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Abstract

The aim of this paper is the study of some laws of random prob-
ability distributions, called hyper Dirichlet processes, charging the
product of three sample spaces, with the property that the first and
the third components are independent conditional to the second one.
The law of the marginals on the first two and on the last two compo-
nents are specified to be Dirichlet processes with the same marginal
parameter measure on the common second component. The joint law
is then obtained as the hyper Markov combination of these two laws,
as introduced in [3], and in fact these laws are generalizations of the
hyper Dirichlet laws on contingency tables considered in the above
paper.

Our main result is the convergence to the law of a hyper Dirichlet
process of the sequence of hyper Dirichlet laws associated to finer and
finer ”discretizations” of the two parameter measures, which is proved
by means of a suitable coupling construction.
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1 Introduction

The hyper Markov combination of a family of laws for random probability
measures has been defined by Dawid and Lauritzen [3]. Their construction
starts from a general decomposable graph, whose vertices indicates the com-
ponents of the product space supporting these random distributions. This
graph represents the Markov structure imposed on the realizations, speci-
fying the conditional independence relations assumed to hold between the
components. The fact that the graph is decomposable implies that, under
general assumptions guaranteeing the existence of regular conditional prob-
abilities, a Markov distribution on the whole sample space can be uniquely
derived from the marginal distributions of the components belonging to each
clique: indeed, it is the Markov combination of these distributions, namely
the only joint distribution with the specified marginals having the prescribed
Markov structure. Clearly the specified marginals have to be consistent, in
the sense that when two cliques intersect, the corresponding marginals have
to agree on the common margins. It is then natural to build laws of ran-
dom probability distributions with a prescribed Markov structure from the
family of laws of their marginal distributions over each clique. Again, when
two cliques intersect, the two corresponding random distributions have to
induce the same law on the common margins, i.e. such a family have to be
hyperconsistent. Clearly it remains the freedom to specify the joint law of all
these marginals, but there is a unique one which has the hyper Markov prop-
erty. This property is naturally obtained by ”lifting” the Markov property
from the level of the realizations of random distributions to the level of their
laws. In [3] this property is studied from various points of view, including its
consequences for the Bayesian analysis of decomposable graphical models.

A particularly relevant example of this construction is the hyper Dirich-
let law, which is the hyper Markov combination of hyperconsistent Dirichlet
laws. Dirichlet laws are examples of random distributions over discrete sam-
ple spaces. For more general sample spaces their generalization is given by
Dirichlet processes, introduced by Ferguson [5], and then studied by Black-
well and MacQueen [2] Sethuraman-Tiwari [11] and Sethuraman [10], be-
tween others. They still represent the most used class of prior distributions
to deal with nonparametric models within the Bayesian framework. To our
knowledge, the present paper is a first attempt to introduce genuinely mul-
tivariate properties, such as conditional independence relations, in the area
of Bayesian nonparametric statistics.

In this paper we study hyper Dirichlet processes, which are hyper Markov
combinations of hyperconsistent Dirichlet processes. In order to clarify the
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main ideas, we limit ourselves to consider a decomposable graph of the sim-
plest kind, which consists in a non-trivial decomposition in two complete
subgraphs. By merging vertices and edges in a natural way a graph of this
type can be reduced to the graph with three vertices {1, 2, 3} with cliques
{1, 2} and {2, 3}; hence 2 separates 1 and 3. This means that our aim is
the construction of random probability distributions on the product of three
sample spaces, with the property that the first and the third components
are independent conditional to the second one. In the following the word
Markov or hyper Markov is always referred to this graph. In order to con-
struct a hyper Markov combination on this graph, we need to specify two
hyperconsistent laws on the first and second components, and on the second
and third components, respectively. When these are the laws of two Dirichlet
processes, hyperconsistency is clearly equivalent to consistency of the two pa-
rameter measures. If the marginal parameter measure on the common second
component is diffuse, a hyper Dirichlet process is itself a Dirichlet process
(whose parameter measure is the Markov combination of the two given con-
sistent parameter measures). This is surprising since hyper Dirichlet laws are
never Dirichlet laws, except in trivial cases. This observation led us to study
the relation between a hyper Dirichlet process and the hyper Dirichlet laws
which are obtained by a natural discretization of its parameter measures.
Our main result is that, under suitable assumptions, as the discretization
refines, the hyper Dirichlet process appears to be the weak limit (i.e. in law)
of the sequence of ”discretized” hyper Dirichlet laws.

Another contribution of the paper is the result that hyper Dirichlet pro-
cesses are conjugate w.r.t. i.i.d. sampling, despite the fact that they are
in general not strongly hyper Markov in the sense of [3]. This property is
clearly useful for classes of nonparametric priors in Bayesian inference.

