Continuous time random walks and queues:
explicit forms and approximations of the conditional law
with respect to their local times *

Giovanna Nappo! Barbara Torti *

Abstract

A filtering problem is considered in the case when the state process is a continuous time
random walk and the observation process is its local time. An explicit construction of the
filter is given. This construction is then applied to a suitable approximation of a Brownian
motion and to a rescaled M/M/1 queueing model. In both these cases a convergence result
for the respective filters is given. The case of a queueing model when the observation is the
idle time is also considered.
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1 Introduction

The kind of problems we are interested in arises from the following situation. Suppose that in
a queue we can observe, up to time ¢, whether the queue is busy or idle, but we cannot observe
the size of the queue, so that the observation process is the total time the queue has spent in 0,
i.e. the so called idle time (see Prabhu [10]). Then the problem is to evaluate the size of the
queue at time ¢, given this information, i.e. to compute the conditional law (or the filter) of the
queue given the observation process up to time ¢. In the setup of heavy traffic limit, the rescaled
queue converges to a reflected Brownian motion and the observation process converges to its
local time. Then the limit model can be constructed as (W; + Ay, A¢), where W; is a Brownian
motion and A is the local time in the sense of Skorohod definition, that is

Ay = 0,(W),
where

¢ : Dg[0,00) — Dg[0,00), x — {(x), such that ¢(z)= —infz(s)AO. (1)

s<t

In the limit model the corresponding filtering problem is the computation of the conditional law
of a reflected Brownian motion W; + A; when the observation process is its local time Ay, i.e.
the computation of the filter E[g(W; + A¢)/F}], for g in a sufficiently large class of functions.
A first problem is to find the exact expression for the filters, both for the limit model and
for the rescaled queue model. A second problem concerns the convergence of the latter to
E[g(Wt + At)/}_tA].

The filter of the limit Brownian motion model is derived in G. Nappo, B. Torti [9] (Sections
4 and 6), where it is obtained by means of a suitable sequence of processes A" approximating
the observation process A. Each process A" is proportional to a counting process, and therefore
the nonlinear filtering techniques for counting processes are used. The filter can also be derived
by means of the Azéma martingale, and this derivation is shortly discussed in [9]. For sake of
completeness we recall its explicit expression.

Theorem 1.1. Let W; be a Brownian motion with diffusion coefficient a®> and drift ¢ € R and
let Ay be its local time. Let g be a bounded measurable function.

Denote by )
(s, l;g) = /0 g (=l +yvVs)yexp (—y2> dy s>0, (2)
T (a%s,l;9(-) exp(5-))
HaQ,C(Sa lvg) - I (a2s, I; eXp(a%-)) (3)
ﬁaQ,c(S;g) = Hag,c(svo;g) (4)
Then
me(9) = E[g(Wo) /7] = ez (G, At ), (5)
and
7Art(g) = E[Q(Wt + At)/]:i/\] = ﬂa2,c(ct;g) (6)

where F{ is the history generated by Ay, up to time t, (; is the elapsed time from the last visit
to O for the process Wy + A4, i.e.

G =7 (W +A) = n(A), (7)



with
(z) =t —sup{s < t:zs =0} (8)

Ye(z) =t —sup{s < t:xs < a4} (9)

Note that Iy o(s,l; 9) =11(s,l; 9) = E|g(—l+W})/A} = O} , where W* is any standard Brownian
motion and A* is its local time.

In this paper we start by considering a somehow simplified version of the motivating problem:
we consider a continuous time random walk Y; and its conditional law w.r.t. its local time
L, = ¢,(Y) up to time ¢. Indeed in several cases a queueing model can be represented as the
reflection of a continuous time random walk. It turns out that the filter of Y; w.r.t. L, up to
time t can be expressed as a probability measure depending deterministically on L; and (L),
where ~; is defined in (9). We derive also a more explicit expression for the filter under the
assumption that the process Y; can be decomposed as Y; = Vz,, where Z; is a renewal process,
Vi is a discrete time random walk, with Z; and V; mutually independent. Similar results hold
also for rescaled random walks.

We are interested in the situation when a sequence X/ of rescaled random walks converges to
a Brownian motion W; in Dg[0,400). Then a continuous map argument applies to show that
(X, LY) = (X7, 6(X™)) converges to (W, Ay) = (Wi, £.(W)), and analogously the systems with
the reflected random walk (X}* + L}, L) converge to the system with the reflected Brownian
motion (W: + A¢, Ay) (see Section 5 for the details). In analogy with the second equality of (7)
we denote

&' = (L") =t —sup{u <t suchthat L} <L}}. (10)

the elapsed time from last jump time of L™. Then for random walk systems the corresponding
filter is

' (9) = Blg(X{")/F") = 2"(& L} 9) (11)
with ¥"(s,l) defined in (23), while for the reflected systems is
w7 (9) = Elg(X[' + L) /F ) = £"(&1 9) (12)

with 7(s) = £"(s,0).

The problem whether 7y = X" (v,(L"), L") converge weakly to the filter m; = Ig2 (¢, Ag) of
the limit is strictly related to the convergence of the filters 47" = %7(~,(L")) for the reflected
random walks to 7y = f[a2,c(<t>' Depending on the model we privilege one or the other problem.
On the other hand, from a computational point of view, it is quite difficult to use the exact
expression of ﬁ]”(s) to compute the filter 7}*. Then it is also interesting to find a good approx-
imation of the filter of the discrete system, depending on the actually observed process L™, so
that it can be used in applications. For the reflected random walk system, a natural choice in
order to give a manageable approximation of the filter is to use the limit functional ﬂaz,c(s),
evaluated at s = £

These problems have been studied in more general situations by many authors, among which
we recall in particular Bhatt et al. in [1] and Goggin ([6], [7]). Most of these results concern
diffusive models and do not apply to our case. Moreover, usually the applications concern the
problem to approximate a given signal/observation process with a suitably chosen sequence of
signal /observation processes so that the corresponding sequence of filters converges to the the
filter of the original process. We start from a different point of view: the sequence of pro-
cesses is given and the problem is to show the convergence of the filters to the filter of the



state/observation limit, in the sense specified above.

The problem of weak convergence of the sequence of filters is not a trivial problem as even strong
convergence of random variables does not imply convergence of the conditional laws. This is
clearly explained by the following simple and illuminating example (see E. Goggin [6]).

Let & be a real random variable, and (&,,7,) = (£,&/n). Then (&,,n,) converges strongly to
(&,m), with n = 0. Nevertheless, for any measurable function g, E(g(&,)/mm) = g(§), so that the
conditional law of &, given 7, is the measure concentrated in {(w), while E(g(&)/n) = E(g(%)),
so that the conditional law of & given 1 coincides with the (deterministic) law P o 71 of €.

In this example, although the sequence of the conditional laws of &, given 7, does not converge to
the conditional law of the limit, it is a constant sequence and therefore is a converging sequence.
This is not surprising indeed in the light of the next general result, which is a slight generalization
of a result of E. Goggin [6] (proof of Theorem 2.1, Step 1): one has only to replace the sequence
of o—algebras used in [6] with a general sequence.

Lemma 1.2. Let R, be a sequence of random variables with values in a Polish space, let H" be
a sequence of o—algebras, let o™ be a regular version of the conditional distribution of R, given
H™. If {Rn,n € N} is tight, then {a",n € N} is tight.

Then, as far as weak convergence is concerned, for the systems converging to a Brownian motion,
the main problem is to check whether the limit points of the sequence of filters are all equal to
the filter of a standard Brownian motion w.r.t. its local time.

The first model we consider is a non-Markovian queueing model arising when a Brownian motion
W is approximated by a sequence of continuous time random walks W", obtained with a suitable
interpolation procedure. The approximation scheme we propose for W follows some of the ideas
used in [7] to study a filter approximation problem in diffusive models, and is related with the
approximation scheme used in [9]. In this particular case we get a strong convergence result for
the approximating filter.

The second model we consider is the case when the renewal process of the random walk is a
Poisson process, so that the reflected random walk is an M/M/1 queue. The main results are
weak convergence of the corresponding filters (see Theorem 5.1) and approximation in LP(€ x
[0,7])-norm (see Theorem 5.2) and are based on the weak convergence of (£, L}) to (i, A¢)
(Proposition 5.3) and on the convergence of %"(-) to ﬂaQ,c(')7 in the sense that

Jim 3" (sn;9) = anc(s; 9), (13)
for any ¢ in a convergence determining class, whenever s, converges to s, with s > 0. We first
consider the case when the random walk is symmetric and so the drift of the limit Brownian
motion is zero, and, under suitable conditions, we prove the above key convergence result (13)
by using the reflection principle (see Section 5.1). Then we consider the general case in Section
5.2, where we prove (13) by reformulating the problem in terms of the symmetric random walk
by using a suitable change of measure.

It is important to note that when we deal with a queue Q} = X' + L}, i.e. with a reflected
random walk, the previous results concern the filter w.r.t. the filtration

g?:}-tn

generated by the local time of the random walk, while the motivating problem concerns the filter

of the queue w.r.t. the filtration
Hy = T3



generated by the idle time C}', i.e. the total time spent in O up to ¢t. These two problems
are strictly related, for instance (Q7, CJ'), as well as (Q}, L}), converges weakly to the reflected
system (W;+Ay, A;). This property, among others, allows to extend the previous convergence and
approximation results to this situation (see Theorem 6.4 and Theorem 6.6 in the last section).

2 The model

Fix a probability space (2, F, P) and consider on it a sequence {(7},U;),j > 1}, satisfying the
assumption

HO The RT x {+1, —1}—valued random variables (T}, U;), for j > 1, are identically distributed
and mutually independent.

