L2rxr,0p-a(v,7)) < C (]l + [[10allllp)  for 0<g<p—1/2. (10.58)

Proof. For the first item we need to show that given £ € OP P (cyl(Y'), Fey1), U(z) is
in OP7Y(Y, F) and there is a constant C' > 0 such that

120l 2 op-2(v, 7y < ClllElllp for 0<q<p—1/2.

We consider £ € OPP(cyl(Y')) as a family of operators (£g)ger with £p : L2(cyl(N) x
{6}) — L3(cyl(N) x {6}). By definition one has

1ollntpm = II(1+ 2)"HP209(1 + A) 72 -
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with A denoting the Laplacian on the cylinder. Applying the Fourier transformation
along the cylindrical variable we obtain:

1€]lntpm = sup [|(1+ 2% + An) P20 (2) (1 + 2% + An) |0
zeR

> sup (1 4 22)P=972(1 + AN)PFD205(2) (1 + 2% + An) 2|0
xre

> (1+2%) P02 (14 Ax) 920 (2) (1 4 2% + Ax) ™| o-
where we have used the fact that
11+ 2% + An)"ell > (1 + )¢l and [[(1+2° + An)"€]| > [|(1+ An)"E].
Taking adjoints we also obtain:

YOO (14 2% + An) 2 (lp(@)) (1 + Ay) 0] o
201+ Ay ")) (1+ A) 4
02 (14 Ax) 02 (2)(1+ Ax) -
P02y () It

146 lln-p,n
p—
P—q

Applying the same argument we prove also that |[€p||_pn —n_p > (1 + 22)P=9/2
l€g(x)||—n,—n—q- These inequalities imply that

11611l > (1 + )@=/l (2)]]],-

Note now that (1+22)~P=9/2 is a L2-function if ¢ < p —1/2; let C be the L?*-norm
of (1 + x2)~P=9/2 We thus obtain

c?meemzz/Rmée(w)mZ.

which implies that

. 1/2 .
cmeurpzsup( / uem)mz) 0l omeiv)
ocT R

The first part of the Lemma is proved.

Next we tackle the second item. We first show that if, in addition, ¢ € Domd,p,
then ¢ is differentiable as a function R — OP~9. Consider Oap(¢), an element in
OP™? by hypothesis. Remark that the automorphism oy appearing in the defini-
tion of d,, see (6.31), corresponds to the translation operator by ¢ under Fourier
transformation. Thus we have, using item 1),

A~ A~

lx+1t)—Ll(x)
t

Oét<£) —/

| — Oap(O)(@)[op— < | = Oap(O)llop-»
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and we know by hypothesis that the right hand side converges to 0 as t — 0. Thus
the limit

lim lx+t) —l(x)

t—0
exists in OP~4(Y, F) for each z € R and it is equal to m)(az) This proves the
differentiability of /. The estimate in this second item is now a consequence of the
one in the first item.

Finally, we tackle the third item of the Lemma. We must show that given ¢ €

OP?(cyl(Y), Fey1) N Domd, p, the commutator [y, £] admits a kernel function k :
R xR — OP7Y(Y,F) and there exists a constant C' such that

1Bl L2 xr,0p-o(v.r)) < C(IIllp + [[10at]llp) for 0<g<p—1/2.