The next step of our analysis would be to consider more general decom-
posable graphs using the well-known fact that decomposable graphs can be
always constructed through a series of decompositions [7]. It is not difficult
to generalize the limit result when all the Dirichlet processes to be combined
have consistent parameter measures with diffuse common marginals, in which
case the hyper Markov combination is again a Dirichlet process, whose the
parameter measure is the Markov combination of the given consistent param-
eter measures. However, in the general case some technical difficulties may
arise, because such a Markov combination may have a complicated structure
of the marginal atoms on the separators in the perfect decomposition of the
graph.

The paper is organized in the following way. In the next section, af-
ter having reviewed the main properties of Dirichlet and hyper Dirichlet
laws, we introduce the hyper Dirichlet process for pairs of parameter mea-
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sures which have a common diffuse marginal. In Section 3 the convergence
of hyper Dirichlet laws to this process is proved, over finer and finer dis-
cretizations. The basic tool is the Sethuraman representation of a Dirichlet
process, together with a coupling construction between the limit process and
the discretized one. In Section 4 we remove the assumption that the com-
mon marginal is diffuse, in which case we deal with hyper Dirichlet processes
which are not in general Dirichlet processes. The main tool here is a suit-
able mixture decomposition of the Markov combination of the two parameter
measures, which yields a corresponding mixture structure for the realizations
of the process. We finally prove that hyper Dirichlet processes are conjugate
with respect to random i.i.d. sampling, and discuss the relation of this con-
jugacy property with that holding for Dirichlet process ([5], [10]).

2 The hyper Dirichlet law and process for the

simplest decomposition

Dirichlet laws are supported by the unit simplices in Euclidean spaces, hence
they are used as laws for random variables with values in the set of probability
distributions over a finite set of atoms L. For ease of notation the set L is
always identified with {1, ..., |L|}, without loss of generality. Let us suppose
first that |L| > 1. For a given vector {ϕ(l) > 0, l ∈ L}, we say that the
random vector {G(l), l ∈ L} is Di {ϕ(l), l ∈ L} if

G(|L|) = 1−
|L|−1∑

l=1

G(l)

and the joint density of (G(1), ..., G(|L|− 1)) w.r.t. the (|L|− 1)-dimensional

Lebesgue measure on the set {gl > 0, l = 1, ..., |L| − 1 and
∑|L|−1

i=1 gi < 1} is

p(g1, ..., g|L|−1) =
Γ(ϕ(L))∏|L|
l=1 Γ(ϕ(l))

|L|−1∏

l=1

g
ϕ(l)−1
l


1−

|L|−1∑
i=1

gi




ϕ(|L|)−1

,

where ϕ(L) =
∑|L|

l=1 ϕ(l). In the sequel we will also allow ϕ(l) = 0 for some
(but not all) index l, in which case we mean that G(l) ≡ 0. If there is only
one index m ∈ L such that ϕ(m) > 0, then we define G(l) = δl,m, whatever
the value ϕ(m) is. It is well known that if {G(l), l ∈ L} is Di {ϕ(l), l ∈ L}
then, for any l ∈ L, G(l) is Beta(ϕ(l), ϕ(L)−ϕ(l)) (with the convention that
a Beta(c, 0) is identically 1 for any c > 0 and a Beta(0, c) random variable
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is identically 0 for any c > 0), hence

E(G(l)) =
ϕ(l)

ϕ(L)
=: q(l), l ∈ L. (1)

Next consider a non null contingency table

ϕ12 = {ϕ12(i, j) ≥ 0, i ∈ I, j ∈ J}

and a random table
G12 ∼ Di (ϕ12) (2)

over a finite product set I×J . We use the standard notation for the marginal

ϕ2 (j) =
∑
i∈I

ϕ12(i, j)

and for the conditionals

ϕ1|2(i|j) =

{
ϕ12(i,j)
ϕ2(j)

if ϕ2(j) > 0,

0 if ϕ2(j) = 0.

These notations are used also for random probability distributions over I×J .
By using the representation of the Dirichlet law as a function of indepen-

dent Gamma variables (see e.g. Kotz, Balakrishnan, and Johnson [6]), the
following fundamental result is immediately obtained.

Proposition 1 Let the table G12 ∼ Di(ϕ12). Then the marginal vector G2

and the vectors of conditional distributions
{
G1|2(·|j), j ∈ I : ϕ2(j) > 0

}
are

mutually independent, with

G2 ∼ Di (ϕ2) , (3)

G1|2(·|j) ∼ Di (ϕ12(·, j)) , ∀j ∈ J : ϕ2(j) > 0. (4)

If ϕ2(j) = 0 for some j ∈ J , then G12(i, j) is identically zero for i ∈ I,
in which case G1|2(i|j) can be defined to be an arbitrary probability on I.