Put

k
70 =0, Tk:ZTj for k > 1,
j=1

consider the renewal process

Zy =Y I(rj <t)
j=1
and the random walk {Vj},j > 0} defined by
%:Oa V]:ijl_{_U]a]Z 1.

Finally, consider the continuous time random walk

Yi=Vg =) Ul(r;<t)= Y Uj (14)
Jj=1 J<Z

The solution of the Skorohod problem ! for the process Y; is given by the pair (Y; + L, L;) where
L; is the local time at level 0 for the process Y;, that is

where ¢ is defined in (1).
It is easy to see that, for our model, L; admits the representation

Li=)Y T(o;<t), (15)
j=1

and that the sequence of its jump times {0, j > 0} is the subsequence of {7}, j > 0} defined by
oo = 0 and

oj=inf{r, st. YV, <—j}=inf{t>0 st. ¥ <—j} forj>1.

'For any = € Dg[0, 00), with 2(0) > 0 the pair (z,v) = (z + £(z), £()) is the unique solution of the Skorohod
problem, i.e. is the unique pair of functions satisfying z(¢) = z(¢) + v(t), and such that z(¢t) > 0, for all ¢ > 0,
v(0) = 0, v is nondecreasing and increases only when z(t) = 0.



Set
G =FF =0{Lss <t},

obviously {o},j > 0} are stopping times w.r.t. both the histories G; and F} .
A first representation for the filter of Y; given G; is stated in the following Proposition.

Proposition 2.1. Assume HO. Then the conditional law of Y; given G; admits the following
representation P-a.s.

Elg(—j + Yata, = Yo, )1(Sj1 > 5)]

=79 ]I{Uj <t< (Tj+1}, (16)

E[g(Yy)/G:] = E_:O E[H(S-H > s)]

s=t—o;

where Sj+1 = 0441 — 0y, j Z 0.

Proof. The thesis can be proved by a slight modification of the argument in [9], Proposition 3.1.
O

Remark 2.2. The main ingredient in the proof of the previous Proposition is that condition HO
implies that the process Ysiq; — Yo, is independent of Gy, and is equal in law to the process Ys.
In its turn the last property implies that (16) admits the representation

t t| = 0j > g4 )
=0 E[H(O’T > S)} !

s=t—o;

where Y is another birth and death process, with the same law as Y, defined by the rule (14)
starting from a sequence {(TJ*, U]’-“), > 1} satisfying condition HO, and o} is its first visit time
to the state -1.

Then the problem reduces to the computation of the probability measure defined by

Blg(—j+ Y10 >5)|  Blg(—j+Y)Llo1>s)]

E[]I(o—’{ > s)} E[H(Ul > 5)}

)

which has to be evaluated at j = Ly and s = v(L).

The previous Remark implies also that the process L; is a renewal process, with inter-arrival
times {Sp,h > 1}. It is possible to represent them in terms of the sequences {T;,i > 1} and
{M;,i > 0}, where the sequence {M;,i > 0} is recursively defined by the rule

{MO =0 (18)

M; = inf {k 20 Vgt Mg+ — VMot Moy = —1} .

Then

M1+...+Mh

gy = 07 Op = Z ﬂ - TM1+...+Mh7 h Z 17
=1

and



Mi+...4+Mjp,
Sp=0p—0p-1= Z T, h > 1.
i=Mi+...+Mj_1+1

Under Condition HO the sequence {M;,i > 1} is a sequence of i.i.d. random variables, moreover,
for a suitable distribution function F' and a suitable value of p € (0, 1), the following conditions
hold:

H1 the random variables {T},j > 1} are non-negative, mutually independent, with common
distribution function F,

H2 {U;,j > 1} is a sequence of i.i.d. random variables such that
PUj=1)=p PUj=-1)=1—-p=gq, pec(0,1).

Under the further condition
H3 the sequences {T},j > 1} and {U;,j > 1} are mutually independent;

clearly also {7;,7 > 1} and {M;,i > 1} are mutually independent. Next result provides a more
explicit expression for the terms of the sum in (16).

Proposition 2.3. Assume conditions H1, H2, H3. Then the filter E[g(Y;)/G:| admits the
representation

Elg(Y2)/G] =
00 Zk 1 |: (Ml > k‘) (—j + Vk—l):| (Fk—l(t _ Uj) _ Fk(t - O'j))
_Z > 1P(M1 )(1—Fm(t—gj)) H{Uj St<Uj+1} (19)

where Fy, is the distribution function of 7, i e. Fy, = F**, the k-fold convolution of F.

Proof. As explained in Remark 2.2 we need only to compute E [H(O’l > s)} ,and F {g(—j +Y)I(o1 > s) ] ,

for all j > 0.
Taking into account the equality o1 = 7p/,, and the independence of the sequences {7;,i > 1}
and {M;,i > 0}

E[l(oy > s) ] =E[Il(rar, > s)] = E | Y _ I(My =m)I (7 > s)] = P(My =m)(1— Fu(s)).
m=1 m=j

Finally, taking into account also (14),

Blg(=j+Y)l(o1 > 5) | =Elg (=) + Va,) I(ra, > s)] = F iﬁlﬂMl=m>g<—j+vzs>ﬂ<fm>s>] B
iiﬂ g(=j+Vi- )Hm_lgsq)]:
:ii;E[ )g(_j+v;;71):|P(Ti,1§S<Ti):
=33 E[H0h = gt + V)] (Ra) - ) =

3
Il

1= i

i [M1>z )g(—j + Vie )}(,1() E(s)).



O

The state space of the process Y; being discrete, the filter E[g(Yt) / Qt} is determined by its
discrete density v(z), = € Z, i.e. u(x) = E[g(Y;)/G:] with g(z) = Ij;y(2), 2z € Z. Then the
expression of v(x) is

ZZ P Vk 1=z+j, M >k) (Fk_l(t—aj)—Fk(t—Uj))
2=t P(My =m) (1 = Fy(t - 0;))

{oj <t <ojn},

where
P (Vi1 =a,M; > k) =
1 k’ a— —a—
a—l:(k+a+1)pk+2 1qk 5= if k+a—1 isevenand la] <k -1
= i (20)
0 otherwise.
3 Scaling

Let {X", n € N} be a sequence of continuous time random walks defined in (", F", P"). We

assume that X} = V;n, where Vk and Z are defined as in Section 2 starting from a sequence

{(T]”,UJ"),j > 1}. For each n, we assume that the sequence {(@”,Uj’f‘);j > 1} satisfies the
assumption HO stated in Section 2.
Consider the deterministic linear time-space scaling

where {a,, n € N} and {b,, n € N} are suitable sequences of real numbers. The local time
L} = 0;(X™) of the rescaled process X/ can be obtained just applying the same scaling to the
process L = (;(X™), i.e

L} =b,L7 ..

We are interested in the conditional law of X}* w.r.t. F£" fL ‘1, 1.e. the filter
mi(g) = BT [9(XD)/F] = BT [9(bn X3,0)/ Fard].

where ET" denotes the expectation w.r.t. P". For the sake of notational convenience we will
denote F/" as G and, when unnecessary, drop the symbol P" in the expectation, so that the
filter becomes

mi'(g) = Elg(X}")/G].

Following the same lines as in the previous section we get the representation

n

Pl X101 > ) L (of <t < olyy) (21)
0-] ~ <O']+1 5

E[]I(a?* > s)}

s=t—

HOEDY
§=0

s=t—o”
J



where {07, j > 0} is defined by

of =inf{t >0 s. t. XP' < —byj}

and represents a renewal process that coincides with the local time L} up to a space scaling, and

X™ is a process with the same law as X" and o} is its first exit time from the set (—b,, c0).

Note that, when t € [O';L, U;L_H), the stopping time a;? can be written as
of =sup{u <t s. t. Ly <Ly},

and therefore (21) can be rewritten as

E{g(—l + XM (o} > s)}

o) =
>
[ (o s)} =L, s=¢p
where, &' is defined in (10), i.e.
& =m(L")=t—sup{u<t s.t. L <Ly}

Equivalently we can rewrite

wi(o) = Blo(-1+ XDALE <0 (22)
=Ly, $=6¢
Then, denoting by X" (s,) the probability measure such that
E[g(—z + XM (o} > s)}
5"(s,lig) = (23)
E[E(U{L > 3)}
(21) can be shortly written as
mi'(g) = Elg(X7")/G¢'] = £"(&', LY 9)- (24)

Remark 3.1. Note that ¥"(s,l) depends also on the probability measure P™, i.e. ¥"(s,l) =
Ypn(s,1). This dependence will be emphasized when necessary.

By taking into account that
wi'(g) = Blg(X]' + L})/G1] = Elg(X}' +m)/G}]|,,_p»
the filter can be written as
i (9) = Elg(X{ + L) /G1'] = £M(&" 9), (25)

where

N

Elg(X)I(0} > s) ]
X"(s59) = X"(s,059) =

(26)

E[i(o} > s)]

We end this Section by noting that, when the process X" = f/gn satisfies the assumptions H1,
t

H2 and H3 stated in Section 2, then Proposition 2.3 easily provides the explicit expressions of

»"(s,1) and 27 (s)
Y BT 2 k) g0V, =D (i (s) = FL (9))
Yoy P(M7 = m) (1= Fji(s))

m=1

X(s,li9) =

(27)



SR B[IOME = E) g0V )] (FE () = ()
H) = San PO =m)(1-Fi()

where M{', Fj! have a similar meaning as My, Fj in (19). In particular it is interesting to note
that if F|* denotes the distribution function of

(28)

&’f:inf{t>0 . t. ng—l},

then of = 67 /ay,, and therefore FY'(s) = i (ays), and FJ(s) = FJ'(ays), where FJ' is the
k—fold convolution of F'.

