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INVOLUTIONS AND LINEAR SYSTEMS ON
HOLOMORPHIC SYMPLECTIC MANIFOLDS
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Abstract. A K3 surface with an ample divisor of self-intersection 2 is a
double cover of the plane branched over a sextic curve. We conjecture that
a similar statement holds for the generic couple (X,H) with X a deforma-
tion of (K3)[n] and H an ample divisor of square 2 for Beauville’s quadratic
form. If n = 2 then according to the conjecture X is a double cover of a
(singular) sextic 4-fold in P5. It follows from the conjecture that a defor-
mation of (K3)[n] carrying a divisor (not necessarily ample) of degree 2
has an anti-symplectic birational involution. We test the conjecture. In
doing so we bump into some interesting geometry: examples of two anti-
symplectic involutions generating an interesting dynamical system, a case
of Strange duality and what is probably an involution on the moduli space
of degree-2 quasi-polarized (X,H) where X is a deformation of (K3)[2].

1 Introduction

A compact Kähler manifold is irreducible symplectic if it is simply con-
nected and it carries a holomorphic symplectic form spanning the space of
global holomorphic 2-forms. A 2-dimensional irreducible symplectic mani-
folds is nothing else but a K3 surface. The well-established theory of pe-
riods of K3 surfaces has been a model for the theory in higher dimensions
and indeed Local Torelli [Be1] and Surjectivity of the period map [H2,3]
hold in any dimension. K3 surfaces are remarkable not only for their pe-
riods: the complete linear system associated to an ample divisor has very
simple behaviour [May] and furthermore one can describe explicitly all K3
surfaces with an ample divisor whose self-intersection is small. This paper
deals with the question: do similar properties hold for ample divisors on
an irreducible symplectic manifold of arbitrary dimension? Deformations
of S[n], the Hilbert scheme parametrizing length-n subschemes of a K3
surface S, are in many respects the simplest known irreducible symplectic
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(M(v),Hv) is polarized of degree 2. Let T ⊂ P3 be a quartic surface not
containing lines and let A be the (hyper)plane class on T . We let

w := 1 + c1(A) + η . (6.0.3)

Then M(w) ∼= T [2] and (M(w),Hw) is polarized of degree two. The goal
of this subsection is to prove the following result.

Proposition 6.1. Let v and w be as in (6.0.2) and (6.0.3) respectively.
Then (M(v),Hv) is polarized deformation equivalent to (M(w),Hw).

The proposition will be proved by applying the methods developed in
[GöH], [O], [Y1], to prove Theorem 4.5 and Huybrechts’ first results [H1]
on deformation equivalence of birational irreducible symplectic manifolds.
Our first task is to show that suitable deformations of (M(v),Hv) and
(M(w),Hw) are birational, in fact one deformation is obtained from the
other by flopping a P2. More precisely let T0 ⊂ P3 be a smooth quartic
surface containing a line R and such that

H1,1
Z (T0) = Zc1(R) ⊕ Zc1(A0) (6.0.4)

where A0 is the (hyper)plane class. Let

w0 := 1 + c1(A0) + η . (6.0.5)

Thus
(M(w0),Hw0

)
is a deformation of

(M(w),Hw

)
. (6.0.6)

We let
Λ(w0) :=

{
[Z] ∈ T

[2]
0

∣∣ Z ⊂ R
} ∼= R(2) ∼= P2. (6.0.7)

Since Λ(w0) ∼= P2 we can flop M(w0) in Λ(w0) and get another compact
symplectic 4-fold elmΛ(w0)(M(w0)) (a priori not necessarily Kähler) – see
[Mu2]. Explicitly: since Λ(w0) is Lagrangian one has

NΛ(w0)
∼= Ω1

Λ(w0) . (6.0.8)

Let
π : M̃(w0) → M(w0) (6.0.9)

be the blow-up of Λ(w0). It follows from (6.0.8) that the exceptional divisor
E of π is isomorphic to the incidence variety

{
(p, L) ∈ Λ(w0) × Λ(w0)∨

∣
∣ p ∈ L

}
. (6.0.10)

