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0. Introduction.

Let X be a projective K3 surface and M(r,c1,ca) be the moduli space of semistable (with respect to
the polarization Ox (1)) torsion-free sheaves on X of rank r, with Chern classes ¢1, ¢3. If it so happens
that every semistable sheaf is actually stable, e.g. when ¢; is non-divisible or when r = 2, ¢; = 0 and ¢5 is
odd (the polarization must be “generic”), then M(r, ¢y, cz) is smooth and holomorphically symplectic [M1].
It has been proved [01,03] that in both of the above mentioned cases the moduli space is equivalent, up

* i.e. the union of “Desingularized ...”, J. reine angew. Math. 512 (1999), and alg-geom /9708009
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to deformation of complex structure and birational modifications, to a Hilbert scheme parametrizing zero-
dimensional subschemes of X; one expects that the same statement is true whenever semistability implies
stability (Yoshioka [Y] proved this in many cases). The present paper deals with the “opposite” case, that
is when there do exist strictly semistable (i.e. non stable) sheaves. We will analyze the moduli space M, of
rank-two torsion-free sheaves with ¢; = 0 and ¢ = ¢ even. The sheaf Iy @ Iz, where 20(W) = 2¢(Z) = ¢
is strictly semistable for any choice of polarization; conversely if the polarization is generic (see (0.2) for the
precise definition) these are the only strictly semistable sheaves. When ¢ = 0 or ¢ = 2 no stable sheaves
exist, thus My is a point and My =2 X in short not much is going on. Instead if ¢ > 4 the moduli space
M. is interesting: it is singular exactly along the locus parametrizing strictly semistable sheaves, and the
smooth locus is symplectic. A natural question to ask is the following:

(0.1) Does there exist a symplectic desingularization (or smooth model) of M7

Our main result is the construction of a symplectic desingularization ./W4 of My, and the proof that /\74
is a new (ten- dlrnenslonal) irreducible bymplec‘mc variety. Explicitely, we show that My is one-connected
and that h? 0(M4) 1; this means ./\/14 is an irreducible symplectic variety. Furthermore we prove that
b2(M4) > 24. Since all known ten-dimensional irreducible symplectic varieties have by = 7 or by = 23 [B,H],
our results show that all deformations of ./\/l4 are new irreducible symplectic varieties.

The paper is organized as follows. In §1 we explicitely describe Kirwan’s desingularization A ./\/l — M.,
obtained by blowing up loci parametrizing strictly semistable sheaves. The desingularization M. carries a
regular two-form &. which degenerates on all three exceptional divisors if ¢ > 6, while W, degenerates on
a single divisor {24, namely the inverse image of the locus parametrizing sheaves equivalent to Iz © Iz. In
§2 we show that (2 is a P2-fibration, and the normal bundle has degree —1 on the P?’s. Hence we can
contract My along this fibration, and we get a smooth complex manifold My with a holomorphic symplectic
form. We identify this contraction with the contraction of a certain K /Cu—negative extremal ray, hence My

is projective by Mori theory. We also show that the a priori rational map /W4 -+ > My is regular, thus /W4
is a symplectic desingularization of My. (It is plausible that it equals the blow-up of M, along the locus
parametrizing strictly semistable sheaves.) In §3 we prove that M is connected and h2%(My) = 1. First,
by a well-known deformation argument we can assume Ox (1) has degree 2. Let C € |Ox(1)] be a smooth
curve: we prove that

Hq(Mv4; Z) = HY(7 Y{[F] € My| F|c is either singular or unstable}; Z)

for ¢ < 5. (Here 7: My — My is the desingularization map.) The proof of this result is “copied” from [Li3].
Hence to get our result we must describe the above set. There are three components: the first is mapped by
T to the locus parametrizing strictly semistable sheaves Iz @ Iy, which are singular along C, the second is
mapped by 7 to the closure of the locus parametrizing stable sheaves which are singular along C, the third is
mapped to the closure of the locus parametrizing vector-bundles whose restriction to C' is unstable. The first
two sets are easily analyzed. The analysis of the third set requires more work: by considering elementary
modifications (along C') we can describe this set in terms of the moduli space of rank-two semistable sheaves
on X with ¢; = ¢1(Ox(1)), cz = 3. Once we have a birational description of these three sets, it is an easy
matter to conclude that hO(My) = h2°(M,) = 1. In §4 we prove that My is simply-connected: first we
show My is birational to a certain Jacobian fibration over |Ox(2)], then we prove the Jacobian fibration
is simply-connected via a monodromy argument. In §5 we show that the subspace of H? (Mv4; Q) spanned
by the (pulled-back) image of the p-map together with two “geometric” divisors has dimension 24. In the
final section we are concerned with Question (0.1) for ¢ > 6. We do not have an answer, but we describe
how to get a desingularization /\/l which is “closer” to being symplectic than /\/lc is by contracting extremal
K-negative rays . (We suspect that there is no smooth symplectic model of M, for ¢ > 6.)

We close this discussion by mentioning one of our motivations for posing Question (0.1). Vafa and
Witten [VW] have proposed formulae for the Euler characteristics (suitably interpreted?) of moduli spaces
of semistable sheaves on surfaces. If the answer to (0.1) is affirmative, the Euler characteristic of any smooth
symplectic model of M, (which is independent of the model chosen) should be equal to Vafa-Witten’s
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characteristic. If on the contrary the answer to (0.1) is negative it is not clear which mathematical Euler
characteristic should equal the physicists’ characteristic.

Notation used throughout the paper.

We let ¢ be an even integer with ¢ > 4, and we set ¢ = 2n.

We let X be a projective K3 surface and H = Ox (1) be a c-generic polarization, i.e. an ample divisor class
such that for D € Div(S5),

(0.2) ifD-H=0and —c< DD, then D~ 0.

There exist c-generic polarizations for any choice of ¢, because the collection of hyperplanes D+, for D €
Div(X) with
—c<D-D<0,

defines a set of locally finite walls in the ample cone of X.

A torsion-free sheaf F' on X is Gieseker-Maruyama semistable (with respect to the polarization Ox (1)) if
for every exact sequence
0—-L—F—Q—0,

(tkQ) - X(L(n)) < (tkL) - (Q(n), for n > 0.

If strict inequality holds (when n >> 0) for all such sequences with rkL # 0 # rk@ then F' is Gieseker-
Maruyama stable. A semistable non-stable sheaf is strictly semistable.

We let M, be the moduli space of rank-two (Gieseker-Maruyama) semistable torsion-free sheaves F' on X
with ¢1(F) = 0, ca(F') = ¢; this is a projective scheme whose closed points are in one-to-one correspondence
with S-equivalence classes of such sheaves [G,Mal].

Acknowledgments.
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pointing out a blunder during a talk on this work.

1. Kirwan’s desingularization of M..

F. Kirwan [K] defined a procedure for partially desingularizing G.I.T. quotients: in short one blows up loci
parametrizing strictly semistable points, until all semistable points are actually stable, and then one takes
the quotient of this blown up space. The aim of this section is to desingularize M. by applying Kirwan’s
method. In (1.1) we recall how one can realize the moduli space M, as the G.I.T. quotient of a Quot-scheme
Q. acted on by PGL(N), and we give a detailed description of Kirwan’s procedure as applied to our case. In
order to describe the resulting space (in particular to show it is smooth) we must analyze the local structure
of Q. at points corresponding to semistable sheaves F' = Iy @ Iz; in (1.2) we show that, by Luna’étale
slice Theorem, this is equivalent to studying the versal deformation space of such sheaves. In (1.4)-(1.5) we
give the required results about these deformation spaces; the main results are (1.4.1)-(1.5.1). In particular
we will see that Q. is singular at such points; thus the general results of [K] do not apply to our case,
because Kirwan assumes that the semistable locus is smooth. However we are lucky: we show that Kirwan'’s
blow-ups, dictated by the need to eliminate strictly semistable points, give a PGL(N)-space S, which is
smooth along its semistable locus. This result is stated in (1.8.10), but the main ingredients of its proof are
the results of (1.6)-(1.7). The quotient S.//PGL(N) will not be smooth (except when ¢ = 4), it has quotient
singularities, but a last blow-up gives a space with smooth quotient M\c; this is the main result of (1.8).
In Subsection (1.9) we show that there is a regular two-form on M\C extending the symplectic form on the
smooth locus of M..



1.1. The Quot-scheme and Kirwan’s desingularization.

We briefly recall the construction of M, according to Simpson [S,Le]. By Serre’s F.A.C. theorems, the
following holds if £ > 0. Let F be a sheaf parametrized by M,; then HP(F(k)) = 0 for p > 0, and F can
be realized as a quotient

(1.1.1) Ox(—k)™ = F,

in such a way that the induced map CV — H°(F(k)) is an isomorphism. Let Quot(k) be the Quot-scheme
parametrizing quotients (1.1.1) whose Hilbert polynomial is that of rank-two sheaves with ¢; =0, ¢o = ¢; if
x € Quot(k) we let F, be the quotient sheaf parametrized by x. Then PGL(N) acts on Quot(k) and also
on some positive multiple of the “Pliicker” line-bundle over Quot(k), i.e. the action is linearized. Hence it
makes sense to speak of PGL(V)-(semi)stable points: let Q%°, Q% C Quot(k) be the open subsets consisting
of PGL(N)-semistable (respectively stable) points x such that F,, is torsion-free and rk(F,) = 2, ¢1(F;) =0,
co(Fy) = c. Let Q. be the schematic closure of Q2° in Quot(k). Simpson proves that for k sufficiently large a
point = € Q. is PGL(N)-semistable (stable) if and only if F, is Gieseker-Maruyama semistable (respectively
stable), and that

Kirwan’s partial desingularization will be the PGL(N)-quotient of a variety obtained by successively blowing
up Q. along (the closure of) loci parametrizing strictly semistable points: the idea is that strictly semistable
points will gradually disappear and in the end all semistable points will be stable (in particular their stabi-
lizers will be finite). A key ingredient is a theorem of Kirwan relating stability on a G-scheme to stability
on the blow-up of a G-invariant subscheme. More precisely, let G be a reductive group acting linearly on a
complex projective scheme Y (linearly means: the G-action has been lifted to an action on Oy (1)), let V be
a G-invariant closed subscheme of Y, and 7 Y — Y be the blow-up of V. Then G acts on 17, and also on

D, = W*Oy(g) X O}";(*E),

where F is the exceptional divisor of w. Thus the action on Y is linearized. Let Y** CY, Y* C Y be the
loci of semistable (stable) points with respect to Oy (1), and let Y**(¢) C Y and Y*(¢) C Y be the loci of
semistable (stable) points with respect to Dy.

(1.1.2) Theorem (Kirwan [K, 3.1-3.2-3.11]). Keep notation as above. For £ > 0 the loci Y**(¢) and
Y#(¢) are independent of £: denote them by Y*¢ and Y* respectively. The following holds:
m(Y**) C Y (1.1.3)
N (V%) c Y. (1.1.4)
In particular m induces a morphism _
TY//G—-Y//G.
If ¢ is also sufficiently divisible, this morphism is identified with the blow-up of V//G.
We will blow up (the closure of) loci parametrizing strictly semistable sheaves.

(1.1.5) Lemma. A point x € Q. is strictly semistable (i.e. x € Q%°\ Q%) if and only if F, fits into an exact
sequence

(1.1.6) 0—1Iy;— F,— Iy —0,

where Z, W are zero-dimensional subschemes of X of length £(Z) = ¢(W) = n, and Iz, Iy are their ideal
sheaves. Furthermore the orbit PGL(N)x is closed in Q5° if and only if the exact sequence above is split.

Proof. A straightforward computation shows that if F,, fits into Exact sequence (1.1.6) then it is strictly
Gieseker-Maruyama semistable, hence x is strictly semistable. Now assume z € @), is strictly semistable.
Then by Simpson F}, is strictly Gieseker-Maruyama semistable, i.e. it fits into an exact sequence

(*) 0—Iz(D)— F, — Iw(—-D) — 0,
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where Z, W are zero-dimensional subschemes of X, and D € Div(X), with
(1) x(Iz(D) ® Ox(n)) = x(Iw(=D) ® Ox(n)) for n > 0.
Applying Whitney’s formula to (x) and writing out explicitely (f) we get

—c+(Z)+¢(W)=D-D and D - H =0,
respectively. Since H is c-generic (see (0.2)) we conclude that D ~ 0, hence the destabilizing subsheaf
and quotient sheaf are Iy and Iy respectively. Equality (f) then gives ¢£(Z) = ¢(W), hence F fits into
Exact sequence (1.1.6). Let e € Ext!(Iw, I) be the extension class of (1.1.6), and assume e # 0. One can
construct a family of extensions {&; };ea1 of Iy by Iz with extension class te: for ¢ # 0 the sheaves &; are all
isomorphic non-split extensions, while £ = Iz & Iyy. From this it follows that if (1.1.6) is non-split the orbit
PGL(N)z is not closed. Since there must be a closed orbit in @3° which corresponds to the S-equivalence
class of the semistable sheaf appearing in (1.1.6), this orbit must parametrize split extensions. q.e.d.

Let
Q) ={z€Q|F, 2 Iz &Iz, [Z) € X"},
') :={z € Q| F, is a non-trivial extension of I by Iz, [Z] € X"}
2 ={z€Q| F, 2 Iz lw, [Z],[W]e X", Z£W},
AYy :={z € Q| F, is a non-trivial extension of Iz by Iw, [Z],[W] € XI", Z # W}

Here and in the rest of the paper we drop the subscript ¢ from M., @Q., etc. whenever this causes no confusion.
We let Qq, L', X0, Ag be the closures in @ of Q2), I‘%, EOQ and AOQ respectively. By Lemma (1.1.5),

(1.1.7) Q¥ \Q° =Qy IITY LY ITAY,.
If G is a group acting on a set A, and « € A, we let St(x) be the stabilizer of .
(1.1.8) Corollary. Let z € Q*°. Then
. 0
PGL(2) ifz € Qg,
(C.+) ifweTd,

St(x) =4 o ifrexl
{1} ifz e AR TTQ".
Proof. For z € Q, one has St(z) & Aut(F,)/scalars; the result follows easily. q.e.d.

By the above corollary the points of @2° with non-trivial reductive stabilizers are parametrized by Q%
and Z%. Thus Kirwan’s method for (partially) desingularizing M. is the following. Let

(1.1.9) TrRiR— Q
be the blow-up of Qg. We let ¥z C R be the strict transform of ¥g. (Notice that ¥g D Qg.) Let
(1.1.10) m5:S — R

be the blow-up of Xi. The linear action of PGL(N) on @ lifts to linear actions on R and S. Applying
Theorem (1.1.2) to g and g we get a morphism

5.//PGL(N) — Q.//PGL(N) = M..
We will prove that My := S4//PGL(N) is smooth. If ¢ > 6 then S.//PGL(IN) has quotient singularities; a

—~

last blow up will produce a smooth desingularization of M., which we denote M. Both of these statements
will be proved in Subsection (1.8).

1.2. Luna’s étale slice.

If W is a subscheme of a scheme Z we let Cy Z be the normal cone to W in Z [Fu]. Since the exceptional
divisor of 7 is equal to Proj(Cq, @), we will need to determine the normal cone to Q¢ in @ (at semistable
points); similarly we will need to know Cy, R. Luna’s étale slice theorem reduces this to a problem about
deformations of sheaves. We recall Luna’s theorem. Let G be a reductive group acting linearly on a quasi-
projective scheme Y. For y € Y we let O(y) be its orbit. If y € Y** and O(y) is closed (in Y*%) then St(y)
is reductive.



(1.2.1) Luna’s étale slice Theorem [Lu]. Keeping notation as above, suppose yo € Y** and O(yg) is
closed in Y**. Then there exists a slice normal to O(y), i.e. an affine subscheme V — Y *%  containing yo
and invariant under the action of St(yg), such that the following holds. The (multiplication) morphism

G XSt(yo) )% L Ys®

has open image, and is étale over its image. (Here St(yo) acts on GxV by h(g,y) := (gh~!, hy).) Furthermore
¢ is G-equivariant (the G-action on G X gy(y,) V is induced by left multiplication on the first factor). The
quotient map

@:V//St(yo) — Y/ /G
has open image and is étale over its image. If Y*° is smooth at yg, then V is also smooth at yqg.

Now assume W C Y*° is a locally closed subset containing yg, stable for the action of G; for example
W could be Q% C Q°°. Set
W=Wwnv.

(1.2.2) Corollary. Keep notation and hypotheses as above. There is a St(yg)-equivariant isomorphism
(CwY™),, = (CwY),, -
Proof. We work throughout in neighborhoods of (1,40) € G Xgy(y,) V and of yp € Y. Set
W:.=aG X St(yo) VV-
Since ¢~ W = W, and since ¢ is étale there is an isomorphism
CwY*> =Cy (G Xst(y0) V) -

The projections N
(G Xs1(ye) V) = G/St(yo) W = (G Xs1(y99) W) — G/St(yo)

are fibrations étale locally trivial, with fibers V and W respectively. Taking the fiber over the coset [St(yo)]
we get the corollary. q.e.d.

Let’s go back to our case: PGL(N) acting on Q*°. The following result identifies the normal slice with
a versal deformation space. (See also Wehler [W].)

(1.2.3) Proposition. Let 2 € Q*° be a point such that O(x) is closed (in Q**). Let V be a normal slice
(see (1.2.1)), and (V,z) be the germ of V at x. Let F be the restriction to X x (V,z) of the tautological
quotient sheaf on X x Q. The couple ((V,x),F) is a versal deformation space of F,.

Proof. We must prove two things: that the family F is complete and that the Kodaira-Spencer map
T,V — Extl(Fw7 F,)

is an isomorphism. Completeness follows easily from the universal property of the Quot-scheme. Let’s prove

that % is an isomorphism. Since F is complete & is surjective, thus it suffices to show that % is injective.

Letting
r:T,Q — Ext!(F,, F,)

be the Kodaira-Spencer map at = of the tautological quotient on X X ), we must show that
ker(xk) = T, O(x).

Letting E, be the kernel of the map (1.1.1) for F' = F,,, we have

(%) 0— E, —» Ox(—k)™) = F, —0.
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This gives the exact sequence
0 — Hom(F,, F,) — Hom(Ox(—k)™), F,) % Hom(E,, F,) = Ext!(F,, F,),

where Hom(E,, F,) = T,,Q and « is Kodaira-Spencer. Thus we are reduced to proving that Ima = T, 0(x).
Let
B: Hom(Ox (—k)™), Ox (—k)™)) — Hom(Ox (—k)™N), F,)

be the obvious map. Since T,,0(z) = Im(« o 3), it suffices to check that g is surjective. This follows at once
from the isomorphism H° (O(N)) = HO(F.(K)). q.e.d.

1.3. Normal cones and deformations of sheaves.
We will need to describe CoQ®® and similar normal cones. By Corollary (1.2.2) and Proposition (1.2.3)

this will be equivalent to describing the normal cone of certain loci in the versal deformation space of
semistable sheaves; in this subsection we provide the necessary tools.

The Hessian cone. Let Y be a scheme, and B — Y a locally-closed subscheme such that
(1.3.1) B is smooth and dim 7Y is constant for every b € B.

By (1.3.1) we have a normal vector-bundle NgY. Let Ip be the ideal sheaf of B in Y: the graded surjection

oo o0
P st (1s/13) — P (15/15)
d=0 d=0

defines an embedding of cones ¢: CpY <« NpY. The (homogeneous) ideal I (¢(CpY’)) contains no linear
terms. We let the Hessian cone of B in Y be the subscheme HgY <— NpY whose homogeneous ideal is
generated by the quadratic terms I (¢(CgY’)),. Thus we have a chain of cones over B:

CgY C HgY C NgY.
Notice that if b € B, then
(1.3.2) P(H,Y) is the cone over P (HgY'), with vertex P(T,B).

Let I,,, := Spec (C[t]/(t™1)); thus tangent vectors to Y at b are identified with pointed maps I; — (Y,b).
Then

(1.3.3) (HyY), ., = {fi:Ih — (Y,b)| there exists fo: I — (Y, b) extending fi}.

red —

Deformations of sheaves. Let £ be a coherent sheaf on a projective scheme, and let (Def(£),0) be the
parameter space of the versal deformation space of £. Thus

(1.3.4) ToDef (£) = Ext! (€, €).

We will give explicit equations of the reduced Hessian cone of Def(€) at the origin. Let
Ext?(€,8)? := ker (Tr: ExtP(€,£) — HP(Ox)),

where the trace Tr is defined as in [DL]. The composition of Trace with Yoneda product

Yon

Ext?(£,€) x Ext!(€, &) 228 ExtPT4(€, &) -5 HPT(Oy)

7



is a bilinear map, symmetric if (—1)?? = 1, anti-symmetric if (—1)?? = —1. We are particularly interested
in the Yoneda square map

Ext'(£,6) <& Ext’(£,€)°
e — eUe

Proposition. Keep notation as above. Then
(1.3.5) (HoDef(€)),eq = (Y (0)), .-

Proof. An m-th order deformation of £ is a sheaf &,, on Y x I,,, flat over I,,, such that &, ® C = £.
By (1.3.3), the left-hand side of (1.3.5) consists of first order deformations of £ which can be extended to
second order deformations. Let e € Ext'(€,&), and let

(%) 0—tesebe—o

be the first-order deformation of £ corresponding to e. Here t€ means that the C[t]/(t?)-module structure
of &; is described as follows: if o is a local section of &1, then to := a(t3(c)). From (x) we get

Ext!(€,&1) — Ext!(€,€) - Ext®(€, ).