Conversely, if G12 is a random table with the properties (3) and (4), such
that G12(i, j) = 0 whenever ϕ2(j) = 0, then G12 ∼ Di(ϕ12).

Next consider another non null contingency table

ϕ23 = {ϕ23(j, k), j ∈ J, k ∈ K} (5)
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where K is another finite set. We assume that ϕ12 and ϕ23 are consistent ,
i.e.

ϕ2(j) =
∑
i∈I

ϕ12(i, j) =
∑

k∈K

ϕ23(j, k), for any j ∈ J. (6)

Then the Markov combination ϕ of ϕ12 and ϕ23 is defined as

ϕ(i, j, k) =

{
ϕ12(i,j)ϕ23(j,k)

ϕ2(j)
if ϕ2(j) > 0,

0 otherwise.

Notice ϕ is the only contingency table over I × J ×K with the properties:

a) the marginals of ϕ over I×J and J×K equal to ϕ12 and ϕ23, respectively;

b) ϕ(i, j, k) factorizes in a product of a function of (i, j) and one of (j, k).

Property b) implies that if ϕ is normalized it becomes a probability dis-
tribution over the product I × J × K under which the projections on the
first and the third factor are independent conditional to the projection on
the second one.

Now we construct a random probability distribution on the set I×J×K in
the following way. Let G12 be distributed as in (2) and consider independent
vectors

G3|2(·|j) ∼ Di (ϕ23(j, ·)) , j ∈ J : ϕ2(j) > 0, (7)

independent of G12. Then define the three-dimensional random array

G =
{
G12(i, j)G3|2(k|j) for i ∈ I, j ∈ J, k ∈ K

}
. (8)

Since G12(i, j) = G2(j)G1|2(i|j), recalling (3) and (4), we observe that
i) the laws of the marginals over I × J and J ×K are respectively

G12 ∼ Di (ϕ12) , G23 =
{
G2(j)G3|2(k|j), j ∈ J, k ∈ K

} ∼ Di (ϕ23) ,

ii) the realizations {G(i, j, k), i ∈ I, j ∈ J, k ∈ K} factorize in a product of
a function of (i, j) and one of (j, k), hence they are Markovian probability
distributions;
iii) the families of conditional distributions

{
G1|2(·|j), j ∈ J

}
,

{
G3|2(·|j), j ∈ J

}

and the marginal distribution G2 are mutually independent.
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Property iii) is called the strong hyper Markov property [3].

The law of G is clearly uniquely determined by the properties i), ii) and
iii). As such it is called the hyper Markov combination of the laws Di (ϕ12)
and Di (ϕ23). Following [3] we call this law a hyper-Dirichlet law and indicate
it by HDi(ϕ12, ϕ23).

The following proposition is worth of notice.

Proposition 2 The hyper Dirichlet law HDi(ϕ12, ϕ23) is a Dirichlet law if
and only if, for any j such that ϕ2(j) > 0, at least one of the following sets

Ij = {i : ϕ12(i, j) > 0} , Kj = {k : ϕ23(j, k) > 0} ,

is a singleton. In this case

HDi(ϕ12, ϕ23) = Di(ϕ).

Proof. If G is defined by (2), (7) and (8) then G2 ∼ Di (ϕ2). Hence by
Proposition 1 it is clear that G is Di(ϕ̃), for some contingency table ϕ̃, if and
only if ϕ̃2(j) = ϕ2(j) for any j, and each of the conditionals

{
G13|2(i, k|j) = G1|2(i|j)G3|2(k|j), i ∈ I, k ∈ K

}
, j : ϕ2(j) > 0, (9)

is Di({ϕ̃(i, j, k), i ∈ I, k ∈ K}). Then

ϕ̃(I × J ×K) = ϕ̃2(J) = ϕ2(J) = ϕ(I × J ×K).