Hence E has two different structures of P1-bundle, one given by the re-
striction of π and the other by the natural map ρ : E → Λ(w0)∨. One
checks that the restriction of the normal bundle N

E, fM(w0)
to fibers of ρ

has degree (−1) and hence we may blow down E along the fibers of ρ: by
definition elmΛ(w0)(M(w0)), the elementary modification of M(w0) with
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center Λ(w0) is the 4-fold we get after the contraction. In particular we
have a birational map

M(w0) · · · > M̃(w0) . (6.0.11)
Now consider the divisor D0 := (2A0 − R) on T0. As is easily checked D0

is ample of degree 10 thus (T0,D0) is a degree-10 polarized K3. Let
v0 := 2 + c1(D0) + 2η . (6.0.12)

Let M(v0) be the moduli space where (semi)stability is with respect to D0.
As is easily checked D0 is v0-generic and hence by Theorem 4.5 we know
that M(v0) is smooth. Since the moduli space of polarized K3’s of degree
10 (or any other degree) is irreducible (T0,D0) is a deformation of (S,D)
and hence

(M(v0),Hv0

)
is a deformation of

(M(v),Hv

)
. (6.0.13)

Lemma 6.2. Keep notation and assumptions as above. Then

M(v0) ∼= elmΛ(w0)(M(w0)). (6.0.14)
Letting

γ : M(w0) · · · >M(v0)
be the corresponding birational map, we have

γ∗Hv0 = Hw0 . (6.0.15)

Proof. Let [Z] ∈ T
[2]
0 = M(w0): an easy computation gives that

dim Ext1
(
IZ(A0),OT0(A0 −R)

)
=

{
1 if [Z] /∈ Λ(w0) ,
2 if [Z] ∈ Λ(w0) .

If τ ∈ Ext1(IZ(A0),OT0(A0 −R)) we let
0 → OT0(A0 −R) → Gτ → IZ(A0) → 0 (6.0.16)

be the corresponding extension. Then v(Gτ ) = v0. One checks easily using
(6.0.4) that if τ �= 0 then Gτ is D0-slope-stable. Of course if τ ′ = kτ
with k �= 0 then Gτ ′ ∼= Gτ . Thus to each [Z] /∈ (M(w0) \ Λ(w0)) we
associate a D0-slope-stable non-trivial extension GZ as above unique up to
isomorphism. Hence we have a regular map

(M(w0) \ Λ(w0)
) γ0−→ M(v0)

[Z] �−→ EZ .
(6.0.17)

Let π be the blow-up (6.0.9). Standard methods give that there exists an
extension

0 → A → G → B → 0 (6.0.18)

on T0 × M̃(w0) with the following properties. If [Z] ∈ (M(w0) \ Λ(w0))
(viewed as an open subset of M̃(w0)) then the restriction of (6.0.18) to
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T0 ×{[Z]} is the unique non-trivial extension (6.0.16). If [Z] ∈ Λ(w0) then
we have an identification

π−1([Z]) ∼= P
(
Ext1(IZ(A0),OT0(A0 −R))

)
, (6.0.19)

and for x ∈ π−1([Z]) the restriction of (6.0.18) to T0 × {x} is the non-trivial
extension (6.0.16) corresponding to x. Thus G defines a regular map

M̃(w0)
eγ−→ M(v0) . (6.0.20)

Let us show that γ̃ is surjective. Let [F ] ∈ M(v0); then χ(F ⊗OT0(R−A0))
= 1 and since by stability we have h2(F ⊗ OT0(R − A0)) = 0 we get that
h0(F⊗OT0(R−A0))≥1. Thus there exists a non-zero map OT0(A0−R) → F ;
it follows from (6.0.4) and stability that the cokernel is torsion-free and a
Chern class computation then gives that it is isomorphic to IZ(A0) for some
[Z] ∈ T

[2]
0 . Hence F ∼= Gτ for some τ ∈ Ext1(IZ(A0),OT0(A0 −R)) and by

stability of F we have τ �= 0; this proves that γ is surjective. Let

Λ(v0) :=
{
[F ] ∈ M(v0)

∣
∣ h0(F ⊗OT0(R −A0)) > 1

}
. (6.0.21)

