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Abstract. — We study primary and secondary invariants of leafwise Dirac operators
on foliated bundles. Given such an operator, we begin by considering the associated
regular self-adjoint operator D,, on the maximal Connes-Skandalis Hilbert module
and explain how the functional calculus of D,, encodes both the leafwise calculus
and the monodromy calculus in the corresponding von Neumann algebras. When the
foliation is endowed with a holonomy invariant transverse measure, we explain the
compatibility of various traces and determinants. We extend Atiyah’s index theorem
on Galois coverings to foliations. We define a foliated rho-invariant and investigate its
stability properties for the signature operator. Finally, we establish the foliated homo-
topy invariance of such a signature rho-invariant under a Baum-Connes assumption,
thus extending to the foliated context results proved by Neumann, Mathai, Wein-
berger and Keswani on Galois coverings.

Résumé (Indices, invariants éta et rho de fibrés feuilletés). — Nous étudions
certains invariants primaires et secondaires associés aux opérateurs de Dirac le long
des feuilles de fibrés feuilletés. Etant donné un tel opérateur, nous considérons d’abord
l'opérateur auto-adjoint régulier D,, qui lui est associé sur le module de Hilbert max-
imal de Connes-Skandalis, puis nous expliquons comment le calcul fonctionnel de
Dy, permet de coder le calcul longitudinal ainsi que le calcul sur les fibres de mon-
odromie dans les algebres de von Neumann correspondantes. Lorsque le feuilletage
admet une mesure transverse invariante par holonomie, nous expliquons la compati-
bilité de diverses traces et déterminants. Nous étendons le théoréme de 'indice pour
les revétements d’Atiyah aux feuilletages. Nous définissons l'invariant rho feuilleté
et étudions ses propriétés de stabilité lorsque 'opérateur en question est I’opérateur
de signature. Finalement, nous établissons l’invariance par homotopie feuilletée de
I'invariant rho de l'opérateur de signature le long des feuilles sous une hypothese
de Baum-Connes, prolongeant ainsi au contexte feuilleté des résultats prouvés par
Neumann, Mathai, Weinberger et Keswani dans le cadre des revétements galoisiens.
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Introduction and main results

The Atiyah-Singer index theorem on closed compact manifolds is regarded nowa-
days as a classic result in mathematics. The original result has branched into several
directions, producing new ideas and new results. One of these directions consists
in considering elliptic differential operators on the following hierarchy of geometric
structures:

— fibrations and operators that are elliptic in the fiber directions; for example, a
product fibration M x T'— T and a family (Dg)ger of elliptic operators on M
continuously parametrized by T

— Galois T'-coverings and I'-equivariant elliptic operators;

— measured foliations and operators that are elliptic along the leaves;

— general foliations and, again, operators that are elliptic along the leaves.

One pivotal example, going through all these situations, is the one of foliated bundles.
Let T — M — M be a Galois I-cover of a smooth compact manifold M, let T
be a compact manifold on which I'" acts by diffeomorphism. We can consider the
diagonal action of I" on M x T and the quotient space V := M xp T, which is
a compact manifold, a bundle over M and carries a foliation F. This foliation is
obtained by considering the images of the fibers of the trivial fibration M x T — T
under the quotient map M xT — M xp T and is known as a foliated bundle. More
generally, we could allow T' to be a compact topological space with an action of I' by
homeomorphisms, obtaining what is usually called a foliated space or a lamination.
We then consider a family of elliptic differential operators (Dg)ger on the product
fibration M x T' — T and we assume that it is T-equivariant; it therefore yields a
leafwise differential operator D = (Dr)rcy,# on V, which is elliptic along the leaves
of F. Notice that, if dimT > 0 and I" = {1} then we are in the family situation; if
dimT = 0 and T" # {1}, then we are in the covering situation; if dim7 > 0, T # {1}
and T admits a I'-invariant Borel measure v, then we are in the measured foliation
situation and if dim T > 0, I" # {1} then we are dealing with a more general foliation.
In the first three cases, there is first of all a numeric index: for families this is
quite trivially the integral over T of the locally constant function that associates to
0 the index of Dy; for I'-coverings we have the I'-index of Atiyah and for measured
foliations we have the measured index introduced by Connes. These last two exam-
ples involve the definition of a von Neumann algebra endowed with a suitable trace.
More generally, and this applies also to general foliations, one can define higher in-
dices, obtained by pairing the index class defined by an elliptic operator with suitable
(higher) cyclic cocycles. In the case of foliated bundles there is a formula for these
higher indices, due to Connes [18], and recently revisited by Gorokhovsky and Lott
[23] using a generalization of the Bismut superconnection [12]. See also [38]. Since
our main focus here are numeric (versus higher) invariants, we go back to the case of
measured foliated bundles, thus assuming that 7" admits a I'-invariant measure v.
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The index is of course a global object, defined in terms of the kernel and cokernel
of operators. However, one of its essential features is the possibility of localizing it
near the diagonal using the remainders produced by a parametrix for D. On a closed
manifold this crucial property is encoded in the so-called Atiyah-Bott formula:

(1) ind(D) = Tr(RY) — Tr(RY), VN >1

if Ri =1d — DQ and Ry = Id — QD are the remainders of a parametrix ). Similar
results hold in the other two contexts: I'-coverings and measured foliations. One
important consequence of formula (1) and of the analogous one on I'-coverings is
Atiyah’s index theorem on a [-covering M — M, stating the equality of the index
on M and the von Neumann I'-index on M. Informally, the index upstairs is equal
to the index downstairs. On a measured foliation, for example on a foliated bundle
(M x T, F) associated to a T-space T endowed with a [-invariant measure v, we also
have an index upstairs and an index downstairs, depending on whether we consider
the T-equivariant family (Dg)ger or the longitudinal operator D = (Dr)rev,F; the
analogue of formula (1) allows to prove the equality of these two indices. (This
phenomenon is well known to experts; we explain it in detail in Section 4.)

Now, despite its many geometric applications, the index remains a very coarse
spectral invariant of the elliptic differential operator D, depending only on the spec-
trum near zero. Especially when considering geometric operators, such as Dirac-type
operators, and related geometric questions involving, for example, the diffeomorphism
type of manifolds or the moduli space of metrics of positive scalar curvature, one is
led to consider more involved spectral invariants. The eta invariant, introduced by
Atiyah, Patodi and Singer on odd dimensional manifolds, is such an invariant. This
invariant is highly non-local (in contrast to the index) and involves the whole spec-
trum of the operator. It is, however, too sophisticated: indeed, a small perturbation
of the operator produces a variation of the corresponding eta invariant. In geometric
questions one considers rather a more stable invariant, the rho invariant, typically
a difference of eta invariants having the same local variation. The Cheeger-Gromov
rho invariant on a Galois covering M — M of an odd dimensional manifold M is the
most famous example; it is precisely defined as the difference of the I'-eta invariant
on M, defined using the I-trace of Atiyah, and of the Atiyah-Patodi-Singer eta in-
variant of the base M. Notice that the analogous difference for the indices (in the
even dimensional case) would be equal to zero because of Atiyah’s index theorem on
coverings; the Cheeger-Gromov rho invariant is thus a genuine secondary invariant.
The Cheeger-Gromov rho invariant is usually defined for a Dirac-type operator D and
we bound ourselves to this case from now on; we denote it by p(g)(f)). Here are some
of the stability properties of rho:

— let (M, g) be an oriented riemannian manifold and let Dsign he the signature
operator on M associated to the I'-invariant lift of g to M : then p(g)(DSig“) is
metric independent and a diffeomorphism invariant of M;
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— let M be a spin manifold and assume that the space R* (M) of metrics with
positive scalar curvature is non-empty. Let g € RT(M) and let ﬁzpin be the
spin Dirac operator associated to the I'-invariant lift of g. Then the function
RY(M)>g— p(2)(l~);pin) is constant on the connected components of R+ (M)

There are easy examples, involving lens spaces, showing that p(2)(DSign) is not a
homotopy invariant and that R*(M) > g — p(g)(DZpin) is not the constant function
equal to zero. For purely geometric applications of these two results see, for example,
[14] and [45]. These two properties can be proved in general, regardless of the nature
of the group I However, when I is torsion-free, then the Cheeger-Gromov rho
invariant enjoys particularly strong stability properties. Let T' = 71(M) and let
M — M be the universal cover. Then in a series of papers [28], [29], [30], Keswani,
extending work of Neumann [40], Mathai [35] and Weinberger [56], establishes the
following fascinating theorem:

— if M is orientable, I' is torsion free and the Baum-Connes map K,(BT') —
K. (C}.I) is an isomorphism, then p(o)(DS'€") is a homotopy invariant of M;

— if M is in addition spin and R*(M) # ( then p(g)(D;pin) = 0 for any g €
RT(M).

(The second statement is not explicitly given in the work of Keswani but it follows
from what he proves; for a different proof of Keswani’s result see the recent paper
[44].) Informally: when T is torsion free and the mazimal Baum-Connes map is
an isomorphism, the Cheeger-Gromov rho invariant behaves like an index, i.e. like
a primary invariant: more precisely, it is a homotopy invariant for the signature
operator and it is equal to zero for the spin Dirac operator associated to a metric of
positive scalar curvature.

Let us now move on in the hierarchy of geometric structures and consider a foliated
bundle (V := M xp T, F), with M — M the universal cover of an odd dimensional
compact manifold and T a compact I'-space endowed with a I'-invariant Borel (prob-
ability) measure v. We are also given a I'-equivariant family of Dirac-type operators
D := (Dg)ger on the product fibration M x T — T and let D = (Dr)rev,F be the
induced longitudinally elliptic operator on V. One is then led to the following natural
questions:

1. Can one define a foliated rho invariant p, (D;V, F)?

2. What are its stability properties if D = DS18" and D = DsPin ?

3. If the isotropy groups of the action of I' on T are torsion free and the maximal

Baum-Connes map with coefficients

KT (ET; C(T)) = Ko(C(T) Syax T)

is an isomorphism, is p, (V, F) := p,(D%8"; V, F) a foliated homotopy invariant
?
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The goal of this paper is to give an answer to these three questions. Along the way we
shall present in a largely self-contained manner the main results in index theory and
in the theory of eta invariants on foliated bundles.

This work is organized as follows. In Section 1 we introduce the maximal C*-
algebra A, associated to the I'-space T or, more precisely, to the groupoid G := T'xT.
We endow this C*-algebra with two traces 7y, and 77, v denoting as before the I'-
invariant Borel measure on 7. We then define two von Neumann algebras Wy, (),

W, (G) with their respective traces; we define representations A, — Wi, (G), Am —
W (G) and show compatibility of the traces involved.

In Section 2 we move to foliated bundles, giving the definition, studying the struc-
ture of the leaves, introducing the monodromy groupoid G and the associated max-
imal C*-algebra B,,. We then introduce two von Neumann algebras, W} (G) and
Wx(V,F), to be thought of as the one upstairs and the one downstairs respectively,
with their respective traces 7V, 7%. We introduce representations B,, — W;(G),
By, — W (V,F) and define two compatible traces, also denoted 7, and 72,
C*-algebra B,,,. We then prove an explicit formula for these two traces on B,,. We
end Section 2 with a proof of the Morita isomorphism Ko(A,,) ~ Ko(B,,) and its
compatibility with the morphisms

Tre T;v,* : KO(ATI’L) - C; " e : KO(Bm) — C

reg,x’ reg,x’ 'av,x

on the

induced by the two pairs of traces on A,, and B,, respectively.

In Section 3 we move to more analytic questions. We define a natural A4,,-Hilbert
module &, with associated C*-algebra of compact operators K 4, (&) isomorphic
to B,,; we show how &, encodes both the L2-spaces of the fibers of the product
fibration M x T — T and the L2-spaces of the leaves of F. We then introduce a I'-
equivariant pseudodifferential calculus, showing in particular how 0-th order operators
extend to bounded A,,-linear operators on &,, and how negative order operators
extend to compact operators. We then move to unbounded regular operators, for
example operators defined by a I-equivariant Dirac family D := (Dg)geT and study
quite carefully the functional calculus associated to such an operator. We then treat
Hilbert-Schmidt operators and trace class operators in our two von Neumann contexts
and give sufficient conditions for an operator to be trace class. We study once again
various compatibility issues (this material will be crucial later on).

In Section 4 we introduce, in the even dimensional case, the two indices ind"?(D),
ind4°"" (D) with D = (Dg)ger and D := (Dr)rev)F, and show the equality

ind"P(D) = ind4*"(D)

This is the analogue of Atiyah’s index theorem on Galois coverings. We also introduce
the relevant index class, in K(B,,), and show how the von Neumann indices can be
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recovered from it and the two morphisms,

Tooo v Ko(Bm) = C, 712 . : Ko(Bp) — C

reg,x * av,*

defined by the traces 7%, : B, — C, 7%, : B,, — C.

reg

In Section 5 we introduce the two eta invariants nl’;p([)), N4 own (D) and, finally, the
foliated rho-invariant p, (D;V,F) as the difference of the two. This answers the first
question raised above. We end this section establishing an important link between
the rho invariant and the determinant of certain paths.

In Section 6 we study the stability properties of the foliated rho invariant, showing
in particular that for the signature operator it is metric independent and a foliated
diffeomorphism invariant. This answers the second question raised above.

Finally, in Sections 7, 8 and 9 we prove the foliated homotopy invariance of the sig-
nature rho-invariant under a Baum-Connes assumption, following ideas of Keswani.
In order to keep this paper in a reasonable size, we establish this result under the
additional assumption that the foliated homotopy equivalence is induced by an equiv-
ariant fiber homotopy equivalence of the fibration defining the foliated bundle (we
call this foliated homotopy equivalences special). Thus, Section 7 contains prepara-
tory material on determinants and Bott-periodicity; Section 8 gives a sketch of the
proof of the homotopy invariance and Section 9 contains the details. With these three
sections we give an answer, at least partially, to the third question raised above. Most
of the material explained in the previous part of the paper goes into the rather com-
plicated proof. Some of our results are also meant to clarify statements in the work
of Keswani.
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two anonymous referees for a careful and critical reading of the original manuscript
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1. Group actions

1.1. The discrete groupoid G.— Let I be a discrete group. Let T be a compact
topological space on which the group I' acts by homeomorphisms on the left. We
shall assume that T is endowed with a I'-invariant Borel measure v; this is a non-
trivial hypothesis. Thus (T, v) is a compact Borel measured space on which I" acts
by measure preserving homeomorphisms. We shall assume that v is a probability
measure. We consider the crossed product groupoid G := T x I'; thus the set of
arrows is T' x ', the set of units is T,

s(0,7) =770 and 7(6,7)=86.
The composition law is given by

(V0,7") 0 (6,7) = (v/0,7"7) .

We denote by A, the convolution x-algebra of compactly supported continuous func-
tions on G and by L'(G) the Banach %-algebra which is the completion of A, with
respect to the Banach norm || - ||; defined by

£l = max{zggz |7 (8,7)]; zlelg Z |f(’7710,’}/71)|}

yel’ yel

The convolution operation and the adjunction are fixed by the following formulae

(f*9)(0,7) =D f(0,71)9(v 0,97 ") and £7(6,7) = f(y~ 16,7~ 1)
y1€D
For § € T we shall denote by T'(#) the isotropy group of the point §: T'(d) := {v €
I'|v0 = 6}. So, I'(A) is a subgroup of I' and the orbit of § under the action of T,
denoted I'9, can be identified with I'/T'(6). Finally, we recall that G? := r—1(0) and
that Gy := s~ 1(0).

1.2. C*-algebras associated to the discrete groupoid G.— For any 6 € T, we
define the regular xrepresentation m,*® of A. in the Hilbert space ¢*(I'), viewed as
?2(Gp), by the following formula

TN = D F(r8.47 " HEW).
v'er

It is easy to check that this formula defines a *-representation m,"® which is L' con-
tinuous. Moreover, we complete L' (G) with respect to the norm supycr |78 (-)| and
obtain a C*-algebra A,. The C*-algebra A, is usually called the regular C*-algebra
of the groupoid G, it will also be denoted with the symbols C}(G) or C(T) %, T

If we complete the Banach *-algebra L!(G) with respect to all continuous *-
representations, then we get the C*-algebra A,,, usually called the maximal C*-

algebra of the groupoid G. See [48] for more details on these constructions. Other
notations for A, are C,(G) and C(T) x,, I.
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By construction, any continuous *-homomorphism from L(G) to a C*-algebra B
yields a C*-algebra morphism from A4,, to B. In particular, the homomorphism 7*°&
yields a C*-algebra morphism

w8 A, — A,

1.3. von Neumann algebras associated to the discrete groupoid G.— At the
level of measure theory, recall that we have fixed once for all a I'-invariant borelian
probability measure v on T. We associate with G two von Neumann algebras that
will be important for our purpose.

The first one is the regular von Neumann algebra W, (G). It is the algebra
L*°(T, B(£?T); v)b of I'-equivariant essentially bounded families of bounded opera-
tors on (°T', so it acts on the Hilbert space L*(T' x I',v). An element T of W}, (G) is
thus (a class of) a familly (Ty)ger of operators in £2(T"), which satisfies the following

properties:

— For any & € L?(T x T') the map 0 —< Typ&y,& > is Borel measurable where
€o(v) :=&(0,7);
— 0 — ||Ty] is v-essentially bounded on T}
— For any v € I', we have T,y = vTp.
Notice that if we denote by RZ : £*I' — (T the operator

(B58)(a) := (o),
then 7T := RjoToR?_, forany T € B((°T). That W}, (G) is a von Neumann algebra
is clear since it is the commutant of a unitary group associated with the action of I'.
The *-representation 7% is then valued in Wy, (G) as can be checked easily, and we
have the *-representation
T A — Wi (G).
This #-representation then extends to the maximal C*-algebra A,,.

The second von Neumann algebra that will be important for us will be called
the average von Neumann algebra W, (G) and we proceed now to define it. We set
Go := (T xT")/ ~ where we identify (6,~) with (6,va) whenever o = 6. Then Gy
is Borel and an element T" of W (G) is (a class of) a family (Ty)per of operators in
(2(I'9), which satisfies the properties:

— For any measurable (as a function on Gy) v-square integrable section & of the
Borel field /2(T'/T(#)) over T, the map 6 —< Ty&p, & > is Borel measurable
where &[] := €[,

— 0 — ||Ty] is v-essentially bounded on T

— For any v € I', we have T,y = vTp;

Here we denote by R% : £2(I'/T'(0)) — ¢*(T'/T'(y6)) the isomorphism given by (R¢)[a] :
{lan], and 4T := RZ 0T o R:_,. Again W, (@) is a von Neumann algebra; for more
details on this constructions see for instance [21], [20]
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There is an interesting representation 7% of L'(G) in W}, (G) defined as follows.
Let f € C.(G); for any 6 € T', we set

(@@ =)= Y > flad,ap )Ey), €€ P(IT/I0)).
yel'/T(0)  [Bl=y
Remark 1.1. — If we identify T'/T(0) with the orbit T'6 then w becomes
TOO@) = D D fOLa)E0") = f(0 )0t
0" €T0 0’ =0’ aeT

Proposition 1.2. — For any f € LY(G) and any 0 € T, the operator w3*(f) is
bounded and the family 7 (f) = (75" (f))ocr defines a continuous *-representation

of LY (G) with values in W, (G). Hence, ™ yields a x-representations of the mazimal
C*-algebra Ay, in W}, (G).

Proof. — 1If we set for any f € Co(G), fo(0,6') := 3" g_p f(0',7), then for g € C.(G)

we have:

(f*9)0(0,0) = > (f+9)0,7)

y.0=0"
= D Ot )
v0=0" y1 €l
= > > (O, 71)9(0",72)
07erl.0 '771 0'=0"" , *1 0=
— Z fO 0// / 9//)
0"erl.0

= (fo*g0)(8, 9/)~
Since 7*Y(f) is simply convolution by the kernel fj, we deduce that 7 is a represen-
tation of the convolution algebra A.. Now, the kernel (f*)o is given by

=Y f(y7Th) = me fo(07.0).
~0=6’ alf’'=

It remains to prove that 7%V is L'-continuous. But, we have:

175 (f)EI3 Yo FE TP

0’erd ~er
< DO OCIF@ ) < OO 1)
6'cl’0 ~el yel’
< fl D0 DI g
0’ero ver
< AR DS DT 1EEPIF (07, )]
~el 97 erd
< \fIBNEI3
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So, 7™ (f)| = supger [Img" (/) < [ fl1- O
We therefore deduce the existence of a *-homomorphism of C*-algebras:

7V Ay — WL(G).

1.4. Traces. — For any non negative element 7" = (Ty)per of the von Neumann
algebra Wy, (G) (resp. W, (G)), we set

T = /T < Ty(8.),6. > dv(0),

where in the regular case, 0. stands for the § function at the unit e of I', while in the
second case it is the ¢ function of the class [e] in T'/T'(6).

Proposition 1.3. — The functional 7V induces a faithful normal positive finite trace.

Proof. — Positivity is clear since T is non negative in the von Neumann algebra if
and only if for v-almost every 6 the operator Ty is non negative. If the non negative
element T' = (Tp)ger satisfies 77 (T) = 0 then < Ty(d.), 0, >= 0 for v-almost every 6.
But, the I'-equivariance of T" implies that

<Ty(0y),0,>=0, VyeT andv a.e.

Therefore, Ty = 0 for v-almost every ¢ and hence T' = 0 in W;;,(G). In the second
case, the proof is similar again by I'-equivariance and by replacing 6., by d[,].

If T(n) 7 T is an increasing sequence of non negative operators which converges
in the von Neumann algebra to T, then for v-almost every 6, the sequence T'(n)g
increases to Tp. But then since the state < -(d.),d. > is normal, the conclusion
follows by Beppo-Levi’s property for v.

If now 7' is in the von Neumann algebra W, (G) then writing Tp as an infinite
matrix in £°T" and using the I' equivariance we deduce that

B _ mary,By
T70 =1, .