The next three sections are devoted to the problem of finding the limit of the filter (24) for the
random walk (or of the filter (25) for the reflected random walk), or some good approximation
for it, in the case when the rescaled sequence X/ converges to a Brownian motion. For the above
models we investigate whether the limit of the filter is the corresponding filter of the limits.

4 The interpolating Brownian motion model

In this Section we study the case of a continuous time random walk arising when a Brownian
motion W is approximated with a sequence of processes W". The processes W™ are defined on
the probability space of W, and are obtained pathwise by an interpolation procedure. For this
model we are able to get a strong convergence result for the filter. We start by introducing the
approximating model, then we show the convergence result. Successively we discuss how the
approximating models W™ fall into the frame of the previous sections. In particular, when the
process W is a standard Brownian motion the processes W' corresponds to the case examined at
the end of the previous section, with scaling parameters a,, = 22" and b, = 1/2", p, = ¢, = 1/2,

" = Fy, where
+00 xg
t) = 4;0(—1 m/w) (—2) dx. (29)

The basic idea is to approximate the state W by the stepwise interpolation of the random points
where W hits a uniform grid and consider as approximating observation the local time of the
approximating state. This procedure is a deterministic one and therefore we describe it in the
deterministic case.

Let z € Dg[0,+00) and let h € R* be a fixed threshold. Consider the sequence {7}'(z),k > 0}

{?6‘(2) =0 (30)
T(z) = inf {t > 7 (2) : |2(t) — 2(F ()] > kY L k>,

and the function 2z € Dg]0, +00)

=3 Uy ar ) DD, (31)

k=0
We need the following result.

Lemma 4.1. Let z € Dg[0,+00). Then, for each t € Rt

[2"(t) = 2(t)] < h, (32)



and

h h
2 o and l(z )hjo 0(2)

w.r.t. the topology of the uniform convergence, where the functional ¢ is defined by (1).

Proof. Observing that [2"(t) — 2(t)] = |2(7}(2)) — 2(t)], for t € [7/(2),7}:,1(2)), and that
7'(2) T oo, the bound (32) and the uniform convergence of z" to z follow. The continuity of the
functional ¢ implies the other limit. ]

Remark 4.2. When z is a continuous function, the process £(z") admits the representation

h
bL(z") = )= z(af ot (z),0n, 2 (1)

7=0
where
a?(z) =inf {t s.t. 2(t)— 20 < —jh} =inf {?,?(z) st 2(TH(z)) — 20 < —jh}. (33)

When furthermore zy = 0, then z(oé‘(z)) = —jh and

Z]h]l ) <t< a]+1 Z hl(o (34)

We now apply this approximating procedure to the Brownian motion W;.

The local time A; of the process Wy is Ay = £,(W), where £ is the deterministic functional defined
by (1). Observe that Wy = 0 implies

Ay =— Og;fgt (Wy). (35)
Fix now the sequence of thresholds h,, = 2%, and consider the stopping times 7' := ?,?(W),

when using h = h,, = 57 in (30). Then the approximating signal/observation process (W", A")
is a Dy2]0, —|—oo)—va1ued process, where

W= W

T T,
k’ k+1
k=0 +

)(0), and A7 = LW, (36)

Note that Lemma 4.1 provides the following convergence result.

Lemma 4.3. Let (W",A™) be defined as in (36). Then, for each t € Rt

Wi — (37)

t‘§277

and

(W™ A") = (W (W) — (W A) = (W L(W))  as.,

n—oo

w.r.t. the topology of the uniform convergence.



By (34)

n 1 n
AP =3 T} <), (39)
J=0
where . .
n__ . J . J
o} = inf {t st. W, < —Q—n} =inf {t st. A > on - (39)

Moreover, with the above choice of the threshold, the n-th grid is generated by considering

the dyadic intervals of rank n. Then in the passage from the n-th grid to the (n + 1)-th grid
each threshold is split into two parts, and therefore U;LJ-—H = J;L. This property is decisive since
it guarantees that, for any t, {G* = FA" n € N} is an increasing family of o-algebras, with
Gr 1 FP (see Lemma 2.3 of [9], where the process A} is defined as in (38)). The last fact allows
us to show the claimed strong convergence result, which is a slight generalization of Theorem

2.4 of [9].
Theorem 4.4. Let g € Cy(R) uniformly continuous. Then
w(g) = E[g(W)/GF] = mlg) = ElgWe)/FA], a.s. and in L', (10)
where E[g(Wy)/F{] is given in (5).
Proof. Observe that

‘E[g(Wt)/-ﬂA] — E[g(W")/G}] *

< |ElgWo) /7] - Blg(Wi)/G}]

+ |BlsW)/Gr] - Blg(W)/67)

As in Theorem 2.4 of [9], we apply Doob’s convergence Theorem to the discrete time martingale

E[g(Wy)/G'] and get
E[g(Wy) /6] — E[g(Wy)/F{] a.s. and in L', (41)

and therefore the first term converges to zero. As far as the second term is concerned, we have
|Eg(W2)/67] - Elg(W})/G]

where wg () = sup|,_y|<s |9(x) — g(y)| is the modulus of continuity of g. O

< |Bllgw) — 9w)| /6]

< wg (1/2") = 0,

If we consider the space of probability measures on R endowed with the topology of convergence
in distribution, then (40) states that the conditional laws 7}* converge a.s. to the conditional law
7 defined by (5).

Indeed the problem is that apparently the set of probability zero depends on g. Nevertheless in
R it is possible to find a countable convergence determining class. For example the piecewise
linear functions {fs,(y),s <r € Q}, with fs,(y) =0 for y <s, fs,(y) =1 for y > r. This can
be seen directly or by using Theorem 4.5 in [4].

One can get the analogous convergence results for the corresponding queueing model generated
by reflecting W". In particular the conditional laws defined by E[g(W;* + A}")/G;'] converge
a.s. to the conditional law 7; defined by (6).

Now we show that the approximating model falls into the frame of the previous sections. The
sequence {(T}*,U})), k > 1} is defined as

0= (=1 ) /2%, U = 2”(WT§ - Wf’ll)’

k



which clearly satisfies condition HO. Then

wi —V” ,
22"z
where Z[‘ is the renewal process defined by the sequence of i.i.d. interarrival times {T,?, k € N},
and V' = 2"W;n. Therefore, recalling (24), Elg(W)/Gl] = S™((W™),£(W™); g), with
¥"(s,1;g) as in (26), and v as in (9). Similar result holds also for E [g(W* + (W™))/Gr'].

In addition the strong convergence of Theorem 4.4 implies the weak convergence for the filters
of any rescaled model X" sharing the same law as W™. As an example we can take X" = W?°
for all n, and X" = W g2nye

When the drift coefficient of W is zero the random variables T, + have common law (see for
example [5] page 342) . .
F™(t) = P(T}) <t) = [1(2*"a*) (42)

where Fj is defined in (29), and U} i is symmetric and independent of Tk , for each k. Therefore
Vk. 2"W:n is a symmetric random walk, independent of the renewal process Z" Then
Conditions H1 H2, H3 hold and one can use (27) to define X" (s,1).

When the drift coefficient is ¢ # 0 the processes Z” and Vk , defined as above, are not mutually
independent, then one cannot use (27). Nevertheless (27), with F™ as in (42) above, could be
used to get the approximate expression

EPO[ (W) exp(z W' )/gt] _ " (Sal;g(') exp(a%'))
EPo [exp( W) /Gl ] »n (s, ; exp(a%~))

i (9) =

s=y (Wn),l=L(Wn)
Indeed by Kallianpur Striebel formula and Girsanov Theorem

E™ [g(Wi") exp(;5 W) /97|

E[g(W)/Gl] = EPo [exp( W) /6P

where Py is equivalent to P, and under Py the process W has drift coefficient zero. Then

E [g(W) exp( 5 W) exp(& (W — W) /G
EPo [exp( s W) exp(5 (W — tn))/gﬂ ’

E[g(W)/G7'] =

Moreover, taking into account that |W; — W}*| < one can get that

277.7

Bla(77)/6¢] - #(9)] < 4exp (29 )1 L g (13)

5 The M/M/1 queueing model

In this Section we consider a random walk with exponential interarrival times, and the M/M/1
queue generated by reflecting the random walk. We use the techniques introduced in Section 2
to derive the filter of the M/M/1 queue (and therefore of the random walk) with respect to the
local time of the random walk. Moreover, under a suitable set of conditions, which are related
to the heavy traffic conditions, we get also the weak limit of the filter of the rescaled system
(Theorem 5.1) and an approximation for the filter (Theorem 5.2). In order to do so, we need the
key result (13) , which is proven in Proposition 5.5 of Subsection 5.1 in the case when the arrival
intensity A, and the service potential p, of the M/M/1 queue are equal and constant in n (the



symmetric case), and in Proposition 5.10 of Subsection 5.2 for the sequences of M/M/1 queues
when {(An, n), n € N} satisfy conditions C1, C2, C3 below (the general case). The approach
of Subsection 5.2 is quite similar to the approach of Subsection 5.1 and does not require the
knowledge of the previous results, but it is technically more complicated. This is the reason
why, even if the results in the first Subsection can be obtained from the general case, we choose
to discuss them separately.

The sequence of random walks we consider is defined by means of the same rule as in (14),
namely for each n € N

3
Xt =V = T
t VZt" Z U] ’
j=1
where
A1 Z! is a Poisson process with intensity (A, 4 )
A2 f/]" is defined by ‘N/J” = f/]?il —i—ff;‘, where {f]]”,j € N} is a sequence of i.i.d. random variables

with P(U) = +1) = 3 - and P (U} = —1) = gt

A3 {Ul',k € N} and Z} are mutually independent.

