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Introduction

The topological invariance of the de Rham groups suggests that there should be some purely
topological way of computing them. In fact, there exists such a way and the connection
between the de Rham groups and topology was first proved by Georges de Rham himself in
the 1931.

In these notes we give a proof of de Rham’s Theorem, that states there exists an isomor-
phism between de Rham and singular cohomology groups of a smooth manifold. In the first
chapter we recall some notions of homological algebra, and then we summarize basic ideas of
singular homology and cohomology (H,(-) and H?(-;R)), such as the functoriality of H,(-)
and HP?(-;R) and the existence of Mayer-Vietoris sequences for both singular homology and
cohomology.

In the second chapter, we recall the notion of de Rham cohomology and then we shall
prove that in this cohomology there also exists a Mayer-Vietoris sequence. In order to find a
connection between de Rham and singular cohomology, we need to know the Stokes’ Theorem
on a smooth manifold with boundary. Stokes’ Theorem is an expression of duality between de
Rham cohomology and the homology of chains. It says that the pairing of differential forms
and chains, via integration, gives a homomorphism from de Rham cohomology to singular
cohomology groups. We shall also see that this theorem is true on smooth manifolds with
corners. Using this special case, we shall define explicitly a homomorphism between de Rham
and singular cohomology. At the end of the chapter, we turn our attention to the de Rham’s
theorem. The proof we shall give is due to Glen E. Bredon.
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Chapter 1

Elements of Homological Algebra and
Singular Homology

In this chapter we recall some notions from basic homological algebra and algebraic topology.
We define homology (and cohomology) groups of a chain complex (respectively, cochain
complex) of modules over a ring R. Then we study some properties of a special type of
homology defined for topological spaces.

1.1 Homology of chain complexes

Let R be a ring. A sequence A = (A,,d4) of R-modules and homomorphisms

da da
e —= Ay — Ay S Ay —

is called a chain complex if d4y o ds = 0, i.e., Im(da) C Ker(dy). Thus, Im(ds) is a
submodule of Ker(d4) and the p-th homology group of A is defined as the quotient module
~ Ker(da: Ay — Ap1)

Im(dA . Ap+1 — Ap> ’

Hy(A)

Given two chain complexes A = (A4,,d4) and B = (B,,dg), a chain map is a sequence of
homomorphisms f : A, — B, such that the square

da
Ap > Ap—1

| |

B

commutes, i.e., fods =dgo f.



Dually, a cochain complex is a sequence A = (Ap, d4) of R-modules and homomorphisms

A, A4, A, Ap+1 —_
such that d4 o d4 = 0. The p-th cohomology group of A is defined as
Ker(da: Ay — Api1)
Im(dA : Ap,1 — Ap> .

Given two cochain complexes A = (A,,d4) and B = (B,,dp), a cochain map is a sequence
of homomorphisms f : A, — B, such that the square

HP(A) =

da
Ap > Ap+1

| |

B, —— B
P g, TPl

commutes, i.e., fody =dgo f.

Proposition 1.1.1.

(1) Every chain map f : A — B between chain complexes induces a homomorphism
between homology groups.

(2) Every cochain map f: A — B between cochain complexes induces a homomorphism
between cohomology groups.

Proof: We only prove (2). Let [a] € HP(A). Consider the commutative square

da
A, AL

| |

B, ——B
P, p+1

We have dg(f(a)) = f(da(a)) = f(0) = 0, since a € Ker(ds). Then f(a) € Ker(dg).
Thus we set f*: HP(A) — HP(B) by f*([a]) = [f(a)]. We must show that f* is well
defined. Let a’ € Ker(d,) such that [a] = [a/]. Then a —a’ = da(x), where a € A,_.
We have f(a') — f(a) = f(a' —a) = f(da(x)) = dp(f(z)), where f(x) € B,_;. Then
[f(a)] = [f'(a)]. It is only left to show that f* is a group homomorphism. We have
[ (ad+[d]) = f(latd])=[fla+d)

= [fla)+ f(a)] = [f(a)] + [f(d)]

= f([a) + f*([d]),

for every [a], [a'] € HP(A). O




Lemma 1.1.1 (Five Lemma). Given the following commutative diagram with exact rows

/Ly L. I By L. B
lfl sz lfs lfﬁl Lfs
B, 7 By 2 B; g B, o Bs

If f1, fo, f1 and f5 are isomorphisms, then so is f5.

Proof: First, we prove that f3 is injective. Let x € As such that f3;(z) = 0. Then
fa(ds(x)) = 0 since the diagram commutes. We get d3(x) = 0 since f; is injective. Thus,
x € Ker(ds) = Im(dz). Then there exists y € Ay such that x = da(y). Since the diagram
commutes, we have 0 = f3(x) = f3(da(y)) = d5y(fo(y)). It follows fo(y) € Ker(dy) =
Im(d}). Thus, there exists z € By such that fy(y) = dj(z). On the other hand, there
exists w € A; such that z = fi(w), since f; is surjective. So we get

fy) = di(z) = di(fr(w)) = fo(di(w)).

It follows y = dy(w) € Im(d;) = Ker(ds) since f, is injective. Hence x = dy(y) = 0, i.e.,
f3 is injective. Now we prove that f3 is surjective. Let y € Bs. Consider dj(y) € By =
Im(fy). There exists © € Ay such that di(y) = fi(x). Since the diagram commutes, we
have f5(ds(x)) = dj(fa(x)) = dj(d4(y)) = 0. It follows dy(z) = 0 since f;5 is injective.
Thus = € Ker(dy) = Im(d3). Then there exists z € Az such that z = ds(z). Consider
y — f3(2) € B3. We have

dy(y — f3(2)) = d3(y) — d3(fs(2)) = fa(w) — fa(ds(2))
= falw —ds(2)) = f4(0) = 0.

Then y— f3(z) € Ker(dy) = Im(dj). Thus there exists w € By such that y— f3(z) = dy(w).
Since fy is surjective, there exists u € Ay such that w = f5(u). So we have

y = f3(2) = dy(w) = dy(fa(u)) = fs(da(w)).