By (1), for G ∼ Di(ϕ̃)

E [G(i, j, k)] =
ϕ̃(i, j, k)

ϕ̃(I × J ×K)
,

and, for G ∼ HDi(ϕ12, ϕ23) and ϕ2(j) > 0

E [G(i, j, k)] = E
[
G12(i, j)G3|2(k|j)

]
= E [G12(i, j)] E

[
G3|2(k|j)

]

=
ϕ12(i, j)

ϕ12(I × J)

ϕ23(j, k)

ϕ2(j)
=

ϕ(i, j, k)

ϕ(I × J ×K)
,

hence it is immediately seen that necessarily ϕ̃ = ϕ.
Therefore, whenever ϕ2(j) > 0, (9) is Di {ϕ(i, j, k), i ∈ I, k ∈ K}, from

which its law is concentrated on a Ij × Kj − 1 manifold of RIj×Kj but not
on any submanifold of lower dimension. On the other hand, by (4) and (7),
(9) is concentrated on a Ij + Kj − 2 dimensional manifold. Thus it has to be
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either Ij = 1 or Kj = 1, or both. The sufficiency of this condition is obvious.

It is clear that Dirichlet laws can be used only as laws for random distribu-
tions on a finite sample space L. For a general measurable sample space (L,L)
we consider the space P(L) of all probability measures on (L,L), endowed
with the smallest σ-algebra which makes the functions P ∈ P(L) → P (A)
measurable, for all A ∈ L. A random distribution Γ on (L,L) is then a
measurable mapping defined on some probability space with values in P(L).
By Dynkin’s lemma the law of Γ is uniquely determined by the joint law of
(Γ(A1), ..., Γ(Am)) for all finite measurable partitions {Ah, h = 1, ..., m} of L.
Given any finite measure ϕ on (L,L), we say that Γ is a Dirichlet process
with parameter measure ϕ if this joint law is Di {ϕ(Ah), h = 1, ..., m}. The
law of this process will be indicated by DI(ϕ), in order to distinguish it from
the case of a finite space. The existence of a random distribution with this
property is ensured by the following representation, introduced in [11] and
further analyzed in [10].

In order to introduce this representation, first define T : (0, 1)∞ → (0, 1)∞

with

Tl(b) = bl

l−1∏
i=1

(1− bi), l = 1, 2, ...

with the usual convention that a product over an empty set is equal to 1.
If T is applied to a sequence β with i.i.d. components βl ∼ Beta(1, ϕ(L)),
l = 1, 2, ..., then with probability 1

γ = T(β) ∈ ∆∞ =

{
p ∈ (

R+
)∞

:
∑

l

pl = 1

}
,

thus it defines a random distribution on N+. Next let us define the probability
distribution Q = 1

ϕ(L)
ϕ on (L,L) and take

θ = {θl, l = 1, 2, ...} ,

with i.i.d. components θl ∼ Q. It can be shown that

κ(γ,θ) =
∑

l

γlδθl
(10)

is a Dirichlet process with parameter measure ϕ, where κ is a measurable
mapping of ∆∞ × L∞ into P(L). We thus write κ(γ,θ) ∼ DI(ϕ).

Next we extend the notion of Markov combination to distributions over
more general spaces. In the sequel we assume that X , Y and Z are Borel
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spaces, i.e. they are measurably isomorphic to a Borel subset of a Polish
space. This assumption ensures the existence of regular versions of condi-
tional probabilities.

Next consider two consistent finite measures ϕ12 and ϕ23 on X × Y and
Y × Z, respectively, i.e. such that

ϕ2(dy) = ϕ12(X × dy) = ϕ23(dy ×Z).

Thus the marginal measure ϕ2 is unambiguously defined. Our assumption
implies that there exists two families of conditional measures

{
ϕ1|2(·|y), y ∈ Y}

and
{
ϕ3|2(·|y), y ∈ Y}

on X and Z respectively, such that

ϕ12(dx, dy) = ϕ2(dy)ϕ1|2(dx|y), ϕ23(dx, dy) = ϕ2(dy)ϕ3|2(dz|y).

Now we can construct the Markov combination ϕ of ϕ12 and ϕ23 on X × Y
×Z, namely

ϕ(dx, dy, dz) = ϕ1|2(dx|y)ϕ2(dy)ϕ3|2(dz|y) (11)

= ϕ12(dx, dy)ϕ3|2(dz|y) = ϕ1|2(dx|y)ϕ23(dy, dz). (12)

From (12) we see that the marginals of ϕ on X × Y and Y × Z are ϕ12 and
ϕ23, respectively. Furthermore, for α = ϕ(X × Y × Z), the normalization
Q = ϕ

α
is Markovian, that is a draw θ = (U, V, W ) from Q has the property

that U and W are conditionally independent given V . These properties
characterize ϕ uniquely.

Next let us consider a pair of laws P12 and P23 on P(X × Y) and P(Y × Z),
respectively, which are hyperconsistent, in the sense they induce the same law
of the marginal on Y . Then [3] there exists a unique law P on P(X × Y × Z)
such that, if the random distrubution P is drawn from P, and P12, P23 and
P2 are the corresponding marginals on X × Y , Y × Z and Y

1. P is Markovian w.p. 1;

2. P12 ∼ P12 and P23 ∼ P23;

3. P12 ⊥ P23|P2.

Properties i), ii) and iii) for X , Y , Z finite obviously imply 1, 2 and 3,
respectively.

