Continuous time random walks and queues:
explicit forms and approximations of the conditional law
with respect to local times *

Giovanna Nappo! Barbara Torti *

Abstract

In the filtering problem here considered the state process is a continuous time random walk
and the observation process is an increasing process depending deterministically on the tra-
jectory of the state process. An explicit construction of the filter is given. This construction
is then applied to a suitable approximation of a Brownian motion and to a rescaled M/M/1
queueing model. In both these cases the sequence of the observation processes converge to a
local time, and a convergence result for the respective filters is given. The case of a queueing
model when the observation is the idle time is also considered.
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1 Introduction

The kind of problems we are interested in arises from the following situation. Suppose that in
a queue we can observe, up to time ¢, whether the queue is busy or idle, but we cannot observe
the size of the queue, so that the observation process is the total time the queue has spent in 0,
i.e. the so called idle time (see Prabhu [9]). Then the problem is to evaluate the size of the
queue at time ¢, given this information, i.e. to compute the conditional law (or the filter) of
the queue given the observation process up to time t. In the setup of heavy traffic limit, the
rescaled queue converges to a reflected Brownian motion and the observation process converges
to its local time. The limit model can be constructed as (W; + Ay, A¢), where W; is a Brownian
motion and

At - Et(W)v (1)

where
¢ : Dg[0,00) — Dg[0,00), x — ¢(x), such that £(z)= —irgx(s) A0, (2)
EAS
is the functional involved in the solution of the Skorohod problem for z € Dg[0, c0), with z(0) >
0, i.e. (z,v) = (z + £(x),¢(x)) is the unique pair of functions (z,v) satisfying z(t) = z(t) + v(t),
and such that z(t) > 0, for all ¢ > 0, v(0) = 0, v is nondecreasing and increases only when
z(t) = 0.
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In the limit model the corresponding filtering problem is the computation of the conditional law
of a reflected Brownian motion W; + A; when the observation process is its local time Ay, i.e.
the computation of the filter E [g(Wt +Ay)/ ]—}A], for g in a sufficiently large class of functions.
A first problem is to find the exact expression for the filters, both for the limit model and
for the rescaled queue model. A second problem concerns the convergence of the latter to
E[g(Wt + At)/.ﬁA].

The filter of the limit Brownian motion model is derived in G. Nappo, B. Torti [8] (Sections
4 and 6), where it is obtained by means of a suitable sequence of processes A" approximating
the observation process A. Each process A" is proportional to a counting process, and therefore
the nonlinear filtering techniques for counting processes are used. The filter can also be derived
by means of the Azéma martingale, and this derivation is shortly discussed in [8]. For sake of
completeness we recall its explicit expression.

Theorem 1.1. Let W; be a Brownian motion with diffusion coefficient a® and drift ¢ € R and
let Ay be the local time defined in (1). Let g be a bounded measurable function.
Denote by

I(s,l; ) = /000 g(—=l+yvs)yexp (—5y*)dy s>0, (3)
. I (a®s,lg(-) exp(:5-))

Ha2,c(svlag) - I (a25,l;exp(a% )) ) (4)
f—[aQ,c(S;g) = HaZ,c(Sao;g)' (5)

Then
Wt(g) = E[g(Wt)/ftA] = HaZ,C(ChAt;g)v (6)

and

() = E[gWs + Ay) /FM] = T2 (G 9) (7)

where .7-"{\ is the history generated by A, up to time t, (; is the elapsed time from the last visit
to 0 for the process Wi + Ay, i.e.

G =7 (W +A) =n(A), (8)

with
v (x) =t —sup{s < t: x5 = 0}. 9)
vi(x) =t —sup{s < t:xs < a1} (10)

Note that Iy o(s,l;9) =1I(s,1;9) = E [g(—l%—W;)/Aj = 0} , where W* is any standard Brownian
motion and A* is the local time of its Skorohod reflection.

In this paper we start with a somehow simplified version of the motivating problem: we consider
a continuous time random walk Y; and its conditional law w.r.t. L, = ¢,(Y") up to time ¢, and,
in analogy with the Brownian motion case, though incorrectly, in the following we refer to L; as
the local time associated to Y;. The above problem is connected with the original one, indeed in
several cases a queueing model can be represented as the reflection Y; + L; of a continuous time
random walk Y;, and the filtration generated by L, is strictly contained in the (right continuous)
filtration generated by CY, the time the process Y; + L; spends in 0. It is worthwhile to observe
that in contrast with L;, the process C; has continuous paths, and therefore it would be more
natural to refer to Cy as the ”local time” of Y; + L.



It turns out (see Proposition 2.1) that the filter of Y; w.r.t. L, up to time ¢ can be expressed as
a probability measure depending deterministically on L; and ~;(L), where =y, is defined in (10).
We derive also a more explicit expression for the filter under the assumption that the process
Y; can be decomposed as Y; = Vz,, where Z; is a renewal process, V} is a discrete time random
walk, with Z; and Vj, mutually independent. Similar results hold also for rescaled random walks.

We are interested in the situation when a sequence X of rescaled random walks converges to
a Brownian motion W} in Dg|[0, +00). Then a continuous map argument applies to show that
(X[, LY) = (X7, 0:(X™)) converges to (Wi, Ay) = (Wi, £:(W)), and analogously the systems with
the reflected random walk (X}* + L}, L) converge to the system with the reflected Brownian
motion (W; + A, Ay) (see Section 5 for the details). In analogy with the second equality of (8)
we denote

&' = (L") =t —sup{u <t suchthat L] <L}}. (11)

the elapsed time from last jump time of L™. Then for random walk systems the corresponding
filter is

mi'(9) = Elg(X])/F"1 = ¥"(&" L 9) (12)
with ¥"(s, 1) defined in (20), while for the reflected systems is
w7 (9) = Elg(X[' + L) /F ) = £"(& 9) (13)

with 7(s) = ¥"(s,0).

The problem whether 7y = ¥"(£f, L") converge weakly to the filter 7y = I 2 (G, A¢) of the
limit is strictly related to the convergence of the filters 77 = %"(£) for the reflected random
walks to 7; = fla;c(g“t). Depending on the model we privilege one or the other problem.

On the other hand, from a computational point of view, it is quite difficult to use the exact
expression of f]”(s) to compute the filter 7. Then it is also interesting to find a good approx-
imation of the filter of the discrete system, depending on the actually observed process L™, so
that it can be used in applications. For the reflected random walk system, a natural choice in
order to give a manageable approximation of the filter is to use the limit functional f[az’c(s),
evaluated at s = £

Approximation problems in filtering have been studied in more general situations by many au-
thors, among which we recall in particular Bhatt et al. in [1] and Goggin ([6], [5]). Most of these
results concern diffusive models and do not apply to our case. Moreover, usually the applications
concern the problem to approximate a given signal/observation process with a suitably chosen
sequence of signal/observation processes so that the corresponding sequence of filters converges
to the the filter of the original process. We start from a different point of view: the sequence of
processes is given and the problem is to show the convergence of the filters to the filter of the
state/observation limit, in the sense specified above.

The problem of weak convergence of the sequence of filters is not a trivial problem as even strong
convergence of random variables does not imply convergence of the conditional laws. This is
clearly explained by the following simple and illuminating example (see E. Goggin [6]). Let £ be
a real random variable, and (£,,7n,) = (§,&/n). Then (&,,n,) converges strongly to (£,7), with
n = 0. Nevertheless, for any measurable function g, E(g(&,)/nm) = g(§), so that the conditional
law of &, given 7, is the measure concentrated in &(w), while E(g(§)/n) = E(g(£)), so that the
conditional law of £ given 7 coincides with the (deterministic) law P o =1 of €.