Let £ be an element in OPP(cyl(Y'), Fey1) N Domd, . We know that limy o (£(2 +

t) — (x))/t exists in OP~9 for each x € R. Set
w(u,v) = fu) = {v) E(v)'
u—v
The above argument shows that w is a continuous function from R x R into
OP~4(Y,F). Recall the Hilbert transformation H : L?(R) — L?(R), see the proof
of Proposition 5.25. It can also be defined on L?(R,OP~%(Y,F)). Here we recall
that for £ € OP7P(cyl(Y), Fey1) we have proved that { € L*(R,0P79(Y, F)). We
know that the Hilbert transformation corresponds to the multiplication operator by
2x" — 1 under Fourier transformation F (by this we mean that F(2x°—1)F~! = H).
Thus [x",¢] corresponds to [H,Z] /2 under Fourier transform. As already remarked
from the very definition of H we know that [H, 7] is the integral operator with kernel
function equal to —i/mw(u,v). This proves the first part of the statement in item
3) but for the operator F o [x?,¢] o F~1. We now establish the estimate claimed in
item 3) but for w; we thus estimate [|w||z2rxr,0p-1(v,7)), With 0 < g <p—1/2.
Let (u,v) be a point in R x R, with |u — v| > 1. Setting t = u — v we get

ot 0)llg < (1@l + 1)) /1

which implies that

2 - ~ 2 9
/u_v>1dudv||w(u,v)’||q§/|t|>l/Rdtdv (\||z(v+t)||yq+|||€(v)\||q) /t
:/ dt/d“(|”5<“+t>||§+lllf(v>lIZ+2I\If(v)!||q\||?(v+t)||!q)

[t|> R

L 2
which is bounded by a constant times |||¢[[|2 given that { € L2(R,0P (Y, F)). In
the region |u — v| < 1 we have

U(u) —(v) = / ds%(s)
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which gives w(u,v) = —— [ ds (s). It then follows that

A;MﬂMWM%M%ﬁA@ﬁAMé(ﬁH@Mﬁ@MJQ
< foat fooal [l [ el
:ﬁ@w “UVT
AQW/”/“
= [ Ll

which is bounded by a constant times [||0,¢]||2 (by item 2)). The third item of the
Key Lemma is thus proved for the operator F o [x°,¢] o F~!. Observe now that
conjugation by Fourier transformation F' defines an isometry on L*(R x R, OP~9);
thus [x", £] admits a kernel function which is in L?(R x R, OP~9). This means that

/(MMWMW%/ dudo] ||k, )]
RxR RxR

and this implies the estimate we wanted to prove. O

a0l

i

U+T

10.8.2  Proof of Proposition 8.12 (extension of the eta cocycle).  We want to show
that if m = 2n + 1, with 2n equal to the dimension of leaves, then the eta cocycle
om extends to a bounded cyclic cocycle on B,,

Proof. We begin by observing that from its very definition 09,41 is the sum of
elements of the following type wr(b[x", £]b') where

— b is a product of p elements in OP~1;
— V' is a product of s elements in OP~1;
—m=2n+1is equal to p+ s.

Decompose b according to the analogue of the direct sum decomposition explained
around formula (10.1). Then b = (b"” 2‘1’1) with boo = x°bx’, bo1 = x°b(1 — x0),
bio = (1—x")bx%, b1 = (1—x")b(1—x"). Remark for later use that by; = x°[x°, b](1—
x%), bio = (1 — X9 [b, x"]x°. Remark also that [x°,b] = (_210 b81> . Thus

(B, 46 )00 = boo X", or1bo + bo[x", £10bh0

and similarly

(X°, 611 = bo[x°, orbyy + b [X, 10bhs-
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We then have that
wr (X", 6") = wr ((b[x°, 4")00) + wr ((b[X°, ")11).

Here we are using the fact that the intersection of the diagonal and the support of
the kernels defined by the off-diagonal terms in the above decomposition have mea-
sure zero. We shall work on the term wr(boo[x", £o1b}0) = wr(boo[x?, 4V, x°]x°)
that appears in wr(b[x", £]0') (it is the first term in the first summand on the right
hand side). Due to the key Lemma 10.55 one has [x°,¢] € L?*(R x R, OP™*(Y, F))
and [x",b] € L*(R x R,OP *(Y,F)) with u < 1/2 and t < s — 1/2. Given b €
OP P(cyl(Y), Feyr) and k € L*(R x R, OP~*(Y, F)), we observe that the product bk
induces a bounded linear map