Property 3 is called the weak hyper Markov property and means specif-
ically that the σ-algebra σ {P12} generated by P (F ×Z), for all measurable
subsets F of X × Y and the σ-algebra σ {P23} generated by P (X × G), for
all measurable subsets G of Y × Z are independent conditionally to the σ-
algebra σ {P2} generated by P (X × H × Z), for all measurable subsets H
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of Y . The law P is then called the hyper Markov combination of P12 and
P23. Notice that property 3 replaces the stronger property iii), given in the
discrete case.

Proposition 3 If ϕ2 has no atoms, then the law DI(ϕ) is the hyper Markov
combination of DI(ϕ12) and DI(ϕ23).

Proof. We use the Sethuraman representation for DI(ϕ), i.e.

Γ = κ(γ, (U ,V , W )) =
∑

l

γlδ(Ul,Vl,Wl) ∼ DI(ϕ), (13)

with (Ul, Vl,Wl), l = 1, 2, ... i.i.d. from Q, γ = T(β), β with i.i.d. components
βl ∼ Beta(1, α), l = 1, 2, ...

By computing the marginals

Γ12 = κ(γ, (U ,V )), Γ23 = κ(γ, (V ,W ))

we check immediately that Γ12 ∼ DI(ϕ12) and Γ23 ∼ DI(ϕ23). Since ϕ2

has no atoms, the random sequence V = {Vl, l = 1, 2, ...} does not contain
repetitions w.p. 1: this immediately implies that Γ is Markovian w.p. 1.

As for the hyper Markov property we observe that

σ {Γ2} ⊂ σ {γ,V} , σ {Γ12} ⊂ σ {γ,U,V} , σ {Γ23} ⊂ σ {γ,V,W} ,

so that by the conditional independence of U and W given γ and V ,

Γ12 ⊥ Γ23 | γ,V.

Then, for any choice of measurable subsets {Fi, i = 1, ..., m} of X ×Y and
{Gj, j = 1, ..., s} of Y × Z, for any pair h12 and h23 of bounded measurable
functions defined on [0, 1]m and [0, 1]s respectively

E [h12(Γ12(F1), ..., Γ12(Fm))h23(Γ23(G1), ..., Γ23(Gs)) | σ {γ,V}]
= E [h12(Γ12(F1), ..., Γ12(Fm))| σ {γ,V}] E [h23(Γ23(G1), ..., Γ23(Gs)) | σ {γ,V}] .

Thus it remains to prove that

E [h12(Γ12(F1), ..., Γ12(Fm)) | σ {γ,V}] = E [h12(Γ12(F1), ..., Γ12(Fm))| σ {Γ2}] ,
(15)

E [h23(Γ23(G1), ..., Γ23(Gs)) | σ {γ,V}] = E [h23(Γ23(G1), ..., Γ23(Gs))| σ {Γ2}] .
(16)
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If the function h12 is a polynomial, then (15) becomes

E




m∏

l=1

(∑
i

γiδ(Ui,Vi)(Fl)

)dl

∣∣∣∣∣∣
σ {γ,V }




=
∑
i1

...
∑
id

d∏

k=1

γikδVik
(Flk,Y) E

[
d∏

k=1

δUik

(
F

(Vik)
lk,X

) ∣∣∣σ {γ,V }
]

(17)

where d = d1 + · · ·+ dm,





l1, . . . , ld1 = 1
ld1+1, . . . , ld1+d2 = 2
. . .
ld1+...+dm−1+1, . . . , ld = m,

and
FY = {y : ∃ (x, y) ∈ F} , F

(y)
X = {x : (x, y) ∈ F} ,

so that
δx,y(F ) = δy(FY)δx(F

(y)
X ).

