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H =(W
, 5) Hecke algebra

= 7[q=1 Tu &Taew "Stalbens"

x = W

↑ M = (Maw)x
,

weN

= <Cunew "L-bonis" (kL
,
1979)

M is the base change matrix (after extending scalars
Ito L [0E (

and it is morally guen by KI-polynomidls :

mxw = En qu Paule)
Recall that Cy is uniquely determined by

> kw) = Cw (self-duelty
b) C =2 manto

=W

where man is quen
as aboveand Paw)]

Pow(f) = 1 deg Pw(((d-flul-)
(x< w)

Paw = 0 if w



Recall also that while posing existence Guido showed that

Paw= Pr + appa , r
-Zulz ,n P *

4
, z

SV

5zLZ

where : V = Sw

↑ (f(r) -f(z) - 1)
· z50 means that P =M/z ,

b) q + smaller degree
terms

· c = 20x
sx
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Examplecomputation KL-polys : Let W = dihedral
group

Iz(m)
us 5 = Es

,
t]

relations : s
= E= (st)"= =

Com Paw =1 zw in W Asts...
I

Observe thatW = Se
,

s
.

t
,
stits,... e

m- 1 m

-> all elements but the longest one have only a resuced

exjussion and for any wel

& x tW= w] = GreW/el) < elly Sal



We'll show our claim by induction on lo

If (() = 0

,
then we and claim venfed.

Also if a = w
,
Pr

,
w

= 1
,

so that we can esume wisse -

Since elw 20
,

an est] s
.
t

.
swcw
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WLOG : lots

Demote v:= sw

Observe that if <5 then 1(r)-f(z) < +(c) - f(x)

and we can assume by induction that Pa,
o

= F
,

so that

zaw iff 0 = E(((0) - ((x) - 1) => ((z) = e(w) - 2 = e(r) - 1
.

So that the sommation has in fact at mostone term : the unique

z > w S .

t. ((7) = 1/0) - 2 and SCE
.

If scease ,
then by we have by ind

.

↓
Px

,
w

= Psx
,

+ qPav - 1 . pez p = 7 + q -

q = 1x7
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If we distinguish two cases
-

x = v

- x <v

(Since W
,

Ews and sess => ver)

then in this case sc = w and who
, byind

Ce(z)Qz = 0 + 1 + 0 = 1Pan = Pen + Par-1 .0

= E
L

then two ases : s

= 1/sse) = <(0) but se to lince
S(s) S

col Then live) =llo)-2 and we find the z

Su e (

Pawfit-q
e

0 and Altren sand
s .

t. ((z) = l(t) - 1
.

Pan = q.0 + 1 = 1
.



Looking at the dihedral example
↓ Grillo's exercises (Pan rea sit

.
fid-2 (la)=((d)

we are tempted to conjecture that KL-polye are always 1.

This is fals and thanks to the failure of our conjecture

we home interesting stuff in representation theory
and geometry !

In fact , if you're patent enough you can compute

Exercise (= 5
,
5 = 3 (12)

,

(23)
,
(4) 3

.

Then Pu
,
Seise

= 1+
-

sin

In fact ,
we have this surprising

result

Theorene (Polo 1999, Caselli 2004)
geomety olf. comb.

Let Pe[q] be such that P(0) = 1
.

then 5 >, 2
,

3
, y Sm S.

t
.
P = Pay

u Every poly with non-negative coefficients and constant
term = 1

I
is a KL-poly.



Referenceof KL-polys
Since their birth KL-Jolys turned out to be relevent

in several areas.

In particuled , already in [KL79] connections to

regresentation theory (of Weye goups , of ss upla Lis dgs)

to geometry (of flog varieties) to algebraic combinatories

were (sometinas conjecturally) discussed.

REP- THEORY : · Repn's of Hicke olgis can be constructed

by using KI-Jolye

· If of is a suplx he elg ,

W its Weyl go

S simple reflections ( simple roots (

then KL-pdgs "Control" multiplicities of

simple modules in Jonan-Hölder Austration

of Verme [Conectured in 1979, was proven shortly
after by geometria methools by Belinson-Benstein

& Brylinski-Kashiwara .
PIgebraic groof is

consequence of a more acent (2019) pag by

Elias- Williamson)



From [L79]"Our polymonials Pyw offer to be very closely related with

the structure of singulantiss of Schubert venities
.

More jucisely Pow

can↓ ↳o beregadeds amandfortefeneee in
a non aga point in By "

· FERY : KL-polynomials are Poincar foynonals

for graded rings coming from geometry .

More precisely
, they compute

the local intersection

cohomology of Schubert venities of a flag variety

G)B
,

whre G is a reductive
group whose

Weyl group is W lend B Borel

· COMBINATORIS :

many interesting combinatorial-

features !! I'll state here two conjectures :

Pa[] ,
-W (fors (

Islated aloody by KL in 1979, was known

to hold for Negl groups given the geometria
interpretation .

Proven frang Coxete gp by
Elies-Williamson] I

② Par only dependo on Bonhat interval Esw]

[STILL OPEN ! F.

Brenti s collaborators worked a lot on it
.

Next Friday : talk ot ARTS on related stuff ]



Ephically :

"Principal agoroseee n

block of
L cat .

C"

rep() > 0 Perr (G) < D (G/B)
i '

① ②, -"deategorification"
(morally : taking Groth gps" !

<

gut Hecke alf S

Combinatoilse 7(W
,
S)

① Gothendik group of Po has two bens : &Maren "Ve
"Simple5 Lw]weW mods

[where Mx = M(x . 0)
,

a. 0 = xy) -

g , g =12
KL-intuition : Man--- > Te

Lw - - - > Cw

~ [Mm : w] = Pw()

In fact ,
wo can fine this giving to any seff of Paw ar

rasentation theoretical meaning
.



② We'll need to know
a little more to be alle to even

state what's happening
.

Vague che of old pf of K2-cy . on
mult of simples in Vermes :

Regalo a
moI --D Par/G/B) us It

"Riemann
Hilbert

"Shores of off ops corop.

" -Ges 4
on GIB" possing

~ olg . diff eqn's on G/B through fadic

fervese

Sorgel 1990 :
New prof using

"modules over cinvariants"

~ > Functor N : 0
.

+ mod- C = End[Pro
A

Thn/Sorgel) (P) I (B/B)
Do

Goodfaturs : · I (Pu) has "elementary" definition
· KL-suy. can be reformulated algebraically

Or Serr(G/B) mod-C

..... ! s
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