If we now consider a second operator S in Wy, (G), then we have

-1 -1

e,e __ €Y QY. _ €,y Y e

(TySe)* =Y Ty Syc=>" 85 T,
yel’ yel

by the I'-equivariance property. The I'-invariance of measure v can now be applied
to yield that 7%(T'S) = 7(ST). A similar proof works for the von Neumann algebra
Wi (9)- O

We define the functionals 7, and 7%, on A, by setting for f € A,

reg

@) o (f) = /T £(6,€)dv(6),
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3) () = /T S 1(0,9)| dv().

g€eT(0)

Lemma 1.4. — 1. We have 7V o '8 = 77, and 77 o ™ = 7.

2. Hence, Ty, and 7, extend to finite traces on A, and Ap,.

Proof. — The statement for the regular trace is classical and we thus omit the (easy)
proof. We consider for any f € L'(G) the Borel family of operators (73" (f))ser
defined in the previous paragraph. For any f € A., denote as before by fy the
function
fo(0,0') = > f(0,).
~6=6"

Then we know that 72V(f) is given as convolution with fyo. If f € A., then we have,
using the identification I'/T'(0) = I'0:

/<7r2v(f)69,59>d1/(0) - /fo(o,e)dy(e)
T T
/T S £(0,7)dv(0)

Y€Er(0)
= Ta(/):
O
As a Corollary of the above Lemma notice that the traces 7;., : A, — C and

7%, Apm — C induce group homomorphisms

(4) Treg » - Ko(Ar) = R, 70 .+ Ko(Ay) = R

reg,* av,*

2. Foliated spaces

2.1. Foliated spaces. — Let M be a compact manifold without boundary and
let T' denote its fundamental group and M its universal cover. The group I' acts
by homemorphisms on the compact topological space T" and hence acts on the right,
freely and properly, on the space M x T by the formula

(1, 0)y :== (y,y~16), (m,0) € M x T and v € T.

The quotient space of M x T under this action is denoted by V. We assume as before
the existence of a I'-invariant probability measure v. If we want to be specific about
the action of I" on T" we shall consider it as a homomorphism ¥ : I' — Homeo(T). We
do not assume the action to be locally free (V) .

(DRecall that an action is locally free if given v € T' and open set U in T such that v(8) = 8 for any
0 € U then v = 1.
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Ifp: M x T — V is the natural projection then the leaves of a lamination on V
are given by the projections Ly = p(Mp), where 0 runs through the compact space T,
and

(5) My :== M x {6} .

It is easy to check that this is a lamination of V' with smooth leaves and possibly
complicated transverse structure according to the topology of T, see for instance [11].
By definition, it is easy to check that the leaf Ly coincides with the leaf Ly if and
only if # belongs to the orbit I'0 of # under the action of T in T. We shall refer to
this lamination by (V, F) and sometimes shall call it a foliated space or, more briefly,
a foliation. If T'(#) is the isotropy group of 8 € T then we see from the definition
of Ly that Ly is diffeomorphic to the quotient manifold M /T'(0) through the map
Ly — M/T(0) given by [/, 0] — [m/~], if @ = 0. Note however that Ly is also
diffeomorphic to M /T'(8") for any 6’ € T. Moreover the monodromy cover of a leaf
L is obtained by choosing 6 € T such that L = Ly and by using the composite map

M — M@ — (Me)/l—‘(e) ~ Le =L.

which is a monodromy cover of L corresponding to 6.

Notice that the set of § € T for which I'(¢) is non-trivial has in general positive
measure. This is the case, for instance, when there exists a subgroup I'1 of I' whose
action on 7T has the property that v(TT1) > 0, where T'1 is the fixed-point subspace
defined by I';. In fact, one can construct simple examples where the measure of the
set of § € T for which I'(6) is non-trivial is any value in (0, 1). See Example 2.2 for a
specific situation.

Example 2.1. — As an easy example where this situation occurs naturally, consider
any Galois covering M' of M with structure group T such that m(M') # 1. Assume
the existence of a locally free T'-action ¥’ : TV — Homeo(T) on T and let V be the
resulting foliated space. Assume the existence of an invariant measure v on T. Since
I is a quotient of T := m1(M) we have a natural group homomorphism m : T' — T”
and thus an action ¥ := W o7 of I' on T. By definition v is also I'-invariant. The
isotropy group of this action at 0 € T is at least as big as the fundamental group of
M’. Notice that one can show that

(MxT))T =(M xT)/T' =V

Summarizing: V is a lamination where the set of leaves with non-trivial monodromy
has measure equal to v(T) = 1.

Example 2.2. — Take M to be any manifold whose fundamental group is a free
product of copies of Z, for example a connected sum of S' x S?’s, so that now I is the
free group of rank k. Let {v1,%2,..., v} be the generators. Let T be S?. Let C C S?
be a parallel and let U C S? one of the two hemispheres bounded by C. Let ¥(~y)
be any measure-preserving diffeomorphism of S? that fixes U. We then define U on
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the other generators in an arbitrary measure-preserving way. Then any point 0 in U
would have nontrivial isotropy group T'(0). Clearly, one can jazz up this example by
selecting any T and finding a single homeomorphism whose fized point set is a set of
NONZETO Measure.

Example 2.3. — Following [37] we now give an example of a lamination with the set
of leaves with non-trivial monodromy of positive measure and, in addition, of a rather
complicated sort. Take a (generalized) Cantor set K of positive Lebesgue measure in
the unit circle. Choose now a homeomorphism ¢ of the circle admitting K as the fixed
point set. Let M be any closed odd dimensional manifold with m (M) = Z. Consider
the foliated space V obtained by suspension of ¢: thus V = M xz S* with Z = m (SY)
acting on S* via ¢ and acting by deck transformations on M. The set of 6 € S* such
that {y € Z|v0 = 0} is non-trivial is equal to K, hence it has positive measure. Using
[37] page 105/106, we can find a Radon ¢-invariant measure v on S' and v(K) > 0.
Notice that in this class of examples, although the measure is diffuse, one can even
ensure that the set of leaves with non-trivial holonomy has positive transverse measure.
These laminations show up in the study of aperiodic tillings and especially of quasi-
crystals. In [11] for instance, the measured foliated index for such laminations, a
primary tnvariant, is used to solve the gap-labelling conjecture. The authors expect
potential applications of the foliated rho invariant to aperiodic solid physics.

2.2. The monodromy groupoid and the C*-algebra of the foliation. — Let
M, T and T be as before. We define the monodromy groupoid G as the quotient
space (M x M x T)/T of M x M x T by the right diagonal action

(1, ", 0)y o= (17vy, 'y, 7~'0).

The groupoid structure is clear: the space of units G(© is the space V = M xp T, the
source and range maps are given by

s[m,m', 0] = [, 6] and r[m,m', 0] = [m, 0],

where the brackets denote equivalence classes modulo the action of the group I’

It is not difficult to show that G can be identified in a natural way with the usual
monodromy groupoid associated to the foliated space (V, F), as defined, for example,
in [43]. More precisely given a smooth path « : [0,1] — L, with L a leaf, choose any
lift 3 : [0,1] — M of the projection of the path « in M through the natural projection
V — M. Then there exists a unique § € T with a(0) = [3(0), 6] and we obtain in

this way a well defined element [3(0), 3(1), 6] of G which only depends on the leafwise
homotopy class of « with fixed end-points. This furnishes the desired isomorphism.
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We fix now a Lebesgue class measure dm on M and the corresponding I'-invariant
measure dm on M. We denote by B, the convolution *-algebra of continuous com-
pactly supported functions on G. For f, g € B, we have:

(f * g)[m, W, / Flm, ", 0)g[m” W, 0ldm”  and  f*[m, 0] = f[i’,m,0].

More generally, let E be a hermitian continuous longitudinally smooth vector bundle
over V; thus F is a continuous bundle over V such that its restriction to each leaf
is smooth [37]. Consider END(FE) := (s*E)* ® (r*E) = Hom(s*E,r*E), a bundle of
endomorphisms over G. We consider BE := C>:0(G,END(E)) the space of continu-
ous longitudinally smooth sections of END(FE); this is also a *-algebra with product
and adjoint given by

(f1 * f2) [, W, / Film, ", 0] o fol@ i/, 0] din”
frim,m’, 0] = (flm',m, 0])".
Let E be its lift to M x T'; denote by Hy the Hilbert space Hy = L2(M x{6}; E
Any f € BE can be viewed as a smooth kernel acting on Hy by the formula

W {0})-

I (f) (£) (1) = / {6 ) di, for any € € Hy,
M

and this defines a *-representation 7, in Hy . We point out that the representation

T, is continuous for the L' norm defined by:

Il = max{ sup / | Fli, i )| i’ s sup / \Flit i, O))| i’}

(7m,0)eM T (m,0)EMXT

If we complete B, with respect to the C* norm

[ fllxeq = sup ™ ()],

then we get BY | the regular C*-algebra of the groupoid G' with coefficients in E.
When F =V x C then we denote this C*-algebra simply by B, In the same way, if
we complete B, with respect to all L' continuous *-representations, then we get the
maximal C*-algebra of the groupoid G, that will be denoted by BZ and simply by
B,, when £ =V x C.

2.3. von Neumann Algebras of foliations.— The material in this paragraph is
classical; for more details see for instance [18], [24] [8], [17], [34].

The representation 77°¢ defined above takes value in the regular von Neumann al-
gebra of the groupoid G. More precisely, the regular von Neumann algebra W} (G; E)
of G with coefficients in E, acts on the Hilbert space H = L?(T x M, E; v®dm), and
is by definition the space of families (Sp)ger of bounded operators on L2(J\;.I'7 E) such
that
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— For any v € I', S, = 7S¢ where 7Sy is defined using the action of I' on the
equivariant vector bundle E ;

— The map 6 + [|Sg| is v-essentially bounded on T

— For any (&,7) € H?, the map 6 +—< Sp(&),m9 > is Borel measurable.

The von Neumann algebra W (G; E) is a type Il von Neumann algebra as we
shall see later. It is easy to see that for any S € BE the operator 77¢(S) belongs to
WH(G; E).

In the same way we define a leafwise von Neumann algebra that we shall denote by
W (V, F; E); this algebra acts on the Hilbert space [21] H = [¥ L2(Ly, E|,)dv(6)
where Ly is, as before, the leaf in V' corresponding to 6. Equivalently, and using the
identification of the leaves with quotient of M under isotropy, W, (V,F; E) can be
described as the set of families (Sy)ger of bounded operators on (LZ(MQ/F(G), Elo)oer
such that

— The map 6 — ||Sp|| is v-essentially bounded on 7.

— For any square integrable sections &,7 of the Borel field (L?(My/T'(6), Eg))oer,

the map 6 —< Sp(£p), 19 > is Borel measurable.

— Sy0 =S, for any (0,v) € T x T

Notice that T'(y0) = AT'(#)y~! and hence the definition of 7Sy is clear.

Proposition 2.4. — There is a well defined representation ma, from the mazimal
C*algebra BE to the leafwise von Neumann algebra W (V,F; E) such that for f €
C.(G,END(FE)) the operator (may(f))e is given by the kernel

fo(z,y) =0 if Ly # Ly and fo([m, 0], [m/,0]) := Y flm,m'y,0].

Proof. — For simplicity we take E the product line bundle. For f € C.(G) the
formula
((mav(f))o €) (z) = ; folw,)é(y)dy, &€ L*(Lg),x € Ly C V.
6

defines a bounded operator on L?(Ly). Indeed the sum on the RHS in the definition
of fy is finite since f is compactly supported. Moreover, when restricted to the leaf
L, the kernel fj is supported within a uniform neighborhood of the diagonal of L.
We have:

I (o ()3 = / [ ol ata' )i Pda

! ! ! N2 g0
< [ ([ wtatas) ([ el )as
N2 Ndeda!
< Ul [ 1660 [ 1o
< ol
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Here || fo|/1 stands for the L'-norm

mmW/mmme/mme»
L. zc€V JL,

z'eV
Therefore, we have

sup [|may (f)] < [l foll1-
0T

But now it is easy to check that ||folls < ||f|li- On the other hand m,, is a *-

representation; since for f,g € C.(G) one has, with proof similar to the one given for

g7
(f*g9)o = fo*goand (f*)o = (fo)"

To sum up, these arguments prove that 7, on B, extends to a continuous *-representation
of the By, in the von Neumann algebra W (V, F). This completes the proof. O

2.4. Traces. — We fix once and for all a fundamental domain F for the free and
proper action of I' on M. Let x be the characteristic function of F'. Then we set for
any non-negative element S € W (G; E),

TV(S) = /Ttr(MX 0 Sg o M, )dv(9),

where tr is the usual trace of a non-negative operator on a Hilbert space.

We shall also denote by x the induced function xy ® 17, i.e. the characteristic
function of F x T in M x T. Since F x T is a fundamental domain for the free and
proper action of I' on M x T, we shall also denote by ys the same function y but
viewed as the characteristic function of F' inside a given leaf Ly, which is the image
under the projection M x T — V of M x {#}. We define a functional 7" on the
leafwise von Neumann algebra W (V, F; E), by setting for any non-negative element
SeW; (V.7 E)

5(8) 1= [ (M 050 My, )av(o).

where the M,, appearing in the integrand is the multiplication operator in the L?
space of sections over My/I'(0), by the characteristic function xy of F viewed in
My /T(6).

Proposition 2.5. — With the above notations we have:

— the functional TV yields a positive semifinite normal faithful trace on W (G, E);
— the functional 7% yields a positive semifinite normal faithful trace on Wi (V, F; E).

Proof. — It R=5*S € W}(G; E), then for any 0 € T,
MX o R9 o MX = (SQMX)*(SQMX) Z 0.
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Therefore, tr(M, o Ry o M,) > 0 and hence 7¥(R) > 0. Moreover, 7¥(R) = 0 if
and only if M, ReoM, = 0 for v-almost every 6. The I' equivariance of R implies the
relations

My Ryg Mo,y = Uy [M

7‘171XR9M7

_172)(] U’y_la YsV1,72 € I
The same relations hold for S. In particular,
My RoM. = Uy [MyR,~1gM, | U,-1 = 0.
Since v is I'-invariant, we deduce that M., RyM,, = 0 v almost everywhere. Thus
> (M So Moy )* (Myry SoMyy) = My RogMyy =0, v —ae. 0 €T.
v'el
As a consequence, we get that for v almost every 6 € T and for any ~,7 € T,
My So My =0,

which proves that S = 0 in W (G, E) and whence R =0 in W (G, E). On the other
hand for any non negative A, B € W} (G; E), we have

MyAgBoM, = Y MyAgM,,ByM,
yel
= Y M Ag(U,MyU,-1)ByM,
vyel
= Y MU, Ay-1gMyB.-1oU, -1 M,
yel’
= Y Uy [My-1 AyrgMyByigM, 1, ) Uy
yel’
and so,
tr(MyAgBoMy) = > tr[My-1, Ay 1gMy By 1M1, |
yer

> tr [MyBy-1gMo-1, A, 19 M, ]
vyer

Now the I'-invariance of v yields again

™(AB) = /T tr(M, Ag By M, )dv(0) = /T Ztr [M,BoM, -1, AgM,] dv(0)
yel’

= / tr(MXBgAgMX)dV(Q) = TV(BA)'
T

The normality is a consequence of normality of tr and of the Beppo-Levi property.
That 7" is semi-finite is straightforward.

Finally, according to our description of the leafwise von Neumann algebra W (V, F; E),
its elements are also equivariant Borel families. So, the proof of the first item is readily
adapted to take care of the quotients by the isotropy groups. O
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Recall the two x-representations

WrEE:BrE_)W:(GrE)’ ﬂ-aV:BTErLHWu*(Vaf;E)'

Corollary 2.6. — The two functionals Tr”eg 1= TY0oMeg and Ty, 1= T OT,, are traces

on the C*-algebras BE and BE respectively (). Moreover they are explicitly given,
for f € BE longitudinally smooth by the formulas

(6) T (f) = /F gy (. ] i (0)
(7) 0 (f) = /F XTV;@ b, o (T 70y, 6)) diindir(0).

Proof. — We only need to show the two formulas (6) and (7). The first one is tauto-
logical, so we only sketch the proof of the second one. Let then f € B. longitudinally
smooth be fixed. The operator [m.y(f)]s acts on L?(Lg, E) with Schwartz kernel f
given by

fO([maa]a[mlvo]): Z f[m7ml770]

Therefore, the operator M, [may(f)]oM, has Schwartz kernel supported in F' x F
viewed in Ly x Lg. Recall that Ly is identified with M /T'(). We deduce

™ [mav ()] = fo([m, 0], [m, 0])dpg (11)dv (),
FxT
with dpg(h) being the measure induced by dm on the leaf through §. Whence, the
formula is readily deduced. O
In the sequel we shall also denote by 7, the resulting trace on the maximal C*-
algebra BE | obtained via the natural epimorphism BE — BE.

m

Remark 2.7. — The proof of the tracial property of Ty,
out directly. Here are the details (we only treat the averaged trace 7%, and for simplicity
we take E equal to the product line bundle). Let f, f' be two elements of C.(G). We

have:

and 7Y, can also be carried

(f * [, 0] = /F > flin, o, 01 [ o, 0] din”

(P these traces will not be finite in general
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Hence we deduce

T f1) = / > flim, 0] f [ a, vy, O)dii dind (6)
FXEXT yep(p) acr
= / S I mra af] flimat i af]din dindv(6)
F><F><T T(6) €l

~//1~—1 5! 0 dm! dindy (6
/FXF / > fm O flma™t,m!,0')dim! dindv (0")

ael’ ~y'er(6’)

/FXT > (Pl ') dim dindv (0').

~y'er(6’)

Now note that since ' € T'(0"), we have

("5 D™l 0] = (' )i, ', 0)
Therefore, we get
T (f o ) =7 (f ).
Proposition 2.8. — 1. The trace 7y, induces a group homomorphism Ty, , :
Ko(BF) — R.

2. The trace 7Y, induces a group homomorphism 7%, , : Ko(Bf,) — R.

Proof. — We only sketch the proof of this classical result: one shows, for instance,
that LY (W (G; E)) N BE, with LY(W}(G; E)) the Schatten-ideal of 7¥-trace class op-
erators, is dense holomorphically closed in BE. Similarly LY(W} (V, F; E)) N may (BE)
is dense and holomorphically closed in 7., (BE); this finishes the proof by using the
definition of 77,,. O

2.5. Compatibility with Morita isomorphisms. — The goal of this subsec-
tion is to prove the compatibility between the different traces defined so far and the
isomorphisms induced in K-theory by Morita equivalence.

Recall the C*-algebras A, and A,, associated to the groupoid G :=T x I'. Let K
denote as usual the C*-algebra of compact operators on a Hilbert space.

Proposition 2.9. — There are isomorphisms of C*-algebras:
(®) B.~A®K, Bn~A,®K.

Proof. — We fix 7o € M and consider the subgroupoid G(rg) consisting of the
elements which start and end in the image of {mp} x T in V:

G(Tho) = {[mo,m0a7¢9],9 €T and a € F}
Notice that the composition in G(mg) can be expressed in the following way:

[mo, Mo, 0'] o [Mo, Mmea, &'0'] = [mo, meaad’, 0] .
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Then there is a groupoid isomorphism between G(mg) and the groupoid G given by
[0, Mo, 0] — (0, a7 h).

In particular the reduced (respectively maximal) C*-algebras associated to G(1g)
and G are isomorphic: C*(G(mg)) ~ A, (respectively C* (G(mg)) ~ A,). Now the
main result in [26], see also [7], together with the fact that the image of {mo} x T
in V intersects every leaf of the foliation, we deduce that the stable C*-algebra B, is
isomorphic to the tensor product C*-algebra A, ® K. In the same way, the C*-algebra
B, is isomorphic to the tensor product C*-algebra A,, ® K, using the maximal version
of the stability theorem which is valid as pointed out in [26]. O

Denote by M, : Ko(A,) — Ko(B,) and My, : Ko(Ay) — Ko(By,) the isomor-
phisms induced in K-theory by the isomorphisms (8)

Proposition 2.10. — The following diagrams are commutative
Ko(B;) Ko(Bn)
M, y. M
Ko(.AT) lTrIggy* K()(Am) lT;/v,*
v v \
Treg,* R Tav,* R

Proof. — Let us identify T with a fiber of the flat bundle V.= M xp T — M. Let
Q) be an open connected submanifold of M contained in a fundamental domain F of
the action of I'. Let U be the projection in V of 2 x T. Then U — T is an open
neighborhood of T" in V such that the induced foliation on U is given by the fibres of
U — T. The subgroupoid Gg of G consisting of homotopy classes of paths drawn in
leaves, starting and ending in U, can be describe as

QOxMxT

r

An easy inspection of the groupoid laws in G¥, shows that the bijection

GY = {[m,m'~,0] € ,[m, 0] € U and [m'v,60] € U}.

[, 'y, 0] — (i, 0, 0,771) € 2 x Qx (T'x ),

is an isomorphism of groupoids, so that the reduced (resp. maximal) C*-algebra of
GY is isomorphic to K(L2Q) ® [C(T) %, I'] (resp. K(L?*Q) @ [C(T) x,,, I']). Recall that
K(L?Q) denotes the nuclear C*-algebra of compact operators in the Hilbert space
L2Q.

If we now fix a continuous compactly supported function ¢ on Q with L? norm
equal to 1 then for any continuous compactly supported function £ € A., we set:

T(&)[m, i, 0] := Y p(my)e(m'y)e(v 0,7 ").
vy el

Since ¢ is supported in a fundamental domain, it is clear that only one couple (v,7")
gives a non trivial contribution. Moreover, the function 7'(§) is well defined on G and
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is supported inside Gg. The map T is a *-homomorphism from the algebra A. to
the algebra B. which implements the Morita isomorphisms M, and M, in K-theory.
Indeed, we have:

T() * T(&)m, i, 0]

/~ T(ﬁ)[m, m//’ G]T(gl)[m”, Th/7 e]dm//

M

> elma)p@n) [ B o) x

a,a’,B,8’€l M
£, oz_lﬁ)g'(o/_lﬁ, o/_lﬁ’)
= ) plma)e(ia) Y E(a™0,a7 ' B)E (571,87 )

a,a’ el Ber
= Y elma)e(al)( +€)(a10,a7 a)
a,a’ el

= T(§ * f/)[’ﬁl, mlv 0]

Hence, we conclude that
T(§) «T(&) =T(§*¢).