Hence y = f3(2) + f3(d2(u)) = f3(z + da(u)) and f3 is surjective. O




1.2 Singular homology and cohomology

Let R*>® have the standard basis ey, es, ..., and let ¢y = 0. Then the standard p-simplex is

defined as the set ) )
i=0 i=0

Given points v, ..., v, in RV, let [vg,...,v,] denote the map A, — R taking
P p
Z )\Z-ei — Z )\ﬂ}l
i=0 i=0
This is called an affine singular p-simplex. The expresion [ep, ..., é;,...,e,] denotes the

affine singular (p — 1)-simplex obtained by dropping the i-th vertex. Notice that its image is
contained in A,. The affine singular simplex

[60,...,éi,...,€p] : Ap—l — Ap
is called the ¢-th face map and is denoted F; .

Example 1.2.1. The 0-simplex is the point 0, the 1-simplex is the line segment [0, 1], the
2-simplex is the triangle with vertices (0,0), (1,0) and (0,1) together with its interior, and
the 3-simplex is the tetrahedron with vertices (0,0, 0), (1,0,0), (0,1,0) and (0,0, 1), together
with its interior.

A%

If X is a topological space then a singular p-simplex of X is a continuous map o, : A, — X.
The singular p-chain group C,(X) is the free abelian group generated by the singular p-
simplices of X. Thus, a p-chain in X is a formal finite sum ¢ = ) _n,o0 of p-simplices o with
integer coefficients n,. If 0 : A, — X is a singular p-simplex, then the i-th face of o is
oo,



A,

|F 2.2

—

A

Fi2

singular simplex and face maps

The boundary of 0 is 9,(c) = Y7 (=1)'0coF,,, a (p—1)-chain. If c = >"_n,0 is a p-chain,

then we set
d,(c) = 0, (Z nga> = n,0,(0).

That is, 0, is extended to C,(X) and so we have a group homomorphism

0p 1 Cp(X) — Cp1(X).

Lemma 1.2.1. 0,00, = 0.

Proof: See [2, Lemma 16.1, page 412]. ]

By the previous lemma, we have a chain complex

ap 1 81;
s Cpa(X) 25 G (X) 25 G (X) — -

Ker(9p)
. Im(8p41)
homology group of X. Now consider the dual sequence

The p-th homology group of this complex H,(X) = is called the p-th singular

s — Hom(Cyy (X), R) 273 Hom(Cy(X), R) 2 Hom(Cpyy(X),R) — -+,

where each map 9,, called the coboundary, is defined by §,(f) = f o 0,41 for every group
homomorphism f : C,,(X) — R. Notice that

Opt+1 0 0p(f) = 0p41(f 0 Ops1) = f 0 (Op1 0 Opya) = f00=0.

So the previous sequence defines a cochain complex. The p-th cohomology group of this
complex, denoted H?(X;R), is called the p-th singular cohomology group of X.
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1.3 Induced homomorphisms

Any continuous map F' : X — Y induces a homomorphism Fj : C,(X) — C,(Y) by
Fu(0) = F oo, for every singular p-simplex o.

- F
X

F#(U) =F.0 g

' . Y

The new homomorphism Fj induces a chain map, since

Fyod(o) = Fy (Z(—l)ia ° Fp) = (F1)'Fy(o 0 Fyp)

1=0 1=0

—Z (Foo)oF,,=0(Foc) =00 Fy(o).

It follows F} induces a homomorphism between homology groups Fy : H,(X) — Hp(Y),
given by F,([o]) = [Fi(0)], for every [0] € H,(X). Notice that (GoF), = G,oF, and (idx ). =
idg,(x). Then, the p-th singular homology defines a covariant functor from the category
Top of topological spaces and continuous functions, to the category Ab of abelian groups
and homomorphisms. We shall also define a homomorphism F*: H?(Y;R) — H?(X;R).
Consider the diagram

Hom(C,_y(Y), R) Hom(C,(Y),R) Hom(Cpsy(Y), R)

F# F# F#

Hom(C,_1(X),R)

Hom(C,(X),R)

X X

Hom(Ce (X), R)

where F7# is the map F#(f)(c) = f(F oc), for every homomorphism f : C,(Y) — R and
every singular p-chain ¢ in X.



We prove the diagram above is commutative. Let o be a singular p-simplex in X and

f € Hom(C,_1(Y),R). We have

Ox (F*(f))(0) = F*(f) 0 0x(0) = F*(f)(0x(0)) = f(F 0 9x(0)) = f(Fy(9x()))
= [(Oy (Fy(0))) = f(Oy(Fo0)) = fody(Foo)=dy(f)(Foo)
= F* (v (f))(0).

So F# defines a cochain map and hence it induces a homomorphism between cohomology
groups F* : HP(Y;R) — HP?(X;R) given by F*([f]) = [F#(f)]. Notice that (G o F)* =
F*o G* and (idx)* = idge(x;r). Then singular cohomology defines a contravariant functor
from Top to Ab.

Let {X;} be any collection of topological spaces. Recall that the disjoint union of this
family is the set

[1% = Ut i) v e X

J J

Let X = ]_[j Xj;. For each j, let i; : X; — X be the canonical injection defined by
i;(z) = (z,j). The disjoint union topology on X is defined by the condition

U is open in X if and only if i;l(l/{) is open in X, for every j.

Given two continuous maps F,G : X — Y, a homotopy between F' and G is a continuous
map H : X x [0,1] — Y such that H(z,0) = F(z) and H(z,1) = G(z). We denote
F' ~ G when there exists a homotopy between F' and G. A continuous map F': X — Y isa
homotopy equivalence if there exists a continuous map G : Y — X such that GoF' ~ idx
and FloG ~idy. If F: X — Y is a homotopy equivalence then we say that X and Y are
homotopy equivalent.

Proposition 1.3.1 (Properties of singular cohomology).

(1) For any one-point space {q}, H?({q};R) is trivial except when p = 0, in which case it
is 1-dimensional.

(2) If {X;} is any collection of topological spaces and X =[] ; X, then the inclusion maps
ij : X; — X induce an isomorphism from H?(X;R) to [[; HP(X;; R).

(3) Homotopy equivalent spaces have isomorphic singular cohomology groups.