Since 0 is Yoneda product with e we must prove that £ can be extended to a second order deformation if
and only if d(e) = 0. By the above exact sequence d(e) = 0 if and only if Extension (*) is the push-out (via
) of an extension

() 0—t& L F—E—0.
So let’ assume that £ can be extended to a second order deformation &>: thus & is an extension
0> t& 5 E — € — 0.
Let’s check that the push-out of & is isomorphic to (x). Since § is surjective and ker(8) = a(t€),
push-out of & = Ey/1 o (ta(t)) = E/t2E = &;.

Now let’s prove the converse: assuming there is an extension (f) whose push-out is (x) we will give F a
structure of C[t]/(#3)-module making it a second order extension of £;. Since the push-out of F is equal to
F/y(ta(tf)), we have

OHt2€m.7:i>€1HO.
If o is a local section of F we set to := (td(0)). q.e.d.
We will need the following result.

(1.3.6) Proposition. Let x € Q*° be a point with closed orbit, and V o x be a slice normal to the orbit.
Then
dim, V > dim Ext*(F,, F,) — dim Ext?(F,, F,)°.

More precisely, every irreducible component of the germ (V, z) has dimension at least equal to the right-hand
side of the above inequality.

Proof. By Proposition (1.2.3) there is an identification between (V,z) and Def(Fy). It is known that
Def(F,) is the zero-locus of an obstruction map with domain a smooth germ of dimension dim Ext*(F,, F,),
and codomain Eth(Fw, F,)%: this implies the proposition. Alternatively, one can use the following result
about the local structure of the Hilbert scheme @ at z. Let E, be the sheaf on X defined by the exact
sequence

(1.3.7) 0— B, — Ox(—k)™N) — F, —0.
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(See (1.1.1).) Then by Lemmas (1.4)-(1.8) of [Li2] we have
dim, Q > dim T,Q — dim Ext?(F,, F,)° = dim Hom(E,,, F,) — dim Ext?(F}, F,)°,

or more precisely every irreducible component of the germ (@, x) has dimension at least equal to the right-
hand side of the above inequality. Applying the functor Hom(-, F},) to (1.3.7) one gets

dim Hom(E,, F,) = dim Ext! (F,, F,) + (N? — 1) — dim St(x).
On the other hand, by Luna’s étale slice Theorem (1.2.1) we have
dim, @ = dimPGL(N) + dim, V — dim St(z).
Putting together the above (in)equalities one gets the proposition. gq.e.d.

1.4. The normal cone of E%.

Let z € ZQQ, and set
Fm:IZIEBIZZ» [(Z,):n, 7y # Zs.

Recall (1.1.8) that St(z) = C*. To simplify notation we often set ¥ = 3¢,
(1.4.1) Proposition. Keep notation as above. Then Z% is smooth, and its normal cone in @) is a locally-

trivial fibration over ¥©%,, with fiber the affine cone over a smooth quadric in P2¢=5. More precisely, for
T E EOQ there is a canonical isomorphism

(142) (CgQ)x = {(612, 621) c Eth(IZmIZz) D EXt1<IZQ,Izl)| eioUeg = 0}
Furthermore the action of St(x) on (CxQ), is given by
(1.4.3) )\(612, 621) = ()\6127 )\_1621).

The proposition will be proved in several steps.

I. Yoneda square. Since
Ext?(Fy, Fy) = @D Ext?(I,,1z,)
N

we can write Yoneda square T :=Tp, as

T(Z eij) = Zelk Ueg + Zelk Uego + Zezk Uer + Zegk U ego eij € Eth(IZ“IZj).
6,3 k k k k

By Serre duality
Ext®(Iz,,1z,) 2 Hom(Iz,,12,)",

hence

(1.4.4) EXt2<IZi, Iz;) =0ifi# jand Tr: Extz(IZi,IZi) — H?(Ox) is an isomorphism.
In particular

(1.4.5) Ext®(Fy, F.)° = {(f1, f2) € Ext*(I5,,1z,) ® Ext*(Iz,,12,)| fi + f2 = 0}.
Furthermore

T(e) = (e11 Uerr + e12 Uear, ea1 Ueig + eaz U ean).
By skew-commutativity (see (1.3)) Tr(e; Ues;) = 0, hence (1.4.4) implies that e;; U e;; = 0. This gives
(146) T(e) = (612 @] €21, €21 @] 612).

Let 1 5
U:Ext (F,, F,) — Ext“(Iz,,Iz)

e — ez Ueoq.
By (1.4.6)-(1.4.5) we can identify Y with ¥, in particular Y=1(0) = ¥=1(0). Let
U:Ext'(Iz,,I2,) @ Ext'(Iz,,12,) — Ext'(Iz,1z)
(e12,€21) = ez Ueo.

Thus ¥ is identified with the map induced by ¥ on Ext!(F,, F,)/kerV.

(1.4.7)
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(1.4.8) Claim. Pail(O) is a smooth quadric hypersurface in P2¢=5. In particular, since ¢ > 4, P¥~1(0)
is a reduced irreducible quadric.

Proof. By Serre duality, Yoneda product
(1.4.9) Ext!'(Iz,,1z,) x Ext'(Iz,,I2,) — Ext*(Iz,,1z,)
is a perfect pairing. Hence
PT ' (0) C P (Ext'(Iz,, I2,) @ Ext'(I4,,12,))
is a smooth quadric hypersurface. The claim follows from the equalities
—dimExt'(Iz,,12,) = x(I2,,12,) = x(Iz,,12) =2 —c.

gq.e.d.

II. The cone at the origin of the deformation space. Let V be a slice normal to the (closed) orbit PGL(N)x:
by Proposition (1.2.3) there is a natural isomorphism of germs (V,z) = Def(F,). In particular we have an
embedding

C,V C Ext'(F,, F,).

(1.4.10) Proposition. Keep notation as above. There are natural isomorphisms of schemes
C.V = H,V =T 0).
Proof. By (1.3.5) and Claim (1.4.8), we have
(PHV)rea = PYH(0) = PUT(0).

Since P¥~1(0) is a reduced irreducible quadric hypersurface and PH,V is cut out by quadrics, it follows
that
PH,V =PU(0).

Next, consider the inclusion
C,YVCH,V= \11_1(0).

By Proposition (1.3.6) and by (1.4.5)-(1.4.4) we have
dim C,V = dim V > dim Ext*(F,, F,) — 1 = dim ¥~1(0).

Since U~1(0) is reduced irreducible, we must have C,V = ¥~1(0). q.e.d.

III. The normal cone. Let
W:=Vn EOQ.

By Corollary (1.2.2) there is a St(x)-equivariant isomorphism

(1.4.11) (C2Q), = (CwV), -

(1.4.12) Claim. Keeping notation as above, W is smooth at x and
(1.4.13) T, W = Ext'(I7,,12,) @ Ext'(I4,,12,).
Furthermore, shrinking V if necessary, we can assume that

(1.4.14) dim 7T,V = dim T,V for all ' € W.
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Proof. We continue identifying (V,z) with Def(Fy). First we prove (1.4.13). Let F be a first order
deformation of F, and let e = Zi}.eij S Extl(FI,FI) be the corresponding extension class. Then e is
tangent to W if and only if the (twog exact sequences

0—1Iz, - F,— 1z, —0, i # 7,
lift to F. This condition is equivalent [02, (1.17)] to
€12 = €21 = 0.

This proves (1.4.13). To prove smoothness of W, notice that W parametrizes all sheaves of the form
Iz @ Iy, for Z' near Z and W' near W this implies that dim, YW > 2¢. On the other hand the right-hand
side of (1.4.13) has dimension 2¢, hence W is smooth at z. To prove the last statement, notice that the family
F of sheaves parametrized by V is complete at all 2/ in a neighborhood of z, and that dim Ext!(F,., F,/) is
constant for ' € W. q-e.d.

Now let’s prove Proposition (1.4.1), except for (1.4.3). First we show EOQ is smooth. Let x € EOQ, let V

be a slice normal to O(z), and W := VN E%. By the Etale slice Theorem (1.2.1), a neighborhood of z in Z%
is isomorphic to a neighborhood of (1,z) in PGL(N) X gy(z) W. This last space is smooth at (1, ) because
by (1.4.12) W is smooth at . Thus z is a smooth point of E%. Now let’s prove (1.4.2). By (1.4.11), in order
to prove (1.4.2) we must give an isomorphism

(1.4.15) (CwV). 2T (0),

where U is as in (1.4.7). By Claim (1.4.12) the normal bundle Ny is defined, hence we have inclusions of
cones
(va)x - (va)x C (NWV)x = Eth(Izl , IZQ) D Eth(IZQ, Iz, )
(The last isomorphism follows from (1.4.13).) Equality (1.3.2) together with Proposition (1.4.10) gives an
isomorphism
—1
(HwV), 2T (0).

Arguing as in the proof of (1.4.10), we conclude that (CywV), = (HwV),. In detail:
dim(CyV), > dimV — dim W > dim(HyV), = dim T (0),

where the second inequality follows from (1.3.6). Since (C\wV); C (HwV), = @_1(0) and ' (0) is reduced
irreducible, we get (1.4.15). The rest of Proposition (1.4.1), except for (1.4.3), follows at once from (1.4.2).
q.e.d.

IV. Action of St(z). Let x € Q®° be a point with closed orbit (z need not be in E%% and let V be a slice
normal to O(z). Since St(z) = Aut(F,)/{scalars}, the action of St(x) on V defines also an action of Aut(F;)
on V. For g € Aut(F,) we let

g TV — T,V

be the differential at x of the map corresponding to g.

(1.4.16) Lemma. Keeping notation as above, let
e € T,V = TyDef(F,) = Ext! (F,, F,).

Then g.(e) = gUeUg™ L.

Proof. Set Fy = F,. Let F; and E; be the first order deformations of F corresponding to e and g.e
respectively. The lemma follows from the existence of an isomorphism a: Fi — E; fitting into a commutative
diagram
0 — tbly — F, — Fy — 0
R S

0 — tbly — Ei — Fy — 0.
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The isomorphism ¢, exists because Aut(Fy) also acts on the restriction to X x V of the tautological quotient
on X X @, compatibly with the action on V. q.e.d.

Now let’s assume 2z € X, and let

g=(a,B) €C* xC* = Aut(F,) e=) e;€Ext!(F,, F,).

,J
By Lemma (1.4.16) we have
gu(€) = geg™ " = en1 + B lera + o Bers + ex.
Equation (1.4.3) follows at once from the above formula.

1.5. The normal cone of Q%.

Let x € Q%. If V is a two-dimensional complex vector space, then
F,=21;0cV, UZ)=mn St(x) = Aut(Fy)/{scalars} = PGL(V).
Let W := sl(V') be the Lie algebra of PGL(V), and let
(m,n) = 4Tr(mn)
be the Killing form. The adjoint representation gives an identification
PGL(V) =2 SO(W).

Let
Ez =Ext'(Iz,1y).

Choose a non-zero two-form w € H(Kx): the composition

Ez x By 2 Ext?(I5,17) 5 H*(Ox) % H*(Kx) I C

defines a skew-symmetric form ( , ), non-degenerate by Serre duality. Set
Hom“(W,Ez) :=={o: W — Ez| ¢"(, ) =0}.

Then St(z) = SO(W) acts (by composition) on Hom® (W, Ez). In this subsection we will prove the following
result.

(1.5.1) Proposition. Keep notation as above. Then Q% is a smooth locally closed subset of @), and its
normal cone is a locally trivial bundle over Q%. Ifx € Q% there is a natural St(x)-equivariant isomorphism

(1.5.2) (CaQ), = Hom®(W, Ex).

1. Yoneda square. There is a natural isomorphism
Ext? (Fy, F,) 2 ExtP(Iz,1z7) @ gl(V),

and Yoneda product is the tensor product of Yoneda product on ExtP(Iz,I7) times the composition on
gl(V). Hence if T: Ez ® gl(V) — sl(V) is Yoneda square,

T(Z e; ® ml) = Z(ez @] ej) (%9 (mlmj)

2%
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Since the composition
2 Tr 2 Uw 2
Ext (Iz,Iz)—>H (Ox)—>H (KX):C

is an isomorphism we can write, with a slight abuse of notation,

(1.5.3) 0 (Z e ® mi) = %Z@i,ej)[mi,mj],

]
where [, ] is the commutator (bracket). Now consider the decomposition
(1.5.4) E;@gl(V)=Ez®sl(V)®E;®Cldy = E; ® W & Ez ® Cldy,

and let T := T|g,ow. Since bracket in sl(V) corresponds to wedge product in W, we have
— 1
T(Z e; ® Ui) = 5 Z<€Z‘, €j>’U,L' ANvj.
i 4,J
The map T has the following geometric interpretation. The Killing form (, ) on W gives isomorphisms

2
Ez @ W = Hom(W, Ez) W%/\W*.

Let ¢ € Hom(W, Ez); a straightforward computation shows that, via the above identifications,

T: Hom(W,Ez) — N W*
14 = 20", ).
In particular
(1.5.5) T 1(0) = Hom® (W, Ey).

(1.5.6) Lemma. PTil(O) is a reduced irreducible complete intersection of three quadrics in P(Ez @ W).

Since PY~1(0) is a cone over PT_I(O) with vertex P(Ez ® Cldy), it follows that PY~1(0) is a reduced
irreducible complete intersection of three quadrics in P(Ez ® gl(V)).

Proof. The symmetric bilinear form

T(Z € ® Uquj Qw;) = %Z(ei,fj>vi A w;
i J

.3

is the polarization of Y, hence the differential of T at ¢

>, € ®w; is given by

dY(p): Hom(W,Ez) — /\ZW*%W
ijj®wj = %Zi,j<eiafj>vi/\wj~

From the above formula one easily gets

(1.5.7)

- 3 ifrke > 2,
(1.5.8) rk(dY(p)) = { 2 ifrkep =1,
0 ifp=0.

Let cr'Y be the set of critical points of T. Since ¢ > 4, Equation (1.5.8) gives
dimP(crY) =c+2<3c—4=dimP (Ez @ W) — 3.
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This proves PYT (0) is a reduced complete intersection of three quadrics. To prove irreducibility, notice
that by the above formulae

1

(1.5.9) cod (singPT_l(O),PT_ (0)) > 2.

On the other hand, Equation (1.5.8) shows that
dimT,PT ' (0) = dimPYT ' (0) + 1
at every p € singPTil(O). Now assume PYil(O) is reducible. Since PTil(O) is connected, there are two

irreducible components which meet. The above equality shows that the intersection of these components is

locally the intersection of two divisors in a smooth ambient space, hence it has codimension one in PTfl(O).
This contradicts (1.5.9). q.e.d.

II. The cone at the origin of the deformation space. Let V be a slice normal to the (closed) orbit PGL(N)x:
by Proposition (1.2.3) there is a natural isomorphism of germs (V, z) = Def(F}).

(1.5.10) Proposition. Keeping notation as above, there are natural isomorphisms of schemes
C.V =H,V=T"0).

Proof. The proof is similar to that of Proposition (1.4.10). By (1.3.5) and Lemma (1.5.6), we have
(PH,V)sea = PT7(0).

By (1.5.6), PT~1(0) is a reduced irreducible complete intersection of quadrics. Since PH,V is cut out by

quadrics, it follows that
PH,V =PY(0).

Next, consider the inclusion
C,YVCH,V= ‘11_1(0).

By Proposition (1.3.6) and (1.5.6) we have
dim C,V = dim V > dim Ext*(F,, F,) — 3 = dim T~1(0).

By (1.5.6) Y~1(0) is reduced irreducible, hence C,,V = T~1(0). q.e.d.
II1. Proof of Proposition (1.5.1). Let V be a slice normal to the (closed) orbit PGL(N)z, and let

,_ 0
W=V nNQg.
By Corollary (1.2.2) there is a St(z)-equivariant isomorphism
(1.5.11) (CaQ), = (CwV), .

The following result is analogous to Claim (1.4.12).
(1.5.12) Claim. Keeping notation as above, W is smooth at x and

(1.5.13) T, W = Ez ® Cldy.
(See Decomposition (1.5.4).) Furthermore, shrinking V if necessary, we can assume that
dim 7T,V = dim T,V for all ' € W.
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Proof. Identifying the germ (V,z) with (Def(F;),0) (see Proposition (1.2.3)), we see that a neighborhood
of x € W parametrizes all sheaves of the form Iz @ I/, for Z’' near Z. In particular

dimW > ¢=dim E4.
Hence Equation (1.5.13) implies the first statement. We prove (1.5.13). Let
€ € ToDef(F,) = Ext' (F,, F,) = Ez @ gl(V),

and let F be the corresponding first order deformation of F,. Then € is tangent to W if and only if, for
every exact sequence

(*) 0—-C—-V-C—=0
the following holds: the exact sequence
(T) 0—>Iz—>Fl.—>Iz—>0

obtained tensoring () by Iz, lifts to F. Choosing a basis of V adapted to (%), write € as a 2 X 2-matrix with
entries in Ez: then by [02, (1.17)] Exact sequence (1) lifts to F if and only if € is uppertriangular. Since
this must hold for any choice of (x), the matrix e must be a scalar, i.e. € € Ez ® CIdy. To prove the second
statement, notice that the family F of sheaves parametrized by V is complete at all 2’ in a neighborhood of
x, and that dim Ext!(F}., F,/) is constant for =’ € W. q.e.d.

Using (1.5.12) and arguing as in the proof of Proposition (1.4.1) we see that Qf, is smooth. Let’s
prove Isomorphism (1.5.2) (we leave it to the reader to verify that the normal cone of Q) is locally trivial).
By (1.5.11)-(1.5.5) we must give an isomorphism

1

(1.5.14) (CwV), =T (0).

We proceed as in the proof of (1.4.15). By (1.5.12) the normal bundle NV is defined, hence we have
inclusions of cones

(CwV), C (HwV), C (NwV), =2 Ez @ W.
(The last isomorphism follows from (1.5.13).) By (1.3.2) and (1.5.10) we have

(HwV), =T (0).

Furthermore .
dim (CwV), > dimV — dimW > dim (HwV), =dimT (0),

where the second inequality follows from (1.3.6). Since (CwV), C (HwV). = T_l(()) and T_I(O) is

reduced irreducible, we get (1.5.14). Finally, to prove that Isomorphism (1.5.2) is St(x)-equivariant, we
apply Lemma (1.4.16) to (V, x) = Def(F,). If g € Aut(F,) = GL(V), and ¢ € Ext'(F,, F,) = Ez ®@ gl(V),

gs(e) =gUeUg™.

Since Yoneda products are given by composition in gl(V'), the automorphism group GL(V') acts by conju-
gation on Ez ® gl(V), i.e. we get the standard action of SO(W) on W.

1.6. Description of Q3.

Recall that mg: R — @ is the blow-up of Qg. Let Qg C R be the exceptional divisor. By Theorem (1.1.2)
we have
Tr(Q%) C QY = QOQ.
In order to describe Q3% we will need a general result in the style of Theorem (1.1.2). Let G be a reductive

group acting linearly on a projective scheme Y, let W < Y be a G-invariant closed subscheme, let : Y Y
be the blow-up of W. Then G acts also on Dy := 7*Oy (¢)(—E), where F is the exceptional divisor. The
following lemma can be extracted from [K]; we sketch a proof for the reader’s convenience.
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(1.6.1) Lemma. Keep notation as above. If £ > 0 then the following holds. Let y € Y be such that
y = () is semistable with orbit closed in Y*°. Then y is G-(semi)stable if and only if it is (semi)stable for
the action of St(y) on m—1(y) (with the linearization obtained by restriction).

Proof. First we prove the lemma when G is a torus T. Let £y be such that 7*Oy ({p)(—FE) is very ample.
Let {0}, {7j} be diagonal bases for the action of T on H° (Dy,) and H® (Oy (1)) respectively. Let {p;}, {q;}
be the corresponding sets of characters of T'. Letting ® be the lattice of characters of T', and ®r := P ® R,

we set
A, :=convex hull in &g of the p; such that o;(y) # 0,

A, :=convex hull in ®g of the g; such that 7;(y) # 0,
A :=linear span of A..
Since O(y) is closed in Y*¢ there is an open U C A such that 0 € & C A,. Thus there exists mg such that
the following holds for all m > my. If V' C ®g is a codimension-one subspace not containing A, the image
of (A, + mA;) in Pr/V contains an open neighborhood of the origin. We claim that if £ = (o + m), with
m > myp, the lemma holds for §. By the numerical criterion for (semi)stability [Mm, (2.1)] it suffices to
show that if A is a one-parameter subgroup of G not contained in St(y) then A does not desemistabilize ¥.
Semistability with respect to the complete linear system H°(Dy) is the same as with respect to the sublinear

system
H%(Dy,) ® H(7*Oy (m)).