In a similar way one checks that (T'(£))* = T'(£*) .
T extends to a morphism between the corresponding reduced C*-algebras. More

precisely, let f € L?(M), then the regular representation 772 is given for any m € M
by:

(5T (E))o(f)(17) = / S ) NE (0,4 ) f i
M vy vel
Denote by g : I' — C the function given by
o) = / ol ) (! diit,
M

then, one easily shows that the function g belongs to ¢?(I") and that its £2-norm can
be estimated as follows:

Z FROEDS

,\//

2

gy ) f(m') dim
M

lgll3

2
p(m'y' 1) f() din/

F~'

<3 [, epan <151

,.Y/

If we recall the regular representation of the algebra A, denoted also by 78, then,
using g we can write:

(MeeeT(€))o (/) (0) = > d(17) D (10,979 )g(y' ™) = D o(my) (my*(€)(9) (v ™)

v€er vy'er ver
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Therefore, if we compute the L?-norm of the function (77¢T(£))g(f) we get:

|(TeesTE)a(NIE = /

- [ mamr© e dn

ael

S @@ [ lotma)Pam

acl

= [Im=(€)(9)ll3
< €%, Ngllz < g%, 1F13;

Summarizing: supger [[(77°8(T€))sl| < [I€].4,. so that [|[T(€)||s, < ||€]|.a, as required.
It thus remains to show compatibility of the traces with respect to the homomorphism
T, and only on the compactly supported functions. Let us start with the regular trace.
We have:

0 (T(E) = /F (), (0

| 6.0 [ jetiamane)

/ £(6,1)dv(6)
T
7 (6).

Note that when m € €, only v = 1 contributes to the sum defining T'(¢).

Let us now check, briefly, that T" induces a morphism between the maximal C*-
algebras. It suffices to show that 7" is continuous with respect to the L'-norms on the
groupoids G and G. But for £ € A, and for any m € Q) we have

IN

/M|<Ts>[m,mvondm 6(7) /M\qﬁ(mndm S 160,

vy'el

IN

[ll1 1]l €11
Hence,

1T < l[olhll@llocl€llr -
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Now let us check the compatibility with the average trace 7%,. We have, for £ € A.:

(T(E) = /F Y Tl o (o)

Y€Er(0)
= [ > (@)l o (o)
QXT’YEF(Q)
- [ ¥« /|<P )2 dv(0)
~v€r(9)
= / > &0, )dv(o
~v€Er(8)
= Ta (&)
Note that in the expression T'(&)[m,my, 0] for m € Q, only the couple (1,7) con-
tributes non trivially to the sum. O

3. Hilbert modules and Dirac operators.

3.1. Connes-Skandalis Hilbert module. — Recall that V = M xr T where
M — M is the universal I-covering of the closed manifold M and where T' acts by
homeomorphisms on the compact space 7. We fix a hermitian vector bundle E over
V and we denote by E its pull-back to M x T. We define a right action of the
convolution algebra A, = Co(T % T) = C,(G) on the space & = C>0(M x T; E), of
compactly supported sections of the vector bundle E which are smooth with respect
to the M variable and continuous with respect to the 7' variable, as follows.

(ENm,0) = 0y 70)f(40,7), §€&, fEA.
yel

A A -valued inner product < .;. > on &, is also defined by [26]

<&36>(0,7) = /1\7 < &(m,y10); &0my 1, 0) > i, , dim,

where < .;. >p is the hermitian scalar product that we have fixed of the vector bundle
E. A classical computation shows that these operations endow the space &, with the
structure of a pre-Hilbert module over the algebra A..

As in the previous sections, we denote by A, and A,, the reduced and maximal
C*-algebras of the groupoid G . Recall that there is a natural C*-algebra morphism

A A, — A,

The pre-Hilbert A.-module &£. can be completed with respect to the reduced C*-
norm to yield a right Hilbert C*-module over A, that we shall denote by &,.. In the
same way, we can complete £. with respect to the maximal C*-norm and define the
Hilbert C*-module &,, over the C*-algebra A,,. It is then clear that the natural map
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E. — &, extends to a morphism of Hilbert modules &,, — &.. More precisely, we
have a well defined linear map

0:Emn — &, such that o(§f) = 0(ONf) fe A, and € € E,,.
We denote as in the previous sections by G the monodromy groupoid
o M x MxT
=—

The algebra BE of smooth compactly supported sections of the bundle END(E) over
G is faithfully represented in &. by the formula [16]

\() (€)1, 0) = /M ol !, B (7 0)diil, o € C(G,END(E)), £ € £,

Recall that BE and BE are respectively the reduced and maximal C*-algebras
associated with G and with coefficients in F. Given a C*-algebra A and a Hilbert
A-module &, the algebra B4 (&) consists of bounded adjointable A-linear morphisms
of £. Recall also that the C*-algebra K 4(€) of A-compact operators is the completion
in Ba(&) of the subalgebra of A-finite rank operators. The following proposition is

proved in [26], see also [38] and [7].

Proposition 3.1. — For any p € BE, the map x(¢) : E. — &, is A.-linear and the
morphism x extends to continuous x-representations

Xr : Bf — Ka, (&) and xpm : BEL — Ka,, (En),

which are C*-algebra isomorphisms.

Notice that the proof of this Proposition is usually given for the holonomy groupoid
of the foliation; however the same argument applies to the monodromy groupoid. Note
also that the proof is usually given for the reduced C*-algebra but it remains valid
for the maximal C*algebra too [26] [Remarque 5].

For any 0 € T, we have defined in Subsection 1.3 a representation 5" of the
maximal C*-algebra A, in the Hilbert space ¢%(I'/T()). By using Remark 1.1 we
can write

T (NEE) = Y D SO W), fE A€ PTO) and ¢ € TH.
9//6F~9 79//:0/
Using the A,,-Hilbert module &,, together with the representation 74", one defines
the Hilbert space
HE i= Em Qv L(T0).
Similarly
ngg =E&m ®ﬂg69 2 (T).
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Lemma 3.2. — There exists an isomorphism of Hilbert spaces, g, between Hg® and
the Hilbert space L?(Lg, E) of square integrable sections of the vector bundle E over
the leaf Ly through 6, induced by the formula

Dp(E @ f)(m,0) := > f(v0) [((my~",40)], € €& and f € Co(TH).
yell

Similarly there exists an isomorphism Wy of Hilbert spaces between Hy™ and L2 (M, E)
induced by the formula

Uy (€ ® 0,) (1) := E(my ™", 10).

where 6, denotes the delta function at I'.
Proof. — If a € T'(0) then we can write for £ € &,
p(E@ Nma ", 0) = Y f(40) [E(may740)]

vyel’

= > f(B80) (0nBT, 80)

pger
= (@ f)(m,0)

Hence, ®(£® f) is a smooth section of E over My which is T'(d)-invariant. Moreover,
if f = 4,9 and if we denote by K¢ the (compact) support of £ in M x {78} then the
support of ®4(£ ® d,¢) is contained in

(K50 - 7] T(8),

and hence is I'(f)-compact.
Let now g € A, be given. Then we have

Oy(g @ )M, 0) = Y f(10)(€g)(my ", 70)

yel
= D 1(9) ) glarh, )¢y a ™t and)
yerl a€el

> Yo f(0)9(0",c)(m(ay) 7, 0")

67,0 €T v0=0",a0’=06""

S @) a)Ems 0",

07,0 €T BO=0"" a0’ =0""

On the other hand, we compute

Co(E @ (9) () 0) = > wp )(©) > it e”)

0eI'o ~10=6""
> S f(0)g(0",6)E(msyt,0”)
0".0’€T0 56’=0",5,0=0""

Hence, we obtain the equality ®y({g ® f) = ®o(& ® 75 (9)(f)).
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In order to finish the proof, we need to identify the scalar product on the Hilbert
space Hg". We have

<ERFERf > = <7 (<&§E>)(f), f >
= Y mU<&ES)NNO)FO)

0’eTo

= Y 00> <&E>(0.8)F(570)
0'cTo ger

= > fnren > /~<§m519)§(mﬂ_19)>dm
0’,0"€lo B0 =06"

= Z F(0)f(60") Z /~<§ma9)§(ma9)>dm
6,0 cTo af’=0"

On the other hand, if we view ®y(£ ® f) as a section over the leaf Ly through 6, then
we can use a fundamental domain Fy for the free and proper action of the isotropy
group I'(#) on M and write

<P ), Pl @ f) >= /F < Py(§ @ f) (1, 0), Bo(§ ® [)(m, 0) > dim

= > fO0fl) > /<£<mwfl,9l>,§<m~yg%oz>>dm

01,0o€T'0 v10=01,v20=0> T

We fix a section ¢ : ['§ — T of the map ~ +— 6. Then 8 = ¢(61) vy is an element
of the isotropy group I'(#) and we have

< Bole® ), BolE ® ) >
S T XY [ < st o) 0,60z ) > i

67,6’ €To v20=6" BET(0)
= > e Y Y [ .
97.0'€T'd va0=0" ger(g) Y FoB (0"

< &(my,0"), E(Mip(0") By 1, 0') > diy

= > FOFE) D > /ﬂl . < &(m1,0"),E(m1a, 0') > din

0'7,0'cl'o af’'=0" Ber(0)
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Setting § = ¢(01)3 1p(61)~! and noticing that a fundamental domain Fy is equal
to Fpe(0")~t we get

(£ @ f), Po(E@ [) >

= > fOMfe) > Z/ < &(my,0"), E(mya, o t0") > dim

07,0/ €T6 at'=0" scr(g) ’ Foe(0”)~1)

= > fOFE) D> > / E(ma, 0", E(mya, a™10") > din
0',6" €T ad'=9" ser(o) * Forrd

= Z JCAYICD) Z /~<£m1,a9)§(m1a 0') > dm
0',6" €To ab'=0"

Hence < £ f,£Q f >=< Pp(E® f), Pp(£® f) > . It now remains to show that Py is
surjective. Let n be a smooth compactly supported section over the leaf Ly and denote
by 7 its lift into a T'(6)-invariant section over M x 0 and by & any extension of 7 into
a leafwise smooth continuous section over M x T. Let ¢ be a smooth function on M
such that Zaef‘ (9) @ = 1 and such that for any compact set K in Ly ~ M/T(0), the
intersection of the support of ¢ with the inverse image of K, under the projection
M — Ly, is compact in M. We view © as a function on MxT independent of the T'
variable and set

€ == pko-
Then £ € C%(M x T, E) and one checks immediately that ®g(¢ ® dp) = 7. The
proof of the second isomorphism is simpler and is left as an exercise. O

Recall that we have defined two representations, that we have both denoted 7
respectively of the C*-algebras A, and BEZ in the corresponding von Neumann alge-
bras of the discrete groupoid G and of the monodromy groupoid G with coefficients
in the vector bundle E:

™ Ay — W2(G), 7™ :BE WV, F,E).
Recall also that we have defined a *-representation y,,, of BZ in the compact operators
of the Hilbert module &,,:
Xm : BFn = Ka,,(Emn).

Proposition 3.3. — Let S be a given element of BE. Then we have

m”*
Wéw(S) =dyo [Xm(S) ®ﬂ-gv Igz(rg)] o (Da_l

with ®g : £y @xav £2(T0) — L*(Lg, E) the isomorphism given in Lemma 3.2. In the
same way, we have

ﬂ_geg(s) =Wyo {XT(S) ®ng€9 Igz(l—\)} o l:[l;l

with W : Eyy @prea £2(T) — L2(Mjy, E) the second isomorphism given in Lemma 3.2.
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Proof. — Let us fix an element k € C>*°(G; END(E)) and give the proof for S = k.
We compute for € € &, and f € C.[I'6):

Do(x(k) (&) @ £)(m, 0) = Y fF(40)x(k)(€)(my ", 70)

yel
f0) | ki~ W 01E(m, 70)din/
000 [,
= f(y0) | klm,m'y, 016 (m/,~0)dm’
00 [,
f(y0) | k[, g, 0)E(myy ™, v0)dimn, .
; /M ! ! !

On the other hand, we have:

w0 (K) (o (€ ® £))(7.6) = /F S Kl e, 0] F(O)EGH Y, A0)di!

ael’(0) ~verl

= Y f(0) /F ki, ", 01E(m" oty ™t 40)dm”

~vel a€el'(0)

= s Y [ K el o)

y/€r aer(g) / Foo

= > /09 /Mk[m,m",e]am“v’*,v’e)dm".

So we get
Po(x(k)(&) @ f) = 5" (k)(Pa(§ @ f))

which proves the first statement by continuity. We omit the proof of the second
statement as it is similar and in fact easier. O

3.2. T'-equivariant pseudodifferential operators. — This subsection is devoted
to a brief overview of the pseudodifferential calculus relevant to our study. All stated
results are known and we therefore only sketch the proofs.

Let £, be as before C20(M x T, E) endowed with its structure of pre-Hilbert A.-
module. Recall that if we complete the prehilbertian module £, with respect to the
regular norm on A, then we get a Hilbert C*-module &, over the regular C*-algebra
A,. In the same way, completing A. with respect to the maximal C*-norm yields a
Hilbert C*-module &,, over the maximal C*-algebra A,,. We fix two vector bundles F
and F over V and we denote by E and F their pullbacks to M x T into I'-equivariant
vector bundles; we let Eg be the restriction of E to Mg. We set, as before, Mg = Mg.

Definition 3.4. — Let P: C>*°(M xT, E) — OO (M xT, ﬁ) be a linear map. We
shall say that P defines a pseudodifferential operator of order m on the monodromy
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groupoid G if there is a continuous family of order m pseudodifferential operators
(P(e))0€T7 A o

P9 : CEO(MQ,EQ) — COO(MQ,Fg)
satisfying:
(1) (P&) (1, 0) = (Pp&(-,0)) (1 x {6})
(2) P is I'-equivariant: Ry PR}, = P;
(8) the Schwartz kernel of P, Kp, which can be thought of as a T'-invariant distribu-
tional section on M x M x T, is of I'-compact support, i.e. the image of the support
in (M x M x T)/T =: G is a compact set.

Notice that (2) can be then restated as: P,y = 7Py V0 € T, Vy € T', exactly as
in the definition of the regular von Neumann algebra. The notion of continuity for
families of pseudodifferential operators is classical and will not be recalled here, see,
for example, [10], [41], [31], [54], [65]. Finally, because of the third condition P
maps C0(M x T, E) into C>*°(M x T, F).

Notice that a I'-equivariant continuous family of differential operators acting be-
tween the sections of two equivariant vector bundles is an example of a pseudodiffer-
ential operator on G.

If m € Z, we shall denote by U7 (G; E‘, ﬁ) the space of pseudodifferential operators
of order < m from E to F' ®) . We set

UX(GLE F):= | ) UGB, F) and U, (G, E,F) := | VI(G; E, F).
meZ meEZ

Using condition (3) , it is not difficult to check that the space \Ilgo(G;E', E)is a
filtered algebra. Moreover, assigning to P its formal adjoint P* = (Pj)ger gives
Ue(G, E, E) the structure of an involutive algebra; the formal adjoint is defined also
for P € \IIZ”(G;E,}?) and it is then an alement in \I/Z,”(G;ﬁ, E).

Remark 3.5. — Notice that Definition 3.4 fits into the general framework of pseu-
dodifferential calculus on groupoids, as developed by Connes and many others. More
precisely, let P = (Py)ger be a pseudodifferential operator on G as in Definition 3.4.
For any 0 € T and any x = [m, 0] € Ly the diffeomorphism

P60 M — G® =r~Y(z) given by pzo(m') = [m,m’, 0],

allows to define a pseudodifferential operator P, on G* with coefficients in s*E, viz.
P, = (p;é)* o Pyo(pge)*. It is easy to check that P, only depends on x and that
the family (P.)zev is a pseudodifferential operator on G in the sense of Connes.

Conversely if we are given now a pseudodifferential operator (P,)zcyv in the sense
of Connes, then a choice of a base point mq in M allows to construct P = (Py)gper

(3)The notation for this space of operators is not unique: in [38] it is denoted W¥, C(M x T; E, F)
with X denoting equivariance and ¢ denoting again of I'-compact support; in [38] it is simply denoted
as Vi (E, F)



32 MOULAY-TAHAR BENAMEUR & PAOLO PIAZZA

satisfying the assumptions of Definition 3.4, viz. Py := p;(e),e o Py © (p;(le) )" with
x(8) = [mo, 0] and [mg] = my.

Remark 3.6. — According to [18] a psedodifferential operator as in Connes, admits
a well defined distributional Schwartz kernel over G. It is easy to check that this
Schwartz kernel coincides with our Kp when the two families correspond as in the
previous remark.

Remark 3.7. — The construction explained in remark 3.5. also allows to establish
an identification between Connes’ von Neumann algebra [18] for the groupoid G and
our von Neumann algebra W3(G,E). It is easy to check that Connes’ trace [18]
corresponds to our trace TV through this identification.

Lemma 3.8. — A pseudodifferential operator P of order m yields an A.-linear map
P :E — F.. Moreover, the following identity holds in A.: < Pu,v >=< u, P*v >
Yu € &, Yv € Fe.

Proof. — Let § € & and let f € A.. By definition ((f)(-) = > (R:-.&)()f (v (-),7)
with 7 : M x T — T the projection. Hence:

PEf) = P(Z(Rilf)(-)f(w(-)ﬁ)>

Y

= Y (P(R6) () FOm(),)
= X (B-P) Orm().7) = (PO

S
where in the second equality we have used the fact that P commutes with multipli-
cation by functions in C(T) (indeed, P is given by a continuous family) and in the
third equality we have used the I'-equivariance. The equality < Pu,v >=< u,P*v >
is established in a straightforward way.

O

Proposition 3.9. — Let P be a pseudodifferential operator of order m between &,
and F.. Then we have:

1. If m <0 then P extends to a bounded adjointable A,,-linear operator P,, from
Em to Fm and to a bounded adjointable A, -linear operator P, from &, to F.

2. If m < 0, then Py, is an Ay, -linear compact operator from En, to Fy, and P, is
an A.-linear compact operator from &, to F,

Proof. — We only sketch the arguments, following [54]. For simplicity we take F and
F to be the trivial line bundles, so that £ = F.. We give the proof for the maximal
completion, the proof for the regular completion being the same.
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For the first item, one applies the classical argument of Hérmander, see for example
[62], reducing the continuity of order zero pseudodifferential operators to that of the
smoothing operators. We omit the details.

For the second item, one starts with P of order < —n, with n equal to the dimension
of M. Then P is given by integration against a continuous compactly supported ele-
ment in G; in other words P = x(K), with K € C.(G). We already know that such
an element extends to a compact operator P on &,y,, see 3.1. If P is of order less than
—n/2 then we consider Q := P*P which is of order less then —n and symmetric. We
know that Q extends to a (compact) bounded operator on &,,; thus if f € & then, in
particular, |Pf||? < C||f||* which means that P extends to a bounded operator P on
Em. Similarly P* extends to a bounded operator P* and by density we obtain that
P is adjointable with adjoint equal to P*. Now, again by density, we have Q = P *P;
thus we can take the square root of @ which will be again compact since Q is. Using
the polar decomposition for P we can finally conclude that P is compact which is
what we need to prove.

If the order of P is m < 0 then we fix ¢ € N such that m2’ < —n; then we proceed
inductively, considering (P*’P)Qe and applying the above argument.

O

Let P = (Py)ger be an element in W%(G); its principal symbol a,(P) defines a
I'-equivariant function on the vertical cotangent bundle T} {;(M x T) to the trivial
fibration M x T — T} equivalently, o;(P) is a function on the longitudinal cotangent
bundle T*F to the foliation (V,F). If, more generally, P € \I/ﬁ(G;E,ﬁ), then its
principal symbol will be a I'-equivariant section of the bundle Hom(7, (E), ﬂ}(ﬁ ) =
T (E\*)®7r‘*/(ﬁ) with 7y : T3 (M xT) — (M x T') the natural projection; equivalently,
o¢(P) is a section of the bundle Hom(nzE,7%F) over the longitudinal cotangent
bundle 7z : T*F — V. We shall say that P is elliptic if its principal symbol o;(P)
is invertible on non-zero cotangent vectors. We end this Subsection by stating the
following fundamental and classical result whose proof can be found, for example in
the work of Connes [17], see also [37]. (Notice that in this particular case the proof
can be easily done directly, mimicking the classic one on a closed compact manifold.)

Theorem 3.10. — Let P € V'(G; E,ﬁ) be elliptic; then there exists Q € ¥ (G, ﬁ,E‘)
such that

(9) Id— PQ e V(G F,F), 1d—QP¢cV,>(G;E,E)

Notice that in our definition elements in W_ > are of I'-compact support: this
applies in particular to both S :=1d — PQ and R:=1d — QP .

We end this subsection by observing that it is also possible to introduce Sobolev
modules £) and prove the usual properties of pseudodifferential operators, see [55].
For simplicity we consider the case k € N. In order to give the definition, we fix
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an elliptic differential operator of order k, P; for example P = DF, with D a Dirac
type operator. This is a regular unbounded operator (see the next subsection). We
consider the domain of its extension DomP,,, and we endow it with the A,,-valued
scalar product

< 8t >p=< 8,t >+ < Pps, Pt >

This defines the Sobolev module of order k, £*). One can prove for these modules
the usual properties:

— different choices of P yield compatible Hilbert module structures;
— if k > ¢ we have &%) — £() and the inclusion in A,,-compact
— if R € U(G, E) then R extends to a bounded operator £*) — £(k=m)

Since we shall make little use of these properties, we omit the proofs.

3.3. Functional calculus for Dirac operators. — Let D = (De)ge;r be a I'-
equivariant family of Dirac-type operators acting on the sections of a I'-equivariant
vertical hermitian Clifford module E endowed with a I'-equivariant connection. We
shall make the usual assumptions on the connection and on the Clifford action ensur-
ing that each Dy is formally self-adjoint. Recall that D = (Dg)ger € UL(G; E) and
that D induces a Ac-linear operator on &, that we have denoted by D.

Proposition 3.11. — The operator D is closable in &, and in E,,. Moreover, the
closures D, and D,, on the Hilbert modules &, and &, respectively, are reqular and
self-adjoint operators.