In this case the interarrival times T,? of the renewal process Zf are exponential random variables
with expectation 1/(\, + ). Therefore we are in the situation discussed at the end of Section
3, with p, = Au/(An + ftn), FJ the distribution function of an exponential random variable of
parameter \,, + i, moreover the scaling parameters are a,, = n and b, = \/n, and then F is
the distribution function Gamma of parameter (k,n(\, + pn)).

The conditions C1, C2, and C3 are defined as follows.

C1 A\, un >0
C2 (M, itn) _—>|— (A A)
C8 Vilh —N) = el) V- N = o)

Condition C1 avoids to consider pure birth or pure death processes, and C3 clearly implies
condition C2 and condition
C3* /n(Ay —pn) — c=c(1)—c(2).

n—-+o0o
We recall that, when A, < i, the set of conditions C1, C2, C3* are known in literature as the
heavy traffic conditions, and in this case ¢ < 0. These conditions guarantee the existence of the
diffusive limit of the rescaled system, more precisely, the sequence of processes X' = th //n
converges weakly in Dgr[0,+00) to a Brownian motion W;, with diffusion coefficient 2\ and
drift coefficient c¢. The reason why we require the stronger condition C3 will be clarified in
Remark 5.8. Here we only point out that the above conditions are equivalent to require also the
weak convergence of the processes Z" = (Z7%, — 2Ant)/v/n.

The solution of the Skorohod problem for the process X}* is the pair (Q7, L}), where

QO = X7+ If



is a M/M/1 queue and L? is the local time for the process X! (see, for instance, [2]). Then,
thanks to the weak convergence of X", a continuous map argument applies to show that

Xn Qm Ly
(X?7Q?7L?) = <\/ﬁta TJ? \/ﬁt> = (thwt + AtaAt)v (44)

where A; = ¢;(W) is the local time of W;. Indeed the functional ¢; is continuous with respect
to the topology of uniform convergence on bounded intervals of time, and X}* converges to W,
with respect to this topology, since W; has continuous trajectories.

The main results are stated in the following theorems which are proven at the end of this sec-
tion. We recall (see (11) and (12)) that 7} and 7} denote the filters of X}* and of Q} given the
filtration G}, respectively, where, as in Section 3, G;* denotes the filtration generated by L.

Theorem 5.1. Assume conditions C1, C2, C3 and Al, A2, A3, then, for any t > 0, w}
converge weakly to m, and ;' converge weakly to 7y, as random variables with values in the
space of probability measures endowed with the topology of weak convergence.

In particular, for any t > 0, and for any bounded continuous function g

7 (9) = E[9(X]")/G}'] = m(g) = E[g(We)/F}'] (45)

and

it (9) = E[g(Q)) /G| = #(g) = E[g(We + Ay)/ 7. (46)

As explained in the introduction it is interesting to find a good approximation for the filter
T o= ﬁ]”(ft") which is, at the same time, simpler to handle, and depends on the actually
observed trajectory.

In the light of the key result (13), and in particular of Proposition 5.10, a natural candidate is

o o(€7), (47)

where 12[2,\70(8) is defined in (4).

We can show that (47) approximates the filter EX" [¢(QF)/GP'] in the L, (Q x [0, T])-norm, for
each T'> 0, p > 0.

Theorem 5.2. Under the same assumption of Theorem 5.1, for all g bounded and continuous
and for each T >0, p >0

T
~ ~ p
| @ - fasaterig)| e —, o
0 n—oo

The proof of Theorem 5.1, as well as the proof of Theorem 5.2, is based on the representations
(24) and (25) for 7" and 7}, respectively, and therefore we need a preliminary result concerning
the weak convergence of £ = 4;(L") to ¢; = (W + A) = (A), with 49 and ~; defined in (8)
and (9) respectively.

We show a slightly stronger result concerning the weak convergence of 4 (X"™ + L") = 7(Q")
to ;. This result is used later in Section 6.



Proposition 5.3. Assume conditions C1, C2, C3*. For eacht >0
(779(@71)7 PYt(Ln)7 L?) = (Ctv Ctv At)
Proof. Define
ny =sup{s <t:L? <L}, m=sup{s<t:As; <A},
B =sup{s <t: QU =0}, p[i=sup{s<t:Ws+ As;=0},
with 0 =t, . =t, B =t and (; =t if the corresponding set is empty.
Note that
ny =sup{s <t:X{" - X <Qf —Q},
ne =sup{s <t: W, —Ws < W, + A — W5 — Ag},

Applying the Skorohod representation theorem, we can assume that all the processes live on the
same probability space (2, F, P), and that

sup(| X7 — Wy + Q7 — Ws — Ag]) > 0 P-as. (48)
s<t

This implies that L™ — A uniformly in [0,¢], P-a.s., and
liminf ny" > n;.
n—oo

Then, since
W@ =t- 6y, W(L") =t =,
the result is achieved once we prove that the sequence (3, 71') converges P-a.s. to (n;,n;) and
G =1—n.
Let 32° = limsup,, ., A and note that Q™(5;") assumes only the values 0 or ﬁ
Then, by (48), Waee + Agee = 0. It follows that
lim sup 3" < 4.

n—oo

Moreover, if ni* < t, then Q" (ny") = 0, if ni* = ¢, then £ = t, and it follows that

ny < B¢ for all t, P-a.s.
and then )
ne < liminf 7' <limsup g < G, for all t, P-a.s.
n— o0 n—00
The proof is achieved since B
Pl =) =1

and then ¢, = YW +A) =t — B =t —n =t — v(A). For sake of completeness we prove the
previous statement. Note that W, + Ag = 0 if and only if W, = inf, ., W, < 0. If iy < B4, then
for ;y < s < S,

Wi —=Ws=Wi+ A —Ws = As < Wi+ Ay,

and for any rational r satisfying n; < r < ¢, we must have

inf Wy = inf Wi.

s<r r<s<t

But P{infs<, Wy = inf,<s<; W5} = 0, and hence

Pln <0} <3 PUntWe = inf We =0
reQ - - =



Remark 5.4. In the Skorohod space (Q, F, P) used in the proof of Proposition 5.3, choose a
jointly measurable version of &' = v(L™) =t —n}*. Then M = {(w,t) € Q@ x[0,T] s.t. {(w) £
G(w)} is a zero dP x dt-measure set. Moreover a similar result holds for 4p(Q") =t — B¢,
namely My = {(w,t) € @ x [0,T] s.t. 7 (Q")(w) # G(w)} is a zero dP x dt-measure set.

Lemma 1.2 combined with (44), guarantees the sequences 7j' and 7} to be tight. In order to
obtain their weak limits, it is crucial to represent E[g(X;")/G}'] and E[g(Q})/G;'] as in (24) and
(25), where they are written as the deterministic functionals X" (s, : g) and £"(s; g) evaluated
at s=¢ and [ = L}.

Similarly, also the filters m(g) = E[g(W;)/F] and 7(g) = E[g(W; + Ay)/F{] for the limit
model are given as the compositions of the deterministic functionals Ilo .(s,; g) and Il W ER)
evaluated at (s,1) = (¢, A¢) and s = (, respectively (see Theorem 1.1), and moreover Proposi-
tion 5.3 proves that (&, LY) = (G, Av).

These observations induce to investigate whether the sequences of probability measures f]”(s)
and X" (s,1) (see (26) and (23)) converge to Iy o(s) and TIyy (s, 1) respectively. In Proposition
5.5 and Proposition 5.10 we show the convergence of 2”(s;g) to ].ZIQ)\’C(S;Q) for the symmetric
case and for the general case, respectively. The convergence is uniform on bounded intervals
contained in (0,00), indeed we prove that, for every g in a convergence determining class, and
whenever s, converges to s, with s > 0,

Jim 3" (sn; 9) = o e(s; 9), (49)
which is exactly the key result (13). Then the previous limit is valid for any bounded and
continuous function g.

We now have all the ingredients for the proof of the main results of this section.

Proof of Theorem 5.1

The weak convergence for filters of the reflected random walk follows since we can use the
Skorohod representation probability space as in Proposition 5.3, and in this space, for each
t >0, P( = (L") — (;) = 1, and, on the other hand P{w : (;(w) > 0} = 1, as observed in
Remark 5.4. As a consequence, taking into account (49),

P(ﬁ”(&f; g) 2 ﬁg)\7c(ct; g), for every g : RT — R bounded and continuous) =1,

and the above property is equivalent to show that 7}* converges weakly to 7.
The proof of the weak convergence for the filter of the random walk is similar, since the con-
vergence of X" (sy, In; g) to oy o(s,1; g) whenever (s, (,) converges to (s,), with s > 0 is just a
slight extension of the previous result (49), that is for any g : Rt — R bounded and uniformly
continuous,

X" (80 lns g) —= Mane(s, 1 9)- (50)

Indeed [E"(sn,ln; g) — X" (sn, 13 9)| < wy(|ln —1]), where wy(8) = sup|,_y <5 |9(z) — g(y)| is the
modulus of continuity of ¢, and by (49) £"(s,,; g) = 3" (sn; g1) converge to II(s, l; g) = II(s; g;),
where g;(x) = g(—I+x). The set of bounded and uniformly continuous functions is a convergence
determining class and then (50) follows for bounded continuous functions g. Then, using again

the Skorohod representation space, we get that P((&, L?) — ((t, A¢),¢ > 0) = 1, and

P(S™(& LY g) — Tloxe(G, Ay g),  for every g : RT — R bounded and continuous) = 1.