Proof: See [2, Proposition 16.4]. O




1.4 The Mayer-Vietoris sequence for singular
homology and cohomology

Let U and V be open subsets of X whose union is X. The commutative diagram

SN

uny X
V

in Top gives rise to the following commutative diagram in Ab, since H), is a functor:

H,(U)
H,UNV) H,(X)
H,(V)

Theorem 1.4.1 (Mayer-Vietoris sequence for singular homology). For each p there is a
homomorphism

Oy : Hp(X) — prl(u N V),
called the connecting homomorphism, such that the following sequence is exact:
D HUNY) S Hy(U) @ Hy(V) 2 Hy(X) 25 HyUnY) 2o

where a([c]) = (ix([d), =5([))), B(ld, [¢]) = k.([c]) + L([¢]), and 9.([e]) = [¢] provided
there exists d € C,(U) and d' € C,(V) such that kx(d) + l4(d') is homologus to e and

(i#(c)7 _j#(c)) = (ad’ 8dl)

Proof: See [2, Theorem 16.3, page 414]. [




Similarly, we have the following commutative square in Ab:
HP(U;R)
HP(X;R) HP(UNV;R)
T
H?(

T A

V;R)

Theorem 1.4.2 (Mayer-Vietoris sequence for singular cohomology). The following sequence
is exact:

S 5 OGR) B PG R) @ HP(V;R) =S HPU N V;R) L HPTY(XGR) L

E}]lefg B @ (D) = (K*(HL [F (@), @ = 5)f, [9]) = ()] = [i*(9)], and 0*([f]) =

Remark 1.4.1. The definition of 0* makes sense since H?(W;R) = Hom(H,(W),R), for
every open subset W of X.

Proof: See [2, Theorem 16.5, page 416]. ]
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Chapter 2

De Rham’s Theorem

2.1 De Rham cohomology

De Rham cohomology is defined constructing a chain complex of forms on a smooth manifold
X. The groups of this complex are the sets 2%(X) of differential k-forms, and the connecting
homomorphism is the exterior derivative. The existence of such a complex is given by the
following result.

Theorem 2.1.1. If X is a smooth manifold, then there exists a unique linear map
d: QMX) — Q(X)
such that:
(1) If f € Q°(X) = C=(X), then df = Df.
(2) dod =0
(3) dlaAB) =daA B+ (=1)kaAdB, where a € QF(X).

Proof: See [3, Theorem 2.20, page 65]. ]

The map d is called the exterior derivative. Locally, d is defined as follows: if
U, p = (x1,...,2,)) is a smooth chart, then every k-form on X can be written as

aly = Z iy i (X)day, N Ndz,,

i< <ip,

11




where a;, ;, € C*(X), thus we define da|y by

d()é’u = Z dail,._ik A dl’il A A d.ﬁClk

i1 < <ip

Recall that QP(X) =0 if p > n = dim(X) and that, by convention, Q?(X) =0 if p < 0. We
have a cochain complex

0— QX)L o)L LX) 50—

Kef(d\np(x))
Im(d‘ﬂpfl(x))7
the p-th de Rham cohomology group of X. Smooth maps between manifolds F' :
X — Y induce homomorphisms between cohomology groups, since the pullback map
F*: (YY) — QP(X) commutes with the exterior derivative. We denote the induced map
in cohomology by F* : Hi.(Y) — HE;(X), which is defined as F*([w]ar) = [F*(w)]ar-
IfF:X — Yand G:Y — Z are smooth maps, then (G o F)* = F* o G* and
(idx)* =1id u?(x)- Thus de Rham cohomology defines a contravariant functor from the cat-
egory Man of smooth manifolds and smooth maps to the category Ab. Given two smooth
maps F,G : X — Y, a homotopy between F' and G is a smooth map H : X x[0,1] — Y
such that H(z,0) = F(z) and H(z,1) = G(z).

The p-th cohomology group of this complex defined by Hip(X) = is called

Proposition 2.1.1 (Properties of de Rham cohomology).

1) Diffeomorphic manifolds have isomorphic de Rham cohomology groups.

2) HP(X) =0if p > dim(X).

(1)
(2) H
(3) Har(X) =R
(4)

4) If X and Y are homotopy equivalent, then HJp (X) = Hz(Y) for each p.

Proof: (1) and (2) are trivial. For (3), there are no —1-forms, so Im(d|q-1(x)) = {0}. A
closed O-form is a smooth real valued function f such that df = 0. Since X is connected,
we have that f must be constant. Thus Hg (X) = Ker(d|qo(x)) = {constant functions} =
R. You can see a proof for (4) in [2, Theorem 15.6, page 393]. O
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Proposition 2.1.2.

(1) Let {X;} be a countable collection of smooth manifolds, and let X = []; X;. For each
p, the inclusion maps i; : X; — X induce an isomorphism from HJ (X) to the direct
product space [[; Hiz (X;).

(2) Hiq({g}) =0 for p > 0.

(3) Poncaré’s Lemma: Let U be a convex open subset of R”. Them HY,(U) = 0 for
p > 0.

Proof:

1) It suffices to show that the pullback maps % : QP(X) — QP(X;) induce an isomor-
j J
phism from QP(X) to []; @7(X;). Define ¢ : QP(X) — [, QP(X;) by

90((")) = (Z.T(w)viz(w)’ . ) = (W|X17W|X27 s )

This maps is clearly a homomorphism of R-modules. Now if ¢(w) = 0 then w|x, = 0
for every j. Since X = ]_[j X, we have w = 0. Let wy,wy,... be p-forms on X,
Xa, ..., respectively. Define a smooth p-form w on X by w = w; on X;. We have
o(w) = (wy,ws, ... ). Therefore, ¢ is an isomorphism.

(2) Since dim({¢}) = 0, the equality follows.

(3) Fixq € U. For every z € U there exists a line segment joining = and q. We can define
a homotopy H : U x[0,1] — U by H(x,t) = q+t(z—q). Consider the inclusion and
identity maps i : {¢} — U and idy,. We have that H is a homotopy between idy, and
the constant map ¢ : U — U (x — ¢). Then ioidgyy = ¢ ~ idy and idggy 07 = idyy.
Thus i is a homotopy equivalence and hence HY (U) = HY, ({¢}) = 0 for p > 0.