In this example, although the sequence of the conditional laws of &, given 7, does not converge to



the conditional law of the limit, it is a constant sequence and therefore is a converging sequence.
This is not surprising indeed in the light of the next general result, which is a slight generalization
of a result of E. Goggin [6] (proof of Theorem 2.1, Step 1): one has only to replace the sequence
of o—algebras used in [6] with a general sequence.

Lemma 1.2. Let R, be a sequence of random wvariables with values in a Polish space, let H™
be a sequence of o—algebras, let ™ be a regular version of the conditional distribution of R,
given H™. If {Ry,n € N} is tight, then {a",n € N} is tight.

Then, as far as weak convergence is concerned, for the systems converging to a Brownian
motion W, the main problem is to check whether the limit points of the sequence of filters
are all equal to the filter of W w.r.t. the local time A.

The first model we consider is a non-Markovian queueing model arising when a Brownian motion
W is approximated by a sequence of continuous time random walks W", obtained with a suitable
interpolation procedure. The approximation scheme we propose for W follows some of the ideas
used in [5] to study a filter approximation problem in diffusive models, and is related with the
approximation scheme used in [8]. In this particular case we get a strong convergence result for
the approximating filter.
The second model we consider is the case when the renewal process of the random walk is
a Poisson process, so that the reflected random walk is an M/M/1 queue. The main results
are weak convergence of the corresponding filters (see Theorem 5.2) and approximation in
LP(Q x [0,T])-norm (see Theorem 5.3) and are based on the weak convergence of (£, L}) to
(¢, Ay) (see Proposition 5.5) and on the convergence of £7(+) to ﬁg)\7c(') (see Proposition 5.4),
in the sense that

nh—>120 En(sn;g) = H2)\,c(5;g)’ (14)
for any ¢ in a convergence determining class, whenever s,, converges to s, with s > 0. We prove
the above key convergence result in Section 5.2, where we reformulate the problem in terms of

the symmetric random walk by using a suitable change of measure and a reflection principle (see
Lemma 5.7).

It is important to note that when we deal with a queue Qf = X' + L7, i.e. with a reflected
random walk, the previous results concern the filter w.r.t. the filtration

g = 7"

generated by the local time associated to the random walk, while the motivating problem con-
cerns the filter of the queue w.r.t. the filtration

H =

generated by the idle time C}', i.e. the total time spent in 0 up to ¢t. These two problems are
strictly related: for instance (QF,Cf), as well as (Q}, L}), converges weakly to the reflected
system (W + Ay, A¢). This property, among others, allows to extend the previous convergence
and approximation results to this situation (see Theorem 6.4 and Theorem 6.6 in the last section).



2 The model

Fix a probability space (£, F, P) and consider on it a sequence {(7},U;),j > 1}, satisfying the
assumption

H The R" x {+1, —1}—valued random variables (T;,U;), for j > 1, are identically distributed
and mutually independent.

Put 9 =0, 7, = Z?Zl T; for k > 1, consider the renewal process Z; = Z;; I(r; <t) and the
random walk {V},j > 0} defined by V=0, V; =V;_1 +Uj,j > 1.
Finally, consider the continuous time random walk

Yi=Vz =Y Ul(r;<t)= > Uj (15)
j=1 J<Zs

The solution of the Skorohod problem for the process Y; is given by the pair (Y; + Ly, Ly), with
Li=4(Y)=) I(o; <t), (16)
where ¢ is defined in (2), and the sequence of its jump times {o;,j > 0} is the subsequence of
{7j,7 > 0} defined by og = 0 and
oj = inf {Tk st. Y, < —j} = inf {t >0 st. ;< —j} for j > 1.

Set
gt:]:tL:U{LSaSSt}a

obviously {o},j > 0} are stopping times w.r.t. both the histories G; and FY.

Moreover condition H implies that the process Ys ., —Y,; is independent of G, and is equal in
law to the process Yy, and therefore the process L; is a renewal process, with inter-arrival times
{Sp = o5, — op_1, h > 1}. The following representations for the filter of Y; given G; are then
straightforward.

Proposition 2.1. Assume H, then the conditional law of Y given G; admits the following P-a.s.
representations

* Elg(—=j + Ysio; — Yo, )I(S; s
E[Q(Yt)/gt]zz {9( J +0; DL(Sj1 > )]

]I{O’j <t< 0'j+1},
=0 E[H(SjJrl > 5)}

Blg(=j+Y)L(o1 > 3) ] 7

E []I(O’l > 5)}

j=L¢,s=v(L)
where v¢(-) is defined in (10).

Proof. The first representation can be obtained by standard techniques. For the second one it
is enough to note that

E[Q(—j + Yiio, — Yo, )I(Sj41 > 8)} = E[g(—j +Y)I(o1 > s) |,

and finally that if 0; <t < 0j41, then o; =sup{u <ts. t. L, < L;}. O



In order to get a more explicit representation of the filter we observe that defining recursively the
sequence {M;,i > 0} by My = 0, and M; = inf {k >0: Vgt My +k — VMot M, = —1},

then
M1+...+Mh

g = 07 Op = Z E = TM1+...+Mh7 h‘ Z 17 (17)
=1

Under Condition H the sequence {M;,7 > 1} is a sequence of i.i.d. random variables. Under the
further assumption

K the random variables T1 and Uy are mutually independent, with

P(Ty<t)=F(), PUj=1)=p, PU=-1)=1-p=gq, pe(0,1),
the sequences {7}, j > 1} and {Uj,j > 1} are mutually independent, and clearly also {r;,7 > 1}

and {M;,i > 1} are mutually independent. Next result provides a more explicit expression for
the filter.

Proposition 2.2. Assume conditions H and K. Then

SR BTy > k) g(—j + Vi )| (Fia(s) = Fi(s))
St P (M1 = m) (Fno1(3) = Fin(5))

E[g(Y1)/Gi] = (18)

j=Lt,s=7(L)
where Fy, is the distribution function of 7, i.e. F, = F**, the k-fold convolution of F.

Proof. Taking into account (15) and (17), and the independence of {7;,7 > 1} and {M;,i > 1},
it is sufficient to observe that

NE

Elg(—j+ Yy (o >s>] —E

I(My=m)g(—j+Vz)L (1 > s)]

m=1

8

m

=F

[(My=m)g(—j+Ve1) (11 <8< Tk)]

O

The state space of the process Y; being discrete, the filter £ [g(Yt) / Qt] is determined by its
discrete density v;(z), z € Z, i.e. vi(z) = E[g(Y;)/Gi] with g(2) = I1;3(2), 2z € Z. Then

_ St P (Ve =+ 4, My > k) (Fi—1(s) — Fi(s))

Vt(x) S ’
zm:]. P (Ml Z m) (mel(s) - Fm(s)) j:Lt,S:’Yt(L)
where
a —|— 1 k,' k+a— k—a—
P =00 2 1) = S (i )5 (19
2

when k£ +a — 1 is even and |a| < k — 1, while it is 0 otherwise. Finally we note that the
normalization factor in (18) can also be written as Y oo P (My =m) (1 — Fy,(s)).



3 Scaling and notations

Let {X ", n € N} be a sequence of continuous time random walks defined in (", 7", P"). We
assume that Xt = V” where Vk and Z” are defined as in Section 2 starting from a sequence

{(T]", U )i > 1} Con51der the deterministic linear time-space scaling

where {a,, n € N} and {b,, n € N} are suitable sequences of real positive numbers. Then the
process L} = £;(X™) can be obtained just applying the same scaling to the process L} = £,(X "),
fe. L = 4(X™) = bni . We are interested in the conditional law of X" w.r.t. FF" = FL,
i.e. the filter

ni(9) = B [o(X)/FE) = BT (g0 X0/ i),

where EP" denotes the expectation w.r.t. P™. For the sake of notational convenience we will
denote F" as G and, when unnecessary, drop the symbol P" in the expectation, so that the
filter becomes

' (9) = Eg(X7)/G¢].