—00

Therefore 7] converge weakly to 7, and Theorem 5.1 is completely achieved.
O



Proof of Theorem 5.2

The limit we are looking for depends only on the distribution of £*, therefore using the Skorohod
representation space (€2, F, P) as in the proof of Proposition 5.3, the thesis is equivalent to

T
. ) )
/ EP‘En(gf;g)—Huc(E?;g) dt — 0.
0

n—oo
As observed in Remark 5.4, we can assume that
&'(w) — G(w) dP xdt — a.e.
Proposition 5.10 implies that
S™(snig) — Tane(si9), (51)

n—oo

whenever s, — s, s > 0, moreover it is clear that
Mo c($nig) — Taxe(s;9),
n—oo

whenever s, — s, s > 0.
Combining these results we get

S(E g) — Ilox (¢t 9) and Moy (€' ) — Ilox (¢t 9) (52)

n—

for each (w,t) such that (;(w) > 0.

The observation that {(w,t) € Q x [0, 7] such that (;(w) = 0} is a zero measure set with respect
to dP x dt, and an easy application of the dominated convergence theorem imply that

T e . P
[ B [[5(@9) - o] o for any p > 0
0
and
L R »
| B [0 - (g ] - o for any p > 0. (53)
0
]
5.1 The symmetric case
In this subsection we assume that
An = fn = A (54)

Therefore, without loss of generality, we can assume that Zt” = 7, and f/k" =V, where Z, is
a Poisson process with intensity 2\ and Vj, is a symmetric random walk, defined on a suitable
space (2, F, P). Then

th == Xt = ‘72,5’



and, with this position, the process X' = Xt /+/n depends on the index n just by the time-
space scaling, moreover conditions C1, C2 and C3 are satisfied with ¢(1) = ¢(2) = 0, and
consequently ¢ = 0.

In this case the process W; defined by (44) is a driftless Brownian motion with diffusion coeffi-
cient 2\ and A; is its local time.

Without loss of generality we can assume A = % Otherwise we can use the deterministic change
of time ¢/(2)) instead of ¢ and consider the sequence of processes th/(2 NE which converges to a
standard Brownian motion.

For the sake of notational convenience we denote by f[(s) the probability measure defined by

A~ A~

00 2
I(s;9) = H10(s; 9) = 11(s,0;9) = /0 9(yV/s)y exp <—y2> dy (55)

for each g : RY — R bounded and continuous, where Il(s,l) and ﬂ1,0(8) are defined in
Theorem 1.1.

Proposition 5.5. Let g : Rt — R be a bounded continuous function. Under the assumption
(54), for each s,
X(s19) — 1(s;9). (56)

n—oo
Moreover for any sequence s, converging to s > 0

A

S (sn;9) — Ti(s;9). (57)
n—oo
In order to prove Proposition 5.5 we need a preliminary result.

Lemma 5.6. For each s > 0 and n € N, let F' be the distribution function of the random
variable X7'. Then

Fl'(z)—® (\jg) =0 (\/173> ., uniformly in x € I'y, (58)

where

1 1
F’I’L: {% <Z+2),Z€Z},
and ® () is the distribution function of a standard normal random variable.

Proof. The random variable X' can be written as follows

1 n
X7 =—=> Al
\/ﬁk:O

where {AF = Xps — )N((k,l)s, k € N}. Under the assumption stated at the beginning of this
Subsection, the sequence {A¥ k € N} is a sequence of i.i.d. symmetric random variables,
with characteristic function exp{s(cos(u) — 1)}, with first and third moments equal to zero and
Var (A;) = s. Moreover their common distribution function Fj is concentrated on the lattice
', as well as the distribution function F*. Then, since the third moments of A¥ are zero, by
Theorem 2, in [5], Chapter XVI.4 we get

1
Fl'(z)—®(x) =0 <\/ﬁ> ,  uniformly in x S.t.% el,. (59)



where E7(z) = F7(z+/s) is
The expansion (59) does not imply immediately the thesis, nevertheless (58) can be proved by

repeating and adapting the proof to the case when the limit distribution function is ® (%)
instead of ®(z). O

Remark 5.7. Let s, — s and s > 0, so that there exists n such that s, > 23 for any n > n.
Then, under the assumptions of Lemma 5.6

Fl(z)—-® <\/5687n> =o <\/15> , uniformly in x € T'y,. (60)

Proof of Proposition 5.5. We prove in detail only (56). The proof of (57) for the case of a se-
quence s, converging to s > 0, is treated in a similar way, by using Lemma 5.6 and Remark 5.7.

When s = 0 (56) is trivial, since clearly II(0;g) = %"(0;9) = ¢g(0). When s > 0, taking into
account (22), we note that X" (s) is also the conditional law of X' given the event {L? < ﬁ}

Then
O"(s;9)

on(s; 1)’

where 1 denotes the constant function 1(x) = 1, and where ©"(s) is the measure defined by

S"(s;9) =

©"(s;9) = B |g(XJ{Ly < f}

We can restrict to the functions g € C(R) with ¢/(0) = 0 since this class is convergence
determining. Without loss of generality we can also assume that ¢g(0) = 0. In fact

S"(s39) = X"(s;9 — 9(0)) + g(0).

By an explicit computation we get

> k N . —1
_kzog(\/ﬁ>P<XS o X >\/ﬁ)'

Moreover, the reflection principle yields

P (X” = bin X! > \;%) S (Xg - \zﬁ) e (Xg - ﬁ;;) _
Vi

and so

0" (s;9) = Ooog <\fﬁ> [P (XQ = j%) By (Xg - k+2>] _

=F [g (XOHHXT >0} —g(X2 —

Set : R — R, z — g(x) = g(z)I(x > 0). Then



0"(s19) = B |a(XD) - 32 ~ )| = = |70 - 020

where 0 is a (0, 1)-valued random variable.
Then the sequence of measures 3" (s) admits the following representation

S T IN I
60) =B [#0¢ -0 2] T2 iy

for each g € C1(R) with ¢'(0) = 0.
On the other hand

Tim E {g’(xg - ejﬁ)} =E[§(Wy)],

and an explicit computation yields

By the change of variable x = % in the integral, and recalling that g(0) = 0 we get

B3] = = ([ atvanyren (—“;) ) =~ Tilssa)

Then, by (62), the proof of (56) is completely achieved by showing that

n .1 1
lim VO (s;1) = .
n—00 2 2ms

By (61) we get

O"(s;1) =P (Xg € [O, \/IHD =F <\/15) - F <—\}ﬁ> 7

and, by using the expedient to write the r.h.s. of the above formula as

(k) ()

we can use the expansion (58), so that

o= (35) (-3 ) =0 o

(62)
(63)

)

E[§(W,)] = \/21%/0009'(1/) exp <—Zi> dy = ;TS (‘9(0) +/0°°g(y)zs/exp <_gs

(64)



5.2 The general case

In this subsection our aim is to prove Theorem 5.1 in the general case defined by conditions C1,
C2, C3 and A1, A2, A3, with the same space-time scaling. Observe that the processes X;'
and Z}' can be represented as

Xp= AP - NI, Z}= AP+ NP

where, if 7' are the jump times of zn,

= iﬂ(ﬁﬁ = <) (66)
k=0
Ny = SOUO; =11 < 1), (67)
k=0

The processes A" and N™ are mutually independent Poisson processes with intensities A,, and
1n respectively. Indeed A™ and N™ do not have common jumps and they are Poisson processes
with parameters \,, u, respectively, and the independence follows by Watanabe’s Theorem (see,
for instance, [2]).

Then, without loss of generality, we can assume that all the above processes are defined on the
same measurable space, but with different probability measures P™. We can use the measurable
space (Q,F) used in Subsection 5.1 for the symmetric case, and take again X" = X; = VZt
where, under the measure P, the process Z; is a Poisson process Z; of intensity 2\ and Vi =
Zk U is a symmetric random walk. Starting from the processes X; and Z;, and in analogy

with (66) and (67), we can define the process A, as the process counting the positive jumps of
X, and the process IV; as the process counting the negative jumps of X;.

On (€2, F) we consider the filtration {77", ¢t € [0,T]} generated by the time-rescaled processes
(A?, N, ) = (Am, Nnt), and the probablhty measure P", absolutely continuous with respect to
P, such that

L @)A exp (n -1y (1) Y e lonlm -t (69)

Under the measure P, the processes /1?, At” are mutually independent Poisson processes with
intensities n\, nA while (see [2], Chapter VIII) under P™ the processes fl?, Nﬁ are mutually
independent Poisson processes with intensities nA,, nu,. Moreover, in the probability space
(Q, F, P™), the conditions A1, A2, A3 are satisfied with Zf =7, =A + Ny, U- = U

From now to the end of this Section, we denote by EX and EF" the expectations with respect
to the probability measures P and P", respectively.

By Kallianpur Striebel formula, we get that

. EP [g(Xn)[’n/gn}
EP" [g(X])/G1] = e 69
Moreover, setting
Zp = Ap + Ny (70)
X' = A} — N7,



Zr—2n)t

Xn
the rescaled processes are X}* = TZ and Z}' = , and under the measure P the sequence

of processes (X}, Z;') converge weakly in Dg2(]0,00)) to two independent Brownian motions
(Wi, By) := (WA = WN WA+ WY), indeed
xp = X6 Aw = Now _ Aw—nM Nop = A a

v Un v v Lo

Z{ =2nAt  Apg —nMt . Nnt —nA
vno /n NG

where WtA and WtN are clearly independent Brownian motion. The last property implies the
independence of W and B.