Proof. — We give a classical proof based on general results described for instance
in [54]. Since the densely defined operator D is formally self-adjoint, it is closable
with symmetric closures in &, and &, respectively. Let Q € (G, E) be a formally
self-adjoint parametrix for D:
Id-DQ=S, 1Wd-QD=R.

For simplicity, we denote by 7 the regular or the maximal representation, by &, the
corresponding Hilbert module and by D, the closure of D. Since Q has negative
order, it extends into a bounded operator on &, denoted by Q,, or simply by Q..
On the other hand, we know that the zero-th order pseudodifferential operator DQ
extends to a bounded A;-linear operator on &,. If £ belongs to the domain of this
closure (which is &) then there exists &, in C°*0(M x T, E) converging in the m-norm
to € and such that (DQ){n is convergent in the 7 norm. We deduce that Q. (&) is well
defined and is the limit of Q&,. Hence we deduce that Q¢ belongs to the domain of
D, and that ImQ, € Dom D,;.. Hence, D, Q, is a bounded operator which coincides
with the extension of DQ and we have with obvious notation,

DTA’QTF:I_SW)
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so QEDE C (D Qr)* =1 — S and hence Dom(Dj) C Im(Q%) + Im(S}). Since O is
self-adjoint we deduce that
Dom(D}) C Im(Q,) + Im(S}) € Dom(Dy).

The last inclusion is a consequence of the fact that S} is induced by a smoothing I'-
compactly supported operator. So D, is self-adjoint. Now, the graph of D, G(D,),
is given by

G(Dr) = {(Qx(n) +Sw(77')aDw(Qw(7l)) + Dw(Sw(ﬁ/))vn’n/ € &Exr}

Hence G(D;), which is closed in &; x &, coincides with the image of a bounded
morphism U of A,-modules given by

Qﬂ' Sﬂ'
U =
( DTK‘Q?T D7r87r )
Now, as a general fact, the image of such morphism, when closed, is always ortho-
complemented. Thus D, is regular. O

Recall that we established in Lemma 3.2 isomorphisms of Hilbert spaces
Dy : 5m ®7‘r§“’ 62(1_‘9) - L2(L9a E) ) Uy : gm ®7‘r'geg 62(11) - L2(M97 E)

Proposition 3.12. — Let ¢ : R — C be a continuous bounded function. Then for
any 0 € T, the bounded operator, acting on L*(Lg, E), given by

®g o [)(Dm) @rav Li2(re)] 0 D5,

coincides with the operator ¢(Dr,) where Dy, is our Dirac type operator acting on
the leaf Lg.
In the same way the operator, acting on L*(My, Eg), given by

Wy o [d)(Dm) ®res I@(F)] oWy,
coincides with the operator 1)(Dg).

Proof. — We prove only the first result, the proof of the second is similar. Since the
operator D,, is a regular self-adjoint operator, its continuous functional calculus is
well defined. See [54]. Let € € &, and let f € C.[I'6], then we have

Do(Dp(§) @ £) (1, 0) = Y f(40)(DE)(my~",70)

yel

Y SOO)R; - (DE)](m, 6)

yel’

> F(0)D(R:-18)(m, 0)

yer
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On the other hand, the action of the operator Dy, on the image of ®g is given by
(DL, 0 @g) (&0 f) (11, 0) = > f(v0) Do([y~"Elo) ().
yer
Since by definition of D we have D(y~€)(1,0) = Dg([y~'€]g)(1h) we obtain that
®go (D ®@I)od,' = Dyp,.
If 9 is as above then we get as a consequence of the definition of functional calculus,
¥(Dr,) = ¢ (2o (Dm@I)ody")
= Poy(Dp®I)ody!
By uniqueness of the functional calculus we also deduce that ¢(D,,, ® I) = (D) 1,

and hence the proof is complete. O

Before proving the main result of this Subection, we recall two technical results
about trace class operators. First we establish two useful Lemmas. The first one
is classical and generalizes [52] Proposition A.3.2 while the second one is an easy
extension of similar results for coverings established in [1].

Lemma 3.13. — Let S € W} (G, E); then the following statements are equivalent:

— S is 7 Hilbert-Schmidt (i.e. 7V(S*S) < +00);
— there exists a measurable section Kg of END(E) over G such that for v-almost
every 6 the operator Sy is given on L*(My, Eg) by

(Sp) (1 / K (i, i, 0)¢ (i)',
with
/~ tr (K (i, i, 0)* K g (im, ', 0)) dinndii dv(6) < +oo
MxFXT

where we interpret Kg as a I'-equivariant section on MxMxT.

Moreover in this case the T Hilbert-Schmidt norm of S, ||S||?_pg := 77(S*9), is
given by

1SI1? _ps = / tr (Ks(m,m',0) Kg(m,m’,0)) dmdm dv(d).
MXFXT

Proof. — We have, by definition,
)12 s = 7 (55 / S0 My s du(0)

where the integrand involves the usual Hilbert-Schmidt norm in L2(Mg, Ep). There-
fore the proof is easily deduced using [52][page 251] O

Lemma 3.14. — Let S be a positive selfadjoint operator in Wi (G, E); then the
following statements are equivalent:
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— 7Y(8) < 4005
— for any smooth compactly supported function ¢ on M, the measurable function

756 — Tr(Mgzo Spo M)

1s v-integrable on T, where the trace is the usual trace for bounded operators on
the Hilbert space L*(M, E);
— for any smooth compactly supported function ¢ on M, the function

T30 — |5y o Myl
1s v-integrable on T'.

Proof. — We follow the techniques in [1] and use Lemma 3.13. The second and
third items are clearly equivalent. Assume that 7(S) < 400 and let ¢ be a smooth
compactly supported function on M with uniform norm ||¢s.. We let I'y be a finite
subset of I' such that the support of ¢ lies in the union U,er, Fy. Here F is a
fundamenal domain as before. Then S'/2 is 7¥ Hilbert-Schmidt and if Kgi/2 is its
Schwartz kernel, then we easily deduce

/~ SO e (K ga (i, i, 0)° K gu 2 (i, i, 60)) dindit du(6)
MxMxT

/ GGV 2 tr (K gua (17, 17, 6) K 12 (1, i, 6)) din dii do(6)
= MXFyxT

o2 x Z /M i Ttr(Ksl/g(m,m',o)*Ksl/2(m,m’,0)) dm dm’ dv()
~€ET, X Fryx

IN

= ”QSHgo X Z /~ tr (KS1/2(T7’L’>/71,ﬁ),/’79)*}(51/2(7’71771’771/,79)) drhdm/dz/(ﬁ)
~ET, MXxFXT

= ||<;SH§O x Card(T'y) x 77(5) < +o0.

Conversely, let ¢ be any nonnegative smooth compactly supported function on M
such that ¢x = x, where y is the characteristic function of F'. Then we have

TV(S) = /TTr(MXOS(;OMX)dV(&)

/ Tr(M, o My o SgoMyoM,)dv(d)
T

IN

/ Tr(Mg o Sg o My) dv(f) < +o00
T
O

Proposition 3.15. — Let S = (Sg)per be an element of the von Neumann algebra
WE(G; E). We assume that Sy is an integral operator with smooth kernel for any 6
i T and that the resulting Schwartz kernel Kg is a Borel bounded section over G.
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— If S is positive and self-adjoint, then S is TV trace class and we have
(10) (8) = / tr(K s (17, 7, 0))dindu(6),
FxT

where F is a fundamental domain in M and where in the right hand side we
interpret K(S) as a I'-equivariant section on M x M x T.
— If S is assumed to be TV trace class, then formula (10) holds.

Proof. — Let us prove the first item. Let ¢ be a smooth compactly supported function
on M. The operator My o Sp o Mg acting on L?(My, E) has a smooth compactly
supported Schwartz kernel and is therefore trace class with

Tr(Mg o Sp o My) = / |p(m)|* K (1, m, 0) din .

M

Since Kg is bounded as a section over G and since v is a borelian measure, we have
This shows, using Lemma 3.14, that S is 7¥ trace class and also that S/2 is 77

Hilbert-Schmidt. By Lemma 3.13 we deduce that the S'/2 is an integral operator
with measurable Schwartz kernel Kgq1/» satisfying

12|25 == / tr (Kgi/2 (1, m/,0)* Kgi/2 (1, m/, 0)) dindindv(0) < +oo.
MxXFxT
On the other hand we also have

Ks(m,m,0) = / K2 (1, 0) K g1/2 (i, i, ) din
M
= B Ksl/z(mﬂ’h/,9)K51/2(77~’L,Th/,9)*dm

The last equality employs the fact that S/2 is selfadjoint. Taking pointwise traces

we get:
tr Kg(m,m,0) = /1\71 tr (Kgi2(m,m’,0)Kgi/2(m,m',0)*) dm
= /1\71 tr (Kgi2(m,m’,0)* Kgi2(m,m’,0)) dm .
Therefore

(8) = 1SV = / tr Kg (i, m, 0)dindv (6)
FxT

This finishes the proof of the first item.

Regarding the second item, assume now that S is 77 trace class i.e. 77(|S]) is finite.

Write S = U|S] for the polar decomposition of S in W*(G, E). Then the operators
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|S|*/? and U|S|*/? are 7 Hilbert-Schmidt and thus have L? Schwartz kernels Kisp
and Ky g1/2. Using Lemma 3.13 and the polarization identity we deduce:

< U|S|1/2, ‘S|1/2 >HS
_ / b Ky 172 (17,70, 0) K 1/2 (17, 17, 6)* dim dia’ duo(6)

MXxFXT

_ / tr Ky 5172 (17, 70 0) K 12 (17 17, 0) i dit’ d(6)
MxFXT

/ tr K g (i, m, 0) din du(0)
FxT

Hence
(S) =< UIS|/2,| 5|2 >HS:/ tr K g (i, m, 0) dindu(6)
FxT
The proof is complete. O
Remark 3.16. — A proof similar to the one given above shows, as in [1] (Propo-

sition 4.16), that if R = (Rg)eer has a continuous (or even Borel bounded) leaf-
wise smooth Schwartz kernel with T'-compact support, then R is TV trace class with
T (R) = [p o tr Kg(m, m, 0)dm dv(0).

A similar statement holds for a leafwise operator in W (V,F; E) with a Borel bounded
leafwise smooth Schwartz kernel which is supported within a uniform C-neighbourhood,
C eR,C >0, of the diagonal of every leaf.

Proposition 3.17. — Let ¥ : R — C be a measurable rapidly decreasing function.
The the operator (D) = ((Dg))ecr satisfies the assumption of Proposition 3.15
(second item). In particular y(D) has a bounded fiberwise-smooth Schwartz kernel
Ky and we have

P@B) = [ eyl i dv(0).

Proof. — Using [37], Theorem 7.36 (which is in fact valid for any measurable rapidly
decreasing function) we know that Ky is bounded and fiberwise smooth and that
(D) € W(G, E) . Therefore it remains to show that ¢(D) is 7¥ trace class since
then we can simply apply Proposition 3.15 (second item). But [¢/(D)| = [¢|(D)|
and |t is a measurable rapidly decreasing function; therefore |1)(D)| has a bounded
fiberwise smooth Schwartz and thus satisfies the assumptions of Proposition 3.15 (first
item). We conclude that (D) is 7¥ trace class. O

A statement similar to the one just proved holds for the leafwise Dirac-type oper-
ator D := (Dr)rev/7. In order to keep this paper to a reasonable size we state the
corresponding proposition without proof. See [51]

Proposition 3.18. — Let ¢ : R — C be a measurable rapidly decreasing function.
Then the operator (D) := (Y(DL))rev,F is T¢ trace class, has a leafwise smooth
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Schwartz kernel K, which is bounded as a measurable section over the equivalence
relation Upeyr L x L,and we have

Tr(¥(D)) = / tr( Ky ([, 0], [m, 0]))dm dv(0)
FxT
where now F' x T is viewed as a subset in V.

We are now in position to prove the main results of this section.

Theorem 3.19. — Let for simplicity ¥ : R — C be a Schwartz class function. Then
V(Dy) € Ka,, (En) and the element X} (¥(Dpm)) € BE admits a finite ¥, trace and

also a finite Ty, trace. Moreover

— 77 (Xt (W (D)) = T% [(w(DL))Lev/F] where (Y(Dr))rev,F is the correspond-
ing element in the leafwise von Neumann algebra Wi (V,F;E) and 7% is the
trace on this von Neumann algebra as defined in Subsection 2.4.

— T;’eg(X;,Ll (W(Dp)) = 1 [(’IZJ(DQ))QGT} where (l/}(Dg))eeT is the corresponding

element in the regqular von Neumann algebra W (G, E) and 7" is the trace on
this von Neumann algebra as defined in Subsection 2.4.

Proof. — We know from Corollary 2.6 that 7/, = 7% o 7*”. Therefore

Taw (X' (14(P)])) 77 [(7 o X ) ([ (D))
= 7% (@90 [[¢|(Dm) @rgo I] 0 @5 )per)

The last equality is a consequence of Proposition 3.3. Now, using Proposition 3.12,

we finally deduce

Tav(Xen' ([$(Pm))) = 7% (([W1(DL)) pevyr) < +oo.

Hence we see from Proposition 3.1 that x;'(|)(D,,)]) is trace class and the same
computation with 1 instead of |¢| finishes the proof of the first item. The second
item is proved repeating the same argument. O

4. Index theory
Let M, T, and T be as in the previous sections and let (V,F), with V = M xp T,

the associated foliated bundle. We assume in this section only that the manifold M
is even dimensional and hence that the leaves of our foliation are even dimensional.
Let E be a continuous longitudinally smooth hermitian vector bundle on V' and let E
be its lift to M x T. Let D = (Dg)geT be as in the previous section a I'-equivariant
continuous family of Dirac-type operators. The bundle E is Zg-graded, £ = E*T®E™,
and the operator D is odd and essentially self-adjoint, i.e.

DG:(DO;F D09> voeT
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and (Dy)* = Dj. Let D := (Dr)rev,r be the longitudinal operator induced by D
on the leaves of the foliation (V, F).

4.1. The numeric index. — We consider for each 6 the orthogonal projection l:[(,i
onto the L?-null space of the operator [)gt. Similarly, on each leaf L, we consider
the orthogonal projections Hf onto the L2-null space of the operator Dy. It is well
known that these orthogonal projections are smoothing operators, but of course are
not localized in a compact neighborhood of the unit space V, viewed as a subspace
of the graph of the foliation equivalence relation.

Proposition 4.1. —
— The family I+ := (ﬁét)ge'f belongs to the regular von Neumann algebra W (G, ET).
Moreover it is a TV trace class operator.
— The family I+ = (H%)LEV/F belongs to the leafwise von Neumann algebra
Wi (V,F; EX). Moreover it is a 7% trace class operator.

Proof. — As we have already mentioned, for any Borel bounded function f : R — C,
the operator f(D) (respectively f(D)) belongs to the von Neumann algebra W (G, E)
(to the von Neumann algebra W (V, F; E)). Hence, II* belongs to W (G, E*) and
[T+ belongs to W (V, F; E*).

Recall on the other hand from Propositions 3.17 3.18 that e=D* is v trace class
and that e=P” is T% trace class. Hence the proof is complete since

ﬁ:l:[e_f)2 and H:He_Dz.

Definition 4.2. — We define the monodromy index of D as

(11) indzp(D) = Tu(f[+) - T”(f[f)
We define the leafwise index of D as
(12) indgown(D) = T}(H+) - T;'<H_)

As D is elliptic, we can find a I-equivariant family of parametrices Q := (Qg)geT
of T'-compact support with remainders R; and R_; the remainder families are I'-
equivariant, smoothing and of I'-compact support, i.e.

R,=1-QD" and R_=I-DTQ; Ric U, ®(G, EF).
We know that R4 are both 7 trace class. Let Q, R4, R_ be the longitudinal operators
induced on (V, F); thus Q, Ry € Wi(V,F;E*) and R_ € W (V,F; E~) with Ry 7%
trace class, see Remark 3.16.

Proposition 4.3. — For any N € N, N > 1, the following formulas hold:
(13) lndzp(b) = TV(R+)N - TV(R*)N ) indgown(‘D) = T]V-'(RJr)N - T]V:(R*>N
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Proof. — Let N = 1; then the proof glven by Atlyah in [1] extends easily to the

present context. Replacing the parametrix Q by Qn := Q(l +R_+R2+...+RN"L,

which is again a parametrix, reduces the general case to the one treated by Atiyah.
O

Using these formulas we shall now sketch the proof of the precise analogue of
Atiyah’s index theorem on coverings.

Proposition 4.4. — The monodromy index and the leafwise index coincide:

(14) indy, (D) = indfoy, (D)

Proof. — Given ¢ > 0 we can choose a parametrix Q € \(ex E‘,E“‘) with the
property that the two remainders Ry = (Ri)g, 0 € T are such that each (éi)g is
supported within an e-neighbourhood of the diagonal in My x M,. Let Rim: &5 = _,
ET be the induced operators on the A,,-Hilbert modules £ +. since Ry are smoothmg
and of I'-compact support we certainly know that R ,, are A,,-compact operators.
Let K* := ;' (Rem) € Bf;;i; K¥ is simply given by the Schwartz kernel of Ry and
is in fact an element in BY “ . In particular K * has finite Treg trace and 75, trace. By
arguments very similar (in fact easier) to those establishing Theorem 3.19 we know
that

(15)

Ty(éi) reg(Xm R+ m) = Treg(Ki) ’ T;‘(Rﬂ:) = T:V(X;LlRi7m) = 7_ (Ki)

Thus, from (13), it suffices to show that

Trog () = T (K¥).

We can write
T (KF) = / > K[, vy, 0] din dv(0)
FXTﬂ/eI‘(H)

= K* [, i, 0] din dv(0) + / > K[, my, 0] dindy(0)
ExT EXT yer(0)iyze

= Ti(K5) + / S KE[m, vy, 0] dindu(6)
T yer(0)ive
Choosing ¢ small enough we can ensure that K*[m, my, 0] = 0 Vy € T'(6), v # e. The

proof is complete.
O

Remark 4.5. — The possibility of localizing a parametriz in an arbitrary small neigh-
bourhood of the diagonal plays a crucial role in the proof of the above Pmposztzon
There are more general situations, for example foliated flat bundles M xp T with M
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a manifold with boundary, where it is not possible to localize the parametriz. In these
cases the analogue of Atiyah’s index theorem does not hold.

4.2. The index class in the maximal C*-algebra. — Let D™ be as in the previ-
ous subsection. As before we consider a parametrix Q := (Qg)ger € W71 (G; E~, ET)
with remainders R+ and R_. The family Q defines a bounded A,,-linear operator
Q,, from &, to &f. The families R+ and R_ define A,,-linear compact operators
R+.m on the Hilbert modules EX respectively.

We now define idempotents p, po in Max2(K 4, (Em) ® C) by setting

R Rim R+7m(I+R+,m)Qm L 0 0
(16) b= (R’mD;Q I-R2,, =g g

We thus get a Ko-class [p — po] € Ko(Ka,,(Em))-

m

Definition 4.6. — The (mazimal) index class IND(D,,) € Ko(By,) associated to
the family D is, by definition, the image under the composite isomorphism

Ko(Ka,,(Em)) = Ko(B) — Ko(Brn)
of the class [p — po].

One also considers the index class in Ko( A ):
(17) md(D,) = My L (IND(D,,) € Ko(Ay)
with Muax : Ko(Am) — Ko(Bp,) the Morita isomorphism considered in Proposition
2.10.
: Ko(By,) — Cand 772, , : Ko(B,) — C. Using the

reg,*
natural morphism Ky(B,,) — Ko(B,) we view both morphisms with domain Ky(B,,):

Recall now the morphisms 7,7,

(18) Tav e Ko(Bm) — C, Treg,x - Ko(Bm) — C
Recall also that using the natural morphism Ky(A,,) — Ko(A,) we have induced

morphisms

(19) T:v,* : KO(Am) - C? Tre : KO(Am) —C

reg,x

Proposition 4.7. — Let IND(D,,) € Ko(By,) and Ind(D,,) € Ko(Ay,) be the two
index classes introduced above. Then the following formulas hold:

(20) indj, (D) = 7/ . (IND(Dpn)) = 75, (Ind(Dy))
(21) indgown(D) = T;v,*(IND(Dm)) = T;jv,*(Ind(Dm))

Consequently, from (14), we have the following fundamental equality:

(22) Tregx (Id(Dp)) = 72, . (Ind(Dy,))
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Proof. — We only need to prove the first equality in each equation, for the second
one is a consequence of the definition of Ind(D,,) € Ko(A,,) and the compatibilty
result explained in Proposition 2.10. For the first equality we apply (13) with N = 2
and the parametrix Q. Using now (15), (16) we get

indi, (D) = 7V((R4)?) —7"((R-)?)
Trea(Ram)?) = Tieg(R—m)?)
= Tlf/eg,* (IND (Dm))

The proof of the other one is similar.
O

Remark 4.8. — The equalities in Proposition 4.7 can be rephrased as the equality
between the numeric C*-algebraic indexr and the von Neumann index. Notice once
again that there are more general situations where this Proposition does not hold,
in the sense that there exists a well defined von Neumann index but there does not
exist a well-defined C*-algebraic index we can equate it to. The simplest example
is given by a fibration of compact manifolds L — V' — T with V and L manifolds
with boundary. The von Neumann index defined by the family of Atiyah-Patodi-Singer
boundary conditions is certainly well defined (this is the integral over T' of the function
that assigns to 0 € T the APS index of D;r). On the other hand, unless the boundary
family associated to (D;)geT 1s invertible, there is not a well defined Atiyah-Patodi-
Singer indez class in Ko(C(T)) = K°(T). For more on higher Atiyah-Patodi-Singer
index theory on foliated bundles see [33], [32].