OP P(cyl(Y), Fuy1) x LA(R x R,OP™*(Y, F)) — L*(R x R,OP " (Y, F))

with r < p. This is proved as follows. Let F' denote the Fourier transformation with
respect to R on the family of Hilbert spaces (L?(R x N x {0}))ger and consider
FokoF~! It is obvious that Foko F~! € L2(R x R, OP~*(Y, F)). It is easy to see
that b = Fobo F~! with b equal to the Fourier transform of b already defined before
the key Lemma; thus one has F o (bk) o F~! = boFokoF~'. Now we apply the
key Lemma and see that b belongs to L*(R, OP~4(Y, F)) with ¢ < p—1/2; moreover
boFokoF ' ¢ L*R x R, B+ (Y, F)) since |||b(z)|||; < +0c. Thus, thanks to
the above formulas, F o (bk) o F~! is an element of L?(R x R,OP~"(Y,F)), with
r := q+ u < p, which implies that bk also belongs to L?(R x R, OP~"(Y, F)) with
r < p. Now, using the key Lemma again we have a bounded linear map

OPP(cyl(Y), Feyt) @ OP™H(eyl(Y), Feyt) @ OP™*(eyl(Y), Feyn)
— L*(R xR, B™"(Y,F)) ® L*(R x R,OP~*(Y, F))

defined by
bR L@V — boo[x", ] @ [V, x"]x"

with » < p,t < s —1/2. Thus one has r +t < p+ s — 1/2 and hence can take
r—+t > dim N. Thus we conclude, see (10.54), that wr (boo[x", £][0’, x°]x°) is a bounded
linear functional with respect to b, £ and o’. A similar argument can be applied to
the remaining terms
wr (bor[x", €1obye) = wr (X [x°, Bl [X°, £)bpy)
wr (bro[x% forbhy) = wr((1 = x°) X" b][x°, £b7,)
wr (b [X% b)) = wr (b 4x°, 01— x%))

to conclude that they are also bounded with respect to b.¢ and o’. Thus we have
proved that wr(b[x?, £]b') is bounded with respect b, £ and b’. Observing that the
derivations gj, j = 1,2, are bounded from 9B,, to OP~! we finally see that the eta
cocycle o, extends to a continuous cyclic cocycle on 9B,,. This completes the proof.

0



GAFA THE GODBILLON-VEY ETA COCYCLE 1805

10.8.3  Proof of Proposition 8.13 (extension of the regularized GV cyclic cochain).

Recall that we want to show that if degSP~'75,, = 2p > m(m — 1) — 2 =
m? —2m? +m — 2, with m = 2n + 1 and 2n equal to the dimension of the leaves in
(X, F), then the regularized Godbillon-Vey cochain SP~!77,, extends to a bounded
cyclic cochain on 2A,,.

Proof. Recall the Banach space decomposition A,, = Jm ® x’Bmx". We consider
elements in A, of the the following type:

— k% =ky---ky,_, the product of n, elements in 7,
— b7 = x0l xOlx0 - - Xoﬁnﬁxo, the product of ng elements in X'Bmx°.
We call n, and ng the length of k% and b? respectively.
Let aj = k;j + x°;x° € Ay, 5 =1,...,r and consider the product a := aj - - - a,.
We write a = Zﬂf a” with a7 a product of a certain number of elements of type k¢
and of type b°.

LeMMA 10.59. Suppose that r > s(t—1)+s—1. Then fora=a1---a,, a =3, a7,
at least one of the following will occur for each a”.

(1) a” contains at least s elements in J,,;
(2) a” contains one element of the form b® whose length is at least t.