Therefore it is natural to get an alternative expression of L} in terms of the processes X;" and
Z{*. Taking into account that, by (70)

t
Zp = = Wi+ W,

A} = (Z0 + X1) /2
NP = (Z] — X[)/2
and that

)\n n n $20)
log(L}) = log (/\> AP —n(Ap — At + log ('MT) N —n(pn — M) t,

we get immediately that 2

log(L}) = cn X' + dnZ]' + ent, (71)
where
Cn = Tn [log (i?) —log (M)\nﬂ (72)
dy, = *éﬁ [log (1") +log (“A”)} (73)
en =" {log <);:1> + log (’T)] A—n (A + iy —20). (74)

Therefore (69) can be rewritten as

EP [g(X]") exp(en X]) exp(dn Z]") /G1']
EP[exp(cn X" exp(dn 20)/G1]

EP" [g(X])/GF] =

2Indeed

tog(62) = o () (27 + X0)/2 = (e = Nt 1o (57) (27 = K7)/2 = e = V)

=g o () vroe (5)] 2 g e () -1 () 0

—n(An + pn — 2M)t

_vn An pn\] Zi =200t V/n M) e (P )] XE
=2 e (X Hog(x) NP A 1Og(,\) NG

+ [log ()\Tn) + log (M—;)] nAt —n (An + pin — 2A) ¢




Under conditions C1, C2 and C3, the sequence (¢, d,) converges to (¢,d), where ¢ = ¢/(2))
(see Lemma 5.12 at the end of the section). If we substitute in the right hand side of the above
expression the formal limits we get

ElgW:) exp(@Wy) exp(dB) /7] _ Blg(We) exp(@Wo)/FY]
E[exp(eWi) exp(dBy)/Fr] — E[exp(eWy)/FA] =lae(Gig), (76

where the first equality holds since 7 c F}V and the processes W and B are independent,
while the second equality follows by the fact that W; has drift zero, variance 2\, the value of
the limit ¢ and by using Kallianpur-Striebel formula again.

Remark 5.8. We also observe that under condition C3 the sequence e, converges to € =
—(c2 + c3)/2)\ (see Lemma 5.12 again). Though this fact is irrelevant for our purposes, it is
interesting to note that the convergence of (cpn,dn,en) to (€,d,€) could be used to prove that
the laws under P™ of the pair of processes (X}', Z*) converge weakly in Dg2([0,00)) to a pair of
independent Brownian motions (W, By) with drift ¢ = ¢(1)—c(2) and d = ¢(1)+¢(2) respectively,
and both with variance 2\. This can be seen also directly by observing that

X" — ﬁ _ Ant - Nnt _ Ant — Nyt _ Nnt — Nppt
L n NG vn vn

+ \/ﬁ()‘n - Nn)ta

Zp —=2n . App —ndgt N Nyt — npnt

“4="r NG NG

+ \/ﬁ()‘n + pn — 2A)t7

that under P™

(flm — nApt Nnt — nnt
N vn
and to get the weak convergence of X™ it is necessary condition C3*, i.e. that /n(\, — n)

converges to ¢, while to get the weak convergence of Z™ it is necessary that /n(A, + pn — 2\)
converges to a constant d, which is implied by condition C3 with d = ¢(2) + ¢(1). Then

):> (WtA’O,WtN’[)),

W, = WtA’O _ WtN’O Yt and B, = WtA’O i WtN’O 4t

Finally we observe that

Vi =) — ¢, V(A +pn —2)) —d
18 equivalent to
2v/n(A, — \) — c+d, 2v/n(pn —A) —d—c,
which is exactly condition C3, with c¢(1) = (c+d)/2 and ¢(2) = (d — ¢)/2.
The above considerations leads to a heuristic proof of our main result, nevertheless we do not

formalize the above heuristic reasoning to get the proof. We instead use the following expression
for the filter of the queue

EP[ g(X) exp(cp, XT) exp(dn Z1)I(0] > )]
EP[exp(c, X1) exp(dy Z2)I(0] > 5)] ’

s=&7

ET" [g(@Q1)/97] = (77)



which holds since (25), i.e. EX" [g(QF)/Gl'] = 3%, (€7 g), where, by (26) and the definition of
PTL
: EP g(XMI(o7 > )| BP[Lrg(X)I(0} > 5) |

Bn(s;9) =

EP" [H(a? > s)} - gP [ﬁgﬂ(a’f > s)}
and finally by using (71) we get (77).

As we did for the symmetric case, in order to get the limit of previous filter the idea is to show
the convergence of the function X', (s; g)
o (s:g) = EP[ g(X?) exp(c, XT) exp(dn Z)I(oF > s)]
EP[exp(cn X7) exp(dn ZM)(a7 > s)]

(78)
Then, a first essential step consists in evaluating

EP[ (X2 exp(daZ2)I(o} > 5)]

either for f(x) = gn(x) = g(x)exp(cpx) or for f(z) = exp(cpz), and this can be found in the
following lemma.

Lemma 5.9. Let f be a function with continuous derivative f'. Then

;ﬁ I(XT 2 2/Vm) f/(X2 = 207 /v/n) exp(dn Z2)]

+ EP []1(0 < XY <2/vn)f(XY) eXP(an?>]v

EP[ F(XD) exp(dn Z)I(a} > s)] :EP[

where 07 is a random variable with values in (0,1).

Proof. Observe that

EY[ f(X]) exp(dnZy)I(0] > 5)] = BY [ f(XI)UXT 2 0) exp(dnZy)I(o] > 5)]

= EP[ f(XD) exp(d,ZD)] — ET[ F(X?) exp(dnZ0)(o} < 5)]

= BP[{f(X™) — f(xn - j,g} exp(dn 2] (79)

where f (z) = f(x)I(x > 0), and where we apply the reflection principle in order to get the last
equality. Indeed, if X is the process® obtained by reflecting X™ at time o7, then

FXDOIXT > 0) exp(dn Z)(0] < 5) = f(=X7 = 2/vV/n)I(X] < =2/V/n) exp(dnZ{) 107 < 5)
= f(=X3 = 2/Vn)I(X] < =2/V/n) exp(dnZy), (80)

(i) o} < s if and only if 57 < s, where 67 = inf{u such that X < —1//n},
(ii) if 57 < s then X +1/\/n=—1/\/n — X7,

B 31f (A?, ]\75") are the independent Poisson processes used in constructing (X', Z1), then the reflected process
X7 can be obtained as X' = (A} — NI')/+/n , where (AZ,N:) as (AZ,N;I) for s < o7, and as (A:;{l + (N:.L —
Npw), Njn + (AY — Apy)) for s > of.



and therefore, when 77 < s,

(iii) X? > 0 if and only if —2/y/n > X7, which implies 67 < s,

and (79) follows by (80), taking into account that (—X7, Z") has the same law as (X7, Z7)
under P.

Moreover, by using the identity f(x) — f(x —2/y/n) = f'(z — 2v?(x)/\/ﬁ)%, for v} (z) € (0,1),

we observe that
f@) = fle—2/vn) =I(z > 0)f(z) — Iz > 2/vn) f(x — 2/v/n) =
Iz > 2/V) (F(2) - fl@— 2/vV) + 100 < & < 2/v/) [ (&) =
=(2/vn) Lz >2/vn)f'(x — 20} (z)/v/n) + 10 < = < 2/Vn) f ().

If we substitute z with X, we define 6} = v}(X), and finally we multiply by exp(d, Zy'), then
we get the result by taking the expectation with respect to P and by using (79).
O

We are now ready to prove the main result of this subsection.

Proposition 5.10. Let g : RT™ — R be a bounded continuous function. Under the assumptions
A1, A2 and A3 and conditions C1, C2 and C3 for each s,

Spa(s;9) — Tarc(s;9). (81)
n—oo
Moreover whenever s, — s, with s > 0
Sbn (sn39) — Tane(s79). (82)

Proof. The case s = 0 is trivial. When s > 0, in order to show (81) we multiply the numerator
and the denominator of (78) by /n. Without loss of generality, we can assume that g has
continuous bounded derivative. Then, by Lemma 5.9, we need to evaluate the limit of

VnE" [;ﬁ (X5 = 2/v/n)gn (XS — 204/ v/n) exp(dn Z{ )}
+VAEP [I(0 < X2 < 2/V/m)gn(XT) exp(dnZ2)]

when g, (z) = g(x) exp(cnx), for the numerator, and then the limit of the denominator follows
taking g(z) = 1. Recalling that (under P) (X[, Z') converge weakly in Dp2([0,00)) to two
independent Brownian motions (W, By), the limit of the first addend is

2EP [H(O < W, < 00)f'(Wy)) exp (JBS)}
=2p" []1(0 < W, < 00) f’(Ws)] EF [exp (&BS)},

with f(z) = g(z) exp(cx).
Moreover, as far as the second addend is concerned, in Lemma 5.11 below we prove that

JnEP []1(0 < XT < 2/y/n)gn(XD) exp(ang)} - (0)EP [exp (&BS)]

2
Vorv/ 2ns’
Taking into account that (under P) W has drift zero and diffusion coefficient 2X, and that
c= 55, BY [H(O <Ws < oo)f'(Ws)] can be written as



2 [ 1) S el b
Wﬁ([““"m] AT ep‘mxj@
~ s (0 [ T ey dm)
.1'2
W@( ()+/0 g()exp(%\)ms p{—2md>

Then, summarizing, we obtain

VRE [ ga(X]) exp(dn Z5)(o7 > 5)] —

EP[eXp (JBS)} mf/gTs/ooog(m (2)\ ) _§K

that, together with (78), yields

. . VnEP[ g(X7) exp(cn XT) exp(dy Z0) (0] > )]
lim Y%.(s:g) = lim
n—0o0 n—co  /nEP[exp(cn X7)exp(dn Z2)I(a} > s)]

fo x) exp(cx
fo exp(cx)

) 3xs exp{— 2 235 }d:n
X

S oxp{—3 355 o
I1(2)s, 0; g(-) exp(55-))
H(Q)\s, 0; exp(ﬁ'))

The proof of (82) is similar to the previous one and can be achieved by using the weak convergence
of (X7, Z7) to (Ws, Bs) in the uniform norm on bounded intervals, and Lemma 5.11. O

=TIy (5; 9).-

Lemma 5.11. Under the same conditions of Proposition 5.10, let
an(s) == BT [1(0 < X2 < 2/v/n) g(X!) exp(enX2) exp(dnZ2)]

then

2

Jim Vngn(sn) = NTNEIY

9(0) Ep[exp (JBS)], (83)

whenever s, — s, with s > 0.