4.3. The signature operator for odd foliations. — We briefly review the defi-
nition of the leafwise signature operator in the odd case. Recall that when dim(M) =
2m — 1, the leafwise signature operator is defined as the operator D" acting on
leafwise differential forms on V', defined on even forms of degree 2k by

DJE =i (-1 (s d — do),
and on odd forms of degree 2k — 1 by
Dot =i (1) M (d o x + x 0 d),

where d is the leafwise de Rham differential and * is the usual Hodge operator along
the leaves associated with the Riemannian metric on the foliation [37]. An easy
computation shows that the two operators Dzzg; and DS#% are conjugate so that
their invariants coincide and it is sufficient to work with one of them. In contrast
with [3], D%#" will be in the sequel the operator Dzidgn. Using the lifted structure
to the fibers of the monodromy covers M x {#} of the leaves, we consider in the
same way the D-equivariant family of signature operators Dsis? — (Dzign)geT which
actually coincides with the lift of D%'8" as can be easily checked. The following is well
known, see [2], [3] for the first part and [27] for the second:
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Recall that the K; index of D*8" is the class of the Cayley transform of D$8", see
for instance [27].

Proposition 4.9. — The operator D" is a leafwise elliptic essentially self-adjoint
operator whose K1 index class is a leafwise homotopy invariant of the foliation.

The square of D®8" is proportional to the Laplace operator along the leaves and

sign
ev

forward, see [3], and classical elliptic theory on foliations of compact spaces allows to
deduce that it is essentially self-adjoint. Now D" is unitarily equivalent to D$i&"
and hence is also formally self-adjoint. We shall get back to the index class later on.
The homotopy invariance means that if f : (V,F) — (V/, F’) is a leafwise oriented

hence it is leafwise elliptic. The proof that D is formally self-adjoint is straight-

leafwise homotopy equivalence between odd dimensional foliations, then with obvious
notations we have

£. Ind(D%¥&") = Ind(D¥&")

where f, is the isomorphism induced by the Morita equivalence implemented by f
[27].

5. Foliated rho invariants

Recall that T is a compact Hausdorff space on which the discrete countable group
I" acts by homeomorphisms, M is a compact closed manifold with fundamental group
I' and universal cover M and that V = M xp T is the induced foliated space. We are
also given a Borel measure v on T which is I'-invariant. We assume in the present
section that M is odd dimensional and whence that the leaves of the induced foliation
F of V are odd dimensional. We fix as in the previous section a Dirac-type operator
along the leaves of the foliation (V,F) acting on the vector bundle E. We denote
by D this operator acting leafwise, so D = (DL)Lev/F where each Dy, is an elliptic
Dirac-type operator on the leaf L acting on the restriction of E to L. We also consider
the lifted operator D to the monodromy groupoid G of the foliation (V, F) as defined
in Section 3.2. More precisely, D = (Dg)geT is a I'-equivariant continuous family of
Dirac type operators on M.

5.1. Foliated eta and rho invariants. — The construction of foliated eta in-
variants was first given independently in the two references [46] [42] and the two
definitions work in fact for general measured foliations. Notice that [46] works with
the measurable groupoid defined by foliation, whereas [42] works with the holonomy
groupoid. As we shall clarify in a moment, the choice of the groupoid does make a
difference for these non-local invariants. We give in this paragraph a self-contained
treatment of these two definitions following our set-up, but using the monodromy
groupoid instead of the holonomy groupoid considered in [42].
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We denote by k; and k; the longitudinally smooth uniformly bounded Schwartz
~ 4242

kernels of the operators ¢;(D) and ¢;(D) obtained using the function ¢ () := ze
for ¢t > 0. See Lemma 3.17.

Lemma 5.1. — (Bismut-Freed estimate) There exists a constant C > 0 such that
for any (m,0) € M x T, we have:

|tr(k ([, 0], [, 0)))| < C and | tr(ke([m,m, 0)))] < C, fort <1.

Proof. — A proof of these estimates appear already in [46]. We give nevertheless a
sketch of the argument.

The Bismut-Freed estimate on a closed odd dimensional compact manifold M is a
pointwise estimate on the vector-bundle trace of the Schwartz kernel of D exp(—t*D?)
restricted to the diagonal. See the original article [13] but also [36]. As explained for
example in the latter reference the Bismut-Freed estimate is ultimately a consequence
of Getzler rescaling for the heat kernel of a Dirac laplacian on the even dimensional
manifold obtained by crossing M with S!. Since these arguments are purely local,
they easily extend to our foliated case, using the compactness of V := M xp T in
order to control uniformly the constants appearing in the poinwise estimate. O

The operators D? and D? (as well as the operators |D| and |D]|) are non negative
operators which are affiliated respectively with the von Neumann algebra W (V, F; E)
and the von Neumann algebra W (G; E). (This means that their sign operators as
well as their spectral projections belong to the von Neumann algebra.) Moreover,
according to the usual pseudodifferential estimates along the leaves (see for instance
[54], [8]), the resolvents of these operators belong respectively to the C*-algebras
K(W3(V,F;E), %) of T%-compact elements in W;(V,F;E) and K(W;(G; E), ")
of T¥-compact elements of W} (G; E). We recall that these compact operators are
roughly defined using for instance the vanishing at infinity of the singular numbers,
and we refer, for example, to [8] for the precise definition of these ideals. Set

+oo 5 +oo N
D? = / ME, and D?= / ME},
0 0

for the spectral decompositions in their respective von Neumann algebras. So Fy and
E, are the spectral projections corresponding to (—oo, \). Since the traces are normal
on both von Neumann algebras,

N\ =7%(E\) and N(\) =74 (E)),

reg

are well defined finite (Proposition 5.6 in the next subsection) non-decreasing and
non-negative functions, which are right continuous. Hence there are Borel-Stieljes
measures ¥ and ¢ on R, such that:

L (f(D)) = / f(@)dd(z) and 7 (f(D)) = / F(@)di(a),
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for any Borel function f : R — [0,400]. Since N and N are finite, the measures
and 1 are easily proved to be o-finite.

Proposition 5.2. — The functions t — T}’_—(De’tglﬂ) and t — T”(be*t{zfﬁ) are
Lebesgue integrable on (0, +00).
Proof. — We have
[r5(De ") < 75(Dle”"P)  and - |r(De”" P < 7 (IDle”").
2‘/1:2

Therefore and since the function x — |z|e™**" is rapidly decreasing, we know from

Propositions 3.17 and 3.18 that for any ¢ > 0
74(|D]e™""P*) < 400 and 77(|D]e " P%) < +oo.
We also have the formulae

(D Py = [ aeTad(z) and (|Dle P = [ Vze UTdi(x).
R, R

Therefore, by Tonelli’s theorem

+oo 272 o > 2

/ (Dl P at = / \/E/ e dt 4o (x)

1 0 1

/ \/Ee_”/ e~ =17 gt 4y (x)

0 1

= %/ \/Ee_c”/ 27V2 (w4 )72 du di ()
0 0
1 oo

3 (/0 e‘“dﬂ(x)) (/OOO u—l/%—“du>

ﬁ V(e_D2>.

2

IN

The same proof show that
oo ~ 27”2
/ (/D] P7)dt < 4-o0.
1

On the other hand, we have

/0|T;(De—tD)|dt < /0/FXT|tr(kt([rh,9],[rh,@])|dmdu(0)dt

IN

1
/ Cdmdv(9)dt

0 JFEXT
= Cxvol(V,dmn®v) < +o0.

Again, the same proof works as well for the regular trace and the regular von Neumann
algebra. 0

We are now in position to define the foliated eta invariants.
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Definition 5.3. — We define the up and down eta invariants of our longitudinal
Dirac type operator by the formulae

Vo7 2 oo vy, —t>D? v 2 oo v —t2D?
Nup(D) = 7 )y T"(De Yt and Yo (D) = 7 T#(De )dt.

Since the traces on both von Neumann algebras are positive, the two eta invariants
are real numbers.

Definition 5.4. — The foliated rho invariant associated to the longitudinal Dirac
type operator D on the foliated flat bundle (V,F) is defined as

pV(Da ‘/7‘7:) = nﬁp(D) - ngown(D)
with D the lift of D to the monodromy cover.

We are mainly interested in the present paper in the leafwise signature operator
Dse and its leafwise lift to the monodromy groupoid D*8". In this case, we can
state the following convenient result.

Lemma 5.5. — Denote by A; the Laplace operator on leafwise j-forms. Then the
foliated eta invariant of the operator DS8% on (V, F) is given by

. 1 “+o0 2 1 +oo 2
n’(DYEV, F) = — T (xde” A1) dt = — T4 (dx et AL,
v Jo v Jo

Similar statements hold for the lifted family D",

Proof. — This is an immediate consequence of a straightforward leafwise version of
the computation made in [2][p. 67-68]. O
5.2. Eta invariants and determinants of paths. — We review the notion of

(log-)determinants of paths, adapting the work of de La Harpe-Skandalis [19] to
our context. Recall that M is odd dimensional. For any von Neumann algebra M
endowed with a positive semifinite faithful normal trace 7, we denote by L!'(M,7)
the Schatten space of summable 7-measurable operators in the sense of [22]. Recall
that L'(M,7) N M is a two sided *-ideal in M. By Propositions 3.17, 3.18 we have
for any rapidly decreasing Borel function v

¥(D) := (¥(Do))oer € L' (W) (G; B), ™) "W (G; E)
W(D) = (¥(Dr,))eer € L'(W; (V. F; E), 77) N\W(V, F; E).
We set D = U|D| and D = U|D| for the polar decompositions in the correspond-

ing von Neumann algebras. Then, this decomposition obviously coincides with the
leafwise decompositions

Dy = Uy|Dg| and Dy, = Ur|Dy|.
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For any 6 € T with L = Ly, we write the spectral decompositions:

_ +oo ~ +oo
| Dyl :/ MES and |Dy| :/ MEL.
0 0
As we have already remarked, the collection of partial isometries U= (U@)geT (resp.
U = (Up,)ser) as well as that of spectral projections Ex = (EY)ger (resp. E\ =
(Ex?)per), all belong to W (G; E) (resp. Wi (V,F; E)).

Proposition 5.6. — We have 7%(E\) < +00 and T4(Ey) < 400 for any A € Ry,

Proof. — We know that for any A < 0 the operator (|D| — A)~! is 7¥-compact in
W (G; E). In the same way, the operator (|D| — \)~! is 7%-compact in W (V, F; E)
[17]. Hence the spectral projections of (|D| — A)~! are 7”-finite and the spectral
projections of (|D| — A)~! are 7%-finite. This completes the proof. O

For any ¢t > 0, the t-th singular number of the operator D with respect to the
probability measure v is defined by [22]

pe(D) = int{|[| D|p|l, p = p* = §* € W;(G; E) and / tr(My (I — po) My )dv(0) < t}.
T
In the same way, we define
pe(D) = inf{||[Dlpll, p = p* = p* € W)(V, F; E) and / tr(My (I=pL,) My )dv(6) < t}.
T

From Proposition 5.6, we deduce that 0 < (D) = p:(|D]) < 400 and 0 < py(D) =
pt(]D]) < +00. The spectral measure of |D| with respect to the probability measure
v is denoted fi, while the spectral measure of |D| is denoted j. So for D for instance
we have

u(B) = /T tr(My 15 (| Dy [) My ) (60)

for any Borel subset B of the spectrum of |D| and
(B) = [ (M1 5(1Dol) 0 )a(6)

for any Borel subset B of the spectrum of |D|.

We denote by ZKg reg (resp. ZKg triv) the subgroup of invertible operators in
WX (G; E) (resp. in W2 (V,F;E)) which differ from the identity by an element of
the ideal K(W(G; E), V) (resp. K(Wi(V,F; E),7%)). The subgroup of bounded
operators which differ from the identity by a 7”-summable (resp. 7%-summable)
operator will be denoted ZLj; ., (vesp. TLj )

Whenever possible we shall refer to both von Neumann algebras W (G; E)
and W} (V,F; E) as M. We shall then use the notation ZK (resp. ZL') and
denote by 7 the corresponding trace.
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Lemma 5.7. — The space ZL' (resp. IK) is a subgroup of the group of invertibles
GL(M) of the von Neumann algebra M.

Proof. — We only need to check the stability for taking inverses. Let then I + T be
an invertible element in M such that T' € L'(M, ) (resp. K(M,7)). Then we can
write

(I+T) ' —I=I+T)'"I-I+T))=—-I+T)'T € L*(M,7) ( resp. K(M,T)).
O

Proposition 5.8. — Let v :[0,1] — ZK be a continuous path for the uniform norm.
For any € > 0, there exists a continuous piecewise affine path v, : [0,1] — ZL* such
that for any t € [0, 1] we have ||v(t) — v.(t)|| < €. Moreover, if v(0) and v(1) belong
to ZLY, then we can insure that y.(i) = v(i) fori=0,1.

Proof. — Since 7y is continous for the operator norm, we can find § > 0 such that
t=s| <d=[lv(t) —v(s) <e/3.

We subdivide [0,1] into 0 = 29 < x; < --- < &, = 1 so that |z — x;| < § for any
j. On the other hand, the ideal L'(M,7) N M is dense in K(M, 1) for the uniform
norm. Therefore, for any j = 0,--- ,n, we can find v.(z;) € B(y(z;),€/9), the ball
centered at y(z;) with radius €/9, such that v.(z;) € ZL'. We then define a path
Ye : [0,1] — ZL' which is affine on every interval [z;,z;4+1] and prescribed by the

values 7c(x;) for j = 0,---,n. The path 7. is then continuous and differentiable
outside the finite set {z;,j =0,--- ,n}. Moreover, for ¢ € [x;,x;+1] we have
[7e(®) = ve(z)ll = 5 |1ve(®@ja1) = el < llye(jpn) — velz;)ll
< [y(yen) — (@)l +2¢/9 < 5e/.
Therefore,
IV @®)=re @O < IO =v (@) I+17 (@) =ve (@) 1+ [7e(25) =re (O] < €/3+€/945€/9 = €.

O

Definition 5.9. — Given a continuous piecewise C1 path v : [0,1] — ZL' for the
Lt-norm in M, we define the determinant w™(v) by the formula

w(y) = %—% / r(4(t) "1 (£))dt.

When M is W*(G, E) this determinant will be denoted by w"”(y) while when
M is equal to W} (V, F; E) this determinant will be denoted w'-(v).

We summarize the properties of the determinant in the following

Proposition 5.10. — Let~y:[0,1] — ZL' be a continuous piecewise C* path for the
L'-norm.
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1. Assume that
lv(@) = I1 <1, foranyt € [0,1].
Then, for any t € [0,1] the operator Log(y(t)) is well defined in the von Neu-
mann algebra and we have

W () = 5= [r(Logy(1)) - r(Log(+(0)].

2. There exists 6o > 0 such that for any continuous piecewise C* path o : [0,1] —
ZIL' for the L' norm, with

la(t) = ()l < 0y and a(i) = ~(i),i = 0,1,

we have w (o) = w™ (7).

3. If v is a continuous piecewise C' path for the uniform norm, then the deter-
minant w7 () is well defined. Moreover, w” () only depends on the homotopy
class of v with fixed endpoints and with respect to the uniform norm.

Proof. — This proposition is a straightforward extension of the corresponding results
n [19]. We give a brief outline of the proof here for the benefit of the reader. It is
clear in the first item, since 7 is a positive trace, that the function ¢t — Log(y(t)) is
well defined (using for instance the series) and is a piecewise smooth path. Moreover,
we have

d dry
—7(L 1) =7(vy ()= (1).
g (Log(v()) = T(v7 (1) - (2)
This completes the proof of the first item.
Let o be a continuous piecewise C'' path satisfying the assumptions of the second
item. We consider the continuous piecewise C* loop 8 : [0,1] — ZL! given by

B(t) = v(t)"La(t) which satisfies 3(0) = 3(1) = I. We have
18() = Il < @) < () = BE) 1

Therefore, with 6, = m, we are done using the first item.

The rest of the proof is similar and is omitted. O

Definition 5.11. — Let v : [0,1] — ZK be a continous path for the uniform norm
such that v(0) and (1) are in IL'. We define the determinant w7 () by w7 () =
w™ (), for any continuous piecewise C path o : [0,1] — ZL' such that

lat) = A(0)llx < 3, and ali) = 5(i),i = 0,1.

Remark 5.12. — It is clear from the previous proposition that the above definition
s well posed.

We now set
2 r 2 )
p(r) = — e ds, Y(x) = —e™)  and
7

fe(x) = ze """ for z € R, and any t > 0.
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Then the function 1 — 1)y, the derivative ¢} and the function f; are Schwartz class
functions for any ¢ > 0. Using the results of the previous sections, we deduce that the
operators I — (D), ¥t (Dm) and fi (D) are A,,-compact operators on the Hilbert
module &,,. Moreover, their images under the representations in the von Neumann
algebras W (G; E) and W} (V,F; E) are trace class operators. Note also that the
operator v;(D,,) is invertible with inverse given by —e~"™?(tPm) 5o 4y (D,,) is a
smooth path of invertibles in ZK 4,, (£,,) whose image under 77 o ;.1 in W, (G; E)
is also a smooth path of invertibles in ZL};,reg.
under 7% oyt in W*(V, F; E). We denote by

,_Yreg(Dm) = (Vtrcg(Dm))tZO = ((ﬂreg © X:n,l)(d}t(’Dm)))tZO

The same result holds for the image

and

7 (Dm) = (7 (Din))ez0 = (T 0 X3, ) (¥e(Pn))) 1
the resulting smooth paths in the two von Neumann algebras. Using the traces 7"
and 7%, we define

wryeg,e(Dm) = w”(v"*®(Dp,)) and wZv,e(Dm) = wr(Y"(Dm))-
t<1/e
t>e

Theorem 5.13. — The following relations hold:

with 7*°8¢(D,,) the path ((77%9 o ;1) (¥(Dim))) and similarly for v*:¢(D,,)

. v 1 v M . v 1 v
lg% wreg,e(D’rn) = 577up(D) and lg}(l) wav,e(Dm) = 577down(D)

and hence
20" (D3 V, F) = ity (D) — (D).

av,e

Proof. — We have by definition and by straightforward computation
re — d re, re _ . 2 a2
Vi (Do) 1%% (D) = (178 ox}) <z7rDmﬁe t Dm)

= 2iy/m("8 o x;,") (fe(Dim))
But we know by Proposition 3.12 that

(7% 0 x;3") (fe(Dim)) = (f¢(De))ser

where (Dg)ger is the T-invariant Dirac type family. Hence we get
D) LA E(D,) = 2R (Do) e
where this equality holds in the von Neumann algebra W} (G; E). Applying the trace
TV, integrating over (0, +o00) and dividing by 2im, we obtain
1 e }
limwtog (D) = T == [ (Do) oer )t

+oo - ~
— = [P Daerin = gt (D).
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The proof of the second equality is similar and one uses the equality

(7™ 0 Xpu') (fe(Dim)) = (fe(DL))Lev/p,
which is proved in Proposition 3.12 . O

6. Stability properties of p” for the signature operator

6.1. Leafwise homotopies. — Let I, T and M be as in the previous sections.
Let V=M x1r T be the associated foliated flat bundle. Assume that M’ is another
I'-coverings and let T” be a compact space endowed with a continuous action of T" by
homeomorphisms. We consider M’ x T’ and the foliated flat bundle V' := M’ xp T.

Definition 6.1. — Let (V,F) and (V',F') be two foliated spaces. A leafwise map
f:(V,F)— (V',F') is a continuous map such that

— The image under f of any leaf of (V,F) is contained in a leaf of (V',F').

— The restriction of f to any leaf of (V,F) is a smooth map between smooth leaves.

Remark 6.2. — 1. We do not assume, that the leafwise derivatives to all orders
of f are also continuous.
2. If V and V' are smooth manifolds and f : V — V' is a differentiable map, then
f is a leafwise map if and only if f. : T(V) — T(V') sends TF to TF'.

Roughly speaking, a leafwise map induces a ” continuous map” between the quotient
spaces of leaves. When the foliations are trivial, a leafwise map f: M xT — M’ x T’
is given by

f(m,0) = (h(m,0),k(9)), (m,0)e M xT,
where k and h are continous and h is smooth with respect to the first variable.

An easy example of a leafwise map occurs when f is the quotient of a leafwise map
f:MxT — M x T between the two trivial foliations, which is (I', I")-equivariant
with respect to a group homomorphism « : I' — I'". We shall get back to this example
more explicitely later on. It is easy to construct a leafwise map between V and V'
which is not the quotient of a (T', ") equivariant leafwise map f. Moreover, if f exists
then it is not unique: indeed, for example, if § € Z(I') C T is an element in the
center of I', then the leafwise map fg = fo 0* (where 6* : M xT — M x T is the
diffeomorphism induced by the action of § on the right), is equivariant with respect
to the same homomorphism « : I' — IV (because ¢ € Z(I')) and also induces f.

Given a foliated space (V,F) in the sense of [37], a subspace W of (V,F) will be
called a transversal to the foliation if for any w € W there exists a distinguished
neighborhood U, of w in V' which is homeomorphic to R? x (U, N W). Then one
can show that the intersection of W with any leaf L of (V,F) is a discrete subspace
of L, that is a zero dimensional submanifold of L. Such a transversal is complete if it
intersects all the leaves. In our example of foliated bundle V' = M xr T, any fiber of
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V — M is a complete transversal which is in addition compact, and any open subset
of such fiber is a transversal.

Definition 6.3. — 1. Let (V,F) be a foliated space. Two leafwise maps f,g
(V,F) — (V',F") are leafwise homotopic if there exists a leafwise map H :
(V x[0,1],F x [0,1]) — (V',F') such that H(-,0) = f and H(-,1) = g.

2. Let (V,F) and (V',F') be two foliated spaces. A leafwise map f : (V,F) —
(V',F') is a leafwise homotopy equivalence, if there exists a leafwise map g :
V', F') — (V,F) such that

— go f is leafwise homotopic to the identity of (V,F).
— fog is leafwise homotopic to the identity of (V',F').

3. We shall say that the foliations (V,F) and (V',F') are (strongly) leafwise ho-
motopy equivalent if there exists a leafwise homotopy equivalence from (V, F) to
V', F).

Note that according to the above definition, the homotopies in (2) are supposed to
preserve the leaves.

It is a classical fact that two leafwise homotopy equivalent compact foliated spaces
(V,F) and (V',F') have necessarily the same leaves dimension [9]. Note also that
each leafwise homotopy equivalence sends a transversal to a transversal.

Lemma 6.4. — A leafwise homotopy equivalence induces a local homeomorphism
between transversals to the foliations.

