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After the paper [3] was published, we realized that a key step in
the proof of its main result, Theorem 1.1, could be achieved in a more
direct way, which makes the proof independent from the results of [2].

We retain the same notation as in [3]. In [1, Ch. 10, § 5] it is shown
that (-, )pyxp, is nondegenerate, thus we can define dually a form (-, )
on hi. Denote by A the set of ho-weights of g and let (ho)x be the
real span of A. As proven in [1, Ch. 10, § 5] one can always choose
the form (-, ) in such a way that (-, )|z x(no)z 18 positive definite. We
shall assume that the form (-,-) satisfies this condition. This is not
restrictive, and it has been tacitly used in the proof of Theorem 1.1.

Observe that, since pu stabilizes by, it permutes the set A of ho-
weights of g, hence u((ho)r) = (ho)r. In particular we have the orthog-
onal decomposition

(bo)r = ((Bo)r N (6)") & ((bo)z N by)-

Recall that a weight A € b* is said to be dominant if (A, ) € R for
any @ € A and (A, ) > 0 for a € A*. If we write A = kAo + Ay +
(Ao, A)d then A dominant implies k = (A, ) > 0.

It is shown in [1, Ch. 10, § 5] that A generates hy over C. This
implies that A € (ho)g if and only if (A\,a) € R for any « € A. In
particular if A € H* is such that (A,«) € R for any a € 3, then
Ay, € (ho)g- Thus we have an orthogonal decomposition

Ajpy = N + Ay,

with
A € (ho)z N (h5)™ Ay, € (ho)r N by
Recall that A € 6* is said to be integral if 2% € Z for any
simple root . We set for shortness ||\ = ||(p%) ()| whenever

A€ @a((h)7).
Proposition. Suppose that A € fj\* is dominant integral. Let v be a
weight of L(A) ® F7(p) such that

[V 4 Pao || = [[A + 16
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Then there is w € W, such that

(1) WA+ o) = (02) 7 (V + Pao)-

Proof. Observe that (¢%) 7' (v + pu) 1s a hH-weight of LA ®@Fo(p)®
F?(a) = L(A) ® F7(g), thus

(@2) "V + Par) = A+ Do — 5)|Eu
with A a weight of L(A) and s € S, where
S={¢e b* | € = Z ngf, 0 <ng < dimf(g,a)g, ng =0 a.e.}.
BEAT

Since (A + p, — s)(K) = k+ g > 0, we can find v € W, such that
v(A+py—s) is dominant. The set of weights of L(A) is W,-invariant and
the same holds for p, —S, hence we can write v(A+p, —s) = N +p, —¢'.
It follows that [|A + p, — s|| = |\ + p» — &', so we have

1A+ Boll* = [IX + P = sl = (A + o + X + P — 5, A = N + ).

Since A — X + s’ is a sum of positive roots and A + p,, N + p, — s" are
both dominant, we obtain that

A+ Dol = [A+ po — s]|-
On the other hand

’|V+ﬁa0” = H()‘"i_ﬁa - S)\Eu < H)‘"i_ﬁa - 8” < HA+b\0“

s0, since ||V + pus || = ||A + pol|, We obtain equalities. Since A + p,, is
regular we find that

0=[[A+Poll” = X+ 56 =8P = (A+ 55 + N + 56 — ', A= N +5)

implies A = X and s’ = 0, so A+ p, = v(A + p, — s). Moreover
(A + Do — 8)gull = 1A+ Po — s|| implies [[(A+ p5 — ), | = 0. Since
(A4 Po — 8)jp, € (ho)k and the form (-, -) is positive definite on (ho)x
we obtain that (A +p, —s), = 0 and (A + py — $). = A+ ps — 5.
Thus

(02) " (v + Do) = v (A + Do)

! we obtain (2), as wished. O

Taking w = v~
Using this Proposition, there is no need to invoke the affine version

of the Vogan conjecture to start the proof of Theorem 1.1 (after Lemma
5.1).
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