Proof. First of all we observe that

o0

s) = Z P(Apns = h)P(Nys = h)g(0)enle

d 2h—2nAs
nTJm

S A \/ 2h+1—2nls

h=0



In order to evaluate (83) we observe that \/n ¢, (s,) has the same behaviour as g(0) \/ngn(sn),
where

S - 4, 2h=2n)s
= P(Ays = h)P(Nys = h)e™ Vr
h=0

o ~ ~ 2h+1—2nls
+ 3 P(Ans = h+ )P(Nyy = R)e™ i
h=0

as can be immediately seen?.

Taking into account that Zns = Ans + Nys is a Poisson random variable of parameter 2Ans, one
can see that®

R
?
/\

oh)! 1

P(Ayy = W) P(Nns = h) = P(Zyy = 20) T 3

=

and that
2r+1)! 1

(h+ 1)1 bl 22h+1"

P(Aps =h+1)P(Nys = h) = P(Zys = 2h + 1)

Then, setting

(k) k! 1
r(k) = -
(k= [k/2))! [k/2]1 2%
we can rewrite
_ e ~ d k—2nls
gn(s) = ZP(ZM =k)e n (k)
k=0
. s — 2 .
= P [r(Zys) expldy \/ﬁ“s)} = P [r(Zn) exp(dnZ2)
Now by Stirling formula
r(m) 2 as m — oo
— — —
\/% N
and therefore, we rewrite
_ . P Z
V1 gn(s) =vn P(Z,s =0)+ E H(Zns > 0) exp d Z
\/Z

4Indeed 1
min (g(0), g(1/v/n))vngn(s) < vVnga(s) < e v7 max (g(0), g(1/v/n))vngn(s).

By the following simple calculations:

()\ns)h “ns ()xns)h oA

P(A,s =h)P(N,s = h) = e 5
C(Oms)? onne . (2Wns)?" oy (2R 1 (2n)! 1
RAL € T en ¢ n e = P(Zns = 20) 35 o
~ ~ ()\ns)hJrl Ans ()\ns)h “ns
P(Aps = h+1)P(Nps = h) =
( +DP( )= e !
()‘ns)Z}H_l —2Ans __ (2)‘ns)2h+1 —2Ans (2h+ 1)' 1 ~ (Qh)' 1

= P(Zns = 2h+1)

BCESN - @ ¢ (h+ 1)! bl 22h+1 (h+ 1)! bl 22h+1



We are interested in the asymptotic behaviour of \/n G, (sy), and first of all we note that the
sequence nP(Z] = 0) converges to zero, as can be seen by direct calculations. Then we observe
that for each T' > 0, by Kolmogorov inequality

s Var(ZnT) 2n\T
P(§2¥|7_2)‘5|25)§ 222 22

Furthermore Z7' converge weakly to By in Dg([0,00)), w.r.t. the topology of uniform convergence
on bounded intervals, the limit process having continuous paths. Therefore the pair (Z,s/n, Z7)
converges in Dg([0,00)) x Dg([0,00)), each component endowed with the topology of uniform
convergence, and then

Zns
< ,ZQ);»(QAS,BS), in Dpge([0,00))
n

with the topology of uniform convergence on bounded intervals.

By Skorohod theorem we can assume w.l.o.g. that the above pair converges P—a.s., and uni-
formly on bounded intervals. Then,

T(Zns ) v/ 5 1 2 1 -
= 1(Zps, > 0) exp (dpnZ) — —= exp (dBs)
1 nsn = nég,, s
= Zinsn V2T \/2)As
V Znsn n

whenever s, — s, with s > 0. The above convergence is equivalent to the uniform convergence
on bounded and compact intervals of (0, 00), and its proof is straightforward. We only observe
that, if we set h,(s) = \/Zns/n, then, for any T > 0, hy(s) converge to h(s) = v2\s uni-
formly in [0, 7], and therefore, for any h > 0, 1/h,(s) converge to 1/h(s) uniformly in the set
{s,such that h(s) > h}.

Moreover the sequence at the r.h.s. of (84) is uniformly integrable since

P —a.s. (84)

sup EP [(ﬁ (Zns,) €xp (dnzgn)ﬂ <L < oo

Indeed®
sup EF []I(Znsn > 0) N exp (2 dn 27 )] < L' < oo,
n Zns, "
sup r(zn) < L' < 0.
m ﬁ
Then the thesis is achieved since
2 1 -
im v/n g,(s,) = — EP[QX dB }
Vi du(on) = Zom st e (45:)
O
5Note that
~ n " >~ n k —2\ns 2/\nsn)lC —oAns,
EFY [(Zns,, > 0) » exp (2 anSn)] = dexp <2dn 7 > ( - 2\
Sn k=1
1 =k+1 k+1—2X 22n5.) T s
:exp(f2dn/\/ﬁ)2>\&z Z exp (an + T ns) ( (]:j_ i)' o~ PAnsn

< exp(~2dn V) 5 B [exp(2n 22, )

which is bounded and converges to - E[exp (2dB;)]



We end this section with the following elementary technical lemma.

Lemma 5.12. If condition C3 holds, then

lim (¢p,dp, e,) = (€, d, é),

n—oo

where ¢y, dyn, and e, are defined in (72),(73) and (74), and where

s © c(1) — 0(2)7 F d c(1)+¢(2)

2\ 2\ Y 2X ’
Proof. Set a, = A\, — A and B, = up — A, and €, = B, — @ = pin — Apn. Then,

o B3) e e 5)

i = Vzﬁ [1Og <AA”) +1og (’”Xl)} ‘ZF [log (1+ 7) +1og (1 + ﬂ;)}

By expanding log(1 + z) = x + o(x) we get

e=—(ci+c3)/2\

and

2 Hn, Hn A
and then
_vn|l e (L _yn(1ld 1
since C3 implies that «a,, = N +o0 ( ) ﬂn— —i—o(\f),&?n— \/ﬁ—i-o(\/ﬁ).

The limit (85) for the first two components follows from the convergence of i, to A.
Using the expansion log(1 + x) =  — 22/2 + o(x?) one can prove that

en—n[log<);\>+l ()\)])\—n()\n+un—2)\)

{5 () ot a B () ot 2 oo 0

(85)

Remark 5.13. From the proof it is easy to see that for the convergence of ¢, to ¢ we only
need conditions C2 and C3*, which imply that the sequence \/ne,/p, converges to c¢/A. On
the other hand, condition C3* does not assure that d, is converging, and d, can be either
bounded or unbounded. Indeed one can take for instance p, = X + ¢(2)/y/n + (=1)"b/\/n and
A =A+c(1)/v/n+ (—1)"b/\/n, so that dp, = (¢(2) + c¢(1) +2(—1)"b)/(2X) + 0 (1) is a bounded
(but not convergent) sequence, or p, = X+ c¢(2)//n+b/nY and N\, = X+ ¢(1)/v/n + b/n?,
for 0 < v < 1/2, so that d, is unbounded, though in either cases conditions C2 and C3* are

satisfied.



6 The M/M/1 queueing model: observing the idle time process

In this section we are interested in the conditional law of the M/M/1 queue Q7, when the
observation process is the idle time process, i.e.

t
= [ (@ =o)as
0
the cumulative time the queue has spent in 0, up to t.

Equivalently one can consider as observation process the bivariate point process (It ,Bt ), where
I[b is the process that counts the times when the system starts an idle period and B is the
process that counts the times when the system starts a busy period, that is

t
I = /0 QP = 1)dNT (6)

B?ze/ Q7 = 0)dA. (87)

Indeed the filtration generated by the idle time process C’t and the filtration generated by the

" B
observation process (I7*, Bl*) coincide, or more precisely ]—"t+ =F .

Our first aim is to study the conditional law

E[9(QF)/H}], (88)
where for the notational convenience we denote
=" = 5
and the explicit expression for the filter (88) in terms of 49(Q™), is given in (95).
Then we consider the rescaled processes
n " n ~
Q=T =T B =T e VGl

and the conditional law of the rescaled queue

Elg(Q1)/M}], (89)
where H} is the filtration generated by the rescaled observation

n o__ I™,B™ (OAL
Ht_ nt_ft _ft+'

We are interested in the limit behaviour of the filter (89) under the same assumption A1, A2,

A3 and conditions C1, C2, C3 of Section 5. Under these assumptions we already know that Q7

converge weakly to a Brownian motion W; with diffusion coefficient 2\ and drift coefficient c.