13




2.2 Mayer-Vietoris sequence for de Rham cohomology

Consider the commutative diagram in Top

SN

Uunvy X
V

where the maps ¢, j, k and [ are inclusions and ¢ and V is an open covering of X.
Consider the pullback maps
i QPU) — QPUNY)
JPV) — QPUNY)
E*:QP(X) — QP(U) K (w) = wly,
I QP(X) — QP(V)

v
V

Lemma 2.2.1. The sequence

1 —

0— (X)X ) e (V) =5 PUNY) — 0

is exact, where k* @ I*(w) = (w|y, w|y) and (i* — %) (w, W) = Wluny — W' |uay-

Proof:

(1) k* @ [* is injective: Let w be a p-form on U NV such that k* @ [*(w) = 0. Then
wly = 0 and wly. Hence w =0 on X.

(2) Ker(i* — j*) = Im(k* @ *): Let w € QP(X). We have
(i =7%) o (K @ I")(w) = (i = 7")(Wlu, wlv) = (W) lury = (Wlv) luny
= Wluny — wlury =0

Then Ker(i* — 5%) O Im(k* @ I*). Now let (w,w’) € Ker(i* — 5*). We have w|yny =
W' |yny, ie., w and W’ agree on U N'V. So we define n € OP(X) by setting

w onlU,
n= /

w' on V.

Clearly we have k* & [*(n) = (w,w’). Hence the other inclusion follows.

14




(3) ¢* — j* is surjective: Let w be an arbitrary p-form on & NV and let {p,1} be a
partition of unity subordinate to the covering {i/,V}. Define n € QP(U) by

| Yw onUNVY,
o0 on U — supp(v)

We verify that 1 is well defined. Let x € (U N V)N (U —supp(¥))) = UNV) —
supp(1). We have ¢(z) - w(z) = 0 since w(z) = 0. Then 7 is a smooth p-form on
U. Similarly, we define the smooth p-form n’ on V by

,f —prw onUNV,
R on V — supp(yp).

Hence (n,7") € QP(U) @ QP(V) and

@ =7Ymn) =nury =0 fury =Y wt+o-w=W+e) w=w

Theorem 2.2.1. There exists a long exact sequence

B HP(X) 2 HE (W) @ HEy (V) S HE,UNY) S HEEY(X) — -

Proof: We shall use the following commutative diagram with exact rows in order to
construct the connecting homomorphism A.

0——= QLX) ——= L U) & I (V) —= L UNY) —0

0 OP(X) P (U) @ (V) PUNY) —0

0 — QP (X) —— QU & P (V) —— P (U A V) —=0

15




Let w be a closed p-form on U NV. Since i* — j* is surjective, there exists (n,7) €
QP(U) ® QP(V) such that w = (i* — 7)(n,7") = N|uny — 1 luny- Since w is closed we have
(1" =j%)o(d.d)(n.n') = (" —j*)(dn,dn’) = 0. We get (dn,dn’) € Ker(i*—j*) = Im(k*&1").
Thus there exists a € QP! such that (dn, dn’) = k* & I*(«). On the other hand

k* @ 1" (da) = (d,d)(k* @ I*(«)) = (d,d)(dn,dn") = (ddn,ddn") = (0,0).

Since k* @ [* is injective, we get da = 0. Hence « is a closed (p + 1)-form. It makes
sense to define A([w]ar) = [a]ar. We verify that A is well defined. The class [a]4r
does not depend on the choice of the pair (n,7'). Let (¢,{’) € QP(U) & Q2P(V) such that
w = (i* — 7%)(¢,{'). Let o be a (p+ 1)-form such that k* & I*(a/) = (d(,d(’). Note that
(n,n") — (¢, ¢") € Ker(i* — j*) = Im(k* @ I*). Then there exists g € QP(X) such that
(n.7') = (¢.¢') = k" & 1"(). We have

ol (a—a)=(dn—d dy —dl')=do (K" & 1*)(B) = (kK" & *)(dB).

Since k* @ [* is injective, we get a« — o/ = df, i.e., [a]qr = [@/]ar. Now we prove that the
sequence

k@l

B Hn (X)) S B ) @ HE(V) R HE (U NY) S HE(X) — -

is exact. Exactness at Hl; (U) & Hi (V) follows from the previous lemma.
(i) Ker(k* @ *) = Im(A): Let A(Jw]ar) € Im(A). We have
E @ I (A(wlar)) = [k & I (a)]ar = [(dn, dn)]lar = ([dn]ar, [dn']ar) = 0.
So the inclusion D holds. Now let [a]qr € Ker(k* @& *). We have [a|y]ar = 0 and
[aly]ar = 0, i.e. aly = dB for some 8 € QP(U), and a|y = dvy for some v € QP(V).
Let w be the following p-form on U N'V. We have w = Blyny—7|uny = (i*—5%)(5,7).
Then dw = dB|yny — dvy|uny = o —a =0, i.e. wis a closed p-form on U N V. Also,

k* @ I*(a) = (afy, aly) = (dB, dy). Hence [a]qr = A(Jw]qr) and the other inclusion
also holds.

(i) Ker(A) =1Im(i* — j*): Let (i* — 7*)([n]ar, [7']ar) € Im(i* — j*), where n and 7" are
closed p-forms on U and V), respectively. We have
Ao (i = ") ([nlar, [n'lar) = A[lury — 0'lurvlar) = 0
since dnp = 0 and dn = 0. So we get the inclusion D. Now let [w]ar € Ker(A).
Then [afar = 0, i.e., there exists § € QP(X) such that o = df. Let n € QP(U)
and 7' € QF(V) satistying afyy = dn, a|y = dn’ and w = 9|y — 7' |uny. We have
d(n—pB) = 0and d(n'— ) = 0. It follows ([n—Blar, [ — Blar) € Hir(U) ® Hig (V).

Hence (Z* - j*)([n - 5]01}{, [77, - 5]dR) = [77|um/ - 77/|urw]dR = [W]dR and the other
inclusion holds

]

16




Corollary 2.2.1. The connecting homomorphism A : H:. (U NV) — HEE(X) is defined as
follows: for each w € Ker(d : (U N'V) — QPT(X)), there are smooth p-forms n € QP(U)
and 1’ € QP (V) such that w = n|yry —7|uny, and then A([w]qr) = [dn]ar, where 7 is extended
by zero to all of X.