Proof. The proof of the Lemma is elementary. Fix r = s(t — 1) + s — 1. Then the
generic element a7 in the statement of the Lemma will satisfy at least one of the
two above conditions or will be of the form

b'Yl k1b72 k2b’73 . b’)’s—l k871b'7.s

where the length of each 7 is t — 1 and the total length is r. It is then easy to
see that if now r is strictly larger than s(t — 1) +s — 1 then one of the above two
conditions must necessarily occur. O

Observe now that x 201 x%lax?—x010ax? = X [x?, £1][x?, £2]x°. This simple obser-
vation is at the basis of the following

LEMMA 10.60. Let b® be an element of length t, namely b° = H;Zl Xofjxo with
tj € By,. Then one has

t
b =" (T4 | O+ e (10.61)
j=1

where ¢ is a linear combination of ¢ and ¢y is the product of t; elements of type
[XO, ¢;] and ty elements of type {; with t| +ty =t and t; > 1. Moreover the number
of such ¢, is at most 201 — 1

The proof of Lemma 10.60 is based on an elementary induction argument.
Consider now the product, a, of r elements a; € A,, and write a = Zv a’ as
above. Then, obviously, either one of the following will apply to each a”:
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(a) a” is of the form b introduced after the statement of the Proposition, namely
(b) a” contains at least one k; € Jp,.

Suppose now that r > m(m—1)+m —1 = m?—2m. Recall the definition of the map
t: Apm — JTm, see (4.13). Clearly, by definition, in case b) we have that ¢(a?) = a7,
since a” € Jy,, given that J,, is an ideal in A,,. In case a) we can write

t(a”) = TTx%ex® = x°(J T X" = D x%x°
i=1 i=1 J

according to Lemma 10.60. Here c; is a product of r elements out of [x?, ¢;] and ¢;.
Then at least one of the following will occur:

(a-1) ¢; contains at least m elements of the form [x, ¢;];
a-2) ¢; contains a consecutive product of at least m elements in 5,,.
J

The latter claim is proved by the same reasoning in the proof of Lemma 10.59. Now,
in the case a-1) one has ¢; € Iy, given that [x°,¢] € Jp,. In case a-2) we apply
the following Lemma, Lemma 10.62, in order to see that ¢; € Z1, observing that c;
contains a consecutive product of at least m elements ¢; and, according to Lemma
10.60, at least one [x°,4;] (which belongs to J,, by definition). All things consid-
ered we have shown that in case a) the element ¢; and thus t(a”) belongs to Z; for
a=ai---a, and 7 > m? — 2m.

LEMMA 10.62. Recall the Banach algebra OP™? on (cyl(Y'), Fey1), defined as the
closure of U.?(Gey1/Ra) with respect to the norm ||| |||p. If p is greater than the
dimension of the leaves, then for each natural number v > 1

J,OPPcZy and OPPJ7, CI. (10.63)
Moreover if k € J, and ¢ € OP™P then
|kbllz, < Ck[l g7 [[blll, and [|bk]|lz, < Cl[|bll|p]|%]l7, (10.64)

with C' is a constant depending only on the Dirac operator D on (Y, Fy).

We remark that it is precisely for the validity of this Lemma that the extra
condition involving g(s,y) = 1 + s> was added in the definition of By and Jj.

Proof. Let k € J, and let £ € OP™P. One can write k¢ = kgg~ (1 + D?)"P/2(1 +
D?)P/2¢, Note that kg and (1+D?)?/2( are bounded since k € J,, and £ € OP~? . Next
we prove that g~1(1+D?)~P/2 € ;. Tt suffices to show that g~ 1/2(1+ D?)P/* € Ty;
equivalently, using that g = (s+i)(s—14) we can prove that (s+i)~*(1+D?)"P/* € T,.
Let us fix the plus sign, for example. We want to show that A := (s +4)71(1 +
D2)_q/ 2 € T, if 2q is greater than the dimension of the leaves. First, we conjugate A
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with the Fourier transformation in the cylindrical direction, obtaining Flo Ao F~! =
(i + (24)71(1 + 2 + Dy)~9/2 For fixed t € R let Ky, the Schwartz kernel of
(14 1%+ Dy)~%2 along N x {#}. Using elementary properties of the Fourier trans-
formation one can check that F' o Ag o F~! has Schwartz kernel Ly(t, s,y,y’) given,
up to a multiplicative constant, by