Identifying one-parameter subgroups of T' with Hom(®, Z), we get a one-to-one correspondence
{AC* =T NC"y =y} < {f € Hom(®,Z)| A; C ker(f @ R)}.

Hence, with our choice of m, if X does not fix y then A does not desemistabilize iy with respect to the above
sublinear system. This proves the result for a single y, but in fact we can choose an mg which works for
every y. Now let G be an arbitrary reductive group. Let T' < G be a maximal torus. Since the lemma
holds for the action of T', and since every one-parameter subgroup of G is conjugate to a subgroup of 7', the
numerical criterion for (semi)stability shows that the lemma holds also for the action of G. q.e.d.

Remark. If y is stable, the proof above is exactly Kirwan’s proof of (1.1.4).
By Proposition (1.5.1) there is a locally trivial fibration

PHom“(W,Ez) — ﬂ‘gl(Q%)

| |

0
T € Q-
(1.6.2) Proposition. Keeping notation as above, a point [p] € PHom® (W, Ez) is PGL(N)-semistable if
and only if:
K >2, or
"P1=1 and kero™ is non-isotropic.

Proof. By Lemma (1.6.1) [¢] is PGL(N)-semistable if and only if it is semistable for the SO(W)-action on
PHom" (W, Ez). The proposition follows easily from the numerical criterion for semistability. q.e.d.
1.7. Description of X3

Recall that Xz C R is the strict transform of ¥ under the blow-up 7r: R — (. We are interested in
Y%, alocally closed subset of R. The main result of this subsection is the following.
(1.7.1) Proposition. Keeping notation as above,
(1) 3% is smooth,

(2) The scheme-theoretic intersection of X% and Qg is smooth and reduced.
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(3) The normal cone of ¥} in R is a locally trivial bundle over X7, with fiber the cone over a smooth
quadric in P2¢79,

I. Description of 3 \ Qr. We will prove that
(1.7.2) B\ Qr =75 (D).
By Theorem (1.1.2) we know

#\ Qr C 15 (58 — Q).

From (1.1.7) one gets
0 ss 0 0

In fact the middle term is equal to the third term, but we will not need this because
(1.7.3) TR (T) NR* =0

Before proving (1.7.3) we give a general lemma. We assume G is a reductive group acting linearly on a

complex projective scheme Y, and V' C Y is a G-invariant closed subscheme. Let 7: Y — Y be the blow-up
of V.

(1.7.4) Lemma. Keep notation as above. Let & € Y be a point such that x := 7(Z) satisfies:

z gV, O(z) NV* £ 0.

Then 7 is not semistable.

Proof. It follows from our hypothesis that there exists a one-parameter subgroup \: C* — G such that
}ii% At)z =y e V2.
Let E be the exceptional divisor of 7, and
00,...,00 € H (7*Oy (£)(—E))
be a diagonal basis for the action of \; set A\(t)o; = t"ig;. We make the identification
H (" Oy (6)(=E)) = H° (Iy (¢)) .

Since y is semistable, n; > 0 for all ¢ such that 0;(Z) = 0;(x) # 0. We will show that in fact n; > 0 for all
such 4; this will prove Z is not semistable. Suppose n; = 0; then o; is A-invariant, hence o;(z) # 0 implies
0;(y) # 0. This is absurd because o; vanishes on V. q-e.d.

Let’s prove (1.7.3). Assume 7g(y) =z € I‘%. Then O(x) N Q% # (), hence by Lemma (1.7.4) y is not
semistable. This proves the left-hand side of (1.7.2) is contained in the right-hand side. Let’s show that
ng(Z%) is contained in R**. For y € WEI(Z%), let © = wr(y). Since O(z) is closed in Q*°, and disjoint
from the closed PGL(N)-invariant subset ), there exists a PGL(N )-invariant section o € H%(Ogq(f)) such
that o(x) # 0 and o vanishes on Qg. Viewing o as a (invariant) section of 75,0¢g(¢)(—E) we see that y is
semistable.

1. Description of X% N Qgr. Of course X% N Qg is contained in Q3 C ﬂlngz; = WEIQ%. For z € Q%, set
F, = (Iz ® Iz), where [Z] € X", and let

Homy, (W, Ez) := {¢ € Hom(W, Ez)| rkp < k},
Homj (W, Ez) := Homy (W, Ez) N Hom“ (W, Ey).

17



(1.7.5) Lemma. Let z € Q%, and set F,, = (Iz ® Iz). Then
(1.7.6) T (2) NS5 = PHom{*(W, Ez).

Proof. If y € ©¢, then St(y) = C*. Thus dim St(y) > 1 for all j € ¥g. In particular, if

SS

o] € 7R’ (2) NTF,
the stabilizer St([¢]) (< SO(W)) is positive dimensional. An easy analysis shows that St([¢]) is positive
dimensional if and only if k¢ = 1. By Proposition (1.6.2) we conclude that the left-hand side of (1.7.6) is
contained in the right-hand side. Let’s prove inclusion in the other direction. Assume [p] € PHom{*(W, Ez).

The identifications
W* 2 sl(V)Y 2 sl(V)

(the second isomorphism is given by the Killing form), allow us to write
p=mQa, m € sl(V), a € Ez, Tr(m?) # 0.

Since Tr(m?) # 0 we can diagonalize m, hence using a basis of eigenvectors we can write

(1.7.7) o = [g Oe} e € Ey.

Since X" is smooth there exist sheaves £, £’ on X x C, flat over C, where C' is a smooth curve, such that
the following holds. For a certain point 0 € C

Lo = £6 =1y,
and furthermore, if k, k' are the Kodaira-Spencer maps of £, £’ at 0, respectively, then
k(0/0t) = e k' (0/0t) = —e, d/0t € T,C.

Lastly we can assume L, % L, for all p # 0. Set G := L@ L. If V is a slice normal to O(z) at = then, by
versality of the tautological quotient on X x V (Proposition (1.2.3)), there exists a map

f:C—=V f(0)==

such that G is the pull-back of the tautological family of quotient sheaves on X x V. (We might have to
shrink C' 5 0.) Hence the differential of f at 0 has image spanned by ¢ (see (1.7.7)). Since f~!'Qg = {0},

there is a well-defined lift f: C' — R of f, and clearly f(C) Cc Xg. Thus

(¢l = J(0) € S N
III. Explicit construction of % and proof of Items (1)-(2) of (1.7.1). Let
ﬂ:/\({n} - xl  x(n]
be the blow-up of the diagonal. Set N := h%(I (k) ® I (k)), where [Z], [W] € X", Let
ol — xind
be the principal PGL(N)-fibration whose fiber over y € X{"} is
(1.7.8) Plsom (CV, H° (Iz(k) ® Iw (k))) ,
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where ([Z],[W]) = B(y). Over U x X there is a tautological family of quotients

(1.7.9) @gVX>X — L1(k) ® La(k) — 0.

Here L, is defined as follows. Let
pr XM XM x — xIMx x, i=1,2,
be the projection which forgets the i-th factor, and let Z € X" x X be the tautological subscheme; then
Li(k) := ((Boa) xidx)"p; (Iz ® Ox (k).
The family of quotients (1.7.9) defines a morphism
i —Q  hU)=(2HU0Y).
There is an action of O(2) on U. In fact realize O(2) as the subgroup of PGL(2) generated by

(07

SO(2):{9a ::{0 aql}}/{ﬂd}, - ﬁ (1)]

Then each 6, can be viewed as an isomorphism of £; (k) ® L2(k), hence it acts on uU. Similarly, let v:U — U
be the map induced by the involution interchanging the factors of X[ x X ["]: viewing 7 as an isomorphism
between L£1(k) ® Lo(k) and ¢* (L1(k) ® L2(k)) we get an action of 7 on U. Consider the G.I.T. quotient

U:=U//O02).

A word about the linearization. Taking first the quotient by SO(2) and then by O(2)/SO(2) we see that a
choice of linearization is relevant only for the quotient ///SO(2). Since SO(2) preserves the fibers of a we
need only specify what is the linearization on each fiber (1.7.8); but the fiber is affine, thus a linearization is
“not needed”, or more precisely we choose the trivial linearization of the trivial line-bundle. The action of
0O(2) is free, hence U is an orbit space, and since I is smooth, also U is smooth. The map h is constant on
O(2)-orbits, hence it factors through a map

hg:U — (222 UQ%) .
The following proposition proves Items (1)-(2) of (1.7.1).

(1.7.10) Proposition. Keep notation as above. The map hq lifts to a map hr:U — R, whose image is
3% . Furthermore
hR:U — Zg

is an isomorphism, in particular X% is smooth. Finally, the scheme-theoretic intersection of ¥% and Qg is
smooth and reduced.

Proof. First let’s prove that hq lifts. Let DI ¢ XM x X[ be the diagonal, and set

D"t i=exc. div. of = 7'DM,  D:=a*D",  D:=D//O(2).
Notice that D is an O(2) invariant divisor, hence D is a (Cartier) divisor. We will show that
() h*Io, = Og(~D).

This implies that hglo, = Ou(—D), and hence, by the universal property of blow-up, hqg lifts. As sets
iNL_lQQ = D, hence to prove (1) it will suffice to show the following: for any u € D, there exists a tangent
vector v € T, U such that

() (R)«(v) & T; , e
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To prove it, let y = a(u), ([Z],[Z]) = B(y), and & = h(y). The normal bundle of D" in X[ x X[ is
canonically identified with the (—1)-eigenbundle for the action on

(Txin x x1m) | pin
of the involution interchanging the factors of X[ x X hence
BH[2),12) =P {(e,€') € Ext'(Iz,1z) ® Ext' (Iz,17)| e = —¢'}.
Thus, if w € TyX{"} is transversal to TyD{”},
Bi(w) = (e, —e) O;éeEExtl(IZJZ).

Since a is a smooth fibration there exists v € T,U such that a.(v) = w. Identifying (CaQ), with
Hom® (W, Ez) as in (1.5.2) we see that

(1.7.11) h(v) =e® B _OJ .

In particular, since the right-hand side is non-zero, we have proved (). Thus the lift hr exists. Now let’s
prove that hp is an isomorphism between U and X% . Clearly hr(U — D) = ﬂglE%, and hence by (1.7.2) we
get a surjective map

hrlw-py: U — D) — (8% \ Qr) .

The above map is clearly one-to-one, and since (X3 \ Qg) is smooth it must be an isomorphism. Next, let’s
examine hr|p. The restriction

71\5:5 — Q%

is surjective; if z € Q%, and F, =V ® Iz, then
hY(x) = PGL(V) x P (Ext'(I2,12)),

and thus
hél(x) = (PGL(V)/0(2)) x P(Ez) = P ({y € W| ¢ is non-isotropic}) x P(Ez).

On the other hand, by (1.7.6) the term on the right is identified, via the Segre embedding, with 75" (z) N X35,
It follows from (1.7.11) that
hR|h51(m): h(jgl(x) — 7R () NS5

is the Segre isomorphism. Since X7 N {2g is smooth, we get that
(.) hR|D:D—>E§§ﬁQR

is an isomorphism. Now we can finish proving that hr is an isomorphism onto X%’. First notice that hg
is a homeomorphism, hence 3% is unibranch at every point of ¥ N {1z. Thus it remains only to show
that the differential dhp(u) is an isomorphism for all w € D. Since (o) is an isomorphism it is sufficient to
verify that (hr), (v) € Th,)Sr for some v € T, U: look at (). The proof just given also shows that the
scheme-theoretic intersection of X% and Qg is smooth and reduced. q.e.d.

IV. Proof of Item (3) of Proposition (1.7.1). Since mg is an isomorphism outside Qp, it follows from (1.7.2)
that the normal cone of (X% \ Qr) in R is isomorphic to that of Z% in @. Thus “outside Qg” Item (3)
of (1.7.1) follows from Proposition (1.4.1). Now let y € X% NQg, and set x = mr(y). Following the notation
of Lemma (1.7.5) we let y = [¢], where ¢ € Hom;(W, Ez). Let w, be the symplectic form induced by w on
(Imp™* /Img). We let Hom"“* (kerp, Imp™ /Imep) be the set of homomorphisms whose image is w-isotropic.
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Proposition. Keep notation as above. If [p] € X% N Qg there is a St([¢])-equivariant isomorphism
(1.7.12) (CxR)(, = Hom™* (Keryp, Imp™® /Tmgp).

The above proposition implies that Item (3) of (1.7.1) holds also “over X% NQg”. In fact the right-hand
side of (1.7.12) embeds into the 2(c — 2)-dimensional vector space Hom(Kerp, Imp* /Imy), and since w,,
is non-degenerate the image is the affine cone over a smooth projective quadric. Let’s prove (1.7.12). By
Item (2) of (1.7.1) the Cartier divisor Qp intersects transversely X%, hence

(CeR)(y) = (Conaflr)yy, -

Furthermore Q% — Q% is a locally-trivial fibration with smooth base, hence we can replace the right-hand
side of the above equation by the normal in the fiber through [¢]. More precisely, if z = mr([¢]),

(CZQQQR)[L,@] = (CYPHC)ml(VV,E'Z)PHOIIIW(VV7 EZ))[W] .

Thus (1.7.12) follows from the following result.

Lemma. Let [¢] € PHom; (W, Ez) (not necessarily semistable). There is a St([¢])-equivariant isomorphism

(1.7.13) (Ceom, (W, PHom®” (W, Ez)), . = Hom"* (Keryp, Imet /Tmy).

[¥]

Proof. Clearly
(Crtom, (W, 5, PHom® (W, Ez)) o] = (Ctiom, (W, 5, Hom® (W, EZ))¢ ,

and we will work with the right-hand side. We will show that the Hessian cone of Hom;(W, Ez) in
Hom® (W, Ez) satisfies the hypothesis of Lemma (1.3.6), hence the normal cone will be equal to the Hessian
cone. First we check that the Hessian cone is defined, i.e. that (1.3.1) is satisfied. First Hom; (W, Ez)
is smooth, and secondly, since Hom® (W, Ez) is the zero-scheme of Ty, and the differential dY( has con-
stant rank along Hom;(W, Ez) by (1.5.6), the tangent space to Hom® (W, Ez) has constant rank along
Hom; (W, Ez). By (1.3.5) the Hessian cone is given by the zeroes of the Hessian map along Homy (W, Ez).
Let’s compute the Hessian cone. For this we will choose bases {e1,. .., e, } of Ez and {v1,vs,v3} of W such

that ¢ = e; ® v1, and so that
1 ifi=2¢—1, j =2q,
(eirej) =< —1 ifi=2q, j=2¢—1,

0  otherwise.
Using Formula (1.5.7) for the differential dY we get

1 1
(1714) dT0(<p) ZZJ: Zl-jei ® ’Uj = —522’21)1 A Vo — §Z273’l)1 A V3,

hence
(THom* (W, Ez)),, = Z Zije; @vj| Zag = Zaz =0
ij
Furthermore
(THomy (W, Ez)), = Y Zijei ®v;| Zij =0if i > 2, j > 2.
ij

Thus we have an isomorphism

(1.7.15) (Nttom, Hom® (W, Ez)),, = { > Zije; ® v;

3<i
2<j
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To give an intrinsic formulation notice that there is a natural isomorphism
(Ntom, Hom(W, EZ))¢ =~ Hom (Kery, Ez/Imyp) ,
hence Isomorphism (1.7.15) can be read as
(NHom, Hom®” (W, Ez)) , = {a:Kerp — Ez/Img| Ima C (Imgpl/lmgp)} .

Referring to (1.3.4), it follows from (1.7.14) that px(e) = (e,v1): a computation gives the following equation
(see (1.3.4)) for the Hessian cone of Hom; (W, Ez) in Hom® (W, Ez) at ¢:

Z (Z2g—1,2Z2q,3 — Z2q2Z2q—1,3) = 0.

2<q<n

In particular the hypothesis of Lemma (1.3.6) is satisfied, hence the normal cone is equal to the Hessian
cone. Since the equation above defines the right-hand side of (1.7.13), we have proved that (1.7.13) holds.
The isomorphism is clearly St([¢])-equivariant.

The action of stabilizers. We are interested in the action of St(y) on (C’ER)y at a point y € ¥, If y
is outside Qg, then by (1.7.2) the action is described by (1.4.3). Now let’s assume y € X7 N Qg, and set
r = 7r(y). Apply Lemma (1.7.5) and write y = [¢], where ¢ € Hom$*(W, E); thus kerp! is non-isotropic
by (1.6.2). We choose bases of Ez and W as in the previous subsubsection, and we add the condition that

(v1,v;) = =014,
(Ujavj):07 j:273a
(’UQ,'U:}) = ]-7

and v1 A va A vg is the volume form. Easy considerations show that St([¢]) = O(Keryp), and more precisely

St([¢]) is generated by

0 -1

0 T =10
0

1 0 0
0o = | 0 0 1
0 10

OAOQO
Q
L

The action of St([¢]) on (CsR), is given by:

0o Z(Zi,Qei Qua+ Zize; Qus) | = Z(azi,2ei ® vg + 017121:,361‘ ® v3),

3<i 3<i
(1.7.16)

T Z(Zi,Qei ®up + Zize; @us) | = Z(—Zz‘,?,ei ® Vg — Zj e @ v3).
3<i 3<i

1.8. Analysis of Kirwan’s desingularization.

Recall that mg: S — R is the blow-up of R along X (see (1.1.10)). Let Qg C S be the strict transform of
Qg, and g C S be the exceptional divisor (i.e. the inverse image of ¥ ). Let x € Q%, and set F, = [ D I5.
By Item (2) of (1.7.1) and by (1.7.6) we have

(1.8.1) (mroms) *(z) = Blprom, PHom"” (W, Ez).
Thus
| Blptom, PHoms (W, Ez) C Qs.

z€QY,
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Let Ag C Qg be the closure of the left-hand side. Notice that
(1.8.2) cod (Ag_,S.) =c—3.

In particular Ag, = g, if and only if ¢ = 4. Let 7mr,:T. — S, be the blow-up of Ag,; of course T, # S.
only if ¢ > 4. Let A, C T, be the exceptional divisor, and Q7. , 37, C T¢ be the proper transforms of Qg,,
Yg, respectively. Let

M, :=T.//PGL(N), & M.— M.,
where 7 is induced by the PGL(N)-equivariant map (mrmsmr). Set

~ ~

Q. :=Qr //PGL(N),  S.:=3%7//PGL(N),  A.:=Ag //PGL(N),

Q.= Q. //PGL(N) = X"l 5, .=, //PGL(N) = (X["J X X[”]> Jinvolution.

The following is the main result of this section.

(1.8.3) Proposition. Keep notation as above. Then M\c is a desingularization of M.
The proof of the proposition will be given after some preliminary results.

Analysis of Q%.  We will prove the following result.

(1.8.4) Proposition.

(1) Q¥ is smooth.
(2) QF = Q.

First some lemmas.

(1.8.5) Lemma. Let [Z] € X", Then the blow-up
lglpHom1 PHom" (VV, Ez)

is smooth.

Proof. By (1.7.13) the exceptional divisor is a (locally-trivial) fibration over PHom; (W, Ez), and the fiber
over [p] is
PHom*# (Kerg, Imp™ /Tme),

i.e. a smooth quadric in P2¢=°. Since PHom; (W, Ez) is smooth, it follows that the exceptional divisor is
smooth. Thus the blow-up is smooth along the exceptional divisor. The complement of the exceptional
divisor is smooth by (1.5.6). q.e.d.

(1.8.6) Lemma. All SO(W)-semistable points of Blpyom, PHom® (W, Ez) are SO(W)-stable. Explicitely:

(1) Semistable points in the exceptional divisor are given by (referring to (1.7.12))
{([¢],[a])| [¢] € PHom$*(W, Ey), [a] € PHom** (Kerp, Img™ /Img) a(vs) # 0 # a(vs)}.

Furthermore, for ([¢], []) in the above set,

1%

St(l], [a]) {Z/(Q) if tkae = 2,

Z/2)®Z/(2) ifrka=1.
2) Semistable points not in the exceptional divisor are given b
& Y
{[¢] € PHom® (W, Ez)| tk = 3 or rke = 2 and kery non-isotropic}.
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For [¢] belonging to the above set, St([p]) is trivial if rk(p) = 3, and St([¢]) = Z/(2) if tk(p) = 2.

Proof. Let’s prove Item (1). By (1.1.2) semistable points of the exceptional divisor are contained in the
inverse image of PHomi*(W, Ez). Applying Lemma (1.6.1) we get that a point in the exceptional divisor
lying over [¢] € PHom; is SO(WW)-(semi)stable if and only if it is St([y])-(semi)stable. One easily verifies
that the points described in Item (1) are exactly the St([p])-semistable points, and that in fact they are all
stable. The computation of stabilizers is an easy exercise. Let’s prove Item (2). Applying the numerical
criterion for (semi)stability one checks that the points described are SO(W)-stable. By Proposition (1.1.2)
they remain stable in the blow-up. Now let’s show that if rkyp = 2 and kery is isotropic, then [¢] is not
semistable in the blow-up. Choose v € W with v_lkerp and v ¢ kery. Then there exists a one-parameter
subgroup A: C* — SO(W) such that

im A(t)e = ¢,

where 1ki) = 1 and kery)t = v. Thus [¢)] € PHom{*(W, Ez). Since PHom; is the center of the blow-up,
Lemma (1.7.4) tells us that [¢] becomes non-semistable in the blow-up, as claimed. The stabilizers are easily
computed. q.e.d.