Proof: Let n and 7' be the forms defined in Part (3) of Lemma 2.2.1’s proof. Then
w=mn—n"onUNYV. Let o be the p-form on X obtained by extending dn to be zero
outside U N V. We have olyny = dnlyny = d(w + 7)|ury = dn'uny, since w is closed.
It follows oy = oy =dnp=dy =0on X —UNV, and oy = olyry = dnluny and
oly = oluny = dn' luny on U NV, Then A([wlar) = [0]ar- O

2.3 Stokes’ Theorem

A topological manifold with boundary is a topological space X such that every point
has a neighbourhood homeomorphic to an open subset of Euclidean half-space

H" = {(z1,...,2,) € R" : z, > 0}.

Let X be a topological manifold with boundary. The interior of X, denoted int(X), is the
set of points in X which have neighbourhoods homeomorphic to an open subset of int(H").
The boundary of X, denoted 0.X, is the complement of int(X) in X.

To see how to define a smooth structure on a topological manifold with boundary, recall that
a smooth map from an arbitrary subset A C R™ to R¥ is defined to be a map that admits a
smooth extension to an open neighbourhood of each point of A. Thus if ¢/ is an open subset
of H", a map F' : U — R¥ is smooth if for each x € U, there exists an open set ¥ C R” and
a smooth map F : V —» R* that agrees with F on ¢. If F is such a map, the restriction of
F to U Nint(H") is smooth in the usual sense. By continuity, all the partial derivatives of F’
at points of U N OH™ are determined by their values in int(H"), and therefore in particular
are independent of the choice of the extension.

Now let X be a topological manifold with boundary. A smooth structure for X is defined to
be a maximal smooth atlas. With such a structure X is called a smooth manifold with
boundary. A point p € X is called a boundary point if its image under some smooth
chart is in

OMH") = {(x1,...,2,) € R" : 2, = 0},

and an interior point if its image under some smooth chart is in

int(H") = {(xy,...,2,) € R" : x, > 0}.

The boundary 0X is an (n — 1)-dimensional manifold. If X is oriented, then it induces an
orientation on 0X (see [2, Proposition 13.17, page 339]).
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Theorem 2.3.1 (Stokes). Let X be a smooth and oriented n-dimensional manifold with
boundary, and let w be an (n — 1)-form on X having compact support. Then

/dw:/ w.
X X

Proof: See [2, Theorem 14.9, page 358]. ]

Now we study the notion of a manifold with corners. Consider the set
R? = {(21,...,2,) ER" 1 2y,..., 3, >0}

Suppose X is a topological manifold with boundary. A chart with corners for X is a pair
U, ), where U is an open subset of X and ¢ is a homeomorphism from U to a (relatively)
open set U C R7.

BT

Two charts with corners (U, ), (V, 1) are said to be smoothly compatible if the composite
map @ ol p(UNV) — p(UNYV) is smooth. A smooth structure with corners on
a topological manifold with boundary is a maximal collection of smoothly compatible charts
with corners whose domains cover the entire set X. A topological manifold with boundary
together with a smooth structure with corners is called a smooth manifold with corners.

Theorem 2.3.2 (Stokes” Theorem on Manifolds with Corners). Let X be a smooth and
oriented n-dimensional manifold with corners, and let w be an (n — 1)-form on X having

compact support. Then
/ dw = / w.
X X
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Proof: See [2, Theorem 14.20, page 367]. O

2.4 Smooth singular cohomolohy and
de Rham homomorphisms

The de Rham’s Theorem states that there exists an isomorphism from HJy (X) to H?(X;R),
for every smooth manifold X. A good way to construct such a homomorphism is defining
a cochain map ¢ : QP(X) — Hom(C,(X),R) and then take the induced homomorphism
in cohomology. Let w be a p-form on X and o be a singular simplex. We define a map
Cp(X) — R by pulling w back by o. However, the problem with this procedure is that o
need not be smooth. So we are going to consider smooth singular simplices in order to pull
w back by o.

A smooth singular p-simplex in X is a smooth map o : A, — X. Recall that smoothness
is defined for maps whose domain is an open set. Thus by ¢ smooth on A, we mean there is
an open set Y O A, and a smooth map F': Y — X such that F|, = o.

smooth singular simplex

The subgroup of C,(X) generated by all smooth singular p-simplices is called the smooth
chain group in dimension p and is denoted C;°(X). An element ¢ € C*(X) is called
a smooth chain. Consider the boundary map 0 : Cp(X) — C,_1(X) given by do =

P o(=1)'ooF;,, where F, : A,y — A, is the i-th face map. Restricting 9 to Cp°(X) we
have that do is a smooth singular p — 1 simplex. Recall that 0 o 9 = 0, so we get a complex

= O (X)) —= CF(X) — C2 (X)) — -
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Applying the contravariant functor Hom(—, R) we obtain the associated dual complex
-+ — Hom(CS, (X),R) — Hom(CS*(X), R) — Hom(C (X),R) — -~ - .

The p-th cohomology group of the previous cochain complex

Ker(d : Hom(Cp°(X), R) — Hom(Cp%,(X),R))
Im(é : Hom(Cp®, (X), R) — Hom(C°(X),R))’

HY (X;R) =

is called the p-th smooth singular cohomology group of X. If F': X — Y is a smooth
map and ¢ is a smooth chain in X, then F o ¢ is a smooth chain in Y. So we have that
Fi(f) € Hom(C:*(X),R) for every ¢ € Hom(Cp°(Y),R). Hence, smooth maps F : X — Y
induce homomorphisms between smooth cohomology groups F* : HE (Y;R) — HE (X;R).

Given a smooth singular p-simplex ¢ : A, — X and a p-form on X, we integrate the

pullback o*w on A, and set
/w = / oc'w. (1)
o Ap

There is a problem when we consider the previous integral. Recall that integration of forms
is defined over oriented manifold. The standard p-simplex A, is an example of a manifold
with corners whose boundary is dA,. Also, we can give to A, an orientation as follows: take
the positive orientation on the O-simplex A, and, if an orientation has been chosen for A,_;,
choose the one on 0A, making the face map Fp, : A,_; — OA, orientation preserving.
Hence, it makes sense to define (1). Now we define [ w for any smooth chain ¢ =} n,o in

C°(X) extending (1) linearly, i.e.,
Joi=3nm [

This provides a homomorphism ¥(w) : C;°(X) — R given by ¥(w)(c) = [ w. Thus, for
each p-form w on X we have a homomorphism ¥(w) € Hom(Cy°(X),R). So we get a R-linear
map of vector spaces ¥ : QP(X) — Hom(C°(X), R).