Then, taking into account that (U,V) are independent of γ and that (Ui, Vi)
are i.i.d., we can rewrite the conditional expectation appearing in (17) as

E

[
δUi1

(
F

(Vi1)
l1,X

)
. . . δUid

(
F

(Vid)
ld,X

) ∣∣∣σ {γ,V }
]

= E

[
δUi1

(
F

(Vi1)
l1,X

)
. . . δUid

(
F

(Vid)
ld,X

) ∣∣∣σ {V }
]

= ψ (Vi1 , · · · , Vid) ,

where ψ is the bounded measurable function

ψ (v) := E


δU1


 ⋂

i∈A1(v)

F
(v′1)
li,X




∣∣∣V1 = v′1


 . . . E


δU1


 ⋂

i∈Af (v)

F
(v′f)
li,X




∣∣∣V1 = v′f


 ,

with the definition

Aj(v) = {i : vi = v′j}, j = 1, · · · , f (18)

where {v′1, · · · , v′f} = {v1, · · · , vd} is the set whose elements are the distinct
components of the vector v = (v1, · · · , vd).
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Summarizing (17) can be written as
∑
i1

...
∑
id

γi1...γidδVi1
(Fl1,Y) ...δVid

(Fld,Y) ψ (Vi1 , · · · , Vid)

=

∫

Fl1,Y
· · ·

∫

Fld,Y
ψ (y1, · · · , yd) Γ2(dy1) · · ·Γ2(dyd).

Arguing as in [4], it is readily proved that the above is a σ {Γ2}−measurable
function because the Borel σ-algebra of a Borel space is countably generated.
This ends the proof of (15). Likewise we prove (16) when h23 is a polynomial.
Finally observe that expectations of polynomials determine uniquely the joint
conditional law of {Γ12(Fi), i = 1, ..., m} and {Γ23(Gj), j = 1, ..., s}, hence
the whole proof is finished.

Following Dawid and Lauritzen we say that a random distribution is a
hyper Dirichlet process with parameter measures ϕ12 and ϕ23 if it has the
same law as Γ defined in (13). We denote this law by HDI(ϕ12, ϕ23) in order
to distinguish it from the finite case, where we used the symbol HDi instead.
The striking feature of the hyper Dirichlet process, when ϕ2 is diffuse, is that
it is a Dirichlet process, namely HDI(ϕ12, ϕ23) = DI(ϕ), where ϕ is the
Markov combination of ϕ12 and ϕ23. On the contrary we saw that the hyper
Dirichlet law is practically never a Dirichlet law. The aim of the next section
is to prove that nonetheless, under suitable regularity conditions, we can
exhibit a sequence of hyper Dirichlet laws converging in a natural sense to
the law of a hyper Dirichlet process. In Section 4 we will turn our attention
to more general hyper Dirichlet processes which are not Dirichlet process
anymore.

3 Coupling the limiting process with the dis-

crete approximations

In this section we take X = Rd1 , Y = Rd2 and Z = Rd3 , and we assume that
for each of these spaces we have a sequence of finite measurable partitions

{
B

(n)
i , i ∈ I(n)

}
,

{
C

(n)
j , j ∈ J (n)

}
,

{
D

(n)
k , k ∈ K(n)

}
, n = 1, 2, ..., (19)

respectively. Correspondingly, we discretize the consistent parameter mea-
sures ϕ12 and ϕ23 along the corresponding sequences of product partitions in
two-dimensional cells{

B
(n)
i × C

(n)
j , i ∈ I(n), j ∈ J (n)

}
,

{
C

(n)
j ×D

(n)
k , j ∈ J (n), k ∈ K(n)

}
, (20)
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getting the tables

ϕ
(n)
12 =

{
ϕ12(B

(n)
i × C

(n)
j ), i ∈ I(n), j ∈ J (n)

}

(21)

ϕ
(n)
23 =

{
ϕ23(C

(n)
j ×D

(n)
k ), j ∈ J (n), k ∈ K(n)

}
.

For each integer n consider a random array

G(n) ∼ HDi(ϕ
(n)
12 , ϕ

(n)
23 ) (22)

of probabilities G(n)(i, j, k) randomly assigned to the three-dimensional cells

B
(n)
i × C

(n)
j × D

(n)
k for i ∈ I(n), j ∈ J (n), k ∈ K(n). It is then natural to

compare its law with that of the corresponding array of probabilities

Γ(n)(i, j, k) =
{

Γ(B
(n)
i × C

(n)
j ×D

(n)
k ), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}
. (23)

assigned by the process Γ ∼ HDI(ϕ12, ϕ23), which is a random distribution
on Rd, with d = d1 + d2 + d3. This will be done by constructing both
three-dimensional random arrays on the same probability space where the
representation (13) of the hyper Dirichlet process Γ is defined, coupling them

in a suitable way. First of all notice that whenever ϕ
(n)
2 (j) = 0 it has to be

Γ(n)(i, j, k) = G(n)(i, j, k) = 0 for any i ∈ I(n) and k ∈ K(n), so we can assume

w.l.o.g. that ϕ
(n)
2 (j) > 0 for all j ∈ J (n). Next observe that

Γ(n)(i, j, k) =
∑∗

l
γl, i ∈ I(n), j ∈ J (n), k ∈ K(n), (24)

where in
∑∗

l the index l ranges in {l : (Ul, Vl,Wl) ∈ B
(n)
i × C

(n)
j × D

(n)
k }.