Then γ0 is an isomorphism between (M(w0)\Λ(w0)) and (M(v0)\Λ(v0)).
Furthermore, γ̃ is the contraction of the exceptional divisor E of π along
the “other” P1-fibration. This proves (6.0.14). Now we prove (6.0.15). Let
U(w0) := (M(w0) \ Λ(w0)); since cod(Λ(w0),M(w0)) = 2 it suffices to
prove that

γ∗hv0 |U(w0) = hw0 |U(w0) . (6.0.22)
Let α : T0 × U(w0) → T0 and β : T0 × U(w0) → U(w0) be the projections
and let IZ ⊂ T0 × U(w0) be the tautological codimension-2 subscheme.
Then we have an exact sequence

0 → α∗OT0(A0 −R) → G|T0×U(w0) → IZ ⊗α∗OT0(A0)⊗ β∗ξ → 0 (6.0.23)

for a suitable line-bundle ξ on U(w0). Thus by (4.2.8) we get

γ∗hv0 |U(w0) = β∗
[
ch(G|T0×U(w0))(1 + α∗η)(α∗η − 1)

]
6

= β∗
[
ch(IZ⊗α∗OT0(A0))(1+α∗η)(α∗η−1)

]
6
−

(∫

T0

ch2

(
IZ ⊗OT0(A0)

)
)
c1(ξ)

= hw0 |U(w0) −
(∫

T0

ch2

(
IZ ⊗OT0(A0)

))
c1(ξ) ,

where [Z] ∈ T
[2]
0 is an arbitrary point. A straightforward computation gives

that ∫

T0

ch2

(
IZ ⊗OT0(A0)

)
= 0

and hence we get (6.0.22). �
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Proof of Proposition 6.1. Let X → Bw0 be a representative for the
deformation space of (M(w0),Hw0), i.e. deformations of M(w0) that “keep
Hw0 of type (1, 1)”. Similarly let X ′ → Bv0 be a representative for the
deformation space of (M(v0),Hv0). Thus there is a divisor H on X such
that for every s ∈ Bw0 the pull-back of H to Xs, call it Hs, is of degree 2
and of course H0 ∼ Hw0. Similarly we have H′ on X ′. Let Bw0(Λ) ⊂ Bw0

be the locus parametrizing deformations of (M(w0),Hw0) for which Λ(w0)
deforms too, and let Bv0(Λ

′) be the locus parametrizing deformations of
(M(v0),Hv0) for which Λ(v0) deforms too. By a Theorem of Voisin [V2]
each of these loci is smooth of codimension 1.

Claim 6.3. If we shrink enough Bw0 and Bv0 around 0 the following
holds. Let s ∈ (Bw0 \Bw0(Λ

′)). There exists u ∈ (Bv0 \Bv0(Λ
′) such that

(Xs,Hs) ∼= (X ′
u,H

′
u). In particular (M(w0),Hw0) and (M(v0),Hv0) are

deformation equivalent.

Proof. Let Γ ⊂ X be the locus swept out by the P2’s which are deformations
of Λ and define similarly Γ′ ⊂ X ′; thus we have P2-bundles Γ → Bw0(Λ) and
Γ′ → Bw0(Λ

′). Let Π: Y → X be the blow up of Γ. Let E be the exceptional
divisor of Π; thus Π gives a P2-bundle E → Γ. Following Huybrechts [H1]
we see that E has another P2-fibration structure E → Γ′ and that one
can contract Y along this fibration and get a smooth X ′′. We still have a
map X ′′ → Bw0 which is submersive, and the divisor H′′ – the transform
of H. If s /∈ Bw0(Λ) then (X ′′

s ,H
′′
s ) ∼= (Xs,Hs). If s ∈ Bw0(Λ) then X ′′

s is
the elementary modification of Xs with center Λs (the deformation of Λ)
and H ′′

s is the divisor corresponding to Hs via the flop; in particular by
Lemma 6.2 (X ′′

0 ,H
′′
0 ) ∼= (M(v0),Hv0). Considering the period map of X ′′

we get that X ′′ → Bw0 is the deformation space of (M(v0),Hv0). The
claim follows immediately. �

The proposition follows immediately from the above claim and (6.0.6)–
(6.0.13).
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[EGL] G. Ellingsrud, L. Göttsche, M. Lehn, On the cobordism class of the
Hilbert scheme of a surface, J. Algebraic Geometry 10 (2001), 81–100.