Proposition 2.4.1. The diagram

-1 () ——* (X)L (X))

.- ——Hom(Cp?,(X),R) T>Hom(C’;°(X),R) ?Hom(Cﬁl,R) —

commutes, i.e., the map ¥ : QP(X) — Hom(C;°(X), R) is a cochain map
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Proof: Let w be a (p—1)-form on X and o a smooth singular p-simplex in X. We have

p

(Ww)(e) = ¥e)or) = [ w= [ ? o= [ e

_o(—1)iooF; i=0 ooF; p
p

SV [ @Ry w=Y 1 [ Foo
0 Ap—l i=0 Ap_l

1=

On the other hand

/ B oot — fFi,p(Ap_ﬂ o*w if F;, is orientation preserving,
ip B o e e : :
Api Fi(a,_) 0 W it F;, is orientation reversing.

Let 7 be the map sending e — e;, €1 = €q, ..., € — €;_1, €41 > €41, =, €, — €,. We
shall see that F;, = mo I .

mo Fypleq) =

mo Fy,ler) =

™o Fo,p(ei—1) = 77(62‘) = €i—1

™o FO,p(ei) = 7T(€z‘+1) = €41

7o Fyplep—1) = m(ey) = ep.

Hence F;, = mo Fy,. Recall that [y, is orientation preserving. So F;, is orientation
preserving if and only if 7 is. On the other hand, 7 is the permutation

0,1,...,4,0+1,...,p) — (4,0,...,a— L,i+1,-- | p)

whose sign is (—1)%. It follows Fj, is orientation preserving if and only if 4 is even.
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Thus we have

p
i=0 p—1 i=0 Fip(Ap—1)
p
= g / ofw
i=0 Fip(Bp-1)
= / o*w since the integral is additive
U?:o Fip(Ap-1)

= / ofw
A,

d(c*w) by the Stokes” Theorem on manifolds with corners

o*(dw) = /dw = U(dw)(0o)

By the previous proposition we have that ¥ induces a homomorphism between cohomology
groups ¥* : Hip(X) — HE (X;R) given by ¥*([w]qr) = [¥(w)]. Now we see the relation
between the induced homomorphisms U* and F™.

Proposition 2.4.2. If F': X — Y is a smooth map then the following diagram commutes:

Hin (V) —— Hlp (X)

l%

Hip (Y3 R) ?H&(X;R)

p*

Proof: Let w be a closed p-form on Y and ¢ a smooth singular p-simplex in X. We have
U(F*w)(o) = /F*w = / o' Fw = / (Foo)'w= / w=V(w)(Foo)=F(Tw))(0o).
o Ay Ap Foo

Then ¥ (F*w) = F*(Vw) for every closed p-form w on Y, and hence
U™ o F*([w]dR) =F"o \Il*([w]dR).
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A smooth manifold X is said to be a de Rham manifold if for each p the homomorphism
U*: Hip(X) — HZ (X;R) is an isomorphism.

Corollary 2.4.1. If F: X — Y is a diffeomorphism and X is a de Rham manifold, then
Y is also de Rham.

Proof: The induced homomorphisms F™* in both de Rham and smooth singular cohomol-
ogy are isomorphisms since F': X — Y is a diffeomorphism. By the previous proposi-
tion, we can write U} : Hip (Y) — HE (Y;R) as the composition W* = (F*) 1o W% o F*,
where (F*)™!, U% and F* are isomorphisms. Hence W} is an isomorphism, i.e., Y is a
de Rham manifold. O

2.5 De Rham’s Theorem

Using the last definition we gave in the previous section, we can formulate de Rham’s Theorem
as follows:

Theorem 2.5.1. Every smooth manifold is de Rham.

Before giving the proof, we introduce some definitions in order to simplify the proof. If X is
a smooth manifold, an open cover {U;} of X is called a de Rham cover if each open set U;
is a de Rham manifold, and every finite intersection U;, N --- NY;, is de Rham. A de Rham
cover that is also a basis fir the topology of X is called a de Rham basis for X. First, we
are going to prove the theorem for five particular cases:

Case 1. If {X;} is any countable collection of de Rham manifolds, then their disjoint union
is de Rham.

Proof: Let X = ]_[j X;. We know the inclusion maps i; : X; — X induce isomor-
phisms ¢ @ Hip(X) — [[; Hig(X;) and ¢' : HE (X5 R) — [[; HL(X;;R). Recall that
¢([wlar) = ([w|x;lar);- On the other hand, if f : CZ (X) — R then ¢'([f]) = ([f;]);,
where f; : C? (X;) — R is the linear map given by f;(0) = f(i; o o), for every smooth
singular p-simplex o : A, — X;. For each j, we have an isomorphism

U5 Hyg (X;) — HL (X R).
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So [[; V5 : [[; Hir(X;) — [1; HZ(X;;R) is an isomorphism. Let w be a closed p-form
on X. We have

H\IJ o o[ H\If (wlx; 1)) = (Y ([wlx;lar)) s
¢ o U*([wlar) = 90'([‘1’(00)]) = ([(¥(w));]);

Let o; be a p-simplex on Xj.

J P

Hence [, 7 o p([wlar) = ¢ o ¥*([w]ar). So we have []; 95 o ¢ = ¢' o W*. Since ¢ is an
isomorphism, we get ¥* = (¢/)" 1o J] V5 0. It follows that U* is an isomorphism. [

Case 2. Every convex open subset of R" is de Rham.

Proof: Let U be a convex open subset of R”. By Poincaré’s Lemma, Hp (U) = Hiz ({q}),
where ¢ is some fixed point in Y. By Proposition 1.3.1, we also have H? (U;R) =
H? ({¢};R). If p > 1, we have Hf;({¢}) = 0 and HZ ({¢};R) = 0. In this case, ¥* is
clearly an isomorphism. If p = 0 then H3z({¢q}) = R and H? ({q¢};R) = R. So it is only
left to show that U* is non-zero, since it is a group homomorphism. Let o be a smooth
0-simplex and f the constant function 1, then

(f)(o) =/Uf= /A o f = (foo)(0) = 1.