For each n, let of be the first exit time of the process X' from the set (—by,,00), denote by
¥"(s,1) the probability measure such that

E[g(—l X (o] > s)]

bl = E[I[(a? > s)]

, (20)

and assume that the sequences {(Tj", Uj”), j > 1} satisfy the assumption H stated in Section 2.
Then the filter can be shortly written as

mi'(9) = E[g(X{")/G¢'] = Z"(&', Li's 9), (21)

where, £ is defined in (11).
By taking into account that #f(g) = E[g(X]" + L")/Gl'] = E[g(X{* +m)/GP]|, _, . the filter
-

can be written as
w1 (g) = E[g(X]" + L})/GI'] = £™(& 9), (22)

where
A Blg(xXm)I (o} > 5) |
¥(s;9) = X"(5,0;9) =

E[]I(o? > s)} 29

Remark 3.1. Note that f)"(s;g), as well as X" (s,1), depends also on the probability measure
P, de. X"(s,1) = X% (s,1). This dependence will be emphasized when necessary.

When the process Xt" = f/gn satisfies also assumption K of Section 2, then Proposition 2.2 easily

t
provides the explicit expressions of X" (s, 1)

S E[ﬂ (M{L > k:) g(b Vi, — l)] (Fr_ (ans) — Fl(ans))
>y P(Mf = m) (1 — Fg(ans))

X(s,lg) = : (24)



where ]\fo, F, + have a similar meaning as M;, F, in (18). More precisely Ff is the distribution
function of T7* = inf {t >0 s t. |XP|> 1}, and if 77" denotes the first jump time of the pro-

cess X{', then T7' = T7'/a,, and therefore FP*(a,s) = FP*(s) is the distribution function of 77,
and analogously F}'(a,s) = F}'(s), where F}" is the k—fold convolution of F}.

We end this section by introducing the notation wy (6) = supj,_, <5 l9(x) —g(y)‘ for the modulus
of continuity of a uniformly continuous function g.

4 The interpolating Brownian motion model

In this Section we study the case of a continuous time random walk arising when a Brownian
motion W is approximated with a sequence of processes W™. The processes W™ are defined on
the probability space of W, and are obtained pathwise by an interpolation procedure. For this
model we are able to get a strong convergence result for the filter. We start by introducing the
approximating models, then we show the convergence result. Successively we discuss how the
approximating models W" fall into the frame of the previous sections. In particular, when the
process W is a standard Brownian motion the processes W" corresponds to the case examined at
the end of the previous section, with scaling parameters a,, = 22 and b, = 1/2", p, = ¢, = 1/2,
and Fln — F), where

_ _ 1.2
t)_4j§( 1) \/ﬁ Wl) (=3 2?) dz. (25)

The basic idea is to approximate the state W by the stepwise interpolation of the random points
where W hits a uniform grid and consider as approximating observation the local time of the
approximating state. This procedure is a deterministic one and therefore we describe it in the
deterministic case.

Let z € Dg[0,+00) and let h € RT be a fixed threshold. Consider the sequence {7}'(z), k > 0}
To(2) =0 (26)
~h . ~h . .
Th(z) =inf {t > 7 (2) : |2(t) — 2(F_,(2))| > R} , k=>1,

and the function 2" € Dgl0, +00)

ZH SMCEC O (27)

We need the following result whose proof is left to the reader.

Lemma 4.1. Let z € Dg[0,400). Then supyep+(|2"(t) — 2(t)]) < h, and (2",£(z")) converge
uniformly to (z,(z)), where the functional  is defined by (2).

Remark 4.2. When z is a continuous function, the process £(z") admits the representation

gt(zh) ZZ H[a (2), aﬁ_l(z))(t%

j=0

<.

where

0;-1(2) =inf {t s.t 2(t)— 20 < —jh} =inf {?,?(z) st 2(TH(z)) — 20 < —jh}. (28)



When furthermore zy = 0, then z(aj-‘(z)) = —jh and

G(2") = " hlef(2) <t <ol (2) =D hl(of(2) < ). (29)
j=0 j=0

We now apply this approximating procedure to the (not necessarily standard) Brownian motion W;.
Fix now the sequence of thresholds h,, = 2%, and consider the stopping times 77} := ?]?(W), when
using h = h,, = 2% in (26). Then the approximating signal/observation process (W™, A") is a
Dg2[0, 4+00)-valued process, where

sz}jwwﬁﬂ[

)(0), and A7 = L0V, (30)
k=0

T Tt
Note that Lemma 4.1 provides the following convergence result.

Lemma 4.3. Let (W",A™) be defined as in (30). Then, for each t € Rt
1
(Wit =Wy < on (31)

and (W™, A") = (W”,Z(W")) converge to (W,A) = (VV,E(W)) a.s., w.r.t. the topology of the
uniform convergence.

By (29)
n - ]' n
AP = Z 271[(0]. < t), (32)
=0
where ) )
of =inf{t st. W;< —2]—”} =inf{t st. A> 2‘7—” ) (33)

Moreover, with the above choice of the threshold, the n-th grid is generated by considering
the dyadic intervals of rank n. Then in the passage from the n-th grid to the (n + 1)-th grid

each threshold is split into two parts, and therefore 0721]-“ = o7. This property is decisive since

it guarantees that, for any t, {G = F*",n € N} is an increasing family of o-algebras, with
Gr 1 FP (see Lemma 2.3 of [8], where the process A} is defined as in (32)). The last fact allows

us to show the claimed strong convergence result, which is a slight generalization of Theorem
2.4 of [8].

Theorem 4.4. Let m; and ©f* be the filters defined in (6) and (21). Consider them as random
variables with values in the space of probability measures on R, endowed with the topology of

weak convergence. Then the sequence ' converges to m almost surely. As a consequence for
all g € Cy(R)

' (9) = E[g(W)/G1'] — m(g) = E[g(Wy)/F}], a.s. and in L*. (34)
Proof. Observe that |m:(g) — 7;*(g)| is bounded above by

Blov)/7 - Blow/6r]| + [Ela0m) /6] - ElawWr)/a7]].

The first term converges to zero almost surely and in L!-sense. Indeed, as in Theorem 2.4 of [8],
we apply Doob’s convergence Theorem to the discrete time martingale E[g(W;)/GJ*]. For all g
uniformly continuous, with modulus of continuity wy, the second term is bounded above by

‘EHg(Wt) —g(Wi)|/Gr]

and so we get (34) for all g in a convergence determining class. Without loss of generality we
can take this class denumerable, and therefore we obtain the convergence of 7;* to m;. The
convergence result (34) for all bounded and continuous g is then straightforward. O

< wy (1/2%) =0,




One can get the analogous convergence results for the corresponding queueing model generated
by reflecting W". In particular the conditional laws defined by E[g(W;* + A}")/G;'] converge
a.s. to the conditional law 7; defined by (7).

In addition the strong convergence of Theorem 4.4 implies the weak convergence for the filters
of any rescaled Inodel X" sharing the same law as W". As an example we can take X" = W9
for all n, and XJ* = 5, WY 2y

Now we show that the approximating model falls into the frame of the previous sections. The
sequence {(T*,U}'), k > 1} is defined as

0 = (1 — 1) /2%, ur =2n (Wep — Wen ),

which clearly satisfies condition H Then

1
W= —V2
¢ 2” Z;Qnt,

where Zt" is the renewal process defined by the sequence of i.i.d. interarrival times {T,?, k € N},
and V' = 2"Wn. Therefore, recalling (21), El[g(W)/Gr] = S ((W™),€(W"); g), with
¥"(s,1;g) as in (23), and vy as in (10). Similar result holds also for E[g(W/* + 6;(W™))/G*].