Proof of (1.8.4). By (1.1.2) we know that (7r o 75)(Q%) C QF). Let x € QF), and set F, = I @ I.
By (1.8.1)-(1.8.5) the fiber (mpomg) ™" (x) is smooth. Since, by (1.5.1), Qf) is smooth, and since semistability

is an open condition, we get that Q% is smooth. This proves Item (1). The second item follows at once
from (1.6.1) and (1.8.6).

Analysis of ¥&. We will prove the following result.
(1.8.7) Proposition.

(1) ¥ is smooth.
(2) £ =53,
Proof. By (1.1.2) we know that
2% C g (%) = P(Cuy R).

Let y € £, and let 2 = mx(y). By (1.7.2) either € 3¢, or 2 € Q. In the latter case 75 ' (y)** is described
in (1.8.6). In the former case, an easy computation together with (1.6.1) gives the following.

(1.8.8) Claim. Keep notation as above. If x € X, then (referring to (1.4.2))

YE N (rroms) (@) = P{(e12,e21)| e12Uea1 =0 ez #0# e},

and all semistable points are stable. The stabilizer of any point in the above set is Z/(2).

Thus for every y € X%, 75" (y) is a smooth quadric in P2¢=° (see Item (3) of (1.7.1)). By Item (1)
of (1.7.1) £% is smooth. Since semistability is an open condition, we conclude that 3¢ is smooth. This
proves Item (1) of (1.8.7). The second Item follows from (1.6.1) and (1.8.8). q.e.d.

Analysis of S*°. Let’s show that

(1.8.9) S5 = ¥F UQY U (g omr) HQ?).

By (1.1.4) the term on the right is contained in the term on the left. On the other hand, by (1.1.2)
5% C TP UQF U (tgomr) H(Q°UTH UAY).

By (1.7.3) and (1.1.3) there are no semistable points in (7g o WR)*I(F%). Now apply (1.74) to Y = R,
Y =S, and V = Xp; since for y € 77&1([\%) we have O(y) N X% # 0, there are no semistable points in
(mg o WR)_l(A%). This finishes the proof of (1.8.9).
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(1.8.10) Claim.

(1) §°5 = 5=,
(2) S* is smooth.

Proof. Let’s prove Item (1). By (1.1.4) (rs omr)~!(Q®) is in the stable locus. By (1.8.7)-(1.8.4) Q% = Qf
and £¥ = £%. Thus Item (1) follows from (1.8.9). Let’s prove Item (2). First of all we show Q* is smooth:
by (1.2.1)-(1.2.3) it suffices to prove that for z € Q° the deformation space Def(Fy) is smooth, and this
follows (see (1.3.8)) from

Ext?(F,, F,)° 2 (Hom(F,, F,)°)” = 0.

Since (mgomg) is an isomorphism outside XgUQg, we get that (rgomr) 1 (Q*) is smooth. Secondly % and
Q% are smooth by (1.8.7)-(1.8.4); since they are Cartier divisors S* is smooth along X% and Q%. By (1.8.9)
we conclude that S* is smooth. q.e.d.

Analysis of A%.  We will prove the following.
(1.8.11) Proposition. Keeping notation as above, A% is smooth.

First we need a preliminary result. For [Z] € X[ let

Gr¥(k,Ez) :={[A] € Gr(k, Ez)| A is w-isotropic.},
PHom¢ (W, Ez) :={([K],[4],[¢]) € P(W) x Gr*(2, Ez) x PHom$% (W, Ez)| K C Kery, Imyp C A},

and let g: PHom$ (W, Ez) — PHom$ (W, Ez) be the map which forgets the first two “entries”.
(1.8.12) Lemma. Keeping notation as above, there exists an SO(W)-equivariant isomorphism

f:PHom% (W, Ez) = Blpgom, PHoms (W, Ez).

The map g corresponds to the blow-down map.

Proof. The ideal Ippom, of PHom; is generated by 2 x 2 minors (Second Fundamental Theorem of Invariant
Theory). Thus g*Ippom, is locally generated by the “determinant” of ©: W/K — A, hence it is locally
principal. By the universal property of the blow-up, there exists a map f as in the statement of the claim.
Let’s prove f is an isomorphism. Choose bases of W and Ez, and realize the blow-up as the closure in
PHom§ (W, Ez) x P17 of

{(els -  Imrs ()], - - )l ¢ € (Homa(W, Ez) \ Homy (W, Ez)), mrs(p) = (I x J)-minor of ¢, [I| = [J| =2} .
A computation shows that f is given by

(KT (AL L) = (e, - - [pr(K)gs (A)], - ),

where p;(K) are Pliicker coordinates of [K+] € Gr(2, W*), and ¢;(A) are Pliicker coordinates of [A]. This
proves f is an isomorphism. Clearly f is SO(W)-equivariant. q.e.d.

Proof of (1.8.11). By (1.1.2) we have mpms(A%) C Qf). If x € Q) and F, = Iz & Iz, then
AN (mrms) " (x) C Blprom, PHomy (W, Ez).

The right-hand side is smooth by (1.8.12). Since Q% is smooth by (1.5.1), and since stability is an open
condition, we conclude that A% is smooth. q.e.d.

Proof of Proposition (1.8.3). By Item (1) of (1.8.10) we have S* = 5% hence (1.1.2) implies that
(1.8.13) T* =T° = 7' (S%) = Blas (5°).
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By (1.8.11) Ag is smooth; since S* is smooth (by (1.8.10)) we get that T is smooth. Let z € Qf) and let
F, =1, ® Iz; one easily proves that

AsNYs N (mrms) Hz) = {([¢], [a])] [¢] € PHom, (W, Ez), [a] € PHom“*(Kerp, Imp™ /Imyp), rka = 1},
where notation is as in (1.8.6). Hence if z € T° we get by (1.8.6)-(1.8.8) that

(1} if 2 ¢ 95 U A,
St(z) = { 7/(2) if 2 € (35 UAS)\ (55N A3, .
Z/(2) ®Z/(2) ifz € (Z5NAS).

Since % and A% are divisors, we conclude that M= T//PGL(N) is smooth.
1.9. The two-form on the moduli space.

Let B be a smooth scheme, and € be a sheaf on X x B, flat over B. The Mukai- Tyurin form we € I'(Q%)
is defined as follows [M1,T]: if v,w € T, B

(we (B), v A w) = /X Tr (1 (b) () U s () (w)) A w,

where kg (b): Ty B — Ext'(Ey, E}) is the Kodaira-Spencer map at b. We apply this construction to B =
and & the pull-back via X x T7 — X x @, of the tautological quotient sheaf on X x Q..

(1.9.1) Claim. The two-form wg on T? is PGL(N)-invariant.

Proof. The group GL(N) acts on T and on &. For g € GL(N) we have g*we = wg-¢. Thus
(g"we (B), v A w) = (e (b), v A w)
= [ T g )0) Uy 0)(w) A
= [ Trla R @)) U e ) w)g) Ao
/ Tr (ke (6) () U e () () A w
(e (b),v A w),

where the third equality is proved similarly to Lemma (1.4.16). q.e.d.

Applying Claim (1.9.1) and the étale slice Theorem (1.2.1) one sees that the two-form wg on T descends
to a holomorphic two-form &, on M,. By a theorem of Mukai [Muk] we get the following.

(1.9.2) Proposition. The two-form @, on M\c is non-degenerate outside ﬁc U f]c U ﬁc.

Proof. The map 7 gives an isomorphism between the complement of SA)C U ic U Ec and (M. \ Q. \ X.)
If [F] € (M. \ Q\ X¢), then by (1.2.3) TjpyM. = Ext'(F, F), thus &. is non-degenerate at [F] by Serre
duality. q.e.d.

2. A symplectic desingularization of M.

Let Gr¥(2, Tx2) be the relative symplectic Grassmannian over X2/, with fiber Gr* (2, E) over [Z] € X2,
and let A be the tautological C2-bundle over Gr* (2, Tx(2). In subsection (2.1) we will prove the following.
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(2.0.1) Proposition. Keep notation as above.

1. There is an isomorphism €y = P(S2.A) such that the map
%|§4Z §4 — Q4 = X[Z]

corresponds to the composition of the maps P(S?A) — Gr* (2, Txr) — X2
2. Let A be a fiber of the C2-bundle A, so that P(S?A) < Qg by Item (1). Then

[Qu]lp(s24) = Opszay(—1).
Let ey € NEl(/\//L;) be the class of a line in a fiber of the P2-fibration
(2.0.2) Qu — Gr¥(2, Tx).

The main result of this section is the following.
(2.0.3) Proposition. Keep notation as above.
1. Rteyisa K Aq4—negative extremal ray.

2. The contraction 9:./(/1\4 - /W4 of R1€, is identified with the contraction of (AZ4 along the fibers of
Fibration (2.0.2). Thus My is smooth (and projective by Mori theory).

3. The two-form w4 on M:4 induced by W, is non-degenerate.

4. The rational map 7: My - -+ > My induced by 7 is a morphism.

Summarizing: /T/l/4 is a smooth projective symplectic desingularization of M.
2.1. Proof of Proposition (2.0.1).
Proof of Item (1). For [Z] € X2 set
Oy =7 NIz & I)).
Since Q4 and Q4 are orbit spaces, we have (see (1.8.1)-(1.8.12))
Q7 = Blptom, PHom§ (W, Ez)//SO(W) = PHoms (W, Ez)//SO(W).
Since SO(W) acts trivially on Gr*(2, Ez), we get a map
f:PHom& (W, Ez)//SO(W) — Gr*(2, Ey).
It follows easily from (1.8.12), (1.8.6) and (1.6.1) that
(2.1.1) PHom¢ (W, Ez)** = PHomY (W, Ez)* = {([K],[A], [¢])| [K] is non-isotropic},

hence the projection f’Hom‘Q"(VV, Ez) — P(W) maps the stable locus to the complement of the isotropic
conic, i.e. P(W)*%. Since SO(W) acts transitively on P(W)**, we get that

F7H([A]) = PHom(K+, A)//O(K™),
where [K] € P(W)** is any chosen point. As is easily verified, the map

PHom(K+,A) — P(S%A)

[o] = Jao’a]

(2.1.2)

is the quotient map for the O(K1)-action. This proves Item (1) of Proposition (2.0.1).
Proof of Item (2). Recall that Ty = Sy, hence M, = S4//PGL(N). We let ¢: S§ — M, be the quotient

map.
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Claim. Keeping notation as above,
(2.1.3) 7" Qy ~ 205,

Proof. Since q_lﬁ4 = Qg,, all we have to do is determine the multiplicity of q*§4 at a generic point of
Q3,. Let z € (23, \ Xs,); by (1.8.8) St(z) = Z/(2). Let V C Sj be a slice normal to O(z). By (1.2.1)

V//(Z/(2)) = neighborhood of ¢(z) € M.

Since the fixed locus for the action of Z/(2) is Q% NV, it follows that Equation (2.1.3) holds on V. This
proves (2.1.3). q.e.d.

Let [K] € P(W)®s. It follows from (2.1.1) that there exists a straight line
A c PHom(K*, A)* ¢ PHom% (W, Ez)® C S5.
Claim. Keeping notation as above,
(2.1.4) Qg, - A=—1.
Proof. We have Qg, ~ 5 Qg,, and
[Qr,]lPHome (W,E,) = OpHome (W, E,) (—1) .

Since the restriction of mg to A is an isomorphism to a straight line in PHom®” (W, Ez), Equation (2.1.4)
follows at once. q.e.d.

Let [ﬁ4]|P2(S2A) > Opzg24)(¢). By (2.1.2) ¢ maps A one-to-one onto a conic I' C P?(5?A4). Us-
ing (2.1.3)-(2.1.4) we get
U=Q, T=¢"Q -A=2Q0g, - A =-2.

Thus ¢ = —1; this proves Item (2) of Proposition (2.0.1).
2.2. Proof of Proposition (2.0.3).

Proof of Item(1). We will prove the following formula:
(2.2.1) Kg ~ 20),.

That € is K-negative follows immediately from this together with Item (2) of Proposition (2.0.1). To
prove (2.2.1) notice that by (1.9.2) the two-form @, is non-degenerate outside Q4 U ¥4, hence

(2.2.2) K ~ (A°0) = 204+ y%s

for non-negative integers x, y.
(2.2.3) Claim. The coefficient of £4 in Formula (2.2.2) is equal to zero.
Proof. For [Z],[W] € X2 with [Z] # [W] we set

iz’w = %_1([12 ] Iw]) n 24.

By (1.4.2),
Yzw = P{(e12,€21)] e12 Ueas =0}//C", (%)
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where e19 € Extl(IZJW), €1 € Extl(IW7 Iz), and C* acts as in (1.4.3). Taking into account that, by Serre
duality, the cup-product appearing in the above formula gives a perfect pairing between Extl(l 7z, Iw) and
Ext!(Iy, 1), one verifies easily that the the quotient (x) is isomorphic to P'. Thus

(2.2.4) S,w =Pl
Let’s prove that
(2.2.5) Sy Sow = -2
Let f:Ext'(Iz, Iw) — Ext'(Iw, Iz) be a skew-symmetric isomorphism, and let
A :=A{[e, f(e)]} C P{(e12,e21)| e12 U ez = 0}°.
As is easily checked ¢|p: A — > z,w is an isomorphism. Thus
i4 : fjZ,W = q*ix A
Arguing as in the proof of (2.1.3), one sees that q*§34 ~ 2%%, . Furthermore, since A is a line in the quadric
P{(e12,e21)| €12 U ez = 0},

we have Xg, - A = —1. Thus
Z4~EZ7W :q*24~A:2234 ~A:72,

proving (2.2.5). Now we can prove the claim. We notice that an open dense subset of §)4 is a P!-fibration
with base the symmetrlc product of X[ minus the diagonal, and fiber EZW over ([Z],[W]). Applying

adjunction to 24, and noticing that EZ w N Q4 = (), we get that the coefficient of 24 in (2.2.indet) is zero,
as claimed. g.e.d.

Let’s finish the proof of (2.2.1). By adjunction and Claim (2.2.3),

Ky, 2 [+ 1)04]l5,

Since Q4 is a P2 fibration over Gr*(2, Ty ), and since [(4] has degree —1 on the P2-fibers, it follows that
x = 2. We have proved (2.2.1). Thus we are left with the task of proving R*eé is extremal. In order to

accomplish this we introduce another class in NFE; (M\4) as follows. Let [Z] € X[2l. Choose [L] € P(Ey),
and let {[A¢] € Gr¥(2, Ez)}icp: be the line through [L], i.e. the family of dimension-two subspaces A; C Ez
such that L ¢ A, € Lt. Let «t: S2L — S2A, be inclusion, and set

3z = class in NE1(Qyz) of {([Ad], w(S2L))}.

Let 4y € NEl(./\/l4) be the image of Jz for the map 1Z: NE1(Qz) — NE;(My) induced by inclusion
Z Q PN M
z 4-

(2.2.6) Claim. Keep notation as above.

a. The classes €4,74 € Ny (/ﬂl) are linearly independent.
b. Let [Z] € X[?). The map 17 is injective, with image Rte, ® R*7,.

Proof. From Item (2) of (2.0.1) we get €1y - ¢4 = —1. We claim that

(2.2.7) -1 = 0.

Clearly Item (a) follows from these two formulae. To prove (2.2.7) it suffices to show that
(2.2.8) RY[Ezw] =R,
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because iz’w N Q4 = 0. Let [W] approach [Z]: we see that [iz,w} can be represented by a one-cycle I on
Qz N Y. The cycle I' must be mapped to a single point by the map induced from =g,

Qz = PHom$ (W, Ez)//SO(W) — PHom* (W, E;)//SO(W) C Ry//PGL(N).
This implies [I'] € RT7z, proving (2.2.8). Let’s prove Item (b). Let €5 € NE1(Qy) be the class of a line in
a fiber of the P2-fibration Q7 — Gr¥ (2, Ez); thus €, = 1Z€z. By Item (a) it suffices to show that
W1(@2) =R'e; o RY7,.
We have two projections
(2.2.9) Gr¥(2,Ez) & Oy % PHom* (W, Ez)//SO(W).

As is easily verified, the maps f, g are the contractions of Rt¢z, RT74 respectively. Thus each of R*ey,
R*fyz is an extremal ray. On the other hand, since f is a P2-fibration over a smooth quadric threefold,
Nl(QZ) has rank two. q.e.d.

Now let’s prove that RTey & R, is an extremal face of N El(./T/l\4). Assume

= Z ma[la] € RYE @ Ry,
ael

where, for each o € I, m, > 0 and I',, is an irreducible curve on M\4. We must show that
(2.2.10) o] e RTe, @ R, for all a € 1.

From m.é4 = m.94 = 0 we get m.I' = 0, and since My is projective we conclude that 7(T',) is a point, for
each a € I. Hence we can partition the indexing set as I = Iq Il I, so that

if{ a € ln, thenT', C QZQ for some Z, € X2,

a€ly, thenT, C Xz w, for Z,, W, € X with Z, # W,.

Statement (2.2.10) follows from Claim (2.2.6)-Item (b) if « € I, and from (2.2.8) if « € I;. This concludes
the proof of Item (1) of Proposition (2.0.3). q.e.d.
Proof of Item(2). We must prove that if C' C M, is an irreducible curve such that [C] € RTéy, then C
belongs to a fiber of (2.0.2). By Item (2) of (2.0.1), C'- Q4 < 0, hence C' C Q4. Since 7,C' = 0, there exists
[Z] € X2 such that C C Q4. By (2.2.6)-Item (b) the relation [C] € R*€z must hold in N;(€z). This
implies that C belongs to a fiber of the map f of (2.2.9), i.e. to a fiber of (2.0.2).

Proof of Item(3). Let Qy == 6(Q4). By (2.2.2) and Claim (2.2.3) we see that @, is non-degenerate outside
Q4. By Item (2) of Proposition (2.0.3)

(2.2.11) cod(Q4, My) = 3.

Since the degeneracy locus of wy is a divisor, we conclude that w, is non-degenerate everywhere.

Proof of Item(4). Let T' C My x My be the graph of 7, and let p:T" — M, be the projection. Since My
is smooth, it suffices, by Zariski’s Main Theorem, to prove that there are no exceptional divisors of p. The
graph I is the image of . .

(9 X 7/1:)./\/14 — My x My.

Since outside {4 the contraction  is an isomorphism onto its 1mage the map 7 is regular on (M4 \ Q4))

Thus an exceptional divisor of p must be contained in (0 x 7r)(§24) Since the P2-fibers of Q, — €y are
contained in the fibers of 7, we have an embedding

(6 x 7)(Q) C QU xq, V= Q.

By (2.2.11) there can be no exceptional divisors contained in (6 x 7)(€4), hence 7 is a regular map.

30



(2.2.12) Remark. By Proposition (2.0.3), M, is obtained from ./\//\14 by contracting the extremal ray R1ey.
On the other hand, by (2.2.8) the morphism

My = S4//PGL(N) — Ry//PGL(N)

is identified with the contraction of the extremal ray R*79,. Let ¢4 € NFE;(R4//PGL(N)) be the image of
€4 under the map induced by the above contraction. One easily verifies that the morphism

Ry//PGL(N) — Q4//PGL(N) = M,

is identified with the contraction of the extremal ray R'e,.

3. My is irreducible and h>0(My) =1

The proof goes as follows. First, by well-known arguments involving deformations of polarized K3’s [GH,06
§2] we can assume the polarization has degree two, i.e. H? = 2; this will be assumed for the rest of the paper.
We fix a smooth C € |H|; since K¢ 22 [H]|¢, the curve C has genus two. Let

Jo :={[F] € My| F|c is not locally-free semistable}

jc ;:%_1JC_

(3.0.1) Proposition. Let 7: My — My be the desingularization map (see Proposition (2.0.3)). For all
q < 5 the inclusion Jo — M, induces an isomorphism

HY(My;Z) = H(Je; 7).

The proof, “copied” from [Li3], is as follows. Consider the determinant map ¢: My — P¥ associated to
a high power of the determinant line-bundle [LP1,Lil], and let ¢ := ¢o7. In (3.1) we will prove the following
two propositions.

(3.0.2) Proposition. Keep notation as above. The map qg is semi-small, i.e. setting

Ty = {z € My| dim¢~Y(¢(2)) = d},
we have
cod(Fd,M4) >d

(3.0.3) Prop051t10n Keep notation as above. There exists a linear subspace A C P, of codimension at
most 4, such that ¢~ *A = Jg.