Proof. — See also [9]. Let f be the leafwise homotopy equivalence with homotopy
inverse g, and denote by h : [0,1] x V — V the C*° homotopy between gf and the
identity. Let w € V. Let W be an open transversal of (V, F) through w € W. Take a
distinguished chart U’ in (V/, F’) which is an open neighborhood of f(w) and which
is homeomorphic to D’ x W’ for some transversal W’ at f(w). Then one finds an
open distinguished chart U in (V, F) such that f(U) C U’. Reducing W if necessary
we can assume that U is homeomorphic to D x W for some disc D. Now, it is clear
that since f is leafwise, it induces a map f : W — W'. By the same reasonning, we
can assume furthermore that g(U’) is contained in a distinguished chart Uy in (V, F),
homeomorphic to Dy x Wy.

The homotopy h induces a continous map h : W — W, and this map (or its
reduction to a smaller domain) is simply the holonomy of the path t — h(t w).
Hence h is locally invertible and it s clear that h~ 1§ is a continuous inverse for f O

When V = M xr T and V' = M’ xp T’, a particular case of leafwise homotopy
equlvalence is given by the quotient of an equivariant leafwise homotopy equivalence
between M x T and M’ x T". Recall that a fiberwise smooth map f : M xT — M'xT"
is a continous map which can be written in the form

f(m,0) = (h(m,0),k(0)), (m,0)eMxT,
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with h smooth with respect to the first variable. If o : ' — I” is a group ho-
momorphism, then the fiberwise map f M xT — M xT is a-equivariant if
F((m,0)%) = (F(m. 0)a(). ) )

In the following definition we extend the action of ' and IV on M x T and M’ x T’
to M x [0,1] x T and M’ x [0,1] x T" respectively, by declaring the action trivial on
the [0,1] factor.

Definition 6.5. — We shall say that f : (V,F) — (V',F’') is a special homotopy
equivalence if there exist continuous maps f : M xT — M’ xT’, §: M'xT" — MxT,
H:Mx[0,1]xT — MxT, H : M'x[0,1]xT" — M’'xT’, and group homomorphisms
a:T =T, 3:T" =T such that:
— f, g, H and H' are fiberwise smooth;
- f is a-equivariant; g is B-equivariant; H is I'-equivariant, H' is I -equivariant;
— the restriction of H to M x {0} xT (resp. of H' to M'x {0} xT") is the identity
map and the restriction of H to M x {1} x T (resp. of H' to M' x {1} xT") is
gof (resp. fog); o ]
—f:(V,F)—= (V',F) is induced by f : M xT — M' x T".

If there exists such a special homotopy equivalence, we say that (V,F) and (V', F")
are special homotopy equivalent.

Lemma 6.6. — If the pairs (V,F) and (V',F') are special homotopy equivalent,
then they are leafwise homotopic equivalent.

Proof. — The equivariance of H and H’ with respect to o and 3, and the trivial
action on the [0,1] factor, allows to induce leafwise maps H : V x [0,1] — V and
H' :V' x[0,1] = V' by setting,

H([m,0];t) :== [H(m,t,0)] and H'([m’,0];t) := [H'(m,t,0")].
In the same way the maps f and ¢ induce leafwise maps f and g which are leafwise

homotopy equivalences through the homotopies H and H'. O

Lemma 6.7. — If f : (V,F) — (V',F') is a special homotopy equivalence induced
by f(m,0) = (h(m,0),k(0)) as in the previous definition, then a : T' — T” is an
isomorphism and k : T — T’ is an equivariant homeomorphism.

Proof. — Let f and § be equivariant leafwise smooth maps which give a special
homotopy equivalence as in the above definition. We denote by k and &’ the continuous
equivariant maps induced by f and g on T and T’ respectively. So,

k:T—T and k' : T' — T.

Since our homotopies send leaves to leaves, the composite maps k' o k and k o k’ are
identity maps. Moreover, if a and § are the group homomorphisms corresponding to



56 MOULAY-TAHAR BENAMEUR & PAOLO PIAZZA

the equivariance property of f and g respectively, then the homotopy H satisfies

H((ri,t,0)y) = H(in, t.0)(Boa)(y), ¥tel0,1].
Therefore, applying this relation to ¢t = 0, we get § o a = i¢dp. The same argument
gives the relation o o 8 = idy-. O

Remark 6.8. — As already remaked, easy examples show that the foliations (V,F)
and (V',F') can be leafwise homotopy equivalent with non isomorphic groups T' and
I and non homeomorphic spaces T and T".

6.2. p¥(V,F) is metric independent. — We fix a continuous leafwise smooth
Riemannian metric g on (V, F). g¢ is lifted to a I'-equivariant leafwise metric g on
M x T, see [37]. So § = (§(0))ger, where §(#) is a metric on M x {A} and we
assume that this structure is transversely continuous and equivariant with respect to
the action of I'. In what follows we shall refer to the bundle of exterior powers of
the cotangent bundle as the Grassmann bundle. Consider the I'-equivariant vector
bundle E over M x T, obtained by pulling back from V the longitudinal Grassmann
bundle FE of the foliation (V,F). Assume for the sake of simplicity of signs that the
dimension of M is 4¢ — 1 that is in the notations of Section 4, m = 2¢. Consider the
associated I'-equivariant family of signature operators (Dzign)GGT associated with g,
as defined in Section 4. We denote by D®#" the longitudinal signature operator on
(V,F) associated with the leafwise metric g acting on leafwise 2¢ — 1 forms.

Recall that v is a I'-invariant Borel measure on 7. We have defined in Subsection
5.1 a foliated rho-invariant p”(D%#*;V, F). We want to investigate the behavior of
p” (D% V, F) under a change of metric and under a leafwise diffeomorphism. First,
we deal with the invariance of p” with respect to a change of metric. Up to constant,
we can replace p” (D18 V, F), as it is usual, see [3] [15], by the p invariant of the
foliation (V,F) defined as:

v v LT s A v —tay] dt
PV Fig) = 2 [ [t — g e 2
where A and A are the Laplace operators on leafwise 2¢ — 1 forms, associated with
the metrics g and g respectively.

Proposition 6.9. — LetT, M, T, v and (V,F) be as above. Let (gu)ueio,1) be a con-
tinuous leafwise smooth one-parameter family of continuous leafwise smooth metrics
on (V,F). Then

(23) 'V, Fig90) = p" (V. F:91)

Proof. — The proof of this proposition in the case where T is reduced to a point was
first given by J. Cheeger and M. Gromov in [15]. The Cheeger-Gromov proof extends
to the general case of measured foliations and in particular to the case of foliated
bundles and we proceed to explain the easy modifications needed for foliated bundles.
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Let D,, for 0 < u < 1, be the leafwise operator on 2/ — 1 leafwise differential forms

f (V,F), given by D, = %, od, where d is the leafwise de Rham operator and #,
is the leafwise Hodge operator associated with the metric g,. It is easy to see that
u +— TY(Dyetv) is smooth. Since V' is compact, the elliptic estimates along the
leaves are uniform and we have for instance

R(e™"*%) C Dom(A,), Vr>0and u € [0,1]

Here R denotes the range of an operator and Dom the domain. Therefore, we can
follow the steps of the proof in [15] and deduce the fundamental relation

d d* d dx*

_ v —tAy — SV —tAg 7 i —tAg
du |u:(]T_7—‘(Due ) T]:(du (O)d ) + Qtdt (d (O)de ))
Using integration by parts, we then deduce
d 4 N _AA, L, dx Ao
ﬁﬁlu:o/e T#(Dye )\[ = 2V ATY ( ( )de ) — 2\@?(%(0)@ ).

Using the normality of the trace 7% and the spectral decomposition in the type Il
von Neumann algebra W (V, F; E), we deduce that

i 2f7f( —(0)de —Aloy =,

Now, the same estimates are as well valid in the type II,, von Neumann algebra
W(G; E) with the normal trace 7¥. Hence, we are reduced to comparing the limits
as € — 0 of the difference

2 e (5 (0)de*2) — 2 /er (- (0)de5),

Replacing the heat operators by corresponding parametrlces which are localized near
the units V, in the two groupoids involved, see for instance [17], the limit of the two
terms in the above difference is proved to be the same by classical arguments, which
finishes the proof. O

According to the previous Proposition we can now denote by p”(V,F)
the signature rho invariant associated to any metric as before. All the
leafwise maps considered in the rest of the paper are assumed to respect
the orientations.

If we are now given a leafwise smooth homeomorphism f : V' — V', then we
can transport the leafwise metric g from V to f.g on V' and form the correspond-
ing signature operator D8’ along the leaves of (V', F’) and also the I'-equivariant
signature operator D&%/ = (D&%’ )y 1 corresponding to the lifted I-invariant
metric. Finally, the I'-invariant measure v on T, yields a holonomy invariant trans-
verse measure A(v) on the foliation (V,F). The leafwise smooth homeomorphism f
sends transversals to transversals and allows to transport the measure A(v) into a
holonomy invariant transverse measure f,A(v) on (V/, F’). Such a measure yields by
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restriction to a fiber a I'-invariant measure v’ on T” so that f.A(v) = A(v'). More
precisely, a fiber V!, , of the fibration V/ — M’ is a transversal to the foliation F’ and
hence the holonomy invariant transverse measure f.A(v) restricts to a measure on
Vn'%. On the other hand, by fixing my( with [m(] = m(, we get an identification of Vél(,)
with the space T’. It is an easy exercise to check that the corresponding mesure on T”
through this identification is I'-invariant and that the associated holonomy invariant
transverse measure on the foliation (V', F') is precisely f.A(v).

Proposition 6.10. — With the above notations, we have the following equalities for
the eta invariants associated with the two signature operators D8 and D8’ :

Town (D7) = i (D) andl (DY) = i, (DE").

Proof. — Let us prove, for example, the second equality (the first one will be ob-
tained in a similar way). Let W be the regular von Neumann algebra associated to
(V,F), the vertical Grassmann bundle E and g. Let 7 be the trace defined by g
and v and let W’ and 7' be the corresponding objects, associated to (V',F’), f.g
and the transported measure v’ under the leafwise smooth homeomorphism f. The
leafwise smooth homeomorphism f lifts to a leafwise smooth homeomorphism f be-
tween the monodromy groupoids G and G’. More precisely, for any x € V' f lifts to a
diffeomorphism f, : Gy — G}(z) which induces, by the pull-back of forms, a unitary
U, between the spaces of L2-forms. Recall that the metric on (V/, F’) is f.g. The
signature operator on G’f(x) associated with the metric f.g is easily identified with

the push-forward operator under f , that is the conjugation of the signature operator

on G, by the unitary U,. Hence the functional calculus of Dsis® 'f(m) is also the con-

jugation of the functional calculus of ﬁ;ign by U,. So, in particular, for any =z € V
we have

DIE exp(—t( DY) 1)?) = U, DIEm exp(—4(D#)2)U; .

Now, by definition of the trace 7" associated with the image measure v/, one easily
shows that

7' (U DY exp(—t(DFE")*)U, 1) = 7(D3E" exp(—(D3")?)).

Therefore, the f,A(r) measured eta invariant of the G'-invariant family (D¥8"",) ¢y

as defined by Peric in [42] coincides with the A(r) measured eta invariant of the G-
invariant family (D;ig“)zev. On the other hand and as we already observed, these
Peric measured eta invariants coincide with ours for the I''-invariant and I'-invariant
families of signature operators on M’ x T” and M x T respectively. Hence the proof
is complete. O

Corollary 6.11. — Let (V,F,v) and (V',F',V') be two foliated bundles as above
and assume that there exists a leafwise smooth homeomorphism between (V,F) and
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(V',F") such that fov =v". Then
p" (V. F)=p" (V',F').

Proof. — We use the two previous propositions. The first one allows to compute
p”(V,F) using any metric g. Then we apply the same proposition to p/¥ (V' F7)
and compute it using the image metric f,g. Finally, the second proposition allows to
finish the proof. O

7. Loops, determinants and Bott periodicity

As before, let A, be the maximal C*-algebra of the groupoid T' x T; let &, be
the A,,-Hilbert module considered in the previous sections. Thus &,, is obtained by
completion of the A,-Module C°(M x T,E). Let D,, be the regular unbounded
A,.-linear operator induced by a I'-equivariant family of Dirac operators. Let

IKa,, (Em) ={A€ B4, (En) such that A —1d € K4,,(Em) and A is invertible}

m

Let Q(ZK 4,,(Em)) be the space of homotopy classes of loops in ZK 4, (&) which
contain the identity operator. Then, using the inverse of the Bott isomorphism
B QI a,, (Em)) — Ko(Ka,,(Em)), the isomorphism (x;.!)s : Ko(Ka,, (En)) —
Ko(BE) induced by X, : BE — K 4,, (), and the inverse of the Morita isomorphism
M.y, 2 Ko(Am) — Ko(BE) of Proposition 2.10, we obtain an isomorphism

1 —1y. M:nl
UK 4, (Em)) 2 Ko(Ka,, (Em)) " Ko(BE) M Ko (A,n)

We denote by © : Q(ZK 4,,(Em)) — Ko(Ay,) the composition of these isomorphisms.
Recall the representations

8 BE WX (G;E); ™ :BE - Wi(V,F;E).

m m

Given a morphism « between two C*-algebras, we denote, with obvious abuse of
notation, by Qa the induced map on homotopy classes of loops. We thus obtain maps
Qrree Qy,t, Qs we define

0" UTK 4, (Em)) — QUTK(W (G E)))

o™t UIK 4, (Em)) — QUIK(W,(V,F; E)))
with

o8 = Qo Qx b, o™ = Q™ o Oyt
Recall, finally, that if ¢ is a loop in ZL' (W} (V, F; E)), or more generally in
IK(W;(V,F;E)), then £ has a well defined (log-)determinant w'(¢) € C. Similarly,

if ¢ is a loop in ZL'(W}(G; E)), or more generally in ZK (W} (G; E)), then £ has a
well defined (log-)determinant w”(¢) € C.
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Proposition 7.1. — The following diagram commutes:
e
Q(IICAm (gm)) KO(-Am)
anv l Taltjv7*
QT (W (V. F; E)) = C.
Similarly, the following diagram commutes:
S}
QIZK A, (Em)) Ko(Am)
lo.reg l Tég’*
Q(IK(W;(G; E))) < C.

Proof. — Recall that for a C*-algebra A the (inverse of the) Bott isomorphism g :
Ky(A) — K;1(SA) is given by the map [p] — [(exp(2witp)]; as there will be several
C*-algebras involved, we denote this map by G4. We observe that

Brz © (X' )x = QX" )x © B, (Em) -

Therefore,
Q0 Bge o (x;n')s © B,Eim &y = o Q06 )x © (Brea,, (em) © ﬂ,am(gm))
= Q™o Qxy )
— O,a.V

On the other hand, by definition of Q7?V,

a av,
Q™ o Bpe = Bw;(v,F:E) © T8 ;
therefore
14 av v av
wroQn™ o b = wzro Brw(v.FE) © T,
= T1romy

7_l/

av,*

where 7%, is the trace on BE as defined in Subsection 2.4 and with the equality
w0 Bic(wx(v,FiE)) = T proved by direct computation. To finish the proof we simply
apply Proposition 2.10. O

Definition 7.2. — We shall denote by
wy : UIK 4, (Em)) — C and Wyeg UIK 4, (En)) —C

the compositions w% o o™ and w” o o™® respectively.
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We can summarize the previous Proposition by the following two equations

(24) wy, =75 .00, wy, T .00

av av,*x reg — 'reg,x

Remark 7.3. — Definition 7.2 can be extended to a path in T 4, (Em) provided the
two extreme points are mapped by 78 o -1 and 7 ox,, ! into TV trace class and TF
trace class perturbations of the identity respectively.

8. On the homotopy invariance of rho on foliated bundles

Before plunging into foliated bundles and the foliated homotopy invariance of the
signature rho invariant defined in Section 5, we digress briefly and treat a general ori-
entable measured foliation (V, F). We denote by A the holonomy invariant transverse
measure. We fix a longitudinal riemannian metric on (V,F) and we denote by Ds&"
the associated longitudinal signature operator. Let G be the monodromy groupoid
associated to (V, F). Then, as already remarked, Peric has defined in [42] a foliated
eta invariant 7™ (D¥2"), with D%#" the lift of D¥" to the monodromy covers, a G-
equivariant operator on G. The work of Peric employs the holonomy groupoid, but is
is not difficult to see that his arguments apply to the monodromy groupoid as well.
Ramachandran, on the other hand, has defined in [46] an eta invariant n*(D&")
using the measurable groupoid defined by the foliation, as we have already observed.
We infer that the definition of foliated rho invariant is basically present in the lit-
erature. It suffices to define p*(D%8") := pA (D) — pA(D%e"). Assume now that
GZ is torsion-free for any x € V, then Connes has defined in [18] a Baum-Connes
map K. (BG) — K.(Cy.,(V, F)) which factors through a maximal Baum-Connes map
with values in the K-theory of the maximal C*-algebra C . (V,F). Here BG is the
classifying space of the monodromy groupoid, see [18], page 126. If (V,F) is equal
to the foliated bundle V = M xp T, then BG is given by the homotopy quotient
ET xp T, with ET equal to the universal space for I" principal bundles. The Baum-
Connes conjecture states that the Baum-Connes map is an isomorphism. We shall
make a stronger assumption here, namely that the mazimal Baum-Connes map is an
isomorphism. This is a non trivial assumption and even if it is known to be satisfied
for instance for amenable actions, there are examples where it fails to be true. The
general conjecture one would then like to make goes as follows.

Let (V', F') be another foliation, endowed with a holonomy invariant transverse mea-
sure A’ and let f : (V,F) — (V',F’) be a leafwise measure preserving homotopy
equivalence.

Conjecture: If G% is torsion-free for any x € V and K. (BG) — K. (C}.(V,F))
is an isomorphism, then p™(D98") = pA' (Dsien )

We shall now specialize to foliated bundles. Let I', T" and M be as in the pre-
vious sections. Let V := M xr T and let (V,F) be the associated foliated bundle.
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We assume the existence of a I'-invariant measure on T'; let A(v) be the associated
holonomy invariant transverse measure on (V,F). Let D = (Dp)recv/# be a longitu-
dinal Dirac-type operator. Let D= (Dg)geT be the associated I'-equivariant family
of Dirac operators. As already remarked the rho invariant p**)(D) defined above, is
indeed equal to our rho invariant p¥(D; V, F). Assume now that M’ is the I universal
covering of a compact manifold M’ and let T’ be a compact space endowed with a
continuous action of I” by homeomorphisms. We consider M’ x T’ and the foliated
bundle V' := M’ xp T'. Let (V', F') be the associated foliated space. We assume
the existence of a I'-invariant measure v’ on 7" and we let A(v') be the associated
transverse measure on (V' F’). Given a measure preserving foliated homotopy equiv-
alence f : V — V', we can apply the general conjecture stated above to the invariants
pA)(D), pA*)(D') with D and D’ denoting now the signature operators. We obtain
in this way a conjecture about the homotopy invariance of the signature rho invariant
p"(V, F) defined and studied in this paper; we shall deal with the general conjecture
on foliated spaces in a different paper. In the rest of this Section, we shall tackle the
homotopy invariance of rho for the special homotopy equivalences descending from
equivariant homotopies f : M x T — M’ x T" as described in the previous section.

8.1. The Baum-Connes map for the discrete groupoid 7' x I'. — In order to
tackle the homotopy invariance of our p*(V, F) we first need to describe in the most
geometric way the Baum-Connes map relevant to foliated bundles. This subsection
is thus devoted to recall the definition of the Baum-Connes map with coefficients in
the I' — C*-algebra C(T') and, more importantly, to give a very geometric description
of it. There are indeed several definitions available in the literature, with proofs of
their compatibility sometime missing. The differences are all concentrated in the
domain and, consequently, in the definition of the application; the target is always
the same, namely K.(C(T) x, I') (which is nothing but K,(A,) in our notation).
Notice that if T is a point, we also have two different possibilities for the classical
Baum-Connes map, depending on whether we consider, on the left hand side, the
Baum-Douglas definition of K-homology or, instead, Kasparov’s definition; although
the compatibility of the two pictures has been assumed for many years, a complete
proof only appeared recently, see the paper [6]. Going back to our more general
situation, we begin with the Baum-Connes-Higson definition [5], which is given is
terms of Kasparov KK-theory and the intersection product:

(25) ppon : Kj (ET;C(T)) — K;(C(T) »,T)
The group on the left is, by definition,

Jim KK{(Co(X), C(T))
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with the direct limit taken over the directed system of all I'-compact subset of ET".
Similarly, there is a maximal Baum-Connes-Higson map:

(26) ppcn : Kj (ET;C(T)) — K;j(C(T) %, T)

Next, we have the original definition of Baum and Connes [4], with the left hand side
defined in terms of Gysin maps:

(27) ppc : KY(T,T) — K;(C(T) %, T)

We are not aware of a published proof of the compatibility of these two maps.
There is a third description of the Baum-Connes map with coefficients in C(T'): con-
sider as set of cycles the (isomorphism classes of) pairs (X, E — X x T') where X is
a spin, proper I'-manifold and F is a I'-equivariant vector bundle on X x T ; define
the usual Baum-Douglas equivalence relation on these cycles, bordism, direct sum
and bundle modification; we obtain a group that we denote by K:*(T x I') with
j = dim M mod 2. The Baum-Connes map in this case is denoted

(28) i KEO(T % T) = K;(C(T) », T)

and is very simply described as the map that associates to [X, E — X x T the index
class of the I'-equivariant family (Dpg)ger, with Dy the spin. Dirac operator on X
twisted by E‘ Xx{0}" Also in this case we have a maximal version of the map:

(29) i KE(T % T) = K;(C(T) 51, T)

Thanks to the Ph.D. thesis of Jeff Raven [47] it is now established that the two
groups K} (ET;C(T)) and KE°(T » T) are isomorphic and the two pairs of maps
(25), (28) and (26), (29) are compatible; the proof of Raven’s isomorphism is far from
being trivial. Notice that, as in [28], we can consider orientable manifolds instead of
spin, manifolds; thus the set of cycles for this version of Raven’s group is given by
pairs (X, F — X x T) with X an orientable proper riemannian I'-manifold and E a
I'-equivariant vector bundle on X x T endowed with an equivariant Clifford-module
structure with respect to the Clifford algebra bundle of T*X. Introduce on these
cycles the equivalence relation given by bordism, direct sum and bundle modification
as in [28] (Subsection 2.2, pages 59 and 60). The resulting group will be isomorphic
to K§*°(T x T') and the resulting Baum-Connes map will be compatible. In the rest
of this work we look at the stability properties of our foliated rho-invariant for the
signature operator under a bijectivity hypothesis on the map (29). However, in order
to exhibit examples we do need to use the compatibility between (26) and (29); indeed
almost all examples where the Baum-Connes assumption is satisfied are proved using
the Baum-Connes-Higson description.