When the drift coefficient of W is zero the random variables 7, » have common law
F™(t) = P(T} <t) = [y (2*"a*) (35)

where a? is the diffusion coefficient and F} is defined in (25), and U » is symmetric and indepen-
dent of T}, for each k (see e.g. [4] page 342). Therefore V' = 2"Win is a symmetric random
walk, independent of the renewal process Zt" Then Condition K holds, and one can use (24) to
define X" (s,1).

When the drift coefficient is ¢ # 0 the processes Zf and f/k”, defined as above, are not mutually
independent, then one cannot use (24). Nevertheless (24), with F™ as in (35) above, could be
used to get the approximate expression

BN [gW)exp(SW/G¢] =" (s,9(-) exp(5))

7 (g9) = EFo [exp( W )/gt] yn (s,l;exp(a%.))

s=ye(Wn),l=L(W™)

Indeed by Kallianpur Striebel formula and Girsanov Theorem

Polg(W) exp(5Wr)/G7']
EPO[GXP( Wt)/gt]

E[g(Wi")/G1] =

where P, is equivalent to P, and under Py the process W has drift coeflicient zero. Then

EPo [ (W) exp(z W) exp(z (W — th))/gﬂ

E[g(W])/G¢] = EPo[exp(SW]) exp(S(Wy — W) /G

Moreover, taking into account that |W; — W}*| < one can get that

2”7

lc| 1
a2 2n

|Blg(W)/G7] = 77 (9)] < dexp (25950) 5 5 19]loo- (36)



5 The M/M/1 queueing model

In this Section we consider a random walk with exponential interarrival times, and the M/M/1
queue, with arrival intensity A\, and service potential pu,, generated by reflecting the random
walk. We use the techniques introduced in Section 2 to derive the filter of the M/M/1 queue
(and therefore of the random walk) with respect to the local time associated to the random walk.
Moreover, under a suitable set of conditions, which are related to the heavy traffic conditions, we
get also the weak limit of the filter of the rescaled system (Theorem 5.2) and an approximation
for the filter (Theorem 5.3).

5.1 Description of the model and main results

The sequence of random walks we consider is defined by means of the same rule as in (15),
namely for each n € N

i
Xt =yr — I
t Vzp Z UJ ’
j=1
where
A1 Z is a Poisson process with intensity (A, + fin)
A2 f/Jn is defined by f/j" = %”_1 +U J” , where {[7 ]” ,j € N} is a sequence of i.i.d. random variables

with P (U} = +1) = x5 and PM(UR = —1) = 320

A3 {Ul',k € N} and Z}* are mutually independent.

In this case the interarrival times T,? of the renewal process Z[” are exponential random vari-
ables with expectation 1/(A, + p,). Therefore we are in the situation discussed at the end
of Section 3, with p, = A/ (A + tin), FI” the distribution function of an exponential random
variable of parameter A, + p,, moreover the scaling parameters are a,, = n and b, = y/n, and
then F}' is the distribution function Gamma of parameter (k,n(An + fir)).

The conditions C1, C2, and C3 are defined as follows.
Cl M\, >0
C2 (A, ttn) — (A A)

n—-4o0o

C3 Vilha—A) — o) vl —N — @)

n—-+o0o n—-—+o00

Condition C1 avoids to consider pure birth or pure death processes, and C3 clearly implies
condition C2 and condition
C3* /n(Ay —pn) — c=c(1)—c(2).

n—-400
We recall that, when A, < un, the set of conditions C1, C2, C3* are known in literature as the
heavy traffic conditions, and in this case ¢ < 0. These conditions guarantee the existence of the
diffusive limit of the rescaled system, more precisely, the sequence of processes X' = X, /\/n
converges weakly in Dg[0, +00) to a Brownian motion Wy, with diffusion coefficient 2\ and drift
coefficient c.



Remark 5.1. It is interesting to note that conditions C1, C2, C3 are equivalent to the weak
convergence in Dg2[0,+00) of the processes (X[, Z}'), where Z'=(Z, — 2 nt)/\/n, to a pair of
independent Brownian motions (Wy, By) with drift c = ¢(1)—c(2) and d = c(1)+c(2) respectively,

and both with variance 2X. Indeed the processes X' and Zi* can be represented as
Xy =Ap —Np', Zp= A} + NP (37)

where, if 7' are the jump times of zn,

o= U0 = i < ) )
k=0

87 = SU0 = DG < 1), (39)
k=0

So that

A, — N A" — gt NP — npnt
X" — nt nt: nt nv nt n )\n_ nt
t \/77, \/ﬁ \/ﬁ +\/ﬁ( M)?

AT, — nhnt n N}y —nppt
Vn NG

By Watanabe’s Theorem (see, for instance, [2]) the processes A™ and N™ are mutually indepen-

dent Poisson processes with intensities A, and pp respectively, as a consequence the processes
(A”t:/?‘”t, N"t_;"“‘”t) converge weakly to a pair of independent Brownian motions with zero drift
and diffusion coefficient 2.

The solution of the Skorohod problem for the process Xt" is the pair (Q?, E?), where

Qf = X{' + L

A + V(A + pn — 2M)t.

is a M/M/1 queue (see, for instance, [2]), and L} is the local time associated to the process X}*.
Then, thanks to the weak convergence of X", a continuous map argument applies to show that

X Qe Ly
(th7Q?7L?) = <\/ﬁtv 7727 \/ﬁt> = (Wtawt + At7At)7 (40>

where Ay = £;(W) is the local time of the Skorohod reflection of W;. Indeed the functional
4y is continuous with respect to the topology of uniform convergence on bounded intervals of
time, and X' converges to W; with respect to this topology, since W; has continuous trajectories.

The main results are stated in the following theorems which are proven at the end of this sub-
section. We recall (see (12) and (13)) that 7" and 7}* denote the filters of X[* and of Q} given
the filtration G;*, respectively, where, as in Section 3, Gi* denotes the filtration generated by L}'.

Theorem 5.2. Assume A1, A2, A3 and C1, C2, C3, then, for anyt > 0, 7" converge weakly
to m, and T} converge weakly to iy, as random variables with values in the space of probability
measures endowed with the topology of weak convergence.

In particular, for any t > 0, and for any bounded continuous function g

m(9) = E[g(X]")/GP'] = m(9) = E[g(Wy)/F}) (41)
and
#(g9) = E[g(Q})/GF] = #1(g) = E[g(Wy + Ay) /T (42)



As explained in the introduction it is interesting to find a good approximation for the filter
Ty = ﬁ]”(f{‘) which is, at the same time, simpler to handle, and depends on the actually ob-
served trajectory, and a natural candidate is Tlpy o(&7), where Tl .(s) is defined in (5). We
prove that this natural candidate is an Ly, (€ x [0, T])-norm approximation of the filter 7.

Theorem 5.3. Under the same assumptions of Theorem 5.2, for all g bounded and continuous
and for each T >0, p >0

T ~ ~ p
| Bl - fm@io'e — o

The proofs of the previous theorems are based on the representations for 7j* = X" (&, L)) and
7t = X"(&), respectively, and the results of Propositions 5.4 and 5.5 below. The first result is
the the key convergence result (14) announced in the Introduction.

Proposition 5.4. Under the same assumptions of Theorem 5.2, f]”(s;g) converge pointwise
to Ilay c(s; 9), for every bounded continuous function g : Rt — R, and s > 0. Moreover the
convergence is uniform on bounded intervals contained in (0,00), i.e. whenever s, — s, with
s>0

S™(sn;9) — Taxe(s;9)- (43)
n—oo
Proof. The proof of this key result is postponed to the next subsection. O

The second results concerns the weak convergence of &' = 4;(L") to ¢, = Y (W + A) = y(A),
with 79 and ; defined in (9) and (10) respectively. However we show a slightly stronger result
concerning the weak convergence of 4?(X™ + L") = 4(Q") to ;. This stronger result is used
later in Section 6.