(The hypothesis that H? = 2 is needed to prove this last proposition.) Granting these two propositions
(3.0.1) follows immediately by applying the generalized LHS Theorem [GM, p.150] to the map ¢. Thus to
prove our results about the topology of M4 we must study Je. For simplicity we assume that X is a very

general degree-two K3, i.e. that Pic(X) = Z[H]. We start by describing Jo. Let

VO = {[F] € My| F|c is locally-free but not semistable},

and let V¢ be its closure. Since local freeness is an open condition, V3 is an open subset of Jo, hence Ve is
a union of irreducible components of Jeo. In Subsection (3.3) we will prove the following.
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(3.0.4) Proposition. Keep notation and assumptions as above. Let M(H,3) be the moduli space of rank-
two torsion-free semistable sheaves on X with ¢; = ¢1(H) and co = 3. There exist an open dense subset
U C Pic' (C) x M(H,3) and a P'-fibration a: P — U with the following properties:

(1) There is a birational morphism 1: P — V.
(2) There is a bisection N C Pc of the P1-fibration o such that 1(N¢) C (X \ Q).

(Here ¥ := {[Iz ® Iw]}.) In particular, since M(H,3) is irreducible and four-dimensional [O3], V¢ is
irreducible of dimension 7.

We explain briefly the idea behind the proof of (3.0.4). Let [F] € Vg be generic: we will prove that in
the desemistabilizing sequence
0—-L—Flc—L"1'-0

(with L=! locally-free) degL = 1 (see Proposition (3.2.8)). Let t:C' < X be inclusion, and let G be the
sheaf fitting into the exact sequence

0—-G—F— . L71—=0.

(Thus G is an elementary modification of F.) The sheaf F := G(1) is stable (see Lemma (3.2.3)), and
c1(E) = c1(H), c2(E) = 3. This defines a map V2 — M(H,3). Associating to [F] the isomorphism class of
L we get a map V2 — Pic'(C). We will show that the product map V2 — Pic* x M(H, 3) is dominant, and
the fiber over ([L], [E]) is identified with the open subset of PH?(L ® E|¢) corresponding to sections which
have no zeroes. One also proves that h%(L® E|c) = 2 generically. This gives U, P as in the proposition, and
a morphism 9: P — V(, birational onto an irreducible component of V. (The bisection N¢ corresponds
to [¢] € PH°(L ® E|¢) such that o has a zero.) Finally a dimension count shows that there are no other
components of V. Now let’s pass to sheaves whose restriction to C' is not locally-free. Let B C My be the
locus parametrizing singular (i.e. not locally-free) sheaves, and let

B¢ :={[F] € B| F is singular at some point of C'}.

We state propositions describing open dense subsets of B and Bc; the proofs are in Subsection (3.4).

(3.0.5) Proposition. Keep notation and assumptions as above. There is an open dense subset B C B
such that the determinant map ¢ on B° is naturally identified with a P!-fibration

B 2, X((:)) ={g+q@+qgt+qeyc X(4)| the ¢;’s are pairwise distinct}.

If [F] € BY and ¢([F]) = q1 + g2 + g3 + qu, then F fits into an exact sequence

4
(3.0.6) 0-F—0x2C* % c, —o.

i=1
The fiber of ¢ over q1 + g + q3 + q4 is identified with the quotient
4
(H P(Hom(C?, C,, ))) //PGL(2) = PL.
i=1
(The PGL(2)-linearization on P! x --. x P! is the symmetric one.)
Keeping notation as above, let BS C BY be given by

(3.0.7) Bl =¢ Yo +a+ag+aq|aeC, g¢Cfor2<i<d}

It follows from Proposition (3.0.5) that B is open in Bo. We will prove in Subsection (3.4) the following
result.
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3.0.8) Proposition. Keep notation as above. B% is dense in Bc.
C

In particular B¢ is irreducible of dimension 8. Since by Proposition (3.0.4) dim Vo = 7, it follows that
B¢ is not in the closure of V; thus we have the following result.

(3.0.9) Lemma. The decomposition of Jo into irreducible components is given by
Jo =Veo U Be.

Now let’s describe the irreducible components of JNC. Let ‘7@, EC - M4 be the proper transforms of
Ve, Be respectively. From (3.0.9) we get

Jo=VeUBcURT YJoNx).
(Recall that ¥ C My is the indeterminacy locus of the inverse of 7.) By Lemma (1.1.5)
JeNE=Yc:={[Iz®Iw] e My| ZNC #bor WNC #0}.
Let ¢ =7 'Sc.
(3.0.10) Claim. X is irreducible of dimension 8.
Proof. Consider the surjection
> 5 v~ X« XP/involution.

Let Q := {[Iz ® Iz]}, and set Q := 7~'Q. Since Q C ¥ (because under the isomorphism in Item (1) of
Proposition (2.0.1) the intersection £, N €4 corresponds to degenerate conics),

ic = (ﬂ’i) Y.
Since X has quotient singularities, the divisor ¥¢ is Q-Cartier, hence the above equality shows that every
irreducible component of ¥ has dimension 8. The map

Yo\ Q-5 e\ 0
is a P!-fibration, by (2.2.4). Thus (ic \ ©) is an open irreducible subset of S¢, of dimension 8: we will
show that the closure of (X¢ \ ) is the whole of ¥¢. The map

ic n ﬁ = YenQ
is a fibration with fiber Gr*(2, Ez) over [Iz @ Iz] (see Proposition (2.0.3)). Since £ N has dimension 3,

we get that dim(ZcNQ) = 6. Hence S¢ N is in the closure of ¢ \ © because every irreducible component
of $¢ has dimension 8. q.e.d.

Since dim Y~/C = 7 and dim EC = 8, the above claim shows that ic is an irreducible component of jc.
Recalling (3.0.9) we get the following.

(3.0.11) Lemma. The decomposition of jc into irreducible components is the following:
Jo =VoUBcUZe.

To determine the topology of Je we need to examine the intersections of its irreducible components.
Item (2) of Proposition (3.0.4) will give us enough information regarding Vo U X¢. Let’s examine Be N Xc.
First we show that B contains a subset isomorphic to B. To this end notice that by Proposition (3.0.5)
(3.0.12) B°NY = {([¥4],...,[¥4])] two (but not three) of the [¥;] coincide}//PGL(2).

Thus B N ¥ is open in ¥. Since 7 outside €2 is the blow-up of 3, and BN Q = (), we get that
(3.0.13) 7 'B® = Blponx(BY).
Furthermore B® N'¥ is a three-section of B® — X((j) (by (3.0.12)), hence it is a Cartier divisor in BY.
By (3.0.13) we get that the inclusion BY — My lifts to an inclusion t: B® < My. Let BE := «(B2): then
B2, is an open subset of B¢ isomorphic to BE. Set

gc = ég N ic.
The following result follows at once from (3.0.12) and Definition (3.0.7).
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(3.0.14) Lemma. Keeping notation as above,

7(S¢) = {[Iz ® Iw]| Z,W are reduced disjoint, Z N C is a point, W N C = @}.

The map S¢ = 7(S¢) is one-to-one.

Now we are ready to prove that bo(/\/l4) = h%9(M,) = 1. Let’s show that bo(M4) = 1. By Propo-
sition (3.0.1) we know that bo(M4) = bo(Je). Since, by Lemma (3.0.11), V¢, Be, S¢ are the irreducible
components of J¢ it suffices to verify that

vcﬂic#@#icﬂéc.

The second intersection is non-empty by Lemma (3.0.14). To show that Vo NS¢ # 0 we use Proposi-

tion (3.0.4). The morphism v¢: Po — V¢ gives rise to a rational map 9: Po -+ > ‘N/C. Since P is smooth,
the indeterminacy locus I of ¢ has codimension at least two, hence N¢ \ I is non-empty. By Item (2)
of (3.04), ¥(N¢) € ¥ N Vg, and Lemma (1.1.5) gives ¥ N Ve C Y¢. Thus ¢(N¢) C E¢, and hence
(N \ I) C S¢. Since Imyp C Ve we get that Vo NS¢ # 0. Now let’s show that h20(My) = 1. For a
projective variety Y we define H2°(Y") to be H?°(Y"), where Y’ is any desingularization of Y. It will suffice
to prove that

(3.0.15) the restriction map H20(My) — H2%(B¢) is injective.

(Of course restriction really means “pull-back to a resolution”.) In fact by (3.0.5)-(3.0.7) any desingular-
ization Y of Ec has a dominant rational map to C' X XL], With generic fiber isomorphic to P!, hence
hQO(Y) R20(XBl) = 1. Thus (3.0. 15) implies h?9(My) < since h*%(My) > 1 it follows that
h? 0(/\/14) = 1. So let 7 be a two-form on My, and assume that

(3.0.16) =0,

iz,

i.e. the two-form TBe is zero (holomorphic forms on projective manifolds inject into cohomology !). Let’s
prove

(3.0.17) =0.

’7'|’§C
It follows from Lemma (3.0.14) that 7~ (7(S¢)) is an open dense subset of $¢, hence it suffices to show
that the restriction of 7 to 7~ *(7(S¢)) is zero. Now 7 1(7(S¢)) is a P!-fibration over 7(S¢), hence every
two-form is the pull-back of a form on 7(S¢). Since S¢ C B¢, we know that the restriction of 7 to S¢ is
zero, hence T is zero on all of 771(7(S¢)). Finally let’s show that

(3.0.18) =0.

T|§c
Let a: Pc — U be the P-fibration of Proposition (3.0.4), and let
Po:=a YU\ a(l)) Ne¢:=NgnPe,

where [ is the indeterminacy locus of 7,/) Since [ is closed of codimension at least two, PC is an open
dense subset of Po, and N¢ is a non empty divisor on Pc. Since 1/)(NC) C Ec, we get from (3.0.17) that

1;*7'|ﬁc = 0. Since P is a P -fibration over (U \ (1)), every two-form on Pc is the pull-back of a form on
(U\ a(I)). Since the restriction of ¥*7 to the bisection N¢ is zero we get that ¢*r = 0; this proves (3.0.18)
because (P¢) is dense in V. Now we can prove (3.0.15). If (3.0.16) holds, then by (3.0.17)-(3.0.18) [7] is
in the kernel of the map B

H*(My) — H** (Vo) @ H**(Bc) & H**(S¢)
defined by restrictions. By Proposition (3.0.1) the above map is injective, hence [7] = 0.

Summarizing: we have shown that to prove by(My) = h2°(My) = 1 it suffices to prove Proposi-
tions (3.0.2)-(3.0.5) and (3.0.8).
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Remark. The procedure outlined above should allow us to determine the Betti numbers of Mv4 up to bs
included. However, even the determination of by (which should be equal to 24) requires a much more detailed
analysis of Vo U X ¢ U Bg; the calculation of h%0 is simpler because k2 is a birational invariant.

3.1. Proof of Propositions (3.0.2)-(3.0.3).

Let M be a moduli space of rank-two semistable torsion-free sheaves on a surface, with fixed Chern classes.
Le Potier and Jun Li [LP1,Lil] have constructed a determinant line bundle £ on M. They proved that
if m > 0 then L™ is base-point free [Lil, Thm.3]; furthermore Jun Li proved that the image of the
determinant map

Pm: M — P (HO(M, LO™)*)

associated to the complete linear system |£®™| can be identified with the Uhlenbeck compactification in
such a way that ¢,,: M — Img,, is the standard map [Lil Thm.4, FM]. We will study ¢, for our moduli
space M,. We assume m is very large, so that Jun Li’s results apply, and we set ¢ = ¢,,,.

Ezxplicit description of ¢. Let Mif , M5t C My be the (open) subsets parametrizing stable and locally-free
sheaves, respectively. By Lemma (1.1.5) we have Mflf C M3t Since the restriction of the determinant map
to the moduli space of stable vector-bundles is an isomorphism [Lil, Thm.4], the restriction of ¢ to M!/ is
an isomorphism onto its image. Now let’s examine the restriction of ¢ to B = My \Mif, i.e. of the boundary
of My4. We introduce the singularity cycle of a point [F] € My. Assuming that the representative F' has
been chosen so that it is isomorphic to the direct sum of the successive quotients of its Harder-Narasimhan
filtration (hence if F is strictly semistable, FF = I, @ Iy ), we set

singF == 3" r(p),

peX

where £ (p) is the length at p of the Artinian sheaf F**/F. The following proposition will be used to describe
the singularity cycle of points [F] € B.
(3.1.1) Proposition. Keeping notation as above, let [F] € BN Mjt. Then F** = Og?).

Proof. Since F is not locally-free, co(F**) < co(F') = 4. Thus Hirzebruch-Riemann-Roch gives x (F**) > 0.
By Serre duality h?(F**) = h°(F*) = h°(F**), hence h°(F**) > 0. A non-zero section of F** must have
isolated zeroes by slope-semistability, hence we have an exact sequence

0—>OX2>F**—>12—>0,

where ((Z) = co(F**). If £(Z) = 0 then F** = Og?), and we are done. By Cayley-Bacharach £(Z) # 1. Now
assume ¢(Z) > 2: then we can find a subsheaf Iyy C Ox, with {(W) = (4 — ¢(Z)), such that a(lw) C F,
and this contradicts stability of F'. q.e.d.

Proposition (3.1.1) together with Lemma (1.1.5) implies that if [F] € B, then sing[F] € X4). By [Lil,
Thm.4] the restriction of ¢ to B is simply the singularity map

B 2  x®
(3.1.2). [F] ~ sing[F]

The image ¢(B) contains the dense subset of X (4) parametrizing cycles ¢, + - - - + ¢4 with the ¢; pairwise
distinct; in fact one easily verifies that a sheaf F' fitting into an exact sequence
4
O—>F—>OX®C2E>@C% — 0,
i=1
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where the kernels of ¥ at the points ¢; are pairwise distinct elements of P(C?) is Gieseker-Maruyama stable.
Since B is projective ¢(B) is closed, hence ¢(B) = X4, Thus the Uhlenbeck stratification [FM] is as follows:

Tmg = p(Mi) [T X,

Proof of (3.0.2). The reason why (3.0.2) holds is that the non-degenerate two-form @, is in a ”strati-
fied” sense the pull-back of a two-form on the Uhlenbeck compactification (strictly speaking this is nonsense
because the Uhlenbeck compactification is singular). The precise statement is as follows. There is a stratifi-
cation

(3.1.3) XW =TT x
P
: (4)
indexed by partitions of 4. If p = (p1, p2, p3, p4) is a partition, i.e. Y ip; = 4, the stratum X, ’ parametrizes
i=1

cycles

D1 D2

1 2

j=1 j=1

where the ¢/ are pairwise distinct. Letting X(gs) := (X) \ diagonals), we have an open inclusion

X® c xP) o X -

)

in particular X]g4) is smooth. Let w(®) ¢ F(in) be the holomorphic two-form obtained from w by sym-
)

metrization, and for a partition p, let w,(,4) be the two-form on Xz(>4) given by

4
wz(,‘l) = Z imfwP),
i=1

where 7;: X1(74) — X(gpi) is the i-th projection. Stratification (3.1.3) gives a stratification of Img = Im¢, in

which QS(Mif ) is the open stratum, and the X,@ are the remaining strata. The stratified pull-back formula
is the following;:

T @
az2’ “p

(3.1.4) @4|$,1X1<74> =

The equality is an immediate consequence of [05,(2-9)]. Now let’s prove (3.0.2). Let V' C I'y be an irreducible
component of maximum dimension. If V' N Mif # (), then d = 0 and there is nothing to prove. So assume
V C ¢ 1X@®. Then VN $_1X£4) is dense in V for some partition p. Let y € V be such that V is smooth
at y and the restriction 5: V— gg(V) is submersive at y; it follows from (3.1.4) that

5 (TV. T (0w)) = 0.

Thus @, induces a map N .
T,My/T,V — T,¢~ " (8(y))",

which is surjective because w, is non-degenerate. Hence
cod(Tg, My) = cod(V, My) = dim (Ty/%/Tyv) > dim 7,6~ (4(y)) = d.
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Proof of (3.0.3). Let 6 be line bundle on C of degree one (i.e. half the canonical degree, since C' has genus
two); if [F] € My then by Riemann-Roch

(3.1.5) X(Fle ®6) =0.
There is a canonical section [FM,Lil] oy of the determinant line-bundle £ such that
supp(cg) = {[F] € My| h°(F|c ® 0) > 0}.

By (3.1.5) the right-hand side has codimension at most one in every component of My, but a priori it
might contain a whole component. In any case there exists a linear subspace Ay C PV of codimension at
most one such that ¢~'Ag = supp(cp). The moduli space of rank-two semistable vector-bundles on C' with
trivial determinant has dimension three, hence a theorem of Raynaud [R] shows that if 01, ..., 6, are generic
line-bundles of degree one, there is no semistable vector-bundle V' with trivial determinant such that

ROV @ 6;) > 0, i=1,...,4.

On the other hand, if V' is a degree zero rank-two sheaf on C' which is either singular or locally-free non-
semistable, then h®(V ® ) > 0 for any choice of a degree-one line-bundle # on C. Hence Proposition (3.0.3)
holds with

A=Ay, N---NAy,,

where 61,...,04 are chosen generically.
3.2. V¢ and elementary modifications.

From now on we will assume that X is a very general genus two K3, i.e. that Pic(X) = Z[H]. Let [F] € V2,
and let

(3.2.1) 0—-L—-Flc—L1-0

be the desemistabilizing sequence, i.e. L is a line bundle of degree d > 0. Let ¢: C — X be inclusion, and let
G be the elementary modification of F' determined by (3.2.1), i.e. the sheaf fitting into the exact sequence

(3.2.2) 0-G35F— L' =0

By (1.1.5) the sheaf F is stable, hence by Proposition (3.1.1) F' is locally-free. Thus G is a rank-two locally-
free sheaf. Furthermore c;(G) = —H, c2(G) = (4 — d). (First compute the Chern classes of t,L~! by
applying Grothendieck-Riemann-Roch to ¢.)

(3.2.3) Lemma. Keep notation as above. The vector-bundle G is slope-stable.

Proof. Assume G is not slope-stable. Since Pic(X) = Z[H], there exists an injection Ox (k) — G with
k > 0. Composing with o we get an injection Ox (k) — F, contradicting (Gieseker-Maruyama) semistability
of F. g.e.d.

Corollary. Keeping notation as above, either d =1 or d = 2.

Proof. By Serre duality h?(G* ® G) = h°(G* ® G). Since G is slope-stable h%(G* ® G) = 1, hence
X(G* ® G) < 2. Hirzebruch-Riemann-Roch gives x(G* ® G) = (4d — 6), thus d < 2. q.e.d.

By the above corollary we have a decomposition into locally closed subsets
(3.2.4) Ve =V [ vé®@,

where V2(d) is the set of [F] € V{ for which the line-bundle L of (3.2.1) has degree d. We will describe V2(d)
in terms of M(H,4 — d), where M(H,4 — d) is the moduli space of semistable rank-two torsion-free sheaves
on X with ¢; = H, c3 = (4 —d). Let M(H,4—d)"Y ¢ M(H,4 — d) be the subset parametrizing locally-free
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sheaves. Let & be a tautological vector-bundle on X x MY (H, 4 — d) (it exists by [M2,(A.7)]). Let Qc(d)
be the relative quot-scheme of E4|cx pts (1,4—a) OVer MU (H, 4 — d) parametrizing quotients E|c — &, where
¢ is a rank-one sheaf of degree (2+d), and let Q% (d) C Q¢ (d) be the open subset parametrizing locally-free
quotients. We will define an isomorphism

(3.2.5) Va(d) = Q%(d).

Keeping notation as above, let E := G(1); then ¢;(F) = H, co(F) = (4 — d), so that by (3.2.3) [E] €
M(H,4 —d)". Notice also that the bundle E|c comes with a canonical rank-one subsheaf: in fact the long
exact sequence of Tor (-, O¢) associated to (3.2.2) gives

0~ L7 ®0o(=C) % Glo — L0,
and if we tensor the above sequence with O¢(1) we obtain
(3.2.6) 0—L*'—FEl¢LLeKs—D0.

Since deg(L ® K¢) = (2 + d), the couple ([E],v) is a point of Q%(d). This defines the map (3.2.5). This
map is an isomorphism onto its image because one recovers F' from E and (3.2.6) as follows. First notice
that F'(—C) — G, secondly that the restriction to C' of this inclusion has image equal to Im(3, thus we have
an exact sequence

0— F(-1) - G —1,.L —0.

Tensoring with Ox (1) we see that F' is the elementary modification of E associated to (3.2.6); thus (3.2.5)
is an isomorphism of V& (d) onto its image. The following result says that (3.2.5) is onto.

Lemma. Let d = 1,2, and let [E] € M (H,4 — d). Assume E|¢ fits into Exact Sequence (3.2.6), where L
is a line-bundle with degL = d. Let F' be the elementary modification of E associated to (3.2.6), i.e. we have

(3.2.7) 0=F3E— (Lo Ke) — 0.

Then F is a rank-two slope-stable vector-bundle with ¢1(F) =0, co(F) = 4, and [F| € VA(d). Thus (3.2.5)
maps [F] to the couple ([E], ).