8.2. Homotopy invariance of p”(V,F) for special homotopy equivalences.
— We can state the main result of this Section as follows:
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Theorem 8.1. — Let V := M xpT and V' := M’ xrT" be two foliated flat bundles,
with T and I’ discrete torsion-free groups (Y. Assume that there exists a special
leafwise homotopy equivalence f : (V,F) — (V' F') and let k : T — T’ be the induced
equivariant homeomorphism . Let V' be a I'-invariant measure on T'; let v := k*1/'
be the corresponding T'-invariant measure on T'. Assume that the Baum-Connes map
(28) for the mazimal C*-algebra

i+ KT % T) — K (C(T) i T)
1s bijective. Then

(30) PV, F) = p” (V! F).

Sketch of the proof. We follow the method of Keswani, see [29], [30] and [28]. We
simply denote the relevant signature operators by D' = (D7) rev D = (Dé)gep
D,, and D = (Dp)rev,r, D = (Dg)oer, Dyn. We shall first assume that 7 = T’
and I' = IV. Consider, with obvious notation, the trivial I'-equivariant fibration
(M'U—M) xT — T as well as the foliated space (X, F"), with X := V' (=V) and
FY induced by F and F’. The longitudinal Grassmann bundles on V' and —V define
a longitudinally smooth bundle H over the foliated space X. Let H be the equivariant
vector bundle on (]\Zf’ U —M) x T — T obtained by pulling back the bundle H. All
the constructions explained in the previous sections extend to (M’ U —~M) x T — T
and H as well as to (X, F“) and H. More precisely, we treat (M’LI—M) x {0} as the
leaf of the product foliation even if it is not connected and we consider the induced
lamination F“. So the leaves are not connected for us. Clearly, we can define the
C*-algebra BX as the completion of the convolution algebra of compactly supported
continuous sections over the corresponding monodromy groupoid G, with respect to
the direct sum of the regular representations in L*(M’, E') @ L?*(M, E). Note that
G can be identified with the space
GY = [(M'U—M) x (M'U—M) x T)/T.

The reader should note that B is different from the C*-algebra of the monodromy
groupoid of the disjoint union of the two foliations (V/,F’) and (V,F), and that
BH is Morita equivalent to the C*-algebra A,,. Indeed, we then have a well defined
A,,-Hilbert module H,, (this is nothing but &/, ® &,,) as well as an isomorphism
X : BE — K4, (H,,) constructed in the same way as in the previous sections. Now,

m
there are again representations

T = (n)ger s B = WH(GY H),  w = (3 )oer : B — Wi (X, F; H).

Here, the von Neumann algebras W} (G"; H) and W (X, F"; H) are defined using
v-essentially bounded families over T as in the previous sections, except that the

(4)The assumption on I and I can be replaced by the weaker assumption that the isotropy groups
are torsion-free, as can be checked in the proof.
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operators act on the direct sums of the Hilbert spaces. Said differently, we are again
simply allowing disconnected leaves. Finally, the previous constructions of traces and
determinants on foliations, work as well for these two von Neumann algebras. So,
extending obviously the constructions of Section 7, using the composition operation
of Hilbert modules, we can consider determinants

Wreg : UIK A, (Hm)) = C,  wgy : UTK 4, (Hm)) — C

reg ° av

Following the notation of Subsection 5.2, consider the path in ZXC 4, (H.,)
t=1/e

We = (¥e(D;,) & ($1(Din)) ), ,

Consider wyl,(We) and wg, (W) (one can easily show that the determinants of these

paths are indeed well defined, see Remark 7.3). The proof proceeds along the following
steps:

— we connect (D)) ® (¥(Dy,))~! to the identity using the small time path
ST.. This step is based on the injectivity of the Baum-Connes map and on the
homotopy invariance of the signature index class;

— we connect ¥y /.(D,,) © (z/xl/e(Dm))*l to the identity via the large time path
LTy ,.. This step is based on the surjectivity of the Baum-Connes map, on the
foliated homotopy invariance of the space of leafwise harmonic forms and on the
homotopy invariance of the signature index class;

— we obtain in this way a loop £ in ZK 4,, (H.), i-e. an element of Q(ZK 4,, (Hm));

— we prove that wil, (LT} /) and wg, (LT} /) are well defined and that

reg

(31) g (LT1e) =0 and  wg (LTyy) =0 as €0
— we prove that wy,, (ST.) and wg, (STc) are well defined and

(32) (Wreg(STe) —wg, (STe)) — 0 as €10

Now consider the map © : Q(ZK 4,,(Hm)) — Ko(Anm). By the surjectivity of the
Baum-Connes map one proves, using 0, the following fundamental equality:

(33) wi (0) — wt, (0) = 0

reg av
which means that
(Wreg We) = wey V) + (Wreg (LT1/e) — way (LT /e) + (Wreg (STe) — wgy (STe)) = 0
Taking the limit as € | 0, using (31), (32) and recalling that
lim(uily (We) = wl (W) = p” (V!, ') = o (V. F)

we end the proof in the particular case T = T and I' = I'". In the general case we
know that, since we have assumed the special homotopy equivalence, T' and T" are
homeomorphic and that the two groups are isomorphic. Therefore, the above proof
can be adapted easily.
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9. Proof of the homotopy invariance for special homotopy equivalences:
details

We shall now provide more details for the proof of Theorem 8.1; most of our work
in the previous sections will go into the proof. We shall work under the additional
assumption that T =T" and ' =T".

9.1. Consequences of surjectivity I: equality of determinants. — The fol-
lowing Proposition will play a crucial role in our analysis. Recall that we have de-
fined traces 7%, , : Ko(Am) — C and 7%, , : Ko(Ay) — C; where in our notation

reg,* av,*

A, = C(T) %, T
Proposition 9.1. — Assume the Baum-Connes map
p : KE(T % T) — Ko(C(T) %, T')

surjective; then

v _ v
Treg,* - 7-'ow,*

Proof. — According to the definition of K§* (T x I'), we know that each K-theory
class a € Ko(C(T) %, I') is, by the surjectivity of p15, the index class associated to a
I'-equivariant family of Dirac-type operators on manifolds without boundary. Using
formula (22) (which is a consequence of the analogue of Atiyah’s index theorem on
coverings and the Atiyah-Bott formula), we end the proof. O

Proposition 9.2. — If the Baum-Connes map py : K§*° (T xT) — Ko(C(T) X, I)

is surjective, then wy, and wy,, coincide on Q(ZK 4,,(Em))-

Proof. — Recall that wy, : Q(ZK 4, (Em)) — C and wy,, : AIKa4,,(En)) — C are
defined by passing to the respective von Neumann algebras and then taking the de
La Harpe - Skandalis (log-)determinant there (see Definition 7.2): in formulae

174
av

Vo ¥ oot

Wy, =w oo™, wy,

Using the commutative diagram of Proposition 7.1, as summarized in formula (24),

and the equality of traces on K{ given by Proposition 9.1, we immediately conclude
the proof. O

Corollary 9.3. — Let V =M xp T and V' = M’ xp T be two homotopy equivalent
foliated bundles as in the previous subsection, i.e. through a special homotopy equiv-
alence. Let H,, = E], @&y, be the Ay, -Hilbert module associated to the disjoint union
of M' x T and —(M x T). Let £ be a loop in QUIK A, (Hm)).

If the Baum-Connes map sy is surjective, then

(34) wd (0) = wS_(0)

av reg

If we consider, in particular, the loop ¢ € Q(ZK 4,, (Hy,)) defined in the sketch of
the proof of Theorem 8.1, then we have justified formula (33).
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9.2. Consequences of surjectivity II: the large time path. — Let V = MxrT
and V' = M’ xp T be two homotopy equivalent foliated bundles as in the previous
subsection, i.e. through a special homotopy equivalence with I' = IV and T = T".
We consider the Cayley transforms of the regular operators D,, : &, — &, and
D, &, — &L

U := (Dy, —ild)(Dy, +141d) ", U’ = (D), —ild)(D,, +ild) ™!

Let f : M xT — M’ x T be a fiberwise smooth equivariant map inducing the special
homotopy equivalence between (V,F) and (V',F’); let g and § be choices for the
homotopy inverses of f and f, with g: M/ xT — M xT inducing ¢g. This notation
should not cause any trouble even if the metrics are denoted by the same letters.
Following [29] (Section 3) one can construct a path of unitaries in H,, = &/, & En,
V(t),t € [0,2], connecting U’ &U~ = V(0) to the identity Ids,, = V(2). The path
V(t),t € ]0,2] (which is denoted W (¢) in [29]) is obtained by defining a perturbation
o(t) of the grading operator defining the signature operator; the definition of o(¢),
which is due to Higson and Roe, employs the pull back operator defined by the
homotopy equivalence § (precomposed and composed respectively with an extension
to &, and &/, of the smoothing operators (¢(Dg))ger, (#(D}))oer, ¢ being a rapidly
decreasing smooth function with compactly supported Fourier transform). We omit
the actual definition of V(t) since it is somewhat lengthy and refer instead to [29],
pages 968-969.

Recall that our goal is to construct a path connecting 91 /(D},) ® (¥1/¢(Dp)) ™,
(where ¢, (x) = — exp(iﬂ'% I e~ du), to the identity on H,,.

To this end, notice that the Cayley transform of the operator D,,, can be expressed
as —exp(irx (D)), with mx(z) = 2 arctan(x).

Definition 9.4. — [29] A chopping function is an odd continuous function p: R —
C such that |p(z)] <1 and limg_, 4o p(z) = £1.

Both x(z) := 2 arctan(z) and ¢(z) := % foz e~ du are chopping functions. Two
chopping functions p; and po can be homotoped one to the other via the straight line
homotopy ks = (1 — s)p1 + sp2. Thus U’ U, which is equal to — exp(irx(D,,)) &
—exp(—imx(Dm)), can be joined to

—exp(irgp(D),)) & —exp(—inp(Dy)), o(z) = % /OI e~ du

via the path K(s) := —exp(inks(D),)) ® —exp(—imks(Dyn)). We denote by LT
the concatenation of K(s) and V(t). So LT is a path joining — exp(in¢(DL,)) &
—exp(—itp(Dy,)), with ¢(x) = % Iy e=""du, to the identity.

Definition 9.5. — Let e > 0 be fived. The large time path LT . is the path obtained
from the above construction but with the operators Dy, and D., replaced by %’Dm and
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%D;n respectively. The large time path connects

B . . 92 x/e Y
wl/e(ID;n) SB) (¢1/6(Dm)) la with q/}1/6(33) = —eXp (Zﬂ-(/ € du)) )
0
to the identity.

For later use, we notice that

: : 2 [ e
(35) VY1/e = —exp(ingyye), with  ¢y/c(z) = ﬁ/o e " du.

For each fixed € > 0 LTy is a path in ZK4,, (H,,) (we recall that this is the
group counsisting of the operators A € B4, (H,,) such that A —1Id € K4, (H,,) and
A is invertible). In order to show this property we first recall that at the end of
Subsection 3.2, Sobolev modules Er(,f) were introduced and the compactness of the
inclusion 5,(,5) — S,(,.’f), ¢ > k was stated. Observe then that if y is any chopping
function with the property that x' ~ 1/2% as |x| — oo, then, using the compact-
ness of the inclusion of the Sobolev module &(,%) into &,,, one proves easily that
—exp(inX(Dm) € IK 4,,(Hn). Notice now that both 2 arctan(z) and % foz e du
satisfy this condition; thus LT, € IK 4,,,-

9.3. The determinants of the large time path. — Recall the isomorphism
Xm : BE — K4, (H.), and the representations

e B L wr(GY H); w:BE - WX, FY H), WithX:[]\Zfl_I(—M/)]XpT

Proceeding as in Section 7, we can use x,! and 7% in order to define a path
o"8(LTy,.) in ZK(W;(G"; H)). The end-points of this path are 7 trace class per-
turbations of the identity; thus, see Remark 7.3, the determinant w” (c"¢(LT}.)) is
well defined and we can set

Wreg(LT1 ) = w” (0" (LTyc)) -
Similarly,

Wi (LTy ) = wio (o™ (LT1 )
is well defined (and we recall that F" is the foliation induced on X by the foliations
F and F' on V and V' respectively).

Proposition 9.6. — As e | 0 we have
(36) w;’eg(LTl/e) - Oa wZV(LTl/C) —0

Proof. — Fix € > 0 and recall that LT}, is the composition of two paths: the path
V1 /e, connecting

1
—exp(irx(=D.,)) ® — exp(—iwx(le)) (with x(z) = 2 arctan(z)) to Idy,, ,
T

€ €
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and the straight line path Ky, connecting ¥y (D},)) ® (¥1/¢(D))) " to
.1 1
— explimx(+D})) & — exp(—imx(+ Dy)).
Consider ¢"8(LT} /) in ZK(W;(GY; H)); for the signature family P associated to
M' U (=M) x T — T denote by IT := (IIp)ger the element in W (GY; H) defined
by the family of orthogonal projections onto the null space. Then, proceeding as in
Keswani [29], one can show that o™¢(LT} /) converges strongly to the path

T tel13/2
(37) Voolt) = { —e(MI+1IH, te(3/2,2)

with

et) = — <exp(§m't) 0 )

exp(—2mit)
More precisely: 0"¢(Ky,c) converges strongly to the constant path II + IT+, whereas
o8V /) (is homotopic, with fixed end-points, to a path that) converges strongly
to Voo (t). Similarly, if we denote by IT € W, (X, F; H) the projection onto the null
space of the longitudinal signature operator on X, then o® (LT} ) converges strongly
to the path

_ 1 _
(38) Voo(t)z{ O+, tel-1,3/2)

—e(I+1t, te[3/2,2]

We can now end the proof ®). Recall the function (bl/é(x) = % fox/e e‘“Qdu, see
formula (35); consider the function a(z) equal to zero for z = 0, equal to 1 for z > 0
and equal to —1 for x < 0; let @, /c(t) = (1 — )1 /e + ta be the straight-line path
joining ¢y, to a; consider the path

Xl/e(t) = exp(iﬂ—wl/e(t)(D/) D 7exp(7iﬂ—wl/e(t)(b)) :

We notice that as ¢ — 0, ¢; /. converges pointwise to . Using once again the spectral
theorem for unbounded operators this means that, in the strong topology,

(39) $1/e(P) — a(P) as €| 0

where we recall that P denotes the signature family on (M’ LI (=M)) x T — T. We
go back to the path X ,.(t), which is a path in W (G"; H) joining 0" (¢ /c(D;,,)) ®
(¥1/¢(Dm))) 1), Le. wl/é(ﬁ’)) @ (1/)1/6([))))_1, to the constant path —II + II*+. Con-
sider the loop 71/ in W (G"; H) obtained by the concatenation of X (1), Voo 1)
and the reverse of 0"°¢(LT},.). By the above results the loop v,/ is strongly null
homotopic, thus its determinant is equal to zero. Summarizing:

w” (0" (LT /) = w” (Vo) + 0" (X1/e)

(®)Notice that the proof given by Keswani for coverings is not totally correct; the argument given
here corrects the mistakes there.
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which can be rewritten as

Wreg(LT1ye) = w” (Voo) + w” (X1 e)

Computing
; (t)_ldf/oo(t) ) 0, telcg—l,(?))/Q] )
> dt ) (2mi) <0 Id)H’ t€[3/2,2]

and recalling that the von Neumann dimension of the null space of the signature

operator is a foliated homotopy invariant, see [25], we deduce that w” (Vo (t)) = 0.
Thus the first part of the Proposition will follow from the following result:

w’(Xy) — 0 as  €]0.

However, this is clear from (39) and the normality of the trace, given that, by direct
computation,

w”(Xye) = %TV <¢1/e(]5) - 0‘(15))

Essentially the same argument, using the strong convergence of 0 (LT /) to Voo (see
(38)), shows that wy, (LT ,) — O. O

9.4. Consequences of injectivity: the small time path. — So far, we have
connected the t = 1/e endpoint of the path
t=1/e

We = (¥u(D,) & (0¢(D)) ™), i IKa,,(Hm)
to the identity using the large time path LT},.. We also showed that
lirré(w” (LTl/E) — wZV(LTl/E)) =0.

reg

We now wish to close up the concatenation of W, and LT},. to a loop based at
the identity. This step will be achieved through the small time path ST,, a path in
IK 4, (Hm) connecting the ¢ = e end point of W, to the identity. We shall want to
ensure that

(40) lim (wy,, (ST.) — wy,(ST:)) = 0.

e—0 reg
The existence of a path connecting (1e(D},) ® (ve(Dr)) ") to the identity is in fact
not difficult and follows from the proof of the Hilsum-Skandalis theorem; what is more
delicate is the construction of a path satisfying the crucial property (40). It is here
that the injectivity of the Baum-Connes map is used, as we proceed now to explain
in more details.

Let V = MxpT and V' = M’ xrT be two homotopy equivalent foliated bundles as
in the previous subsections, with M and M’ orientable. We fix leafwise I-equivariant
metrics on M x T and M’ x T. We denote by D = (Dy), D = (Dr)rev)F and Dy,
respectively the I'-equivariant signature family, the longitudinal signature operator
on (V, F) and the A,,-linear signature operator on the A,,-Hilbert module &,,. We
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fix similar notations for V/ = M’ xp T and we let as usual H,,, = & BEm. We denote
only in the rest of this paragraph by A and A’ the vertical Grassmann bundles on
M x T and M’ x T respectively. Consider the index classes Ind(D,,), Ind(D/,), two
elements in K1 (A,,). By the foliated homotopy invariance of the signature index class
we know that Ind(D,,) = Ind(D},). On the other hand, using the very definition of
the Baum-Connes map /i, we have Ind(D,,) = i [M,A — M x T] and Ind(D),)) =
i [M', A" — M’ x T}, so that, by the assumed injectivity of yi, we infer that

(41) [M,A — M xT)=[M,N - M xT] in K(TxT).

This is the information we want to use. Before stating the main result of this subsec-
tion we give a convenient definition.

Definition 9.7. — We shall say that a chopping function x is controlled if
— the derivative of x is a Schwartz function;
— the Fourier transform of x is supported in [—1,1] ©);
— the functions x? — 1 and x(x* — 1) are Schwartz and their Fourier transforms
are supported in [—1,1].

For the existence of such a function, see [39].

Theorem 9.8. — If [M,A — M x T) = [M',N' — M’ x T] in K&°(T xT) then
there exist a I'-proper manifold Y , a longitudinally smooth I -equivariant vector bundle
L —Y xT and a continuous s-path of I'-equivariant families on'Y

B, := (Bsg)oer s€<(0,1)
such that

1. for each s € (0,1) and 0 € T, (3379) s a first order elliptic differential operator
on'Y acting on the sections of f|9x{9}

2. the Ap,-Hilbert bundle L., obtained by completing C>°(Y x T, L) contains £, &
Em as an orthocomplemented submodule; thus there is an orthogonal decompo-
sition Loy = (EL, & Em) ® (€L, & Em)*

3. for any controlled chopping function x the path — exp(imwx(Bs)) is norm contin-
uous in the space of bounded operators in L, (here, for s € (0,1), By denotes
the reqular A,,-linear operator defined by the family (Bs.g)oct );

4. we have, in norm topology,

lim (—exp(imx(B,))) = ldg,
S5—
lim (—exp(imx(Bs))) = (= exp(imx(Dy,)) & — exp(—imx(Dm)) © 1d 1
with 1d denoting the identity on (E!, ® En)*.
(6)Notice that it is impossible to have, as required in [29], that ¥ is smooth and compactly supported

(since, otherwise, x itself , which is the Fourier transform of x, would be rapidly decreasing and thus
not a chopping function)
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5. —exp(imx(Bs)) € IK 4,,

Proof. — If [M,A — M xT] = [M',A — M'xT]in K&°(T xT), then we know that
we can pass from (M,A — M x T) to (M’, A’ — M’ x T) through a finite number of
equivalences. The most delicate one is bordism, so we assume directly that we have a
manifold X endowed with a proper action of I'; a I'-equivariant bundle Hon X xT ,
a proper I'-manifold with boundary Z’ and an equivariant vector bundle FlonZ'xT
such that the boundary of Z’ is equal to X and F” restricted to 2’ x T is equal to
H. Consider the manifold with cylindrical ends, Z, obtained by attaching to Z’ a
cylinder [0, 00) x X; consider the cylinder W = X x R; these are proper I' manifolds
if we extend the action to be trivial in the cylindrical direction; extend bundles to the
cylindrical parts in the obvious way. The I' manifold Y appearing in the statement
of the Theorem is the disjoint union of Z, —Z and W, as in [28]. The bundle L
is given in terms of H and its extension to the cylindrical parts. The equivariant
families By, s € (0,1), appearing in the statement of the Theorem are explicitly
defined (in [28] see: the last displayed formula page 70; the last displayed formula
page 72; the second displayed formula page 76 and the first displayed formula page
77). We shall see an example in a moment. The common feature of these operators
is that they are Dirac-type on all of Y but look like an harmonic oscillator along the
cylindrical ends. Since we have extended the action in a trivial way to the R-direction
of the cylindrical ends we can decompose the Hilbert module defined on the cylinder
(X xR) x T as £, (X) ®c L*(R). Using the spectral decomposition of the harmonic
oscillator we see, as in [28], that there is an orthogonal decomposition of Hilbert
modules £, (X X R) = (£,(X x R)) @1 (E,(X x R))” with (£,(X x R))" equal to
the tensor product of &,,(X) with the 1-dimensional space generated by the kernel of
the harmonic oscillator and (€,,(X x R))” equal to the tensor product of &,,(X) with
the orthogonal space to this kernel in L?(R). In particular, (£,(X x R)) ~ &,(X),
so that the Hilbert module £, obtained by completing C2*9(Y x T, H ) does contain
Em(X) as an orthocomplemented submodule. Regarding the statements involving the
continuity and limiting properties of — exp(imBs), we shall treat only the first of the
four steps proving Theorem 5.1.10 in [28]. Thus Y is the cylinder X x R and

0 Dx 1/ =z Oz .
= —_ h 1 .
B, (DX 0 ) + , (_&E —ac) with ¢ € (0,1]

0 D
The operator B; restricted to (€, (X x R))’ is precisely ( D OX
X

B, restricted to the orthocomplement (&,,(X x R))” and denote it C;, so that

[0 Dy
5o (2 ™)ee

). Let us consider

We can prove the norm-resolvent continuity of C; (this notion extends to the C*-
algebraic framework) exactly as in [28]; we also obtain that f(C;) goes to 0 in norm
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as t — 0 for any rapidly decreasing function f. Using the fact that x? — Id is indeed
rapidly decreasing we see that x2(C;) — Id goes to zero in norm as t — 0. A similar
statement holds for x(C;)(x?(C;) — Id). Then, writing as in [29]

—exp(imz) = h(n?(1 — 22)) + (inz)g(7(1 — %))

with h and g entire, we prove that — exp(imy(C:)) converges in norm to the identity on
(En(X xR))”, so that — exp(imx(B;)) converges to (two copies of ) —exp(inDx ) ®Id |
as t — 0. Of course, it is not true in this case that —exp(imx(B;)) converges to the
identity as t — 1 but the idea is that there will be further paths of operators in ZK 4,
with the property that their concatenation will produce the desired path, joining
—exp(inDx) @ 1d to the identity up to stabilization. For the bordism relation these
paths are obtained by adapting to our context, as we have done above, the remaining
three paths appearing in the treatment of the bordism relation in [28]; see in particular
the Subsections 5.1.2, 5.1.3, 5.1.4 there.