L@(Sv t7 Y, y/) = U(S - t)67|57t|K9,t(y) ?//)7

with u(2) = X[o,40)- Now we estimate

|IF o Ao FY 1, eyi(v),Fyr) = SUD (/ dsdt/ ~dydy'xr|Le(s, t, y,y’)l2>
oeT RxR NxN

< sup ( / dsdte=2l5=1 / dydy’xﬂKe,t(y,y’)!Z)
0T \JRxR NxN

_ols—t| 1 (g
< [ dsate ot 0 DY) <o
Here we have used the characteristic function xr for a fundamental domain for the
action of I' on V. We have also used the inequality of positive self-adjoint elements
(1+24+D2)79/2 < (14+¢%)71/2(1+ D2)~(@=1/2 (we have already used this inequality
in the proof of the key Lemma). This implies that

sup ( /| dydy'xﬂfce,t(y,y')\?) (U 22 DR,

oeT NxN
1 2)~(a-1)/2

< m”(l + Dy )\ lz.v.7v)
which is what is used above. Since we have proved that [|[F o Ao F~ Y|z, cyi(y) £, 18
finite, we conclude that || Al|z, (cy1(v),7.,,) 18 also finite. Thus g~ (1+ D*)7P/2isin T,
if p is greater than the dimension of the leaves. Now it is obvious that kx"¢x° € 7,
from the ideal property of Z;. Similarly x%¢x°k € Z;. In order to get the estimate in
10.64 we use standard properties:

1kbllz, = [[(kg) (g~ (1 + D?)~P/2)((1 + D*)P/?b)||1,
< lg7t (1 + D) P27, | kgllc-1I(1 + D?)P/20|
< C|kg|

C*
(1 + D*)PPb|c- < Cllkllz, llIblll-

C*
The Lemma is proved. O

Now we consider the case (b), namely a” contains at least one k; € J,,,. Applying
the same argument as in Lemma 10.59 we see that at least one of the following will
occur if r > m(t —1) +m — 1

(b-1) a” contains at least m elements in J,;
(b-2) a” contains a b of length t.
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In the case b-1) one has a” € Z; in an obvious way. In case b-2), we apply Lemma
10.60 in order to see that b7 has the form (i, £:)x° + 3 x%¢;x°. The first term
belongs to x? OP~! x". Then, the corresponding term in a” will be in Z; if t > m,
since we can apply Lemma 10.62 once we recall that a” contains at least one k; € J,y,.
Here we are using a small extension of Lemma 10.62:

if p is greater than the dimension of the leaves, then

To(X, F) (X" OP7P(cyl 0X, Fey1)X") C T1(X, F) and
(X" OP P (cyl X, Foy1)X°) T (X, F) € Ty (X, F).

Now recall that t(a?) € Z; for a = aj - - - a, if 7 > m? — 2m. Applying the same
reasoning to b” with length ¢ we obtain ¢; € 1 (cyl(0X), Fey) if t > m? —2m. Then
the corresponding term in a” also belongs to Z; (X, F). Thus, if r > m(t—1)4(m—1),
with ¢ — 1 = m? — 2m, namely r > m(m — 1)? — 1, then we can conclude that
¢; € I1(cyl(0X), Feyr) in both cases b-1) and b-2) ; consequently a”, which in this
case is t(a”), belongs to Z; (X, F).