Proposition 5.5. Assume A1, A2, A3 and C1, C2, C3*, then for each t >0
(F(Q™), w(L™), L) = (G, Gty o).
Proof. Define

ny =sup{s <t:LY <Ly}, m=sup{s<t:A; <A},
B =sup{s <t: QU =0}, [r=sup{s<t: W5+ A;=0},

with nf =1t, . =t, B =t and [ = ¢t when the corresponding sets are empty. Note that

Ny =sup{s <t: X' — XI'<Q} —Q},
ne =sup{s <t: Wy —Ws < Wy + Ay — Wy — Ag},

Applying the Skorohod representation theorem, we can assume that all the processes live on the
same probability space (€2, F, P), and that

sup(| X2 — W +|QF — W5 — Ag]) = 0 P-as. (44)
s<t

This implies that L™ — A uniformly in [0,¢], P-a.s., and

liminf ny* > n,.

n—oo



Then, since 7)(Q") =t — B, and (L") =t —n', the result is achieved once we prove that the
sequence ([}, n') converges P-a.s. to (n¢,n) and { =t —n;. Let 55° = lim sup,,_, ., Gi* and note
that Q"(6f") assumes only the values 0 or ﬁ Then, by (44), Wy + Agee = 0. It follows that

limsup 3" < f.

n—oo

Moreover, if " < t, then Q™(n*) = 0, if nj* = ¢, then []' = ¢, and it follows that

n < By for all t, P-a.s.
and then
ne < liminf 7" <limsup 8" < G, for all t, P-a.s.
n—oo n—o0

The proof is achieved since P(n; = 3;) = 1, and then ; = 1) (W +A) =t — By =t —n = y(A).

O]

Remark 5.6. In the Skorohod space (Q, F, P) used in the proof of Proposition 5.5, choose a
jointly measurable version of &' = v;(L™) =t —n;*. Then M = {(w,t) € Ax [0,T] s.t. &(w) £
G(w)} is a zero dP x dt-measure set. Moreover a similar result holds for p(Q™) = t — B,
namely Mo = {(w,t) € Q@ x [0,T] s.t. Y(Q")(w) # G(w)} is a zero dP x dt-measure set.

We are now ready to prove Theorems 5.2 and 5.3

Proof of Theorem 5.2

The weak convergence for filters of the reflected random walk follows since we can use the
Skorohod representation probability space as in Proposition 5.5, and in this space, for each
t >0, P(& = v(L") — () = 1, and, on the other hand P{w : (;(w) > 0} = 1, as observed in
Remark 5.6. As a consequence, taking into account the key convergence result of Proposition 5.4,

P(ﬁ]"(f{”; g) _ ﬂ?)\yc(gt; g), forevery g: R"T — R bounded and continuous) =1,

and the above property is equivalent to show that 7;" converges weakly to 7.

The proof of the weak convergence for the filter of the random walk is similar, since the con-
vergence of X" (sp,ly; g) to lay (s, 1; g) whenever (s,,1,) converges to (s,1), with s > 0 is just
a slight extension of Proposition 5.4, that is for any ¢ : Rt — R bounded and uniformly
continuous,

X" (80, lni g) —= Mane(s, 1 9)- (45)

Indeed on the one hand [¥X"(sy,1n;9) — X™(Sn,1;9)| < wy(|ln —1]), and therefore converge to
zero, and on the other hand, £"(sy,l;g) = %"(sn; 1) converge to II(s,l; g) = II(s; g;), where
gi(z) = g(—=l + z). The set of bounded and uniformly continuous functions is a convergence
determining class and then (45) follows for all bounded continuous functions g. Then, using
again the Skorohod representation space, we get that P((&7, L?) — (i, A¢), ¢ > 0) = 1, and

P(=™(&, Lis g) — oy o((t, Ar;g),  for every g : RY — R bounded and continuous) = 1.

— 00

Therefore 7} converge weakly to m¢, and Theorem 5.2 is completely achieved.



Proof of Theorem 5.3
The limit we are looking for depends only on the distribution of £*, therefore using the Skorohod
representation space (€, F, P) as in the proof of Proposition 5.5, the thesis is equivalent to

T
5 - . p
| EFEriense) - oelerio)f ot — o
0 n—oo
As observed in Remark 5.6, we can assume that £(w) converge to (;(w) dP x dt — a.e., and then
by Proposition 5.4 we get

SM(Er g) 2 oy (¢t 9) and oy (£ 9) 2 1SV (46)

for each (w,t) such that (;(w) > 0.

The observation that {(w,t) € Q x [0, T] such that (;(w) = 0} is a zero measure set with respect
to dP x dt, and an easy application of the dominated convergence theorem imply that

T
5Tl . p
/ EF HZ”({[L;g) — Hg,\,c(g};g)’ } — 0, for any p > 0
0

and

T 5 ~ ~ p
| B (5 e) - et o for any p > 0. (47)
0

5.2 The key result

In this subsection our aim is to prove Proposition 5.4, i.e.the key result (14) under conditions
A1, A2, A3 and C1, C2, C3.

Without loss of generality, we can assume that all the processes involved are defined on the same
measurable space (£2, F), but with different probability measures P™. Moreover we can assume
that (i) the processes defined in (37) are the same for all n, namely we can take X}* = X; = VZt

and Z = Z;, with V, = Zjﬂ U;, (#) the measures P™ are all absolutely continuous with
respect to a given measure P (see (48) below), and finally (4%4) under the measure P, the
process Z; is a Poisson process Z; of intensity 2\ and Vi is a symmetric random walk.

Starting from the processes X; and Z;, and in analogy with (38) and (39) of Remark 5.1, we
can define the process A4; as the process counting the positive jumps of X, and the process N,
as the process counting the negative jumps of X;.

On (Q,F) we consider the filtration {F}*, t € [0,T]} generated by the time-rescaled processes

(AP, N") = (Aps, Nyy), and the probability measure P", absolutely continuous with respect to
P, such that

L (AA)A exp {1 (o — V) ) (AA)N exp{-n(um -t} (48)



Under the measure P, the processes A?, Nt” are mutually independent Poisson processes with
intensities nA, nA, while (see [2], Chapter VIII) under P™ the processes fl?, ]\7,5” are mutually
independent Poisson processes with intensities nA,, nu,. Finally note that, in the probability
space (2, F, P™), the conditions A1, A2, A3 are satisfied with Zt” =7, = A+ Ny, U]" = ﬁj.

From now to the end of this Section, we denote by EX and EF" the expectations with respect
to the probability measures P and P", respectively. Then, by Kallianpur Striebel formula, we
get

E” [g(X)/G1] = T (49)

DI = o)
Moreover, setting X" = A? — N{L, and Zf = fl? + Nt”,the rescaled processes are X' = % and
VARES Ztn\_/%m\t, and under the measure P the sequence of processes (X[*, Z;') converge weakly in

Dp2([0,00)) to two independent Brownian motions (W, By) := (WA — WN, WA + W), indeed

X" — th Ant — Nnt Ant —nAt Nnt —nAt
g = — — _

Voo Ve n Vn

= WtA - WtN7

Z{ =2nAt  Apg —nMt n Nyt — n
vno n NG

where W/ and W}V are clearly independent Brownian motion (the last property implies the
independence of W and B). Therefore it is natural to get an alternative expression of £} in terms
of the processes X" and ZJ'. Taking into account that A} = (Z]" + X}")/2, NJ* = (Z}' — X}")/2,
and that

t
Zp = = Wi+ W,

/\n n mn ;
log(L}) =log | — | Ay —n (A, — )t +log (M—> N —n(pun — M),
A A
we get immediately that
log(LY) = cn X{ + dnZ' + ent, (50)

where

A
o = 5 v [log () +log (%] (52)
en =1 [log (3) +1log (£2)] A —n (A + pn — 2X) (53)