Since
Γ

(n)
12 ∼ Di

(
ϕ

(n)
12

)

we can define

G(n)(i, j, k) = Γ
(n)
12 (i, j)G

(n)
3|2 (k|j), i ∈ I(n), j ∈ J (n), k ∈ K(n), (25)

provided the vector
{

G
(n)
3|2 (k|j), k ∈ K(n)

}
is defined, independently for all

j ∈ J (n) and independently of Γ12, with the law Di
{

ϕ
(n)
23 (j, k), k ∈ K(n)

}
.

This can be achieved by using mutually independent (w.r.t. j ∈ J (n)) Dirich-

let processes on Z with parameter measure ϕ23(C
(n)
j ×·) defined through the

Sethuraman representation
∑

r

H
(n)
j,r δ

W
(n)
j,r

, (26)
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where H
(n)
j =

{
H

(n)
j,r , r = 1, 2, ...

}
= T (β

(n)
j ), with β

(n)
j =

{
β

(n)
j,r , r = 1, 2, ...

}

i.i.d. Beta(1, ϕ
(n)
2 (j)), and

{
W

(n)
j,r , r = 1, 2, ...

}
is a sequence of i.i.d. random

variables, with common distribution ϕ
(n)
3|2 (·|j) given by

ϕ
(n)
3|2 (dz|j) =

ϕ23(C
(n)
j × dz)

ϕ2(C
(n)
j )

.

With these positions we define

G
(n)
3|2 (k|j) =

∑
r

H
(n)
j,r 1Dk

(W
(n)
j,r ), k ∈ K(n), (27)

All the random variables used to produce the vectors
{
G

(n)
3|2 (k|j), k ∈ K(n)

}
,

for j ∈ J (n), are drawn independently of Γ, except for the mutually inde-
pendent random variables W

(n)
j,1 , j ∈ J (n). Each of these random variables is

coupled with Wl(j), where l(j) is the first index l (existing w.p. 1) such that
Vl ∈ Cj. We choose the maximal coupling (also known as γ-coupling, see e.g.
Lindvall [8]), conditional to Vl(j), so that

P (W
(n)
j,1 6= Wl(j)|Vl(j)) =

1

2

∥∥∥ϕ3|2(·|Vl(j))− ϕ
(n)
3|2 (·|j)

∥∥∥ . (28)

Having completed the construction, we are now ready to prove the fol-
lowing result.

Theorem 4 Under the following assumptions:

i) the marginal measure ϕ2 has no atoms;

ii) for any compact set A ⊂ Y

lim
n→∞

max
{∣∣∣C(n)

j

∣∣∣ , j ∈ J (n) : C
(n)
j ∩ A 6= ∅

}
= 0,

where | · | is the diameter;

iii) the function y ∈ Y → ϕ3|2(·|y) has a version which is continuous in
total variation;

then

lim
n→∞

∑

i∈I(n)

∑

j∈J(n)

∑

k∈K(n)

E|Γ(n)(i, j, k)−G(n)(i, j, k)| = 0.

14



Proof. Along the whole proof we will drop the superscript n, except
when we exhibit the final estimates. By standard manipulations we get

|Γ(i, j, k)−G(i, j, k)| =
∣∣Γ(i, j, k)− Γ12(i, j)G3|2(k|j)

∣∣ (29)

≤ γl(j)1Bi
(Ul(j))

∣∣1Dk
(Wl(j))− 1Dk

(Wj,1)
∣∣

+ γl(j)1Bi
(Ul(j))

∑
r≥2

Hj,r |1Dk
(Wj,1)− 1Dk

(Wj,r)|

+
∑

l>l(j)

γl1Bi
(Ul)1Cj

(Vl)

∣∣∣∣∣1Dk
(Wl)−

∑
r≥1

Hj,r1Dk
(Wj,r)

∣∣∣∣∣ ,

from which, by summing over i, j, k, recalling that
∑

r≥2 Hj,r = 1−Hj,1 and
that for any pair of probability distributions µ and ν over K

∑

k

|µ(k)− ν(k)| = ‖µ− ν‖ ≤ 2,

we get
∑

i,j,k

|Γ(i, j, k)−G(i, j, k)| ≤
∑

j

γl(j)

∑

k

∣∣1Dk
(Wl(j))− 1Dk

(Wj,1)
∣∣

+ 2
∑

j

γl(j)(1−Hj,1) + 2
∑

j

∑

l>l(j)