Proof. The Chern classes of F' are easily computed from the exact sequence defining F. Furthermore,
applying the functor Tor(-,O¢) to (3.2.7) we get Exact sequence (3.2.1), so all we have to prove is that F
is slope-stable. Suppose F' is not slope-stable. Since Pic(X) = Z[H], there is an injection Ox (k) — F, with
k > 0. Composing with § we get Ox (k) — E; since E is semistable we must have k = 0, i.e. we have a
non-zero section ¢ € H(E). The restriction of o to C is a section of L™, hence zero because deg(L~1) < 0.
Since C' € |Ox(1)| the section o gives rise to an injection Ox (1) — E, contradicting semistability of E.
q.e.d.

(3.2.8) Proposition. V2(1) is (open) dense in V.

Proof. By an argument similar to that proving Proposition (1.13) of [O6], one shows that every irreducible
component of V¥ has codimension at most g(C')+1 = 3. Since My is of pure dimension 10, every component
of V¥ has dimension at least 7. Hence by (3.2.4) and (3.2.5) it suffices to show that

(3.2.9) dim Q% (2) = 5.

The moduli space M(H,2) has expected dimension zero: by a result of Mukai [M2,(3.6)] it consists of a
single point [W], parametrizing a slope-stable vector-bundle.
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(3.2.10) Claim. Keep notation as above. Then W is isomorphic to the pull-back by the double cover map
X —|0x(1)[* ¢ P?

of the bundle Tp2(—1).

Proof of the claim. Computing Chern classes we get ¢1(W) = H, co(W) = 2. Hence by Mukai’s result
all we have to do is show that W is slope-stable. Since Tpz(—1) has sections with isolated zeroes, so does
W, hence we have an exact sequence

0—-0x ->W—=1Iz(1)—0,
where Z C X is a zero-dimensional subscheme of length 2. Since Pic(X) = Z[H], it follows immediately

that W is slope-stable. q.e.d.

Now we notice that
(3.2.11) ch ~0c ® Ke.
In fact if R is a line in P? the exact sequence
0 — Tr — Tp2|r — Ng/p2 — 0.
gives
Tp2(—1)|r = Or @ Or(1),
which implies (3.2.11). Now let’s prove (3.2.9). Claim (3.2.10) gives a morphism

Q% (2) —  Pic}(0)
Wlec = L® Kg—0) (L] -

The fiber over [L] is the open subset of PH?(L ® W|¢) corresponding to sections with no zeroes. By (3.2.11)
we have

3 if L% K¢,

. 0 =
dimPH" (L@ W|c) = {4 if L~ Ke.

Equality (3.2.9) follows immediately from this. This proves Proposition (3.2.8). q.e.d.
3.3. Proof of Proposition (3.0.4).

Given Isomorphism (3.2.5) and Proposition (3.2.8), it is clear that we must examine the restriction to C
of vector-bundles parametrized by M(H, 3)"/. By [M1] the moduli space M(H, 3) is smooth symplectic of
dimension 4, and by [O6] it is irreducible.

(3.3.1) Lemma. If [E] € M(H,3) then h°(E) = 2.

Proof. By Riemann-Roch x(E) = 2. By Serre duality h?(E) = dim Hom(FE, Ox), hence stability gives
h?(E) = 0. Thus h°(E) > 2. Let 0 € H°(E) be non-zero. We claim the quotient ) := E/Oxo is torsion-
free. Suppose @ has torsion: then o must vanish on a divisor, and since Pic(X) = Z[H] this implies we
have an injection Iy (k) — E, where k > 1, and W C X is a zero-dimensional subscheme. This contradicts
semistability of F. Thus we have an exact sequence

0—-0x > FE—1Iz(1)—0,

where Z C X is a zero-dimensional subscheme of length c3(E) = 3. Since H - H = 2, we have h°(Iz(1)) <1,
hence h°(E) < 2. q.e.d.
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By the lemma above we can define a morphism
(3.3.2) pM(H,3) — |Ox(1)]

as follows. Choose a basis {o,7} of h°(E). We claim o A 7 #Z 0. Assume the contrary: then o, 7 generate
a rank-one subsheaf of E with two linearly independent global sections, i.e. a sheaf isomorphic to Iy (k),
where £ > 1 and W C X is a zero-dimensional subscheme. This contradicts semistability of E. Thus we can
set

p([E]) := (o A7) € |Ox(1)].

(3.3.3) Lemma. For all D € |Ox(1)|, the fiber p~'D has pure dimension 2. In particular the map p is
surjective.

Proof. Since dim M(H,3) = 4, every component of p~! D has dimension at least 2. It follows from [O5,(2-
9)] that the symplectic form on M(H,3) is identically zero on p~!D, hence every component of p~1D has
dimension at most 2. q.e.d.

Now we are ready to examine the restriction to C of vector-bundles parametrized by M/ (H, 3).

(3.3.4) Proposition. Let [E] € M(H,3)!/. Then E|¢ is not semistable if and only if p([E]) = C. In this
case

Elo=ta (Ko@),
where £ is degree 3 line-bundle.

Proof. Assume p([E]) = C. Choose a basis {o,7} of H(E), and consider the exact sequence

0 — 0(2) (o,7)

x — E—1,n—0.
Restricting to C' we get
(3.3.5) 0—>¢—E|lc—>n—0,

where £, n are rank-one sheaves. Thus £ is locally-free of rank-one, and a Chern class computation gives
degé = 3. Since C' = (0 A7) is smooth, o and 7 have no zeroes in common, and this implies 7 is also locally-
free. Since det(E|c) = K¢, we have n = ¢ '@ K. Exact Sequence (3.3.5) splits because H' (€220 K ;") = 0.
Now suppose E|¢ is not semistable, and let (3.3.5) be the desemistabilizing sequence, i.e. 7 is a line-bundle
and d = deg€ > 2. Let F be the elementary modification of E defined by (3.3.5), i.e. we have

0—-F—FE—un—0.

Then tkF = 2, ¢;(F) = 0 and c3(F) = (3 —d) < 1. Arguing as in the proof of Lemma (3.2.3) we see that F
is slope-semistable. Since there are no slope-semistable rank-two vector-bundles on X with ¢; =0, cog = 1
(see the proof of (1.1.1)), we conclude that cy(F) = 0, hence F' = Og?). This means that p([E]) = C. q.e.d.

(3.3.6) Proposition. Let [E] € M(H,3)". Assume D = p([E]) is not equal to C, and set D - C =p +p'.
There is an exact sequence

(3.3.7) 0— Oc(p) — Elc — Oc(p') — 0,

which is split if p # p'.

Proof. Choose a basis {0, 7} of H*(E). Since p € D, the vectors o(p), 7(p) are linearly dependent. Hence
there exists a non-trivial linear combination Ao + p7 which is zero at p. Let

e:=(\o+ur)lc € H'(E|c).
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Since e vanishes at p, it defines a non-zero map O¢(p) — Fl|c. By Proposition (3.3.4) the bundle E|¢
is semistable, hence e vanishes only at p and with multiplicity one. This gives Exact Sequence (3.3.7).
Reversing the roles of p and p’, we see that if p # p’ the sequence is split. q.e.d.

Now we can define the varieties U, Po, N¢ appearing in the statement of Proposition (3.0.4). Let
(£, f) € Qo(1); thus [E] € MY (H, 3) and
(3.3.8) Elebe—o

is a quotient with £ a degree-3 rank-one sheaf on C. Since E|¢ is locally-free of degree 2, the kernel of f is
a rank-one locally-free sheaf of degree (—1), say L. Thus we can define a morphism

Qc(1) % Pict(C) x M(H,3)H

(ELf) = ([L], [ET)

Let U C Pic'(C) x M(H,3)" be the open subset consisting of couples ([L], [E]) such that h°(L) = 0 and
p([E)) intersects C in exactly two points. By Lemma (3.3.3) U is non-empty. Let

Po = a ' (U), P = Pcn QL(1), N¢ = Pc \ Q%(1).

(3.3.10) Claim. Keep notation as above. Then o: Pc — U is a P1-fibration, and N¢ is a bisection of this
fibration.

Proof. Let ([L],[E]) € 4. Then
a”'([L][E]) =PH"(L @ Ec),
Nc na~Y([L],[E]) 2P{o € H°(L ® E|¢)| o has a zero}.
Now let p([E]) N C = {p,p'}. By (3.3.6)
(3.3.12) H°(L® E|c) = H°(L(p)) ® H(L(p)).

Since K¢ ~ p+p’, and since L 2 [p'], we see that h®(L(p)) = 1. Similarly h°(L(p')) = 1, hence the space of
sections in (3.3.12) is two-dimensional. By (3.3.11) we conclude that the fibers of a are isomorphic to P!. An
easy argument identifies Po with the projectivization of a direct image sheaf over U with fiber H(L ® E|¢)
over the point ([L], [E]). This proves that a: Pc — U is a P!-fibration. To finish the proof we remark that,
since hY(L) = 0, a section

(3.3.9)

(3.3.11)

o = (01,02) € H(L(p)) ® H*(L(p))
has a zero if and only if 07 =0 or o2 = 0. q.e.d.
(3.3.13) Lemma. Keeping notation as above, P is dense in Q%(1).

Proof. This is a dimension count. Stratify the complement of ¢/ in Pic'(C) x M(H,3)" according to the
dimension of the fibers of a (see (3.3.9)). Using (3.3.3), (3.3.4) and (3.3.6), one easily verifies that for each

stratum S,
dima~1(S) < 7.

On the other hand (see the proof of (3.2.8)) every irreducible component of V2(1) has dimension at least
7. By (3.2.5) 92(1) = VA(1), hence the above inequality shows that a=!(S) N Q%(1) is not dense in any
component of Q%(1). q.e.d.

Restricting the inverse of Isomorphism (3.2.5) to P87 we get a morphism
Yo: PO — Ve

By Proposition (3.2.8) and Lemma (3.3.13) 1) is birational. In order to prove Proposition (3.0.4) we must
extend vy to all of Po. Let ([E], f) € Pc, where f is as in (3.3.8), and let F' be the associated elementary
modification, i.e. we have

(3.3.14) 0—-F—FE— -0
The sheaf F is torsion-free of rank two, with ¢;(F) = 0, c2(F) = 4. We know that if ([E], f) € P2 then F is
stable, and ¥o([E], f) = [F]. To extend 1o over N¢ we must show that F' is semistable also for ([E], f) € N¢.
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(3.3.15) Claim. Keep notation as above. Let ([E], f) € N¢, and let F be the sheaf fitting into (3.3.14).
Then F is a strictly (Gieseker-Maruyama) semistable sheaf. More precisely there is an exact sequence

(3.3.16) 0—=1Iz—=F—Iy —0,

where Z,W C X are zero-dimensional subschemes of length 2, with Z #+ W.
Proof. Let o([E], f) = ([L], [E]). Since p([E]) N C consists of two distinct points, Proposition (3.3.6) gives
Elc = Oc(p) ® Oc(p'),

where p # p’. Since ([E], f) € N¢ we can assume (see the proof of (3.3.10)) that f corresponds to the
quotient of the injection given by the composition

L% 0c(p) = Ele.

The map o vanishes on a divisor Z C C of degree 2. There is a global section 7: Ox — E which restricted
to C gives the non-zero section of O¢(p) (see the proof of (3.3.6)), hence

7(Iz)|c = Imo.
Thus 7(Iz) is a subsheaf of the elementary modification F', i.e. we have an exact sequence
0—Iz—-F—n—0,

for some rank-one sheaf 7. We claim 7 is torsion-free. First, a local computation shows that 7 is locally-
free at points of C'. Secondly, since outside C' the sheaves F' and F are isomorphic, also 7 and E/Imr are
isomorphic outside C. By slope-stability, the section 7 has isolated zeroes, hence E/Imr is torsion-free, and
we conclude that 7 is torsion-free outside C. Thus n = Iy (k) for some integer k. Since ¢q(F) = 0, we have
k = 0, and since cy(F') = 4 the length of W is 2. This proves F fits into Exact Sequence (3.3.16). Finally,
since 7 is locally-free on C'; W does not intersect C. Since Z C C, we conclude Z # W. q.e.d.

By Claim (3.3.15) we get the desired extension of ¢ by setting

where notation is as above. Let’s prove Proposition (3.0.4). Item (1) holds by Isomorphism (3.2.5) and
Proposition (3.2.8). Item (2) holds by Claim (3.3.15).

3.4. Proof of Propositions (3.0.5) and (3.0.8).

Proof of Proposition (3.0.5). Consider the restriction of the determinant map ¢ to B, given by (3.1.2). Let
X((:)) C X™ be the open stratum of Stratification (3.1.3), i.e. the partition is (4) := (4,0,0,0), and set

0._ ,—1y(4)
BY:=¢ X(4).

Let v € X((j)), SO ¥ = q1 + - - - + qa4, where the ¢; are pairwise distinct. Let Quot((’)g?), ) be the quot-scheme

4
parametrizing quotients ¥: Og?) — @ Cg,;. Thus
i=1

Quot(0Y) 1) =2 P' x P! x P! x PL.
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The group PAut((’)E?)) =~ PGL(2) acts on this quot-scheme (the diagonal action on P! x --- x P1). Choose
the symmetric linearization of this action: as is easily verified (semi)stability of ([¥1], [Us], [¥5], [¥4]) € (P1)*
is equivalent to (semi)stability of the sheaf F' fitting into the exact sequence

4
0—»F—»0§?)3@C%—>0.

j=1
Hence we get a morphism

P' x P! x P! x P'//PGL(2) ;]

point representing ([¥4], [¥a], [¥3], [T4]) — [F].

As is easily checked this map is injective. Since every sheaf parametrized by ¢~'7 is equivalent to the kernel F

of some quotient in Quot(Og),v)ss, the map is one-to-one onto ¢~1(7). A local computation shows that the

differential if ¢ is injective everywhere. This shows that B is a Pl-fibration as claimed. It remains to prove
that B? is dense in B. As is well-known the locus By C Q4 in the Quot-scheme (see (1.1)) parametrizing
singular sheaves has codimension one. It follows immediately that B! is of pure codimension one in M.
Since ¥ is in the closure of B** (easy), we get that B has pure codimension one. Since dim My = 10, we get
dim B = 9. Hence to prove that B is dense in B it suffices to show that for all partitions p of 4 different
from (4), we have

(3.4.1) dimg~ ' X" < 9.

Since dim ¢*1X]g4) < dim q~5*1X,(;4) (7 is surjective !) it suffices to prove Inequality (3.4.1) with ¢ replaced
by ¢. This follows at once from the lemma below.

(3.4.2) Lemma. Let p = (p1,...,ps) be a partition of 4. If v € X,(,4), then

4

dim ¢~ (y) <5- Zpi-

i=1
Proof. The map
5_1X1§4) N X1§4)
is a locally trivial fibration in the analytic topology, hence the fibers have a constant dimension, say d. Thus

(E_lX,(fl) C I'y, so that by Proposition (3.0.2)

d < cod(¢ XY, My) = 10 — (dim XY + d).

4
Since dim XI(,4) =2 p;, the lemma follows . q.e.d.
i=1

Proof of Proposition (3.0.8). We claim that every irreducible component of B¢o has dimension at least 8.
Let
Xgl) ={ye XY suppynC # 0},

so that

(3.4.3). Bo = (¢]p) " X

Since X is the Quotient of a smooth variety by a finite group, ng) is a Q-Cartier divisor in X4); by (3.4.3)
every component of Bc has codimension at most one in B, and this proves our claim. To prove that B

is dense in Bo one proceeds as in the proof that BY is dense in B. We consider the stratification of ¢(B¢)
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obtained by intersecting with the strata X1§4), and applying Lemma (3.4.2) we get that qb_l(X((:)) N Xc(;l)) is

dense in Be. Proposition (3.0.8) follows immediately from this.

4. /T/L; is simply-connected.

We assume that H? = 2 and that Pic(X) = Z[H]. We will show that M, is birational to (a component of)
the Jacobian fibration parametrizing (stable) degree-six line-bundles on curves in |Ox(2)|. This implies that
m1(J) surjects onto 71 (My), hence it will suffice to show that J is simply connected. The latter result is
proved by a monodromy argument.

4.1. M4 is birational to a Jacobian fibration.

Let C C |Ox(2)| be a reduced irreducible curve, ¢: C — X be inclusion, and L a degree-six line-bundle on
C. We let A be Simpson’s moduli space [LP2,S] of pure one-dimensional sheaves £ on X, stable with respect
to Ox(1>, with

x(&(n)) = x(e-L(n)).
Thus [t L] is a typical point of . We will be interested in a certain open subset of N defined as follows. First,
let U C |Ox(2)| be the open subset parametrizing reduced curves. The following result is a straightforward
application of the definition of stability according to Simpson [LP2,S].

(4.1.1) Lemma. Let [C] € U, and let L be a line-bundle on C' such that:
1. if C is irreducible, the degree of L is 6,
2. ifC =CyUCy and L; := L|¢,, the degree of L; is 3.

Then v, L is a stable pure one-dimensional sheaf on X.

Definition. Let J C N be the open set parametrizing sheaves ¢, L, where [C] € U, 1: C — X is inclusion,
and L is a line-bundle on C satisfying the hypotheses of Lemma (4.1.1). We will often denote by (C, L) the
point [t L] € J.

(4.1.2) Proposition. J is smooth of dimension 10.

Proof. By results of Mukai [M1] we know that N is smooth of dimension 10. Since J is open in N, the
proposition follows. q.e.d.

Let
J%:={(C,L) € J| C issmooth, h%(L) =2 and L is globally generated}.

If (C,L) € J, then x(L) = 2, hence h°(L) > 2; thus J° is open in J. Furthermore, as is easily verified,
J? is non-empty. Let (C,L) € JY. Following Lazarsfeld [La] we will associate to (C, L) a stable rank-two
vector-bundle on X with ¢; = 0, ¢z = 4; this construction will define an isomorphism between J 0 and an
open subset of My. Since L is globally generated, the evaluation map H(L) ® Ox — v, L is surjective: let
E be the sheaf on X fitting into the exact sequence

(4.1.3) 0—ESHYL)®Ox — 1.L — 0.

Lemma. Keeping notation as above, E is a slope-stable rank-two vector bundle on X with Chern classes
Cl(E) = 72H, CQ(E) =6.

Proof. The Chern classes are easily computed from (4.1.3). To show stability, consider the exact sequence
0— L' = HYL)® Oc — L — 0.

By (4.1.3) we have

(4.1.4) Im(e|lc) = L%
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Now suppose E is not stable: since Pic(X) = Z[H] there is an injection of sheaves Ox (k) < E, where
k> —1. By (4.1.4)
(eoa)lc € H(L™'(—k)).

Since degL = 6, we have degL~(—k) < —2. Thus € o o vanishes on C, i.e.
coa e HY(OP (—k)(—C)) = H'(OP (—k — 2)).

Since k > —1, this last group is zero, contradiction. q.e.d.

Set F':= E(1); by the above lemma F' is a slope-stable rank-two vector-bundle on X with ¢;(F) = 0,
c2(F) = 4. Thus we can define ®°: 7° — M, by setting

(I)O

T — My
(C,L) w— [F]

Let M9 ¢ MY be the subset parametrizing sheaves F such that h?(F(1)) = 2, and such that the locus
where the evaluation map

H(F(1) © Ox & F(1),
drops rank is a smooth curve.

(4.1.5) Proposition. Keeping notation as above, MY is an open subset of My. The map ®° is an isomor-
phism of 7° onto M.

Proof. To simplify notation we set G := F(1), where [F] € M. By Riemann-Roch we get x(G) = 2. By
Serre duality h?(G) = h°(G*), hence stability gives h?(G) = 0. Thus h°(G) > 2, so that the locus where
h%(G) = 2 is open in Mif (which is open in My). The other condition defining MY is clearly open. Now
let’s prove ®°(J°) C M. Tensoring (4.1.3) by Ox(2) and observing that G = E(2), we get

(4.1.6) 0—G— 0% (2) - .LE2) - 0.

The long exact sequence of Tor (-, O¢) associated to (4.1.6) gives

0—L—Glc— L72) — 0.

From (4.1.6) we get a natural injection (: (’)g?)(Q)(—C) — G, and Im(fB|¢) = L. Since C € |Ox(2)| we get
an exact sequence

(4.1.7) 0-0¢ G =, L71(2) —0.
By adjunction O¢(2) 2 K¢, hence Serre duality gives h®(L71(2)) = h'(L). By hypothesis h°(L) = x(L),
hence h'(L) = 0. Thus the cohomology long exact sequence of (4.1.7) gives h°(G) = 2. Furthermore the
map 7 drops rank along C, which is smooth, hence [F] € M{. Now we define an inverse

(@)L M§ — J°.
Let [F] € MY. Since [F] € MY, we have an exact sequence
(4.1.8) OHHO(G)(X)OXLGHL*{HO,
where (detf) € |Ox(2)] is smooth: set C' := (detf). The map f is nowhere zero because C' is smooth, hence
¢ is a line-bundle on C: we can write ¢ = L~'® K¢, where L is a line-bundle. By a Chern class computation

one gets degL = 6. Since h'(G) = 2, the cohomology long exact sequence of (4.1.8) gives h’(L~! ® K¢) = 0.
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Thus h!(L) = 0, so that h°(L) = 2. Furthermore, the long exact sequence of Tor (-, O¢) associated to (4.1.8)
gives
0*>L*>G|CHL71®KC*>O.