Finally, let us comment about cycles that are equivalent through a bundle modifi-
cation. We are thus considering, in general,

(X,E—XxT)~(X'E' - X'xT)=(X,E— X xT)

where, as explained for example in [28], Xisa sphere bundle S — X 5 X and
E is the tensor product of (m x Idy)*(F) and a certain bundle V' built out of the
Grassmann bundle of X ; V is defined originally on X and then extended trivially
on all of X x T. Consider the two T-families of Dirac-type operators defined by the
equivariant Clifford modules F — X x T and E' — X’ x T respectively and denote
them briefly by P = (Pp)ger and P’ = (Pj)ger (for this argument we thus forget
about the tilde). Let &, and &/, be the two Hilbert modules associated to these data
and let P and P’ be the regular operators defined by the two families above. Then
we want to show that there exist

(i) an orthogonal decomposition of Hilbert modules &/, = &,, ® &5;

(ii) a continuous s-path of I-equivariant first order differential operators R :=
(Rs,e)b‘eT, ENS [0,2), on

X with Ry = P’ and with regular extensions R, s € [0, 2);

(iii) for any controlled chopping function x the path —exp(imy(Rs)) is norm con-
tinuous in the space of

bounded operators in £/,

(iv) (—exp(imx(Rs))) — (—exp(imx(P))) @ 1d, as s — 2.

The existence of the s-path R, := (Rsg)ser, s € [0,2), is proved following the
arguments in [28], Subsection 5.2: thus we write P’ = P° + P! + ZY where for
each § € T, P} is a vertical operator on the fiber bundle S*" — X5 X, Py is a
horizontal operator defined in terms of Py and Zg is a 0-th order operator. Define
R, for s € [0,1] as Rs := P° + P! + (1 — 5)ZY so that Ry = P’ as required. Next
observe, as in [28], that for each § € T the vertical operator P} has a one-dimensional
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kernel, when restricted to each sphere of the sphere bundle S$?" — X5 X ; using
the orthogonal projection onto the null space of these operators on spheres we obtain
an orthogonal decomposition &/, = U © U+ with U isomorphic to &,,. We can now
define Ry for s € [1,2); consider R; and its extension to &/, which is diagonal with
respect to the orthogonal decomposition. The restriction of Ry to U is, by definition,
PO, given that P! is zero on U; using the isomorphism between I/ and &,,, P° can be
connected to P, since they differ by the extension of a 0-th order operator Z; (it will
suffice to consider P? + (s — 1)Z1, s € [1,2]). For the restriction of Ry = P! + P to
U+ we consider instead the open path P+ 52-P1, s € [1,2). Summarizing, we have
defined a continuous s-path of regular operators R, s € [0,2). Using the fact that
(P1)? is strictly positive on U+ one can prove the stated continuity properties, as well
as the crucial fact that (—exp(iTx(Rs))) — (—exp(imx(P))) @ Id, as s — 2.
Putting together the above two constructions, the one for the bordism relation and the
one for the bundle modification relation, one can end the proof of the first four items in
the statement of the Theorem. We finally tackle the property that —exp(imx(Bs)) €
IK 4,,. From the fact that x is controlled, it suffices to show that f(Bs) is in 4, if
f is rapidly decreasing; let us see this property for the case of the cylinder considered
above. With respect to the above decomposition,

16y =1y, ) ose.

and it suffices to see that f(C;) is compact. Write f(C;) = (f(C¢)(CH)N) o (C3)~N,
where we recall that C? is positive. Since f is rapidly decreasing the first operator is
bounded; thus we are left with the task of proving that (C?)~" is compact. Recall that
C? is the restriction to (£, (X xR))” of (D?®Idaxa+t2X?), with X = < g O )
-0, —=x
Write (C2)~" in terms of the heat kernel, using the inverse Mellin transform:
1 oo
—_— —tCHtN Lt .
(N . 1)' /0 eXp( t )

Observe that the heat kernel of (D? ® Idaxs + t72X?) decouples. Using again the
invertibility of C2, the properties of the heat kernel of D? and, more importantly, of
the heat kernel of the harmonic oscillator, it is not difficult to end the proof. O

)™ =

Let xe(x) := x(ex). Then, up to a harmless stabilization, the above theorem
allows us to connect (—exp(imx.(D.,)) & —exp(—imx(Dm)) to the identity; we de-
note by 7{ € ZK4,,, 71 = (71(5))se[0,1] the resulting path. Recall, however, that
our goal is rather to connect (— exp(imp(DL,)) & — exp(—inp(Dm)) to the identity,
with ¢c(x) = % foe ?e=v"du. Take the linear homotopy between the two chopping
functions x and ¢ and set

M(t) =t (x(Dy,) ® —x(€Dm)) + (1 = 1) (§(eDy,) © —p(eDp)) -
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Consider then the path
V3 (t) = — exp(imM(t)) .

Definition 9.9. — The small time path ST, is the path obtained by the concatena-
tion of v and 5.

So ST, is a path in ZK 4,, and connects (D)) & (e (Dy)) ™t = (— exp(inge(DL,))
@ — exp(—impe(Dyy,)) to the identity.

9.5. The determinants of the small time path. — Let (X, F), X = ZxrT, be
a foliated bundle as in the proof of Theorem 9.8. Let L be a continuous longitudinally
smooth vector bundle on X as in Theorem 9.8 and let £,,, be the associated Hilbert
Ap-module. Let BEZ be the maximal C*-algebra associated to the groupoid GZ :=
(ZxZxT)/T. Recall the isomorphism X, : BY — K4, (L), and the representations

T8 B,Ln — W;(GZ;L); T B,Ln - WX, F;L).
Proceeding as in Section 7, we can use x;,,} and 7*°8 in order to define a path o*°&(ST,)
in ZK(W}(G?#;L)). The end-points of this path are 7 trace class perturbations of
the identity; thus, see Remark 7.3, the determinant w” (o8 (ST)) is well defined and
we can set
w;’eg(STe) = w"(0"8(ST,)) .
Similarly,
wi, (STe) := wi(o™ (STe))

is well defined. The goal of this subsection is to indicate a proof of the following

Theorem 9.10. — As € | 0 we have
(42) Wyeg (STe) — Wiy (STe) — 0.

Proof. — To simplify the notation we shall assume that the injectivity radius of
(J\ng,gg) is greater or equal to 1 for each 6 € T'; we also assume that for each 6 € T
the distance between m and M~y is greater than 1 for each m € My and for each
v € T'(0), v # e. We begin by a few preliminary remarks. Recall that ST, is the
concatenation of two paths: «f and 5. Using the fundamental Proposition 3.12 we
observe that

o8 (7i(t)) = 0" (= exp(imx (By)) = — exp(imx(Bt))
and

o™ (71(t)) = o™ (= exp(imx(B;)) = — exp(imx(By))
with By = ((Bt)r)rex/s the longitudinal differential operator induced by the I'-
equivariant family B;. (Once again, here and before the statement of Theorem 9.10 we

are using, is a slight extension of the results proved in Section 3, allowing for manifolds
with cylindrical ends and operators that are modeled like harmonic oscillators along
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the ends). Similarly, up to a harmless stabilization by Id; (that will in any case
disappear after taking determinants), we can write

o 5(15(t)) = —expim (tx(eP) + (1= )6(P) ) .

o™ (15(t)) = —expim (tx(eP) + (1 — t)p(eP))

where P and P are the signature operators on (M’ L(—M)) x T — T and on (X, F")
respectively (this is the notation we had introduced in the subsection on the large time
path). One can prove that for j = 1,2 the paths 0"¢(75) and 0*(v§) are all made
of trace class perturbations of the identity. Moreover, the determinants of these two
paths are well defined individually and without the regularizing procedure explained
in Proposition 5.8. We shall justify this claim in a moment. This property granted,
we can break the proof of (42) into two distinct statements:

(43) Wreg (M) = wey (V1) — 0.

(44) wllrjcg(’y;) - w;v (75) — 0.

We now tackle (44) which is slightly easier since it involves exclusively operators on
manifolds without boundary.

First we observe that to each operator Py and P; we can apply the results of (53],
[50]. In particular, using the properties of x, which is of controlled type, and ¢ we
have:

1. x(Py) and x(Pp), are given by 0-th order pseudodifferential operators with
Schwartz kernel localized in an uniform R-neighbourhood of the diagonal (re-
member that the Fourier transform of x is compactly supported); we shall as-
sume without loss of generality that R = 1;

2. ¢(f~’9) and ¢(Pr) are each one the sum of a 0-th order pseudodifferential oper-
ators with Schwartz kernel localized in an uniform R = 1-neighbourhood of the
diagonal and of an integral operator with smooth kernel;

3. if ¥ denotes the linear chopping function equal to sign(x) for |z| > 1 and equal
to z for x| < 1 then (x(Ps) — X(Py))oer and (¢(Ps) — X(Pg))ger are 7V trace
class elements given by longitudinally smooth kernels (indeed, the differences
X — X and ¢ — x are rapidly decreasing);

4. similarly, (x(Pr) — X(Pr))rex/r- and (¢(Pr) — X(PL))rex/Fu are 77, trace
class elements given by uniformly bounded longitudinally smooth kernels;

5. consequently, (x(Py) — ¢(Ps))oer and (x(Pr) — ¢(PL))Lex/Fu are both trace
class elements given by longitudinally smooth kernels; indeed it suffices to write
(X(Po) = ¢(Ps))oer = ((x(FPo) — X(Pp))oer + (X(Po) — ¢(Fy))oer-

Notice that these properties imply easily the claim we have made about the determi-
nants of ¢"™8(+5) and o®(v5). We go back to our goal, i.e. proving (44). We observe
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that since 75 is defined in terms of a linear homotopy, we have, by direct computation,

wleg(35) = — 57 (X(eP) = 6(eP))  wh(5) = —5 7 (x(eP) — 9(cP))
Write
™ (X(eP) = 6(eP)) = 7" (X(eP) = $(eP).) = ($(eP) = 9(cP).))

with ¢(eP). a compression of ¢(eP) to a [-equivariant e-neighbourhood of { (1, 7, 8), 7 €
M,0 €T} in M x M xT. Both x(eP)—$(eP).) and ¢(eP) — ¢(eP).) are individually

TV trace class: indeed the first term is the e-compression of a longitudinally smooth
kernel (since x(eP) is already e-local) and it is therefore 7¥ trace class; the second
term can be written as the sum (¢(eP) — x(eP)) + (x(eP) — ¢(eP).) and both terms
are trace class; thus

™ (x(eP) = 6(eP)) = 7" ((\(eP) = (#(eP).) = ¥ (6(eP) = 6(<P). )

A similar expression can be written for 7%, (x(eP) — ¢(eP)). Consider now the dif-
ference wy,, (75) — wy, (v5) which is the sum

(45) (7 (d(eP) = 6(eP).) = T (x(€P) — 6(eP).)) +
(46) (7(6(eP) = 9(eP)e) = 5 (8(eP) = 6(cP).) ) -

As already remarked the two differences y(eP) — ¢(eP), and x(eP) — (¢(eP)). are
given by longitudinally smooth kernel which are supported in an e-neighbourhood of
the diagonal. Proceeding as in the proof of Proposition 4.4 we shall now prove that
7 (x(eP) — ¢(eP).) — T4 (x(eP) — $(eP).) is in fact equal to zero for e small enough.
Indeed, consider the T-equivariant family y(eP); we know that x(eP) € ¥9(G, E).
Similarly, consider ¢(eP). € U(G, E). We know that x(eP) — (¢(eP)). € ¥7®(G, E)
and that this operator extends to an element ’P; 6 € Ka,, (Hym). Observe now that

(P g)@nresld = X(€Py)—d(ePg)e, (PS4)@mavld = x(ePL)—¢(ePr)e with L = L.

Using Theorem 3.19 we thus can write

7/ (x(eP) = ¢(eP))e) — 5o (x(€P) = $(eP))e) = Tieg(Py o) — Tau(Py )

where we have omitted the isomorphism x;} : K4, (H;) — BZ. Taking e small
enough and proceeding precisely as in the proof of Proposition 4.4 we see that the
right hand side is equal to zero for € small enough (it is in this last step that we use the
fact that P;) o 18 given by an e-localized smoothing kernel). Finally, the terms in the
second summand of (45) are individually zero since they are trace class elements given
by longitudinally smooth kernels which restrict to zero on the diagonal. Summarizing;:
Wyog(75) — Wiy (75) = 0 for € small enough.

We are left with the task of proving that v{ has well defined determinants and that

(47) ELI»I(I) wllr/eg(r}/f) - wgv ('ﬁ) =0.
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To this end we begin by writing explicitly the left hand side:
1

(48) w;/eg (7;) = %

/01 T ((_ eXp(—iWX(fét)))%(— exp(iﬂx(eét)))> dt

1

@) D) = o [ 75 ((Cexp(imeBO) F (- explin(eB) ) d

21

provided the right hand sides make sense. To see why the last statement is true, we
begin by making a general comment on the traces we are using. Remember that the
two paths of operators B, and By, s € (0,1), are defined on foliated bundles that
might have as leaves manifolds with cylindrical ends. We define the two relevant von
Neumann algebras in the obvious way and we define the two traces 7% and 7% as we
did in Subsection 2.4. Needless to say, an arbitrary smoothing operator will not be
trace class on such a foliation, since its Schwartz kernel might not be integrable in the
cylindrical direction. (This is the typical situation for the heat kernel associated to a
Dirac operator which restrict to a RT-invariant operator % + Dg along the cylindrical
ends.) We now write

exp(inz) = h(n?(1 — 2%)) + (in2)g(7*(1 — 2?))

with h and g entire. Recall that x is of controlled type; we shall now see that this
implies that 1 — x2(B;) is 7V trace class and 1 — x?(B;) is 7% trace class. Moreover
these operators are given by longitudinally smooth kernels that are supported within
a uniform (R = 1)-neighbourhood of the diagonal. These statements are clear when
(M,A — MXT) ~ (M',A" — M’'xT) through a bundle modification or a direct sum
of vector bundles (indeed, from our discussion of the bundle modification relation in
the proof of Theorem 9.8, it is clear that in this case we remain within the category
of foliations of compact manifolds without boundary and it suffices to apply [49]
for the latter property and [22] for the first). If (M,A — M x T) ~ (M',A" —
M’ x T) through a bordism, then we use the fact that Bg,t and (B;)r are again of
bounded propagation speed and restrict to harmonic oscillators along the cylinders of
the relevant manifolds with cylindrical ends (this is needed in order to make claims
about the trace class property). For the trace class property we also make use of the
results in [22], proceeding as in [28] but using singular numbers instead of eigenvalues.
Using exp(imz) = h(m?(1 — 22)) + (imwz)g(m?(1 — 2?)) we can then conclude, as in [29]
Lemma 4.1.7, that

0" 8(i(t)) = —exp(inx(eBy)) and o™ (yi(t)) = —exp(inx(eBy)), t€0,1]

are piecewise continuosly differentiable in the L' norm and that they both have a
well defined (log-)determinant, as we had claimed (notice that in the proof of Lemma
4.1.7 in [29] only the controlled property of x is used).

Having justified (48) and (49), we next make the following
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Claim: there exists polynomials py,ps such that, uniformly in s € [0,1],

() B~ X BIh <pi(D), lIx(B) ~ (Bl < pa(2)

Assume the Claim; then using the inequality
I|AB||: < |Al1]|Bllee, A€L'M,7)AM, BeM

which is valid in any Von Neumann algebra M endowed with a faithful normal trace
7, one can show, proceeding exactly as in Lemma 4.2.8 of [29], that there exist
polynomials ¢; and g2 such that, uniformly in s € [0, 1],

(51) () Tl < a(2), 1B~ Tdll < aa()

We first end the proof of (47) using (51).
For any entire function f(z) = 3°° , a,2" we define [f(2)]y := Y h_, an2". Consider
the entire function A in the decomposition exp(inz) = h(7?(1 — 22)) + (irz)g(7*(1 —
22)). Proceeding as in Lemma 4.2.6 in [29] we show using the first inequality in (51)
that for each a > 0 there exists an € > 0 and an integer N, such that
— [|h(*(Id = x*(eBy))) — [A(w*(1d — x*(eBy)))]w,
— [h(7%(Id — x2(eBs)))]n. is of propagation less than 1

Remark here that N, is in fact fixed by € and, with our conventions, can be set to
be equal to the integral part of 1/e. Thus the left hand side of the above inequality
can be thought of as a positive function of €, converging to 0 when ¢ | 0. A similar
statement can be made for the derivative of h(eBs) with respect to s. Applying the
same reasoning to the second summand in the decomposition exp(inz) = h(7?(1 —
2%)) + (ir2)g(m2(1 — 2%)) we conclude as in [29] Lemma 4.2.10, that for each o > 0
there exists an € > 0 and an integer N, such that

(52) ‘/ ( exp( —ZWX(GBt)))jt( exp(iyrx(ef}t)))) di—
52

; TV (([ exp(—imx(eBy))]n )jt([ exp(imx(eBy))] . )dt‘<a,

Similarly, using the second inequality in the Claim and the second inequality in (51),
we can prove that for each o > 0 there exists a § > 0 and an integer Ns such that

‘/ T]—"( exp( iwx(éBt)))jt(—exp(mx(aBt)))> di—
(53)

. d .
[ 75 (= epim(6B)) ) 5 (- explimx (6B ) ] < o
0
Since the left hand sides of the inequalities (52), (53) can be thought of as positive

functions of € and § converging to O as e | 0 and é | 0, it is clear that we can ensure the
existence of a common value, say n and IV, for which both inequalities are satisfied.
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Consider again the difference |wy,,(7]) — wy, (71)| that we rewrite as [A. + Be + C|
with

Ac= i = [ (= espl-im(eBi)ln) (- esplinx(eB)lv,) )

Be = [ 7 (- exp(oind(eB)ln) (- esplin(eBo)lx.) ) di
| (- explimelln) (- explim(eBollx,) )

Cei= [ 7% (= expl-imu(eBOl) (- explimx(eBoll.) ) e - wtyof

We know that for each @ > 0 there exists a common € such that |A.| < o and |C,| < a.
On the other hand, using the fact that [—exp(imy(eB))]n, is of propagation equal
to 1, we can prove, proceeding as in Proposition 4.4, that there exists ¢ such that
B, = 0. Thus we have proved (47) modulo the Claim.

We shall prove the Claim for the particular case of the cylinder; let us prove, for

example, the first inequality. Consider

- 0 D\ 1[(/z 0, .
Bt(D O>+t<5‘m a:) with ¢ € (0,1].

Observe that the left hand side of the first inequality in the Claim is nothing but the
last term in inequality (4.3) in [28]. Proceed now exactly as in the part of the proof
of Lemma 4.7 in [28] that begins with the inequality (4.3). It is not difficult to realize
that the proof given there, i.e. the proof of the first inequality in the Claim, can be
easily adapted to our von Neumann context using singular numbers and the results of
Fack and Kosaki. More precisely, the operator Bf can be diagonalized with respect
to the eigenfunctions of the operator X2, with

T 0
X = .

The functional calculus of B? is then reduced to the functional calculus of the operator
2
Dt by, with D= (13 ;)
and where )y, is an eigenvalue of X2 as in [28] . Now the L'-norm ||x(Bs) — x(¢Bs)||1
is given by the sum over k of L'-norms in corresponding von Neumann algebras of
the operator (x — xc)(D’ + A¢). By [22], this L'-norm is expressed in terms of the
singular numbers p% (D’ +A) = p%(D’)+ Ag. This reduces the estimate to the similar
estimate of the singular numbers of D’ exactly as in [28]. This latter being a leafwise
elliptic second order differential operator, we can use the estimate us(b’ ) ~ s2/p
where p is the dimension of the leaves, see for instance [8]. Hence the proof of the
first inequality of the claim is completed following the steps of [28]. The proof of the
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second inequality in the Claim is similar. Thus we have proved the Claim and thus
(47) in the case of cylinders. For manifolds with cylindrical ends we split the relevant

statements into purely cylindrical ones and statements on compact foliated bundles,
as in [28]. We end here our explanation of the proof of (47). The proof of Theorem
8.1 is now complete.
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