Therefore (49) can be rewritten as

Pt oy ony B L9(XT) exp(en XP) exp(dnZ7) /GY']
ET [g(X])/G¢] = EP[exp(ca X) exp(dn Z)) /GF]

(54)

Under conditions C1, C2 and C3, the sequence (¢, d,) converges to (¢,d), where ¢ = ¢/(2))
(see Lemma 5.9 at the end of the section). If we substitute in the right hand side of the above
expression the formal limits we get

E[g(W;) exp(¢Wy) exp(dBy) | F] B E[g(Wy) exp(eWy) / F] . '
E[EXp(EWt) exp(JBt)/]-'tA} B E[GXP(EWt)/ftA] = 1Iox ¢ (Ct5 9)s (55)




where the first equality holds since F* C F}V and the processes W and B are independent,
while the second equality follows by the fact that W; has drift zero and diffusion coefficient 2,
by the value of the limit ¢ and by using Kallianpur-Striebel formula again.

The above considerations lead to a heuristic proof of our main result. However we do not
formalize the above heuristic reasoning to get the proof, but we use the following expression for
the filter of the queue

EP[ g(X7) exp(cp, XT) exp(dn ZD)I(oF > s)]

pn n n| _
B 19(@)/9] = — B Texplenxy) exp(@ 20T > 5]

(56)

s=¢&;

The above expression can be easily obtained taking into account (22), (23), the definition (48) of
P™ by means of (50), namely, using the notations of Remark 3.1, E" [g(Q})/G}'] = . (% 9),
and

EP (X010} > s) | BP|L2g(XD)L(o} > 5) |

Sihn(s59) = = [H(J? - S)} T [L?H(a? > s)}

_ EP[g(X}) exp(enXY) exp(dnZ{)I(0] > 5)] (57)
EP[exp(cn X1) exp(dn Z7)I(0] > 5)] '

In order to get the limit of previous filter the idea is to show the convergence of the function

A~

Y% (s;9), and then a first essential step consists in evaluating

EP[ f(XY) exp(dnZi)I(0] > )]

either for f(z) = gn(x) = g(z) exp(cpz) or for f(x) = exp(cpx), and this can be found in the
following lemma, which is based on the reflection principle.

Lemma 5.7. Let f be a function with continuous derivative f'. Then

2
EP [ FXD) expld, ZDIT > 9] =B [S210X3 > 2/Vf (X7 = 203/vi) exp(d 20)]
+ BP[10 < X7 < 2/v/n) [(X2) exp(dnZ2)]
where 07 is a random variable with values in (0,1).

Proof. Tt is sufficient to prove that

EP[ (X)) exp(dnZy)I(o] > )] = BT F(XD)UXY 2 0) exp(dnZy)I(o] > 5)]

— BP[ f(X?) exp(dnZ2)] — EP[ F(X2) exp(dnZ2)I(0} < 5)]

= BP[ {F(x7) - f(x7 - %)} exp(dnZ™)], (58)

where f(z) = f(z)I(z > 0), and where we apply the reflection principle in order to get the
last equality. Indeed, if X is the process obtained by reflecting X' at time o, i.e. if X' =



(A7 N”)/\f Where (A2, N?T') is defined as (/1" ]\7”) for s < of, and as (/12,11 + (]\7;1 -
NU?),NZ}{L ( )) for s > o7, then, on the one hand,

FXI(XT > 0) exp(dnZ)I(of < s)
= f(=X{ = 2/Vn)I(X] < =2/v/n) exp(dnZ7) 1(57 < 5)
= f(=X7 = 2/Vn)I(X < =2/v/n) exp(dnZy), (59)
since
(i) o < s if and only if 67 < s, where 57 = inf{u such that X" < —1//n},
(ii) if 57 < s then X* +1/\/n=—1/\/n — X7,
and therefore, when 71 < s,
(iii) X? > 0 if and only if —2/y/n > X7, which implies 67 < s,
and, on the one hand, (—X7, Z") has the same law as (X7, Z") under P, so that (58) follows
by (59). O

We are now ready to prove the main result of this subsection.

Proof of Proposition 5.4
We start with the case s, = s > 0. The idea is to prove the following chain of equalities

. . VREP] g(XT)exp(c, X1 exp(dn Z0) (o} > s)]
lim ¥%.(s;9) = lim
n—00 n—co  /nEF[exp(c, X) exp(dyn Z)I(c] > )]

fo x) exp(Cr) 555 exp{— 2 2%s }dx

s exp(cx) 22 exp{—4 & Vdx

_ TI(2Xs,0;9(-) exp(55-) - '
- (2)\8 0 exp( 2;) - H2A7c(svg)7

where ¢ = limy, ¢, = ¢/(2X). The first equality is immediately obtained by multiplying the
numerator and the denominator of (57) by \/n. So we need only to prove the second equality
since the others are obvious.

Without loss of generality, we can assume that g has continuous bounded derivative. Then, by
Lemma 5.7, we need to evaluate the limit of

VAEF [ ZZ1(XE 2 2Vl (X7 =20,/ expld 27)] (60)
VBP0 < X[ < 2/V)ga(X}) exp(dn )] (61)

when g, (z) = g(z) exp(cpz), for the numerator, and then the limit of the denominator follows
taking g(x) = 1. Recalling that (under P) (X', Z]*) converge weakly in Dp2([0,00)) to two
independent Brownian motions (W, By), the limit of (60) is

2F []1(0 < Wy < 00) f'(Ws) exp (JBS)}
—=2F []1(0 < W, < oo)f’(Ws)} E{exp (JBS)},

with f(z) = g(z)exp(¢z). By standard computations, using the integration by part formula,

EI0< Ws < oo)f’(Ws)} = \/%\1/% (—g(O) + /000 g(x) exp(ﬁx)% exp{—%fig}da:) )



Furthermore, by Lemma 5.8 below, the addend (61) converge to

\/%\Q/m g(0) E [exp (JBS)} .

Then the result is achieved for any constant sequence s, = s. The case of s, converging to
s > 0, is achieved in a similar way, by the weak convergence of (X7, Z7) to (W, Bs) in the
uniform norm on bounded intervals, and again by Lemma 5.8. 0

Lemma 5.8. Let g : RT — R be a bounded continuous function, and let
an(s) == ET[1(0 < X2 < 2/v/n) g(X!) exp(enX2) exp(dnZL)]
then

. 2
V(o) = e o

whenever s, — s, with s > 0.

9(0) B[ exp (B,) ], (62)

Proof. We start with the symmetric case, i.e. when A\, = p, = A, since the proof is technically
simpler. Indeed in this case ¢, = d, = 0 and therefore (62) is achieved by proving that

Jim +/n P(Xg €[0,2/v/n)) = \/2—7:/2—)\8

Without loss of generality we can assume \ = % Otherwise we can use the deterministic change
of time ¢/(2)) instead of ¢ and consider the sequence of processes X{)(25)> which converges to a
standard Brownian motion. Let F.' denote the distribution function of X'. Then as an easy
consequence of Berry-Esseen theorem we get

xs;glF?(w)—@(%)’ :0(\/%), (63)

where I'), = {ﬁ (z + %) , 2 € Z}, and @ (z) is the distribution function of a standard normal
random variable. Clearly P(X" € [0,2/,/n)) is equal to P(X? € (—= 3%])), and therefore

— T s
to 9
3_1 11 1Y o / 1
‘I)(i nsn) - ‘I)( - i\/m) +0(\/m) = m(l) (7n) ‘FO(\/@)7
where ~,, € (— %\/%Tn, % ;Sn) Moreover, as s, — s and s > 0, there exists n such that s,, > %s,
1

for any n > n, and then o \/7) = o(ﬁ) and we obtain the limit (62) in the symmetric case.