Since (Imf)|c = L, the line-bundle L is generated by global sections. We have proved (C,L) € J°. As is
easily verified the map

MG - J°
[F] — (C,L)
is the inverse of ®°. q.e.d.

We can view ®° as a map to MV4, because by Proposition (1.1.5) MY is in the stable locus of My. Since
My is irreducible, Proposition (4.1.5) implies that ®Y extends to a birational map

O: T > M,

Let I(®) C J be the indeterminacy locus of ®. By Proposition (4.1.2) J is smooth, hence I(®) has
codimension at least two and the map induced by inclusion

m(T\I(®)) — m(T)

is an isomorphism. On the other hand, since ® is a birational map and M4 is smooth, the map
T (T \ (@) — m1(Ma)

is surjective. Thus we have proved the following result.

(4.1.9) Proposition. The map ® induces a surjection 7 (J) — m (M4).

4.2. 7 is simply-connected.

Let f: X — |Ox(1)|* = P? be the two-to-one cover, and let B C P? be the (sextic) branch curve. Let V C U
be the open subset parametrizing smooth curves C' € |Ox(2)|. Then

(4.2.1) V=U\(AUA),
where

A ={C € |0x(2)
A ={C € |0x(2)

| | f(C) is a smooth conic tangent to B},
|| f(C) is a singular reduced conic}.

Let
J £ jox©2)|=Pp°
§ = suppé,

and set Jy := p~1V. By Proposition (4.1.2) J is smooth, hence the map
jum(Iv) — m(T)
induced by inclusion j: Jy — J is surjective. We will show jy is trivial: this will prove J is simply-

connected. The map Jy — V is a fibration with fibers 5-dimensional Jacobians. The homotopy exact
sequence of a fibration gives an exact sequence

m(Jac(C)) = m(Jv) — m(V) — {1},
where C' € |Ox(2)] is a fixed smooth curve.
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(4.2.2) Lemma. Keeping notation as above, the restriction of ju to w1 (Jac(C)) is trivial.

Proof. We have an isomorphism 7 (Jac(C)) & H,(C;Z). As is easily seen the vanishing cycles on C for
the family of curves parametrized by V' generate all of H1(C;Z). Since jy is trivial on vanishing cycles, the
lemma follows. q.e.d.

By the above lemma, jx induces a surjective homomorphism 3#:7r1(V) — m(J). We will finish the
proof by showing that 3# is trivial. This is a consequence of the following easy result.

(4.2.3) Lemma. Let D C C be a disc centered at 0, and let ¢: D — U be a (holomorphic) embedding such
that:

1. (D% c V, where D° := D\ {0},

2. 9(0) is a smooth point of A (or A), and D intersects A (respectively A) transversely.

Then, after shrinking D, we can assume there exists a lift 1;: D — TJ of .

Proof. Let ¢:C — D be the family of curves in |Ox (2)| parametrized by D. By Item (2) the analytic surface
C is smooth. Shrinking D we can assume there exists a line-bundle £ on C such that for each ¢ € D, the
couple (¢~'t, L],-1;) satisfies the hypotheses of Lemma (4.1.1). By the modular property of 7 the couple

(C, £) induces a morphism {/;: D — J lifting 1. q.e.d.

To finish the proof that j, is trivial, let R C U be a straight line (notice that [Ox (2)|\U has codimension
3) transverse to A and A. The map induced by inclusion

m(R\ (AUA)) —m(V)
is a surjection by Bertini’s Theorem [GM, p.151]. The fundamental group on the left is generated by m; (Dgi)7
where RN (AUA) = {x1,..., 2}, and DY C (R\ (AUA)) is a small punctured disc centered at x;. By
Lemma (4.2.3) the map j, is trivial on each 71 (D). This shows j, is trivial, and concludes the proof that
J is simply-connecetd.

5. Proof that by(My) > 24.

Let ¢: M4 — P¥ be the determinant map of Subsection (3.1). Composing Donaldson’s map u: Ha(X; Q) —
H?(p(My4); Q) (see [FM,Mo]) with pull-back by ¢, we get

¢*p: Ho(X;Q) — H?*(My; Q).

This map is an injection, because by [FM VII.2.17,Mo]

(5.1) [ A = 5 (/ A2a)5.

(5.2) Claim. Keep notation as above, and let h € H?(My) be the class of an ample divisor. Then
dim (Q7*h + 7" ¢*u(H2(X;Q))) = 23.

Proof. Consider the boundary divisor B C My (see (3.1)). By Proposition (3.0.5) B contains P!’s con-
tracted by ¢. If P! C My is the proper transform of a P! C B contracted by ¢, then

(#h,P)#£0, (7 ¢"u(Ha(X;Q)),P') =0.

Thus Q7*h is not contained in 7*¢* u(Hz(X; Q)). Furthermore the subspace 7 ¢*u(H2(X; Q)) has dimen-
sion 22 by (5.1). This proves the claim. q.e.d.
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Finally let’s show that ch(i) and Qm*h + T ¢*u(H2(X;Q)) span a 24-dimensional subspace of
H2(Mv4; Q). Let iz,w C Mv4 be the fiber of 7 over [Iz & Iy], where Z # W. By (2.2.4) EJZ’W =~ P! and
by (2.2.5) o i

(a(2),Xzw) = -2, QT h & T ¢ u(H2(X;Q)), Xzw) = 0.

Thus Qe () is not contained in QF*h + 7*¢* u(Ha(X; Q)). By Claim (5.2) we conclude that

dim (Qer(5) + Q7' h + 76" u(Ha(X; Q) ) = 24

6. Towards a smooth minimal model of M., for ¢ > 6.

We begin by stating some auxiliary results. If V is a three-dimensional vector space, let

CC(V) := closure of {(C, D) € P(5%V) x P(S?V)| C, D are smooth conics dual to each other},

i.e. the space of complete conics in P(V). Let Gr®(3,Txm) be the relative symplectic Grassmannian over
X[ with fiber Gr*(3, Ez) over [Z] € X", Let B be the tautological rank-three bundle over Gr* (3, T ),
and CC(B) be the tautological family of complete conics over Gr* (3, Ty ). Thus we have a locally-trivial

fibration
CC(B) < CC(B)

(2 [B]) & Gr¥(3,Txw).
We will prove (later) the following.
(6.0.1) Proposition. Keep notation as above, and assume ¢ > 6. Then Q. is isomorphic to CC(B); under

this isomorphism the map N
Q. — Q. = xM

7lg,

corresponds to the natural projection CC(B) — X[,
For [Z] € X", let R R
Qz :=CC(Bz) 27 ([Iz & Iz]) N,
where Bz is the restriction of B to Gr*(3,Ez). Let’s define classesA&\Z,E\ZﬁZ = NEl((AZZ)Aas follows. If
[B] € Gr¥ (3, Ez) let Qp be the fiber over [B] of the natural fibration Q7 — Gr*(3, Ez); thus Q5 = CC(B).
We have two projections
P(52B) ¥2 cc(B) ¥2 P($2B).
Each of &3, ®5 is the blow-up of the locus parametrizing conics of rank one. Set
0z =class in Nl(ﬁz) of a line in a P2-fiber of &5,

€z :=class in Nl(ﬁz) of a line in a P2-fiber of ®5.

To define 7z, choose [A] € Gr*(2,Ez), ¢ € S?A of rank two, and a line A C P(A+/A). For t € A, let
B; C Ez be the three-dimensional subspace containing A and projecting to the line corresponding to t;

clearly [B;] € Gr*(3, Ez). Furthermore, let ¢; € S2B; be the image of ¢ under the inclusion A — B;. We
set

7 = class in N1 (Qz) of {5 ([¢:]) }rea-
Notice that since g; has rank two for all ¢, [g;] is never in the exceptional locus of ® p,, and thus the right-hand
side of the above equality is indeed a curve. Now let i%:Qz — M, be inclusion, and set

~ T~
Oc :=1,0z7,
~ I~
€c ‘=1, €7,
~ .~
Ye ‘=1 VZ-

Notice that the right-hand sides of the above equalities are independent of Z, thus ., €., 7. are well-defined

g

elements of NE;(M.). Later we will prove the following.
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(6.0.2) Proposition. Keep notation as above, and assume ¢ > 6. Then:

1. 0., €., 7. are linearly independent. .
2. R, R, R, is a K  -negative extremal face of NE1(M.,).

Let M. be the scheme obtained contracting the K v -negative extremal ray R15..

(6.0.3) Proposition. Keep notation as above. Then M, is a smooth projective desingularization of M..
Let €. € N1(M.) be the image of €.. We will prove the following.
(6.0.4) Proposition. Keep notation as above. Then R*€, is a Ky -negative extremal ray of NE; (M.,).

The scheme Mvc obtained contracting R1e, is a smooth projective desingularization of M.. It carries a
holomorphic two-form, degenerate on a single irreducible divisor (the image of .. under the map M. — M.).

We stop at MVC: it is the best we can do in trying to find a smooth symplectic model of M.. If
e € NE;1(M,) denotes the image of 7., then R17, is a K 7 -negative extremal ray; let M® be the scheme

obtained contracting R*5,. Then M?” is a minimal model (the canonical bundle is trivial) of M., but it is
not smooth. In fact

M\ ) = (M2 2),

where Q? is the image of Qc. As a last observation, we remark that M, is obtained from M\C as follows:
first we contract R™7, to get S.//PGL(N), then we contract the image of R™€, in NFE;(S.//PGL(N)) to
get R.//PGL(N), finally the contraction of the image of R*5, in NE;(R.//PGL(N)) gives M,. In other

words, Mz is obtained from M. by reversing the order of the contractions.
6.1. Proof of Proposition (6.0.1).

Let x € Q): set F, = Iz @ V and W = sl(V). (Here V = C?.) Consider the following fiber bundles
over Gr¥(3,Ez):

PHom(W, Bz) :=P (W ® BZ) )
PHomy (W, Bz) :={¢ € PHom(W, Bz)| rke < k},
ﬁom(W, Bz) :=blow-up of PHom(W, Bz) along PHom; (W, Bz).
Let h: Hom(W, Bz) — PHom(W, Bz) be the blow-down map, and
f:Hom(W, Bz) — PHom* (W, Ey)

be the composition of h with the obvious map PHom(W, Bz) — PHom" (W, Ez). Proposition (6.0.1) will
be a straightforward consequence of the following result.

(6.1.1) Proposition. Let x € Q%, and keep notation as above. There is an isomorphism
F:Hom(W,Bz) = (ngpmsmr) ™ (2)
such that mgmrf = f. (Recall (1.5.2) that 75! (z) =2 PHom* (W, Ez).)
Proof. We brake up the proof into various steps.
I. The map f. We will prove there exists a map
T:Hom(W,By) — (mgrms) ™ (x)

lifting f. Let Dy C ﬁom(VV, Bz) be the exceptional divisor of h. Equality (1.8.1) gives that (mpms)~!(z)

is the blow-up of 7' (z) = PHom" (W, Ez) along PHom, (W, E); hence to prove f exists it is sufficient to
verify that

(612) f*IPHoml(W,E'Z) = Oﬁom(W,BZ)(_Dl)'
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Since we have an equality of sets f~!(PHom; (W, Ez)) = D;, we must show that given any p € Dy, there
exists w € T,Hom(W, Bz) such that

(613) f*(w) ¢ Tf(p)PHOInl(VV, Ez).

Let [B] € Gr”(3, Ez) be the image of p under the bundle projection. Thus h(p) € PHom(W, B), and p is in
the image of the inclusion

(6.1.4) v: Blptiom, (w,3yPHom(W, B) — Hom(W, By).
The intersection of D with the left-hand side is smooth, thus there exists
v € T, (Blptom, (w,z)PHom(W, B))

transverse to Dy. The vector w := . (v) satisfies (6.1.3).

II. The restriction of f to Dy. For vector spaces A, B, let Homy (A, B) be the determinantal variety of
linear maps A — B of rank at most &, and let PHomy (A, B) be its projectivization. Let ¢ € Homy, (A4, B)
be of rank exactly h; recall that the natural map

T,Hom(A, B) = Hom(A, B) — Hom(Kery, B/Im¢)

induces an isomorphism
(Chom, Homy (A, B>)¢ =~ Homy_p, (Kergp, B/Imyp) ,

Projectivizing we get an isomorphism

(6.1.5) (CPHom, PHomy (A, B))(,,) = Homy,_p,(Kergp, B/Imy),

canonical up to scalars. Applying this isomorphism to PHom; (W, B) C PHom(W, B), for [B] € Gr* (3, Ez),
we get

D, = {([B],[¢],[a])| [B] € Gr¥(3,Ez), [¢] € PHom;(W, B), [a] € PHom(Kery, B/Imgp)}.
By (6.1.2) we know f maps D; to ¥g. By (1.7.12) there is a canonical isomorphism
Ys N (mrms) M) = {([¢], [])] [¢] € PHom (W, Ez), [o] € PHom** (Kerp, Img™ /Img)}.

For ([B],[¢],[a]) € Dy, let j: B — Ez, j: B/Imp — ImpL/Imp be the inclusion maps; one verifies easily
that

(6.1.6) F(Bl [l [a) = ([0 ¢, [ @ oe]).

This describes the restriction of f to D;. Let Dy C ﬁomw(W Bz) be the strict transform of PHoms (W, Bz);
applying (6.1.5) one gets

D, N D, ={([B], [¢], [a])| rkar = 1},
(8s N As) N (rrrp)~ () ={([¢], [])] tka = 1}.

In particular we have an isomorphism
(6.1.7) fli\pa): (D1\ D2) = (Zs\ Ag) N (r7s) ().
III. The map f We will lift f to a map

f:Hom(W,Bz) — (npmsmr) ().
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Let
A= Ag N (mrms) H(x) = f’Homg’(VV7 Ez).

(See (1.8.12).) Since (rgmsmr) () is the blow-up of (mrms)~(z) along A, the existence of a lift f will
follow from

*

(618) ? Ia = Oﬁom(w’gz)(iDQ)'

To prove this equality, first notice that set-theoretically ?71(A) = D5. Thus it suffices to show that for any
p € Da, there exists w € T,Hom(W, Bz) such that f,w ¢ Ta. Let [B] € Gr¥(3,Ez) be the image of p
under the bundle projection; thus p is in the image of Inclusion (6.1.4). Since

D; N Blptom, (w,5yPHom(W, B) = Blpom, (w,5)PHoms (W, B),
and the right-hand side is smooth (see (1.8.12)), there exists v € T), (BlpHoml(W’B)PHom(VV, B)) transverse
to Do. As is easily checked w := ¢,v has the stated property.

1V. Proof that f is an isomorphism. Clearly ]?is birational. Since (7rR7rS7rT)71 (z) is smooth, it suffices by
Zariski’s Main Theorem to show that f is an isomorphism in codimension one. One checks easily that the
restriction of f to the complement of (D N'Dy) is an isomorphism onto its image. q.e.d.

Now we prove Proposition (6.0.1). Let [Z] € X[, and let z € QP be such that F, = Iz ® V. By
Proposition (6.1.1)
7 Y([Iz ® V]) = Hom(W, Bz)//SO(W).

The projection Hom(W, B;) — Gr*(3, Ez) is SO(W)-invariant, hence it descends to
A:Hom (W, Bz)//SO(W) — Gr* (3, Ez).
For [B] € Gr¥(3,Ez) we have
A~Y([B)) = Blptom, PHom(W, B)//SO(W).

The map
PHom(W, B)** — P(S%B)

o — aoat,

identifies PHom(W, B)//SO(W) with P(S%B). Since PHom; (W, B)//SO(W) is the locus of conics of rank
one, and since taking the quotient commutes with blowing up (1.1.2), we conclude that A= ([B]) = CC(S5?B).
Proposition (6.0.1) follows at once.

6.2. Proof of Proposition (6.0.2)-Item (1).

Let [Z] € X", we will introduce a basis of N*(Qz). Letting p: P(52Bz) — Gr“(3, Ez) be bundle
projection, and 0: Qz — P(S2Bz) be the blow-down map (see (6.0.1)), set
h:=c1(Bz),
X =C1 (Op(szgz)(l)) 5

e :=class of the exceptional divisor of 6.

Abusing notation we will denote with the same symbols the classes obtained pulling back h and x to 0 Z.
(6.2.1) Claim. The classes h,x,e form a basis of Nl(ﬁz).

Proof. For [B] € Gr¥(3,Ey) the restrictions of z,e to {5 give a basis of H2(Qp), hence it suffices to
prove that h generates H?(Gr* (3, Ez). This follows by applying Sommese’s generalization of Lefschetz’
hyperplane section theorem [La,(1.8)] to the embedding Gr* (3, Ez) — Gr(3, Ez). q.e.d.
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(6.2.2) Corollary. Keeping notation as above,
N (Qz) =R, aRtey @ RT9.

Proof. Asis easily checked the intersection matrix of {h, z, e} with {Gz,€z,7z} is non-singular (see (6.4.8)).

Hence the result follows from duality together with (6.2.1). qg.e.d.
We will prove the following formulae:

a1 (E.N Q) =e, (6.2.3)

(AN Qyz) =— 2e — 2h + 3a, (6.2.4)

Cl(Kﬁz) =2e — (¢ — 6)h — 6x. (6.2.5)

Before proving the formulae we draw some consequences.
(6.2.6) Lemma. The map iZ: Nl((AZZ) — N, (M\C) induced by inclusion is injective.
Proof. By the adjunction formula K is in the image of the restriction map Pic(M,) — Pic(Qy).

By (6.2.3)-(6.2.5) we get that Nl(ﬂc) — Nl(ﬁz) is surjective. Dualizing we conclude iZ is injective.
q.e.d.

In particular, since by (6.2.2) 0z, €z, 7z are linearly independent, we see that ., €., 7. are linearly
independent; this proves Item (1) of Proposition (6.0.2). Now let’s prove Formulae (6.2.3)-(6.2.5). The first
one is the easiest: it follows immediately from (6.1.2).

Proof of (6.2.4). Let Dy C P(52By) be the locus parametrizing singular conics. Then A, N Qy is the
strict transfrom of Dy under 6. Since, for [B] € Gr¥ (3, Ez), the locus of singular conics in P(S?B) has
multiplicity two along the locus of rank-one conics, we get that

(AN Qy) =60%ci(Dy) — 2e.
hence Formula (6.2.4) will follow from the following equation:
(6.2.7) c¢1(Dz) = —2h + 3.
To prove it, we observe that Dy is the degeneracy locus of the tautological map
p*Bz © Op(s2p,)(—1) — p*By.
Since Det® € T' (A3p*Bz @ A*p*Bz @ Op(s28,)(3)), Equation (6.2.7) follows at once.
Proof of (6.2.5). First we prove that
(6.2.8) c1(Kgre(3,B8,)) = —(c—2)h.

Consider the exact sequence
P
0 — Tgre — Tar|are = NGr“’/Gr — 0.

Since Gr* is the zero-locus of a section of A2BY,
C1 (NGr“’/Gr) = Cl(/\zlg%) = 2h.

Equation (6.2.8) follows from this together with the formula for the canonical bundle of a Grassmannian.
Next, we get

(6.2.9) c1 (KP(Szgz)) =—(c—6)—6x
by considering the exact sequence
0 — Kerp, — Tp(s28,) 2 Tare — 0.

Finally, Formula (6.2.5) follows from (6.2.9) because Q) is obtained by blowing up a codimension-two subset
of P(S2Bz), and e is the class of the exceptional divisor.

We close this subsection with a description of NE;(€y).
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Claim. Keeping notation as above, we have

(6.2.10) NE,(Qz) =R, ® RTe; @ RT9,.

Proof. By Corollary (6.2.2) it suffices to show that each of RT5, RTez, RT47 is extremal. The maps
P?(S?By) «— CC(By) — P?(S*By)

can be identified with the contraction of RT¢z and R*5, respectively. Thus RTe¢; and R15, are ex-

tremal rays of NE;(Qz). Next notice that the contraction of R*9, can be identified with the map
M. — S.//PGL(N), hence R™7, is an extremal ray; by Lemma (6.2.6) we conclude that Rt75z is an

extremal ray. q.e.d.
6.3. Digression on flc.
For [Z],[W] € X" with Z # W, set
Sow =7 Iz @ Iw)).
Thus
(6.3.1) Szw €3\ (QUA,).
For k a positive integer, let I, := {(p, H) € P* x P*| pc H}.
(6.3.2) Proposition. Keep notation as above. Let [Z],[W] € X" with Z # W. There is an isomorphism
(6.3.3) Szw I
Letting r: flzw — P73 and 7 iZ,W — P23 be the maps determined by the above isomorphism,

(6.3.4) Bellg, =1 Ope-s(—1) @7 Ope-s(—1).

Yzw

Proof. Isomorphism (6.3.3) is an easy consequence of Proposition (1.4.1). Let’s prove (6.3.4). By a mon-
odromy argument,

=] S,y 7 Ope-s(a) © 7 Opes(a)
for some integer a. Copying the proof of (2.2.5) one gets a = —1. q.e.d.
6.4. The canonical class, and intersection numbers.
We will prove the following formula:
(6.4.1) Kg ~@Bc=12+ (c— 9T, + (2¢ - 6)A..
First notice that there exist non-negative integers a., B¢, 7. such that
K ~ o+ 6.5, + 7B,
In fact by (1.9.2) the canonical form A2¢~33, is non-zero on the complement of (Q. U S, U A,).
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(6.4.2) Lemma. Keeping notation as above, we have (. = (¢ — 4).

