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After the paper [3] was published, we realized that a key step in
the proof of its main result, Theorem 1.1, could be achieved in a more
direct way, which makes the proof independent from the results of [2].

We retain the same notation as in [3]. In [1, Ch. 10, § 5] it is shown
that (·, ·)|h0×h0 is nondegenerate, thus we can define dually a form (·, ·)
on h∗0. Denote by ∆ the set of h0-weights of g and let (h0)∗R be the
real span of ∆. As proven in [1, Ch. 10, § 5] one can always choose
the form (·, ·) in such a way that (·, ·)|(h0)∗R×(h0)∗R

is positive definite. We
shall assume that the form (·, ·) satisfies this condition. This is not
restrictive, and it has been tacitly used in the proof of Theorem 1.1.

Observe that, since µ stabilizes h0, it permutes the set ∆ of h0-
weights of g, hence µ((h0)R) = (h0)R. In particular we have the orthog-
onal decomposition

(h0)∗R = ((h0)∗R ∩ (hµ)∗)⊕ ((h0)∗R ∩ h∗p).

Recall that a weight Λ ∈ ĥ∗ is said to be dominant if (Λ, α) ∈ R for

any α ∈ ∆̂ and (Λ, α) ≥ 0 for α ∈ ∆̂+. If we write Λ = kΛ0 + Λ|h0 +
(Λ0,Λ)δ then Λ dominant implies k = (Λ, δ) ≥ 0.

It is shown in [1, Ch. 10, § 5] that ∆ generates h0 over C. This
implies that λ ∈ (h0)∗R if and only if (λ, α) ∈ R for any α ∈ ∆. In

particular if Λ ∈ ĥ∗ is such that (Λ, α) ∈ R for any α ∈ ∆̂, then
Λ|h0 ∈ (h0)∗R. Thus we have an orthogonal decomposition

Λ|h0 = Λ|hµ
0

+ Λ|hp

with

Λ|hµ
0
∈ (h0)∗R ∩ (hµ0)∗ Λ|hp ∈ (h0)∗R ∩ h∗p.

Recall that Λ ∈ ĥ∗ is said to be integral if 2 (Λ,α)
(α,α)

∈ Z for any

simple root α. We set for shortness ‖λ‖ = ‖(ϕ∗a)−1(λ)‖ whenever

λ ∈ ϕ∗a((ĥµ)∗).

Proposition. Suppose that Λ ∈ ĥ∗ is dominant integral. Let ν be a
weight of L(Λ)⊗ F σ(p) such that

‖ν + ρ̂aσ‖ = ‖Λ + ρ̂σ‖.
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Then there is w ∈ Ŵσ such that

(1) w(Λ + ρ̂σ) = (ϕ∗a)−1(ν + ρ̂aσ).

Proof. Observe that (ϕ∗a)−1(ν + ρ̂aσ) is a ĥµ-weight of L(Λ)⊗ F σ(p)⊗
F σ(a) = L(Λ)⊗ F σ(g), thus

(ϕ∗a)−1(ν + ρ̂aσ) = (λ+ ρ̂σ − s)|bhµ

with λ a weight of L(Λ) and s ∈ S, where

S = {ξ ∈ ĥ∗ | ξ =
∑
β∈b∆+

nββ, 0 ≤ nβ ≤ dim L̂(g, σ)β, nβ = 0 a.e.}.

Since (λ + ρ̂σ − s)(K) = k + g > 0, we can find v ∈ Ŵσ such that

v(λ+ρ̂σ−s) is dominant. The set of weights of L(Λ) is Ŵσ-invariant and
the same holds for ρ̂σ−S, hence we can write v(λ+ρ̂σ−s) = λ′+ρ̂σ−s′.
It follows that ‖λ+ ρ̂σ − s‖ = ‖λ′ + ρ̂σ − s′‖, so we have

‖Λ + ρ̂σ‖2 − ‖λ+ ρ̂σ − s‖2 = (Λ + ρ̂σ + λ′ + ρ̂σ − s′,Λ− λ′ + s′).

Since Λ− λ′ + s′ is a sum of positive roots and Λ + ρ̂σ, λ′ + ρ̂σ − s′ are
both dominant, we obtain that

‖Λ + ρ̂σ‖ ≥ ‖λ+ ρ̂σ − s‖.

On the other hand

‖ν + ρ̂aσ‖ = ‖(λ+ ρ̂σ − s)|bhµ‖ ≤ ‖λ+ ρ̂σ − s‖ ≤ ‖Λ + ρ̂σ‖

so, since ‖ν + ρ̂aσ‖ = ‖Λ + ρ̂σ‖, we obtain equalities. Since Λ + ρ̂σ is
regular we find that

0 = ‖Λ + ρ̂σ‖2 − ‖λ+ ρ̂σ − s‖2 = (Λ + ρ̂σ + λ′ + ρ̂σ − s′,Λ− λ′ + s′)

implies Λ = λ′ and s′ = 0, so Λ + ρ̂σ = v(λ + ρ̂σ − s). Moreover
‖(λ + ρ̂σ − s)|bhµ‖ = ‖λ + ρ̂σ − s‖ implies ‖(λ+ ρ̂σ − s)|hp

‖ = 0. Since

(λ + ρ̂σ − s)|h0 ∈ (h0)∗R and the form (·, ·) is positive definite on (h0)∗R
we obtain that (λ+ ρ̂σ − s)|hp

= 0 and (λ + ρ̂σ − s)|bhµ = λ + ρ̂σ − s.
Thus

(ϕ∗a)−1(ν + ρ̂aσ) = v−1(Λ + ρ̂σ).

Taking w = v−1 we obtain (2), as wished. �

Using this Proposition, there is no need to invoke the affine version
of the Vogan conjecture to start the proof of Theorem 1.1 (after Lemma
5.1).
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