We switch now to the general case. First of all we observe that

oo
~ 2h—2nAs

Qn(s) - ZP(Ans = h)P(an = h)g(0>ecnoedn Ve
h=0

© ~ ~ e L d 2h+1—2nls
+ ) P(Aps = h+1)P(Nys = h)g(1/y/n)e™ vVie™ Va
h=0



and that \/n ¢n(s,) has the same behaviour as ¢(0) v/ngn(s,), where

~ dn 2h—2n)s

qn(s) = ZP(Ans = h)P(an = h)e NG
h=0

o ~ ~ 2h+1—2n)s
+ 3 P(Ans = h+ 1)P(Nys = h)e™ i
h=0

as can be immediately seen by

min (9(0), g(1/Vm) Vigu(s) < viga(s) < V% max (9(0), g(1/v/n)) viga(s).

Taking into account that Zns = flns + an is a Poisson random variable of parameter 2Ans, one
can see that

—

5 2h)! 1
P(Ans = h)P(Nns = h) = P(Zys = 2h)h!f2!22h

and that
2r+1)! 1

(h+ 1)1 Al 22h 1"

P(Aps = h+1)P(Nps = h) = P(Zps = 2h + 1)

Then, setting

k! |
) = G e
we can rewrite
Gn(s) = S P(Zng = k)e™ 0 (k)

~ Zns — 2nAs =

= gf [r(zm) exp(dnnsi)} = EP [r(zm) exp(anS")}
vn

Now by Stirling formula 7(m) = /mr(m) converge to 2/v/27 as m increases to infinity, and

therefore, we rewrite

VI 06) =V P =) B [ 1> 0) (0] e o0 (721

We are interested in the asymptotic behaviour of \/n G,(s,), and first of all we note that the
sequence nP(Z] = 0) converges to zero, as can be seen by direct calculations. Then we observe
that for each T' > 0, by Kolmogorov inequality

~ ar(Z T) 2n AT
1 V nT) _
P(jgg‘ﬁzns - 2>‘5‘ >e) < 222 22

Furthermore Z' converge weakly to B in Dr([0,00)), w.r.t. the topology of uniform convergence
on bounded intervals, the limit process having continuous paths. Therefore the pair (Z,,/n, Z)
converges in Dg([0,00)) x Dg([0,00)), each component endowed with the topology of uniform
convergence, and then (Z,s/n, Z™) converge in distribution to (2\s, By), in the space D g2([0, 00))
endowed with the topology of uniform convergence on bounded intervals.

By Skorohod theorem we can assume w.l.o.g. that the above pair converges P—a.s., and uni-

formly on bounded intervals. Then,

Al 5 = n 2 1 -
F(Znsy) W Zps, > 0) —=2— exp (dpZ7) — Eﬁexp (dBs)

_ P —a.s. 64
T (64)



whenever s, — s, with s > 0. The above convergence is equivalent to the uniform conver-
gence on bounded and compact intervals of (0,00), and its proof is straightforward. We only

observe that, if we set h,(s) = \/Zns/n, then, for any T > 0, h,(s) converge to h(s) = V/2\s
uniformly in [0,7], and therefore, for any h > 0, 1/hy(s) converge to 1/h(s) uniformly in the
set {s,such that h(s) > h}. The thesis follows, as the sequence at the Lh.s. of (64) is uniformly
integrable. Indeed

. 2
sup EF [(ﬁ 7(Zns,) €xp (angn)> } < L < o0,

since sup,, #(m) = /mr(m) < L' < oo, and

E” |1(Zs, > 0) Z" exp (2 an;‘n)}

1 =k+1 k+1—2\ns\ (2Ans,)**t 5
— exp(—2d,, 2, s
exp(—2dn/v/n) 55 ]; o OP ( NG ) G+l ¢

1
< exp(=2dn/v/n) —E" [exp(2dn Z;, )]

O

We end this section with the statement of the elementary technical lemma, which has been used
in the proof of the previous results.

Lemma 5.9. If condition C3 holds, then
lim (Cna dn, 671) = (E’ J» é)? (65)
n—od

where ¢y, dn, and ey, are defined in (51),(52) and (53), and where

ez o= g d _cl)+c(2)

2 2\ 2 o e= (@) +c(2)/2)

6 The M/M/1 queueing model: observing the idle time process

In this section we are interested in the conditional law of the M/M/1 queue Q?, when the
observation process is the idle time process, i.e.

t
Cr = [ 1@y =0)ds
0
the cumulative time the queue has spent in 0, up to t.
Equivalently one can consider as observation process the bivariate point process (INt”, BE), where

I}' is the process that counts the times when the system starts an idle period and B} is the
process that counts the times when the system starts a busy period, that is

~ t ~ ~
I = /0 Q" = 1)dN™ (66)

~ t ~ ~
By = /0 IQr = 0)dAr. (67)



Indeed the filtration generated by the idle time process C’f and the filtration generated by the

. fod ~ " B
observation process (I, Bf') coincide, or more precisely F&" = F, '~ .

Our first aim is to study the conditional law
E[g(QF)/H}], (68)
where for the notational convenience we denote
Ht _ fI7L B’VL _ f’ ’

and the explicit expression for the filter (68) in terms of 4P (Q™), is given in (75).
Then we consider the rescaled processes

n ~Zt n fgt n B:zlt n ~n
Qt = %, It = %, Bt = — Ct = \/’E,an nts (69)

and the conditional law of the rescaled queue

Eg(Q1)/M}], (70)
where H} is the filtration generated by the rescaled observation

~ Jn B n
t =Hpy=F" :fg_ (71)

We are interested in the limit behaviour of the filter (70) under the same assumption A1, A2,
A3 and conditions C1, C2, C3 of Section 5. Under these assumptions we already know that Q7
converge weakly to a Brownian motion W; with diffusion coefficient 2\ and drift coefficient c.

If one defines X' := QF — CP!, then clearly QF = X' + CP, and therefore, since by definition

mn

7' increases only when Qt = 0, the pair (Q},C}") is the solution of the Skorohod problem
corresponding to X;*. Moreover

(X7, Q7. CF) = (Wi, Wi + A, Ay),

where, as usual, A; is defined as in (1) (for a deeper investigation of these results, we re-
fer to Kurtz [7]). It is therefore natural to expect that E[g(Q})/H}'| converges weakly to
E[g(W, + Ay)/F} = Tlox c(Ct; 9). This result is proven in Theorem 6.4. Moreover Ilay .(79(Q™); g)
is a good approximation of the filter for the rescaled model (see Theorem 6.6).

Let {oP", k € N} and {o/", k € N} be the jump times of the process I and the process By,
respectively. Under the assumption Qf = 0, it easy to verify that

"< gin <0k+1<0k+1, for each k > 1,

and that QF = 0 when Jé” <t< a,i’:l, for k > 0, while Q} > 0 otherwise.

We start by observing some regenerative properties of the above jump times, which are funda-
mental in the sequel. The first one is due to the strong Markov property for the process Q?,
and is given the following lemma.

Lemma 6.1. For each k € N the processes Qi’; = Ham Q n and Q = t+0'B" Qan

are independent off n and .7-" s Tespectively. Moreover, the process th has the same law as

the process Qt .



The process ff is a renewal process, and B[L is a delayed renewal process, i.e. the random
variables J,ffl — 0,?" are mutually independent for £ > 0 and identically distributed for k£ > 1.
Also {aé” — O'an}k21 is a sequence of mutually independent random variables.