Proof. Let [Z],[W] € X[", with Z # W. Applying adjunction to 5. we get that

Ky  =[Kg +3]g,  =B+DE]g

Yzw Yzw zw
By (6.3.3) we know iZ,W =~ J._3, hence
Ks = r*Ope-3(—(c —3)) @ 7 Opes(—(c — 3)).

Yzw

By (6.3.4) we conclude that 5. = (¢ — 4). q.e.d.
(6.4.3) Lemma. Let [Z] € X" and [B] € Gr*(3, Ez). Then

ca(Qe)lg, = (—2z+e)lg .
(see (6.2) for the definition of x, e.)
Proof. Let ﬁom(VV, B) be the blow up of PHom (W, B) along the locus of rank-one homomorphisms. Then
(5 = Hom(W, B)//SO(W) = Hom(W, B)* /SO(W).

Let f ﬁom(VV, B)® — Qp be the quotient map; we have

19, = 07 Gomw.p):-
By (1.8.4)-(1.8.10)-(1.8.11), Q%, S®, and A% are all smooth, hence
QOF ~ (msmr)* QR — AT

Now let A: rom(VV, B)®* — PHom(W, B) be the blow-down map, i.e. the restriction of (mrgmr) (see (6.1.1)).
By the previous linear equivalence we have

(6.4.4) Q7] 2 X*[Q5] ® [~ Ag] in Pic (ﬁom(W, B)s).

Clearly X\*[Qg] = X Oppomw,p)(—1). On the other hand, AT'ﬁom(WB) is the strict transfrom under A\ of

the locus parametrizing morphisms of rank at most two; an easy computation gives

[ATHI/-iom(W,B) = )‘*OPHom(S) & [_QE]v

where E is the exceptional divisor of A\. Thus (6.4.4) becomes
(6.4.5) 7 = X Oprom(—4) © [2E].
Now consider the commutative diagram

~

ITIom(VV7 B)® 4, Q5
l/\ J{OB
PHom(W, B)* -1 P(S2B),
where f is the quotient map, and 6p is the blow-up of conics of rank one. Since f([a]) = [aat], we have
FO5z =X f*z = Ne1(Oppom (2)).
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Furthermore, since the generic point of E has stabilizer of order two, ]?*e = 2¢1(F). Feeding these equalities
into (6.4.5) we get
fra(Qe) = f*(—205x + e).

Since the pull-back map f*:Pic(ﬁB) — Pic(Hom(W, B)*) is injective [DN, Lemme (3.2)], this proves the
lemma. q.e.d.

Now we prove Formula (6.4.1). Writing out adjunction for Qy and applying Lemma (6.4.2), we get
(646) Ky = (a(Kg)+al@)l, = ((@c+ De@) + (= e (S + e (Bo)) Iy, -
By (6.2.1) together with Lemma (6.4.3) we can write
c1 (QC)|§z =k.h — 22 + e,
for some integer k.. Feeding this equality, together with (6.2.3)-(6.2.4)-(6.2.5), into Formula (6.4.6), we
get three equations in the unknowns k., a.,v.. The equations uniquely determine the unknowns, and we
get (6.4.1). We also get the formula

(6.4.7) ca1(Qo)l, =h—2x+e.

We close this subsection with tables of intersection numbers to be used later on. A straightforward compu-
tation gives the first table:

hix| e

e [0]0] -1

5, |0[1] 2

(6.4.8) vz [1]0] 0

Formulae (6.2.3)-(6.2.4)-(6.4.7), together with the table above, give the following intersection matrix:

~ ~ ~

Q.5 A,

& |—1]—1] 2

5. 0| 2|1

(6.4.9) Yo |1 ]0]—2

6.5. Digression on Ac.
For [Z] € X" set
Ay = %_1([12 D Iz}) NA..
We will describe A quite explicitely. Let Az be the tautological rank-two vector bundle on Gr¥(2, Ez).

(6.5.1) Proposition. The image of the map f: Ay — S.//PGL(N) is naturally identified with P(S?Az).
The map f is a P°~*-fibration. There is an identification

1%

(6.5.2) Az N Q.= {([AL[B], [a))] [A] € Gr*(2, Ez), [B] € Gr*(3, Ey), [q) € P(S°A), AC B},

such that the restriction of f is identified with the forgetful map ([A], [B],[q]) — ([A],[q])-

Proof. By definition, A, = Ar,//PGL(N), where Ar, is the exceptional divisor of mp: T, — S, the blow-up
of Ag,. By (1.8.10)-(1.8.13) there are no strictly semistable points to consider, hence we get a map

¢:A. = A%, /PGL(N) — A% /PGL(N),
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where the single slash is a reminder that the quotients are orbit spaces. Since S; and A% are both
smooth (1.8.10)-(1.8.11), and since by (1.8.2) we have cod(A§ ,S5) = (¢ — 3), A3, is a P~ bundle over
Ag . If x € Ag , the stabilizer of z acts trivially on 77 (z), hence ¢ is also a P¢~*-fibration. Now let’s show
that the fiber of

¥ A% /PGL(N) — Qg //PGL(N) = Q. = x "]

over [Iz @ I7] is isomorphic to P(S2Az). In fact, by (1.8.12)
({17 & I7]) = PHom3 (W, Ez)/ [SO(W).
The projection PHom (W, Ez) — Gr* (2, Ez) is SO(W)-invariant, hence it descends to a map
VN [Iz ® Iz]) — Gr¥(2, Ez).
One checks easily that the fiber over [A] is naturally isomorphic to P(S2A); this gives the isomorphism
F(Az)=v NIz ® I7]) = P(S?Agz).

Hence A 7 is indeed a P¢~*fibration over P(S?A). To finish the proof of the proposition we define a map
from Az N Q. to the right-hand side of (6.5.2). If [B] € Gr“ (3, Ez), then

Azn CC(B) = closure of {(C, D) € CC(B)| C has rank two}.

Thus for every (C, D) € Ay N CC(B) the conic D C P(B) has rank one, i.e. it is the projectivization of a
codimension one linear subspace Ap C B. Thus we get a map
AzNCC(B) — Gr(2,B)
(C,D) = [Ap].
The fiber over [Ap] is naturally identified with P(S?Ap); let [qc,p] € P(S?Ap) be the point corresponding
to (C, D). We set

>

zN AC — right-hand side of (6.5.2)
( ]7C’D) = ([AD]a[B]’[QC,D])'

This gives Isomorphism (6.5.2). q.e.d.

We continue examining Az. Let [A] € Gr¥(2, Ez) and consider P(S2A) < P(52Ay); restricting the
Pc~“fibration to P(S2A) we get a fibration

Pt fIP(524)

£

(6.5.3)
P(S2A).
(6.5.4) Lemma. Fibration (6.5.3) is trivial.

Proof. The intersection f~!P(S?A4)N Q. is a divisor restricting to a hyperplane section (embedded linearly)
on each P~ fiber, and furthermore by (6.5.2) it is isomorphic to P(S?A) x P¢~5. This implies that

fTIP(S*A) = P(V),
where V is a vector-bundle fitting into an exact sequence
(6.5.5) 0— Op(szA) (a)(c_4) —V - OP(SZA) (b) — 0,

with f*l P(Sz A) WA!c =T (OP(Sz 4)((1)(C 4)) Now let F (52 4) X [B] € P(OP(S2A)(CL)(674)). B (655) o
have R Y W
[QCHP(S?A)X[B] = Op(szA)(b — a).

Hence to prove the lemma it suffices to check that the left-hand side of the above equality is trivial. Let

—

L C P(S%A) x [B] be a line. In N;(M,) we have [L] = 3., so that by the entry on the first column and

~

second row of (6.4.9) we get [Q.]|, = Or. This proves a = b. q.e.d.
We will need to know Np (ﬁz) and Wl(ﬁz). Let j%: AZ — ./T/l\c be Inclusion.
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(6.5.6) Lemma. The map jZ: N; (ﬁz) — N (/\//YC) is injective, and its image equals Ro, ® Re. ® RA..

Proof. The map Nl(ﬁz N ﬁp) — Nl(ﬁz) is an isomorphism. Since also Nl(ﬁz N ﬁp) — Nl(ﬁz) is an
isomorphism, the result follows from (6.2.6). q.e.d.

By the above lemma we can define %,,€,,7, € N1(Ay) as the classes such that

(657) j*Za/Z = 867 ]*Z/gZ = /6\5, J*Z’/V\IZ = ;)76'

Let’s give explicit representatives of the above classes. All representatives will be contained in Ay ﬂﬁc, SO we
refer to (6.5.2) for the description of the latter. Choose [L] € P(Ez), [A] € Gr*(2,Ez), [B] € Gr*(3,Ez),
[¢¥] € P(S%L), [¢"] € P(S?A), with A C B. Let Ay, Ay, A3 C Az N Q. be the curves defined by

A1 :={([A], [B], [@:])] [q:] € P?(S?A) varies in a line},
Ay :={([A], [Bi], [¢Y])| [B:/A] varies in a line},
As :={([A4], [B],[itq"])| i*: L — A;, A;/L varies in a line}.

It follows easily from (6.5.2) that

6\IZ :[Al]a
Fz =[Aa],
%€, —[As].

(6.5.8) Lemma. Keeping notation as above, we have
NE,(Az) =R'5, @ RTe,RT7Y.

Proof. By (6.5.6) it suffices to prove that each of Rt5/,, R*e,, R"7/, is extremal. By Lemma (6.5.4)
there is a fibration
PZx Pt Ay
(6.5.9) l
Gr*(2, ).

Correspondingly we have two maps of A 7, the first contracting the P?’s, the second contracting the P¢~’s.
As is easily checked the first map can be identified with the contraction of R*5%,, and the second map can
be identified with the contraction of R*t57,. Thus R*o7, and R*75/, are both extremal rays. To prove R1e),
is extremal, consider the natural map

P(S2A7) 2 P(S2Ey)
(ALfd) =~ [

24l
where [A] € Gr¥(2,Ez), [¢] € P(S?A), and i2:S?A — S?Ey is the map induced by inclusion. As is
easily checked, ¢ is the contraction of R*[['], where I' C P(S2Ayz) is defined as follows: fix [L] € P(Eyz)
[¢"] € P(S?L), and set
[ = {[A], [i%qr]| i*: L — Ay, A;/L varies linearly in P(L+/L).}
Thus R*[I] is an extremal ray of NE;(P(S%Az)). Now consider the map f: Ay — P(S2Az); then
fi&y = fu[As] = [T,

Since [['] generates an extremal ray, and since f is the contraction of RT%/, we see that if RT€, is not
extremal, there exists an irreducible curve C' C Az such that in Nj(Az)

[C] = s€y, — 177, s> 0,t>0.
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Intersecting with Q. and applying (6.4.9) we get that C - Q. < 0, hence C C Q4. By (6.5.7) and by (6.2.6)
we conclude that for some s > 0, t > 0, [C] = (s€z — t7z) in N1(Qz), contradicting (6.2.10). q.e.d.

6.6. Proof of Proposition (6.0.2)-Item (2).

By Formula (6.4.1) and Table (6.4.9) we get

KMAC-/U\CZ—Z,
K/\//\[C~/€\C=—1,

Kg Ae=—(c—5).

Thus we are left with the task of proving R*5.®RTE, EBR*‘% is an extremal face. First we give a preliminary
result. Let [Z],[W] € X" with Z # W, and let k%W ZZ w < M, be inclusion.

(6.6.1) Lemma. Keeping notation as above,

KW (NEW(Szw)) = R (@ +70).
Proof. Letting [WW] approach [Z] we see that

K2V (NEW(Szw)) € iENE(Qz).

Furthermore by (6.3.1)
kZW (Wl(zz,w)) L (Rcl(Qc) @ Rcl(AC)) .
Applying Table (6.4.9) we get the lemma. q.e.d.

Now assume that

(6.6.2) Zma ]eR"G.oRTE.®RTA,,
ael

where, for each o € I, m, > 0 and I', is an irreducible curve on M\C; we must show that
(6.6.3) [[,] € RTG. ® RTe, ® RTA, for each o € 1.

From 7,0, = Tw€. = Tx7e = 0, we get 7.y, = 0 for all «, and since M, is projective this implies 7(Ty)
is a point. Thus we can partition the indexing set as I = I II I, IT A so that

a€lg, thenT', C ﬁza for some Z,, € X[”]7
if  a €Iy, thenT, C Xy w, for Z,, W, € X" with Z, # W,,
a € Ia, thenT, C Az, for some Z, € Xl

Statement (6.6.3) follows from (6.2.10) if « € I , from (6.6.1) if & € I, and from (6.5.8) if o € Ia.

6.7. Proof of Proposition (3.0.3).

By Proposition (6.0.2)-Item(2) and Mori theory, M, is projective. Let’s prove M, is smooth. Fibra-
tion (6.5.9) shows that Az is a P?-fibration (with base a P¢"*-bundle over Gr*(2, Ez)), hence A, is a
P2-fibration

A
(6.7.1) l



where A, fibers over X"l the fiber over [Z] being a P¢~“-bundle over Gr* (2, Ez). Let P2 be a fiber of (6.7.1)
and L C P? be a line. By (6.5) we have [L] = 5, in N;1(M.), hence (6.4.9) gives

(6.7.2) [A]|p2 = Op2(-1).

Claim. Keep notation as above. The contraction of RTG, is identified with the contraction of M\c along
Fibration (6.7.1).

Proof. If L is line in a fiber of (6.7.1), then [L] = 5.. Hence we must prove that if I' C M_, is an irreducible
curve such that [[] € R*5,, then T lies in a fiber of (6.7.1). Since I'- A, < 0, T is contained in A,.
Furthermore 7,I' = 0, hence there exists [Z] € X" such that T' € Ay. Applying Lemma (6.5.6), we get the
following relation in Ny(Ay):

[[] € RTGY.
This implies T' is contained in a fiber of (6.7.1). q.e.d.

The above claim together with (6.7.2) proves that M. is smooth. Finally we must show that the
rational map M, -+ > M, induced by T is regular. One proceeds as in the proof that the analogous map
My > My is regular (see the proof of (2.0.3)): the point is that 7 is constant on the P?’s we have
contracted.

6.8. Proof of Proposition (6.0.4).

Let 0: /T/l\C — M, be the contraction map, and 7: M, — M, be the map induced by 7; thus # = 7 o 0.
Since, by Proposition (6.0.2), R1€, is extremal, so is RT€.. Applying (6.4.9) we get

(6.8.1) Ky eo=0"Kyy e = (K/a - 230) e = 5.
Now let lﬂc - //j\;ljc be the contraction of R1€.; by Mori theory Mvc is projective. To prove MVC is smooth,
consider €2, := 0(€2.). Clearly we have a fibration
P — Q.
(6.8.2) |

Gr® (3, TX[n]),

where the fiber over ([Z], B) is canonically identified with P(S?B). If L is a line in a fiber of the above
fibration, then [L] = €., hence by (6.8.1) together with adjunction we get

[Q.]|ps = Ops(—1).

Claim. Keeping notation as above, J\Zc is obtained contracting M, along Fibration (6.8.2). In particular
M, is smooth.
Proof. For [Z] € X" let Qy := 7 ([Iz @ I]); we have a fibration

P(SQB) — QZ

| |

[B] € Gr¥(3, Ey).

It follows from (6.2.6) that the map Ny (2z) — N;(M.) induced by inclusion is injective. Arguing as in (6.7)
we get the claim. q.e.d.

The a priori rational map MVC -+« > M., is seen to be regular by an argument similar to that given in the
proof of (2.0.3); the point is that 7 is constant on the P®’s which have been contracted. Finally, let @, be

the two-form on M, induced by &.; clearly @, is non-degenerate outside ic = (Ao @\) (ic), in fact by (6.4.1)
(A2°735,) = (¢ — 4.

99



[B]
[DL]
[DN]

[FM]

VW]

References.

A. Beauville. Variétés Kdihlériennes dont la premiere classe de Chern est nulle, J. Differential Geom. 18
(1983), 755-782.

J.M. Drezet-J. Le Potier. Fibrés stables et fibrés exeptionnels sur le plan projectif, Ann. scient. Ec. Norm.
Sup. 4¢ série t. 18 (1985), 193-244.

J.M. Drezet-M.S. Narasimhan. Groupe de Picard des variétés de modules de fibrés semi-stables sur les
courbes algébriques, Invent. math. 97 (1989), 53-94.

R. Friedman-J. Morgan. Smooth four-manifolds and complex surfaces, Ergeb. Math. Grenzgeb. (3.
Folge) 27, Springer (1994).

W. Fulton. Intersection theory, Ergeb. Math. Grenzgeb. 3. Folge-Band 2 (1984), Springer.

D. Gieseker. On the moduli of vector bundles on an algebraic surface, Ann. of Math. 106 (1977), 45-60.
L. Gottsche, D. Huybrechts. Hodge numbers of moduli spaces of stable bundles on K3 surfaces, Int. Jour-
nal of Math. 7 (1996), 359-372.

M. Goresky, R. MacPherson. Stratified Morse Theory, Ergeb. Math. Grenzgeb. (3. Folge) 14, Springer
(1988).

D. Huybrechts. Compact Hyperkdhler manifolds: basic results, alg-geom/9705025.

F. Kirwan. Partial desingularizations of quotients of nonsingular varieties and their Betti numbers,
Ann. of Math. 122 (1985), 41-85.

R. Lazarsfeld. Brill-Noether-Petri without degenerations, J. of Differential Geom. 23 (1986), 299-307.
J. Le Potier. Fibré déterminant et courbes de saut sur les surfaces algébriques, Complex projective
geometry, London Math. Soc. Lecture Note Series 179, Cambridge University Press (1992).

J. Le Potier. Systémes cohérents et structures de niveau, Astérisque 214, Soc. Math. de France (1993).
J. Li. Algebraic geometric interpretation of Donaldson’s polynomial invariants of algebraic surfaces,
J. Diff. Geom. 37 (1993), 417-466.

J. Li. Kodaira dimension of moduli spaces of vector bundles on surfaces, Invent. math. 115 (1994), 1-40.
J. Li. The first two Betti numbers of the moduli spaces of vector bundles on surfaces, Comm. in Analysis
and Geom. 5 (1997), 625-684.

D. Luna. Slices étales, Mém. Soc. Math. France 33 (1973), 81-105.

M. Maruyama. Moduli of stable sheaves, II, J. Math. Kyoto Univ. 18-3 (1978), 557-614.

D. Mumford-J. Fogarty. Geometric invariant theory, Ergeb. Math. Grenzgeb. 34 (1982), Springer-Verlag.
S. Mukai. Symplectic structure of the moduli space of sheaves on an abelian or K3 surface, In-
vent. math. 77 (1984), 101-116.

S. Mukai. On the moduli space of bundles on K3 surfaces, I, in Vector bundles on algebraic varieties,
T.LLF.R., Oxford Univ. Press (1987), 341-413.

K. O’Grady. Donaldson’s polynomials for K3 surfaces, J. Differential Geometry 35 (1992), 415-427.

K. O’Grady. Relations among Donaldson polynomials of certain algebraic surfaces, I, Forum Math. 8
(1996), 1-61.

K. O’Grady. The weight-two Hodge structure of moduli spaces of sheaves on a K8 surface, J. of Algebraic
Geom. 6 (1997), 599-644.

K. O’Grady. Desingularized moduli spaces of sheaves on a K3, alg-geom /9708009.

K. O’Grady. Moduli of vector-bundles on surfaces, Algebraic Geometry Santa Cruz 1995, Proc. Symp.
Pure Math. vol. 62, Amer. Math. Soc. (1997), 101-126.

K. O’Grady. Moduli of vector bundles on projective surfaces: some basic results, Invent. math. 123
(1996), 141-207.

M. Raynaud. Sections des fibrés vectoriels sur une courbe, Bull. Soc. Math. Fr. 110 (1982), 103-125.
C. Simpson. Moduli of representations of the fundamental group of a smooth projective variety I,
Publ. Math. Inst. Hautes Etudes Sci. 79 (1994), 47-129.

AN. Tyurin. Symplectic structures on the varieties of moduli of vector bundles on algebraic surfaces
with pg > 0, Math. USSR Izvestiya Vol. 33 (1989), 139-177.

K. Yoshioka. An application of exceptional bundles to the moduli of stable sheaves on a K3 surface,
preprint alg-geom 9705027.

C.Vafa-E.Witten. A strong coupling test of S-duality, Nucl. Phys. B 431 (1994), 3-77.

60



[W] J.Wehler. Moduli space and versal deformation of stable vector bundles, Revue roumaine de math. pures
et appliquées 30 (1985), 69-78.

Universitd di Roma “La Sapienza”
Dipartimento di Matematica “G. Castelnuovo”
00185 Roma

ITALIA

e-mail: ogrady@mat.uniromal.it

61