[F] A. Fujiki, On the de Rham Cohomology Group of a Compact Kähler
Symplectic Manifold, Adv. Studies in Pure Math. 10, Algebraic Geometry
(Sendai 1985) (1987), 105–165.

[Fu] W. Fulton, Intersection Theory, Ergebnisse der Mathematik und ihrer
Grenzgebiete (3), 2, Springer-Verlag, Berlin, 1984.

[G] D. Gieseker, On the moduli of vector bundles on an algebraic surface,
Ann. of Math. 106 (1977), 45–60.

[GöH] L. Göttsche, D. Huybrechts, Hodge numbers of moduli spaces of
stable bundles on K3 surfaces, Internat. J. Math. 7 (1996), 359–372.

[H1] D. Huybrechts, Birational symplectic manifolds and their deformations,
J. Differential Geom. 45 (1997), 488–513.

[H2] D. Huybrechts, Compact hyper-Kähler manifolds: basic results, Invent.
Math. 135 (1999), 63–113.

[H3] D. Huybrechts, Erratum: Compact hyper-Kähler manifolds: basic re-
sults [Invent. Math. 135:1 (1999), 63–113], Invent. Math. 152 (2003), 209–
212.

[HL] D. Huybrechts, M. Lehn, The Geometry of Moduli Spaces of Sheaves,
Aspects of Mathematics E31, Vieweg, 1997.

[I] V.A. Iskovskih, Fano 3-folds, I, Math. USSR Izvestija 11 (1977), 485–
527.

[KMM] Y. Kawamata, K. Matsuda, K. Matsuki, Introduction to the minimal
model problem, Algebraic Geometry (Sendai 1985), Advanced Studies in
Pure Mathematics 10 (1987), 283–360.

[KoM] J. Kollár, T. Matsusaka, Riemann–Roch type inequalities, Amer. J.
Math. 105 (1983), 229–252.
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[L2] J. Le Potier, Dualité etrange, sur le surfaces, preprint, preliminary ver-
sion 09-06-2003.

[M] A. Markman, Brill–Noether duality for moduli spaces of sheaves on K3
surfaces, J. Algebraic Geometry 10 (2002), 623–694.

[Ma] M. Maruyama, Moduli of stable sheaves, II, J. Math. Kyoto Univ. 18
(1978i), 557–614.

[May] A. Mayer, Families of K3 surfaces, Nagoya Math. J. 48 (1972), 1–17.
[Mc] C.T. McMullen, Dynamics on K3 surfaces: Salem numbers and Siegel

disks, J. reine angew. Math. 545 (2002), 201–233.
[Mu1] S. Mukai, On the moduli space of bundles on K3 surfaces, I, Vector

Bundles on Algebraic Varieties, TIFR, Bombay, O.U.P. (1987), 341–413.
[Mu2] S. Mukai, Symplectic structure of the moduli space of sheaves on an

abelian or K3 surface, Invent. Math. 77 (1984), 101–116.
[Mu3] S. Mukai, Curves, K3 surfaces and Fano 3-folds of genus ≤ 10, Algebraic

Geometry and Commutative Algebra I, Kinokuniya Tokyo (1988), 357–
377.

[Mu4] S. Mukai, Moduli of vector bundles on K3 surfaces and symplectic man-
ifolds, Sugaku Expos. 1 (1988), 139–174.

[O] K. O’Grady, The weight-two Hodge structure of moduli spaces of sheaves
on a K3 surface, J. of Algebraic Geom. 6 (1997), 599–644.

[S] J.H. Silverman, Rational points on K3 surfaces: a new canonical height,
Invent. Math. 105 (1991), 347–373.
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Kieran G. O’Grady, Università di Roma “La Sapienza”, Dipartimento di Matem-
atica “Guido Castelnuovo”, Piazzale Aldo Moro n. 5, 00185 Rome, Italy

ogrady@mat.uniroma1.it

Received: June 2004
Revision: December 2004
Accepted: January 2005