If one defines X' := QF — CF', then clearly QF = X' + CP, and therefore, since by definition
n

"' increases only when QF = 0, the pair (Q},C}") is the solution of the Skorohod problem
corresponding to X;*. Moreover

(Xp) Q?a Czl) = (Wt) Wt + AtyAt) )



where as usual A; is the local time of W, (for a deeper investigation of these results, we re-
fer to Kurtz [8]). It is therefore natural to expect that E[g(QF)/H}]| converges weakly to
E[g(W, + Ay)/Fr = TI2x(Cr; g). This result is proven in Theorem 6.4. Moreover Ilgy .(79(Q"); )
is a good approximation of the filter for the rescaled model (see Theorem 6.6).

Let {oP", k € N} and {0/", k € N} be the jump times of the process I} and the process B,
respectively. Under the assumption Qf = 0, it easy to verify that

"< gt <0k+1<0k+1, for each k > 1,

and that @} = 0 when ak" <t< ak+1, for k > 0, while Q} > 0 otherwise.
We start by observing some regenerative properties of the above jump times, which are funda-
mental in the sequel.

Lemma 6.1. For each k € N the processes Q,ﬁ’; = t+JI” Q n and Q = t+UB” Q”Bn

are independent 0f.7-' In and .7-" sn Tespectively. Moreover, the process Qk,t has the same law as

the process Qt .

Proof. Clearly ~£’6 = ~6L = 0, moreover it is easy to see that Qﬁ solves the same martingale

problem as Q?, hence these processes share the same law. The independence property follows
by the strong Markov property of )}, since QZI" =0:
k
(A ~ onl (= ~ “n 1
B [exp (10 (Qopr = Qi) ) 1750n] = B lexw (10 Qg = @) ) 1@ ] =
o o (8~ 05)] = o o (0 5. ))]
=F [exp (zu (Q?))} .

Similar arguments apply to show that the process Q is independent of .7-" O

The process 1:” is a renewal process, and B’{L is a delayed renewal process, i.e. the random
variables ak +1 — O'k are mutually independent for £ > 0 and identically distributed for £ > 1.
Also {ak — Uk "}r>1 is a sequence of mutually independent random variables.

In the setting of this section, the above considerations and Lemma 6.1 guarantee that the filter
of Q? given 7:(? admits a representation similar to that given in Proposition 2.1. More precisely

Proposition 6.2. The conditional law of Q? given ﬂf admits the following representation

Blg(@)/H;] =1(QF =0) g(0)+ (90)

Blo@2 o = Qe + DU (o —of>5) |, (P m
I o™ <t<o:"}b.
J — J

1(Qr=0)y

i— E[HO’I»n—O'-Bn>S]
=1 ( J J ) s:t—a’]B"

Even if this Proposition is quite similar to Proposition 2.1, we sketch the proof because the
assumptions on the processes involved are a little different.

Moreover we point out that since the processes involved are all Markovian, the proof of (90)
could be given by the techniques used in [3].



Proof. We begin by noting that I (Q? > O) is H-adapted. Moreover we can state (see [2]
Chapter. III T5)

H N {af" <t< le-n} N {Q? >0} = 7:(2;;” N {Uf” <t< UJI"} N {Q? > 0}.
By using, as in Proposition 2.1 the arguments of Proposition 3.1 in [9], we obtain

1(Qr > 0)Blg(@)/m 1o <t <o} =

B[ (o} — o > - o) 7L

H{af” <t< JJI-"}.
P(U[-” - Gf” >t — GJBH/HZBn)
J

I ((2’; > 0)

Note that
{ojln — UJB" > s} = { inf ~f{f > O}

0<u<s

and is independent of ff;n by Lemma 6.1.
j
Then, denoting by s =t — af;", so that

A A A A NB
QF = QZ}BnJrS = ng"Jrs - QZF" +1= j,g +1

A I B
E[g(ngBnﬂ)n (an B s)

P( (J]I-” — Uf” > s)

E[g ( ~fs” + 1) I (UJI-" - U]-Bn > 8) :|S:t70'.Bn
J

E{]I (UJI" — Uf" > s) }
s:t—UJB"

Then the thesis follows by writing g(Q?) as

He]
S:t—O'jBn / Uj "

s )
s:t—JJB"/ an

(91)

)

g(Q1) =1 (@7 =0) g(0) +1(QF >0) > g(@N{of" <t < o},
j=1
and, therefore, E[g(@f)/ﬂ?] as

Blg(@)/Hy] =1(QF =0) Blg)/7] +1 (@ > 0) 3 E[o(@))/HH{oP" <t < of"}.

It is important to note that

ol — B~ {u>0: QFr+1=0}. (92)



and that the process Qfg + 1 for s < O';n — O']-Bn behaves like the continuous time random walk

X§L+1fors<&?:inf{u20: X’ij—l},andhenee

(@i -om-0)] el(eia=o]

E{]I(JJI”—UF”>S>} E[H(&?>s)}

As a consequence

Blg(@)/H;] =1(Qr = 0) 9(0)+ (94)

E[g (Xg + 1) 1(57 > S)LZ,:_UB

J n]I{Uf” <t< a]l"}.

a(Qr>0)y

j=1 E[H (61 > S)L:t_an
i
Observing that, by definition (8),
~ ~ o0
7?(@”) =t — sup{s < ¢ such that Q) =0} = Z(t _ Ufﬂ)ﬂ{afn <t< O,Jlfn}
j=1

we can rewrite
E[g (Xg+ 1) (57 > s)}

E[]I (57 > s)] (%)

Elg(@)/R;] =1(Qr =0) 9(0)+1(Q7 > 0)
s=77(Q")

The above considerations leads us to state the following result

Theorem 6.3. Consider the rescaled process Qf = %, the rescaled observation processes
I = I—j% and B} = %, and denote by Hy the history generated by (I}, B]!) for u <t, i.e.

Hr=FP = HE
Then

E[g(Q")/H}] =1(Q} =0)g(0) + L(QF > 0)E"(4(Q"); ), (96)
where B )
2"(s;9) = X"(5:95),
with 3" (s) the probability measure defined in (26), and g, (z) = g(z + ﬁ)
Proof. Equality (95) implies

E[g (X§+ﬁ>ﬂ(a7f>s)}

Elg(Q})/H] =1(QF = 0) g(0) +T(QF > 0)
E[H (o7 > s)}

s=77(Q)
and clearly
E{g <X§L+ ﬁ) I(o} > 5)}

E[]I (o7 > s)} =)




As a consequence of the above Theorem, the conditional law of Q} given H}' can be written as
L(Qr =0) |50y — ="(F (@) +="((Q™).
Moreover, for any g uniformly continuous

SM((Q™)19) = XM (Q); 9) + e(n, 9) (97)

with

|e<n,g>|§wg(1)= sup o) — 9(v)|

n
Vi) ey

We can now prove the main result of this section.

Theorem 6.4. Assume conditions C1, C2, C3 and Al, A2, A3. Then, for anyt > 0, the
sequence of measure-valued random variables defined by (89) converge weakly to 7y, on the space
of probability measures endowed with the topology of weak convergence. In particular, for any
bounded and continuous function g

Elg(@QN)/H)] = E[gWy)/FP] = Tar (G5 9), for any t > 0.

Proof. As in the proof of Theorem 5.1, using (97), it is possible to show that in the Skorohod
space of Proposition 5.3

P(i”(*y?(@”); 9) 2 f[%,c(g; g), for every g : Rt — R bounded and continuous) =1,

since in that space ~(Q") converges to (; almost surely.
On the other hand, the total variation of the measure drgy — X" (77(Q™)) is at most 2, so that
the result is achieved once we prove that

]I(Q;‘:O)ILOI)O, for any t > 0

Indeed, as recalled in (44), the sequence @} converges weakly to a reflected Brownian motion
Wi 4+ A;. Then, the above convergence can be obtained by noting that

- the function I (z = 0) has a discontinuity point at = = 0,
- P(W,+ A, =0)=0,

- the continuous mapping theorem implies that I (Q7 = 0) = 0.

O
Remark 6.5. As already observed at the beginning of this section,
(XF. Q1 CF) = (Wi, Wi+ Mg, Ay)
where X' := Q7 — CP. Thanks to the continuity of the limit processes, the convergence can

be considered in the space Dgajg ) endowed with the topology of the uniform convergence on
compact sets. Moreover it is interesting to note that 4Y(Q") = 1(C™) = 1 (A) = ¢,
Then, similarly to Proposition 5.3, it is possible to prove that

(’Y?(Qn)a%(cn)a C?) = (779(Wt + At)a%?(At)aAt) = (G, Gty M)

and therefore an alternative proof of the previous Theorem can be achieved, by using these prop-
erties.



We end this section by noting that, even in this new situation, it is possible to give the same
approximation for the filter as in Theorem 5.2, namely for E[g(Q})/H}].
More precisely the following result holds

Theorem 6.6. For all g bounded and continuous and for each T > 0, p > 0

n—oo

T p
/O B|E[g(Q1)/H}] = Tlar o (12(Q"): 9)| dt — 0.

Proof. Note that, by (97),

|E[9(@0)/H;] = Tlr . (47(Q"): )
= L@ = 0)9(0) + 1(Q} > 0)£"((Q"): 9) + (. 9) — Tar (G (Q"): 9)
< CE[LQ; =0) (90)+E"(F(Q"):9)) +(n.g)|

+ O[S R@QM): ) — Tore(F(Q): )|

‘ p

p
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where C(p) is a suitable constant. Then

B [|Elo@)/1] - oo (2(@ 9] <
=CwE HH Q=029 +5<”’g>m +C)E HEH(VS(Q”);Q) - ﬁgA,C(VP(Q”);g)‘p} .

The thesis follows since both the addends at the right hand side of the previous inequality
converge to zero. The first addend converges to zero by the bounded convergence theorem. To
prove that the the second addend converges to zero one has just to substitute & with 79 (Q")
in the proof of Theorem 5.2. O
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