Now we put everything together and we show that the regularized cochain 73,
extends to a continuous cochain on 2,,, with m = 2n+1. Recall that the regularized
cochain is defined through the regularized weight which was shown to be equal to
wroton A. C A*. See Proposition 5.54. Here we recall for later use that wr extends
continuously to Z;. For an element such as

ag - ai—101(a;)aip1 -+ aj—162(aj)ajp1 - - agp
with a € A, C Uy, we need to prove that

2p
jwr(t(ao -~ a1 61(ai)aisr - - aj-1 8a(aj)ajir - azp))| < O[] layllar,..  (10.65)
j=1

We shall prove a stronger statement, namely that the left hand side of (10.65) makes
already sense for a; € 2, and for the closures §; and that the estimate in (10.65)
holds.

Let a = ajas---a,, with a; € A,,, and write, as above, a = Zv a”. Suppose
that r = 2p + 1, 2p > m(m — 1)? — 2, so that r > m(m — 1)? — 1. We have proved
that t(a”) € Z; for each . We will now estimate the norm ||¢(a”)|| in terms of the
norms ||a;|| 4,,. We shall analyze one by one the terms appearing in cases (a-1), (a-2),
(b-1), (b-2). To this end recall that if ¢ > dim V' then for k € 7, and £ € OP™? the

following estimate holds
[kbl|z, < Cllkll g [1Iblllg  and  [|bk]|lz, < Cl[[bll[qllk] 7 (10.66)

with C' depending only on the Dirac operator on (Y, Fy).
Consider first the case a); then t(a7) = }_; x’¢;x°. In case a-1) ¢; contains at

least m elements in J,,, say k1 = [x°, 1], ..., ke = [x°, £;] with ¢ > m; thus, without
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loss of generality, we can assume that ¢; = [x°, ¢1] - [x°, £e]€es1 - - €. Then

t r
IX°ei X’z x.7) < leilzuenox.m < TTIK €z, TT Nels-
=1 1=t+1

t
<TI0 el TT edls- <Hllaz||,4
=1

i=t+1
where we recall that if a = x*/x°? + k then ||a||4,, := ||¢||5,, + ||k]|7,, and that
1115, = I+ DXyt Al 7 + 0Ll + 211 [F, Al 5~ + £, Lf, A -
so that, clearly,

lalla, = lels, = e+ 11X, Al 7., = 115 + 111X 4l

Next we tackle the case (a-2). Then we can assume without loss of generality
that ¢; is of the form b(¢; --- ;)b with ¢ > m and b and b" are certain products of
¢; and [x°,¢;] and either b or b’ contains at least one [x’, ¢x]. Say that it is b that
contains [x’, £]. Then, using (10.66) for ¢ =t and v = m we get

XXz, x.m) < llesllzerox.my < ClOIg, 16151161 - - €| |e
t r

Vs [T < CT] llailla
=1 =1

Thus, in case (a) we have proved that |[t(a”)||z, < C2"[[;_; ||ail|.4,, since the number
of ¢; is at most 2".

Now we consider the case b). In the case b-1) we have that a” is a product
of X%, 41],...,[x° 4], t > m and of £;;1,...,0.. Then, as already remarked, a” €
7, t(aY) = a”, and moreover, from standard estimates we have

la™llz, (x.7) <H||x tilllz., H 14| 5~ <HHX tilll ., H 1]

i=t+1 i=t+1

<l

J m

m*

B*<H||al||A
t

In case (b-2) we can write a” = cb’c’ with b% = [T'_, x°4;x" and t > m, and ¢, ¢ are
certain products of k; € Jp, and x4 x" for a; = ki + x°4ix°, i = 1,...,7. Here we
know that at least one k; € 7, will appear in ¢ or ¢’. Say that it is ¢ that contains
such k;. Then we can apply the same argument in case (a) and conclude that

t t
- < Clelg, el lle- < Clellz, TT 111

i=1 i=1

a7, x.7) < b’ |1z, 1I¢]

T
< 1] llailla,
i=1
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with (10.66) used in order to justify the second estimate. We finish the proof by
observing that the two closed derivations 6; and o are bounded from 2, to A,,
and that the inclusion 2, C A, is bounded; this proves that (10.65) holds for
a; € A, which is what is needed in order to conclude. O
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