We have U(1) = 1 and then [U(f)] # 0. Hence ¥* is not the zero map, i.e., ¥* is an
isomorphism if p = 0. O

‘Case 3. If X has a finite de Rham cover, then X is de Rham.

Proof: We use induction. Let {U,V} be a finite de Rham cover of X. Then U, V and
U NV are de Rham manifolds. We shall prove that X =4 UV is de Rham. Considering
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the Mayer-Vietoris sequences for both de Rham and smooth singular cohomology, we
have the following diagram

Hi(U) @ Hiyg' (V) Hi UNY) Ho (X)) ——
(Y7, Y5) Viny U

HEZH U R) & HEZH(V;R) ——= HET U NV R) — HE (X R) ——

— HlR(X) Hi,(U) © HER(V) HiyUNY)
v (%) Vi

— HL (X;R) —— HL (U;R) © HE (V;R) —— HL (U NV;R)
We prove this diagram commutes:
(1) Wy 0 (* = 5*) = (* = j*) o (¥}, U3): Let ([wlar, [w'ar) € Hiz (U) & HIZ' (V).
We have

Uy o (1" = J" ) ([Wlar, [War) = Yy ([wlunvlar — @' unv]ar)
= Yy (wlurvlar) = Ymy (W lurv]ar)
= Yy (Wlum)] = [Purv (@' uny)]
= (" = ) ([Yu()], [¥y)])
= (" =37 o (g, ¥3) ([wWlar, [w']ar)-

(2) (U5, U5) o (K*@l*) = (k" ®l*)oU*: Let w] € Hiz(UNV).

(g, U3) o (k" & ") ([wlar) (7, U9) ([wldar, [wlv]ar)
= (¥ ([|] r), U ([wlvlar))
= (V(whdar), ¥*([wlv]ar)) = ([Yu(wlw)], [Yv(wly)])
= (K" ([TW)), " ([TW)]) = (" & I")([¥(w)])
= (K" ®1") o V([war)

(3) U* o A = 0% o U*yny:  Using the identification HEZ (UNV;R) =
Hom(H*(U NV);R), where H*(U N'V) denote the smooth singular homology. Let
[War € H (U NV) and [e] € H2 (U U V;R). We have to show

U (A([wlar))([e]) = " (U7 [urv([war))([€]),
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where 9% : Hom(H° (U NV),R) — Hom(H*(U UV),R) is the dual map of 0. :
H,(UUV) — H, (U NYV), the connecting homomorphism in the Mayer-Vietoris
for singular homology. We have 0.([e]) = [c], provided there exist d € C5°(U) and
d' € C*(V) such that [kyd + l;d'] = [e] and (iyc — jyc) = (0d,0d’). Then

O (U urv([wlar))([e]) = U urv(wlar)([e]) = U lunv((wlar)((]) = /%

U (A([wlar))([e]) = /U, where o is a smooth p-form representing A([w]ar).

e

Thus, it is only left to show that [ ¢ = [ w. By Corollary 2.2.1, we can choose
o = dn (extended by zero to all of Y U V), where n € QP (U) and ' € QP~H(V) are
smooth forms such that w = nlyny — 7'lyny. On the other hand, ¢ = dd, where d
and d’ are smooth p-chains in I/ and V), respectively, such that d 4+ d’ represents the
same homology class of e. Since dd + dd' = de = 0 and dn|yny — dn'|uny = dw = 0,

we have
o L= o= L= Lo L
c ad ad ad ad —od’
2/77+/ n’z/dn+/dn’
ad ad’ d &
:/dn—i— dnz/a—f—/a
d & d &
:/0.
Therefore, U* o A = 9% o U*|;)ry.

We have that the previous diagram commutes. Moreover, (V;,, U3,) and U, are iso-
morphisms. It follows by the Five Lemma that U* is an isomorphism.

Now assume the statement is true for smooth manifolds admitting a de Rham cover with
k > 2 sets, and suppose that {Uy, ... , Ux 1} is a de Rham cover of X. Put

U=UU---UU, and V =Uy;.
We have that & and V are de Rham manifolds. Note that
UNY = (U NUyyq) U - U (U N U3 ),

where each U; NU,. 1 is de Rham and every finite intersection of ; N U, 1’s is de Rham.
It follows by induction hypothesis that &/ NV is de Rham. Applying the same argument
above, we obtain X =U UV is de Rham. O
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In Case 4 we shall prove that every smooth manifold having a de Rham basis is de Rham.
Before giving a proof of this fact, we need to show the existence of exhaustion functions
for any smooth manifold. If X is a smooth manifold, an exhaustion function for X is a
continuous function f : X — R with the property that the set f~1((—o0, c]) is compact, for
every ¢ € R. A subset K of X is said to be precompact in X if K is compact in X.

\Lemma 2.5.1. Every smooth manifold has a countable basis of precompact coordinate balls.\

Proof: Let X be an n-dimensional smooth manifold. First, suppose that X is covered
by a single chart. Let ¢ : X — p(X) C R™ be a global coordinate map, and let B be the
collection of all open balls B(x,r) C R", where r is rational, x has rational coordinates and
B(z,7) C ¢(X). Clearly each B(z,r) is precompact in ¢(X), and that B is a countable
basis for the relative topology of ¢(X). Since p(X) is a homeomorphism, we have that
o' p(X) — X is continuous and so the collection {1 (B(xz,7)) : B(x,r) € B} is a
countable basis for X. Also, ¢~1(B(x,7)) = ¢ }(B(z,r)) is compact in X. Hence each
o1 (B(z,r)) is a precompact coordinate ball.