In the setting of this section, the above considerations and Lemma 6.1 guarantee that the filter
of Q? given 7:{? admits a representation similar to that given in Proposition 2.1. The proof of
the following proposition is left to the reader, however we point out that since the processes

involved are all Markovian, the proof could be given by the techniques used in [3].

Proposition 6.2. The conditional law of Q? given 7:(? admits the following representation

Elg(Q)/H}] =1(QF = 0)g(0)+ (72)
e E[Q(Q:+UB" o Q(:'LB" + 1) ]I(U]In o UJB” = 8)}
+HIQF > 0)Y ’ ’

= E[H(U;” —aPn > s)}

s=t—obn

4 ]I{JJB" <t< G]I-n}.

—t_sBn
s=t I

It is important to note that

Ujl,n_g]B":inf{uZO:Qf{f%—lzo}, (73)

and that the process Qfg‘ + 1 for s < of” — af” behaves like the continuous time random walk

X§+1fors<6’f:inf{u20: Xﬁz—l},andhence

E[g( 3B 4 1) I(oln — oBn > s)} E[g(f(g +1)IE} > s)}

= . (74)
E[]I(ajf-” —oBn > s)} E[H(&Tf > s)}

As a consequence and observing that, by definition (9),

Q™) =t — sup{s < t such that Q" = 0} = Z(t - UJB”) ]I{UJB" <t< UJI-”}

j=1
we can rewrite (72) as
I B[R+ )16t > )]
E[g(Q7)/H}] = HQF = 0)9(0) + 1(Q} > 0) (75)

E[]I(&{L > s)} o

The above considerations leads us to state the following result

Theorem 6.3. Consider the rescaled process Qf, the rescaled observation processes I and By,
defined in (69), and the history generated by (I}, ByY) for u <t, i.e. H} defined in (71). Then

E[g(Q1)/H] = 1(Qf =0)g(0) + L(QF > 0)E"(3(Q"); ), (76)

where S (s; g) = 3"(s:,,), with $"(s) the probability defined in (23), and g, (x) = g(x + ﬁ)



Proof. Equality (75) implies

Eh(X?+:%>H@?>sﬂ
E[1(o} > 5)]

Elg(Qf)/H] =T1(QF = 0)g(0) +I1(Q} > 0)
s=7(Q™)
and clearly

E{g <X§+ ﬁ) I(o} > s)}

E[]I (o7 > s)} = >(ei)

O]

As a consequence of the above Theorem, the conditional law of Q} given H}' can be written as
L@} =0) [0 — S"(F(@")] + £ (1 (@")).
Moreover, for any g uniformly continuous

EM(2(QM):9) = (1 (Q"); 9) + £(n. g) (77)
with |e(n, g)| < wy(1/v/n). We are now ready to prove the main result of this section.

Theorem 6.4. Assume conditions C1, C2, C3 and Al, A2, A3. Then, for anyt > 0, the
sequence of measure-valued random variables defined by (70) converge weakly to 7y, on the space
of probability measures endowed with the topology of weak convergence. In particular, for any
bounded and continuous function g

Elg(@QN)/H)] = E[g(Wy)/FP] = Tar (G5 9), for any t > 0.

Proof. As in the proof of Theorem 5.2, using (77), it is possible to show that in the Skorohod
space of Proposition 5.5

P(E"((Q™); 9) _ Torc(Ci3 ), for every g : RT — R bounded and continuous) = 1,

since in that space 7Y (Q™) converges to (; almost surely. On the other hand, the total variation
of the measure §{o, — £"(7(Q™)) is at most 2, so that the result is achieved once we prove that
I(Q} = 0) converges to zero in probability. Indeed, as recalled in (40), the sequence @} converges
weakly to a reflected Brownian motion W; + A;. Then, the above convergence can be obtained
by noting that the function I (z = 0) has a discontinuity point at x = 0, P(W; + A, = 0) = 0,
and that I (QT = 0) converges to zero, by the continuous mapping theorem. O

Remark 6.5. As already observed at the beginning of this section,
(th7 Q?ﬂ CZT) = (Wt7 Wt + Ata At)

where X' := Q" — CI'. Thanks to the continuity of the limit processes, the convergence can
be considered in the space Dga|y o) endowed with the topology of the uniform convergence on
compact sets. Moreover it is interesting to note that v2(Q™) = v(C™) = 1 (A) = ¢,

Then, stmilarly to Proposition 5.5, it is possible to prove that

(’Yto(Qn)a’Yt(Cn)a CT) = (VS(Wt + At)v%(t)(At)’At) = (Ce, Gty At)

and therefore an alternative proof of the previous Theorem can be achieved, by using these prop-
erties.



We end this section by noting that, even in this new situation, it is possible to give the same
approximation for the filter as in Theorem 5.3, namely for E[g(Q})/H}] the following result
holds.

Theorem 6.6. For all g bounded and continuous and for each T >0, p >0

T
| BlEls@n ) - i@ a0

n—oo

Proof. Note that, by (77),

(Blo(@0)/H] — Tor o (19(@"):.9)| =
= [1@F = 0)9(0) + 1@ > 0)S"(£(Q"): 9) + £(n, 9) ~ Manc (@) 9)
< C)[1@r =0) (9(0) + £ (P@Q):9) +e(n.9)|

+ )| 2" (@ 9) ~ Tar e (@3 9)]

p

where C(p) is a suitable constant. Then
E[|Blo@1)/1] - Tone(? (@) 9)| ] <
<CEIE [[LQF =021 g o +e(n.g)| | + CRIE [|E" (@) 9) = Tar e (@1 9)| ]

The thesis follows since both the addends at the right hand side of the previous inequality
converge to zero. The first addend converges to zero by the bounded convergence theorem. To
prove that the the second addend converges to zero one has just to substitute & with v9(Q™)
in the proof of Theorem 5.3. O

Acknowledgements

One of us, B. Torti, started to study this kind of problems during the PhD Thesis under the
guide of Anna Gerardi, as a simplified version of a problem originally posed by Thomas G.
Kurtz. We thank both of them. Moreover we are indebted to Thomas G. Kurtz for the proof of
Proposition 5.5. We also wish to thank an anonymous referee, whose suggestions helped us to
improve the presentation of the results.

References

[1] BHATT, A. G., KALLIANPUR, G., AND KARANDIKAR, R. L. Robustness of the nonlinear
filter. Stochastic Process. Appl. 81, 2 (1999), 247-254.

[2] BREMAUD, P. Point processes and queues. Martingale dynamics. Springer-Verlag, New
York, 1981. Springer Series in Statistics.

[3] CaLzOLARI, A., AND Naprpo, G. The filtering problem in a model with
grouped data and counting observation times.  Tech. rep., Universita di Roma -
http://www.mat.uniromal.it /people/nappo/attivita-scientifica.html#preprint, 2001.

[4] FELLER, W. An introduction to Probability Theory and Its applications, vol. 2. Wiley, 1971.

[5] GOGGIN, E. An L! approximation for conditional expectations. Stoch. and Stoch Rep. 60
(1997), 85-106.



[6] GoGGIN, E. M. Convergence in distribution of conditional expectations. Ann. Probab. 22,
2 (1994), 1097-1114.

[7] Kurtz, T. G. Lectures on Stochastic Analysis. Dept. of Math. and Stat. - Univ. of Wisconsin
- http://www.math.wisc.edu/ ~ kurtz/m735.htm, 1999.

[8] Nappo, G., AND ToRTI, B. Filtering of a Brownian motion with respect to its local
time. Tech. rep., Universita di Roma - http://www.mat.uniromal.it/people/nappo/attivita-
scientifica.html#preprint, 2003.

[9] PrAaBHU, N. U. Stochastic storage processes, second ed., vol. 15 of Applications of Mathe-
matics. Springer-Verlag, New York, 1998. Queues, insurance risk, dams, and data commu-
nication.