Now suppose that X is an arbitrary n-manifold. Let {(U,, o)} be an atlas of X. Since X
is second countable, X is covered by countable many charts {(U;, ¢;)}. By the argument
of the previous case, each U; has a countable basis of precompact coordinate balls, and
the union of all these countable bases is a countable basis for the topology of X. We have
to show that each V' C U; is precompact in X, where V is a precompact ball of the basis
of U;. Denote Vui the closure of V' with respect to U;. We have that Vui is compact in
U; and then closed in X. So we have that V' =V, and V is precompact in X. O

\Proposition 2.5.1. Every smooth manifold admits a smooth positive exhaustion function.‘

Proof: By the previous lemma, X has a countable cover {V;} of precompact open sets.
Let {fi} be a partition of unity subordinate to the covering {V;}. Define f : X — R
by f(x) => 2 i fi(x). The function f is smooth because only finitely many terms are
non-zero in a neighbourhood of any point. It is also positive since f(x) > > 7, fi(x) = L.
Let N be a positive integer, we prove f(z) < N =z € Uévzlvj. Suppose = ¢ Uj.vzlvj.
Then f;(x) = 0if 1 < j < N since supp(f;) € V. Thus

fl@y=">j-fi@> Y N-file)=N- > f(x),
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so f(x) > N. Let ¢ € R. There exists N € N such that ¢ < N. Then
N
F 1 ((—o0,d)) € £ ((—o0, V) € T,
j=1

and hence f~!((—oo,c]) is a closed subset of the compact set Ujvzl V. Tt follows
f~Y((—o0,]) is compact. B

‘Case 4. If X has a de Rham basis, then X is de Rham.

Proof: Let f : X — R be an exhaustion function. For each m € N the set
(=00, m]) is compact in X. On the other hand, the set

Ap={re X :m< f(x) <m+1}

is a closed subset of the compact set f~!((—oo,m+1]), and hence it is compact. The set

1
A;n:{xEX:m—§<f(x)<m+g}

is an open set containing the set A,,, then for each x € A,, there exists a de Rham basis
element U7 such that z e U C A] .
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The collection {U?} forms an open cover of A,,. Since A,, is compact, there is a finite
subcover of A,,. Let B, = ., U., then {U.} is a finite de Rham cover of B,,. It
follows by Case 3 that B,, is de Rham. Note that B,, € A/, so B,, N B, # 0 iff

m?

n=m-—1m,m+ 1.

Hence U = U,, oaa By is the disjoint union of de Rham sets. It follows by Case 1 that U
is de Rham. Similarly, V = U,, even By is also de Rham. Also, X = U/ U V. It is only left
to show that &/ NV is de Rham in order to prove that {{,V} is a finite de Rham cover
of X. We have

Uny = ( U Bm>ﬂ< U Bn> =|JB.nB,

m odd n even
= ( U BmmBm—1>U< U BmmBm-i—l)-
m odd m odd

This is a disjoint union. In fact,

(i) m and n are odd: If (B,, N By—1) N (B, N Bu_1) # 0 then n = m,m — 1,m + 1.
If n =m—1then 0 # (B, N Bp_1) N (Bp-1 N Bpa) = 0. We get a similar
contradiction if n = m + 1. Then n = m.

(ii) Similarly, (B, N Byi1) N (B, N Byg1) # 0 = n=m.
(iii) If (B N Bp1) N (By N Buy1) # 0 then By, 1 N By # 0. It follows n 4+ 1 =

m—1m,m— 2.

(a) fn+1=m—1then 0 # (BN Bpn_1) N (Bm2N Bp_1) = 0.

(b) The case n + 1 = m is not possible since n and m are odd.
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(¢) fn+1=m—2then 0 # (B,, N By_1) N (B3N By_2) = 0.
Hence (B,, N By,—1) N (B, N By1) = 0.

So we have that U NV is the disjoint union of sets of the form B,,NB,,_1 and B,,N By,11,
with m odd. Note that

BmﬁBm1:<OuT{L>ﬂ<U ) Uws, nu, ),

Jj=1 i,J

where each UJ, NUE,_; and each finite intersection of the U MU, _,’s is de Rham since
{U,} is a de Rham basis. So {UJ NU’ _,} is a finite de Rham cover of B,, N B,,_1. It
follows by Case 3 that B,, N\ B, is de Rham. Similarly, B,, N B,,+1 is de Rham. Hence,
U NV is the disjoint union of de Rham sets, then &/ NV is de Rham by Case 1. n

‘Case 5. Any open subset of R" is de Rham.

Proof: Let U be an open set of R”. Then U has a cover of open balls. Since each open
ball is convex, it follows by Case 2 that it is de Rham. Also, every finite intersection of
open balls is convex and so de Rham. Hence 4 has a de Rham basis of open balls. By

Case 4, U is de Rham. O

Now we are ready to proof the de Rham’s Theorem

Proof of de Rham’s Theorem”. Let A = {(Us, o)} be an atlas of X. Each U, is
diffeomorphic to an open set V, of R"”, which is de Rham by Case 5. It follows by
Corollary 2.4.1 that U, is de Rham. By a similar argument one can prove that each finite
intersection U,, N --- NU,, is de Rham. Hence X has a de Rham basis and so it is de
Rham, by Case 4. O

The proof we just gave here is due to Glen E. Bredon, and it dates to 1962 when he gave it
in a course on Lie groups. In fact, Bredon proved a more general result, namely
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Lemma 2.5.2 (Bredon). Let X be a smooth n-dimensional manifold. Suppose that P (i)
is a statement about open subsets of X, satisfying the following three properties:

(1) P(U) is true for U diffeomorphic to an open convex subset of R";
(2) P(U), P(V) and PUNV) = P(UUYV); and
(3) {U,} disjoint, and P(U,,) for all @ = P(UU,).

Then P(X) is true.

Note that the proof given in these notes is a particular case of this lemma, putting
PU) = v*: Hi,(U) — HE (U;R) is an isomorphism.

In fact, (1), (2) and (3) are Case 2, Case 3 and Case 1, respectively. The previous lemma
can be proven using the same argument of the proof given in Case 4.

We have proven the de Rham’s Theorem for smooth singular cohomology. We would like to
replace that by ordinary singular cohomology. The inclusion C3°(X) — C;,(X) induces, via
Hom(-,R), the cochain map Hom(C,(X),R) — Hom(C;°(X),R). Exactly the same proof
as the above use of Lemma 2.5.2 shows that the induced map H?(X;R) — HE (X;R) is an
isomorphism for all smooth manifolds X.
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