γl1Cj
(Vl). (30)

Let us proceed to bound the first term at the r.h.s. of (30). Since
∑

k

∣∣1Dk
(Wl(j))− 1Dk

(Wj,1)
∣∣ ≤ 2 · 1{Wl(j) 6=Wj,1},

for any compact set A ⊂ Y we have
∑

j

γl(j)

∑

k

∣∣1Dk
(Wl(j))− 1Dk

(Wj,1)
∣∣ ≤ 2

∑

j:Cj∩A6=∅
γl(j)1{Wl(j) 6=Wj,1} + 2Γ2(A

c),

and by taking the expected value and using (28), by the independence of γ,
l(j) and Vl(j) we have

E
∑

j

γl(j)

∑

k

∣∣1Dk
(Wl(j))− 1Dk

(Wj,1)
∣∣

≤
∑

j:Cj∩A 6=∅
E

[
γl(j)

]
E

[
‖ϕ(n)

3|2 (·|j)− ϕ3|2(·|Vl(j))‖
]

+ 2E(Γ2(A
c))

≤ sup
j:Cj∩A 6=∅

sup
v∈Cj

∥∥∥ϕ
(n)
3|2 (·|j)− ϕ3|2(·|v)

∥∥∥ +
2

α
ϕ2(A

c). (31)
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Now

sup
v∈Cj

∥∥∥ϕ
(n)
3|2 (·|j)− ϕ3|2(·|v)

∥∥∥ = sup
v∈Cj

∥∥∥∥∥∥∥

∫
Cj

ϕ3|2(·|y)ϕ2(dy)

ϕ2 (Cj)
− ϕ3|2(·|v)

∥∥∥∥∥∥∥

= 2 sup
v∈Cj

sup
D

∣∣∣
∫
Cj

(
ϕ3|2(D|y)− ϕ3|2(D|v)

)
ϕ2(dy)

∣∣∣

ϕ2 (Cj)

≤ sup
v∈Cj

∫
Cj

∥∥ϕ3|2(·|y)− ϕ3|2(·|v)
∥∥ ϕ2(dy)

ϕ2 (Cj)

≤ sup
v1,v2∈Cj

∥∥ϕ3|2(·|v1)− ϕ3|2(·|v2)
∥∥ .

Finally select the compact set A in such a way that ϕ2(A
c) ≤ αε

4
and

define the larger compact set

A1 ≡ {t : dist(t, A) ≤ 1} .

From the assumption iii), on the compact set A1 the function y → ϕ3|2(·|y)
is uniformly continuous in total variation, so let δ(ε) < 1 such that

sup
v1,v2∈A1

|v1−v2|<δ(ε)

∥∥ϕ3|2(·|v1)− ϕ3|2(·|v2)
∥∥ <

ε

2
.

From the assumption ii), for n large enough and any j such that C
(n)
j ∩A 6=

∅, it holds
∣∣∣C(n)

j

∣∣∣ < δ(ε) so that C
(n)
j ⊂ A1, and consequently the r.h.s. of

(31) can be bounded by ε.
For the remaining terms we need first to observe that

λn := max
j∈J(n)

ϕ2(C
(n)
j )

tends to zero as n → ∞. If this is not true, by tightness of ϕ2 then we
would have a sequence

{
C

(n)
jn

}
of Borel sets of diameter shrinking to zero

such that ϕ2(C
(n)
jn

) > ε > 0 all contained in a given compact set. But then
this sequence would accumulate at some point, thus denying the absence of
atoms.

16



The expected value of the second term at the r.h.s. of (30) can now be
bounded by

2
∑

j

E
[
γl(j)

]
(1− E [Hj,1]) = 2

∑
j

E
[
γl(j)

] ϕ2(Cj)

1 + ϕ2(Cj)

≤ 2 max
j

ϕ2(C
(n)
j )

1 + ϕ2(C
(n)
j )

≤ 2λn ,

which tends to zero as n →∞.
Observe that l(j) has a geometric distribution with probability of success

pj =
ϕ2(Cj)

α
, whereas

E(γl(j)|l(j) = h) = E(γh) =
1

1 + ϕ2(Cj)

(
ϕ2(Cj)

1 + ϕ2(Cj)

)h−1

, h = 1, 2, ...

so that, by a trivial computation

E(γl(j)) =
ϕ2(Cj)

α + ϕ2(Cj)2
≥ ϕ2(Cj)

α (1 + ϕ2(Cj))
.

Finally observe that the expected value of the last sum at the r.h.s. of (30)
is

2E


∑

j

∑

l>l(j)

γl1Cj
(Vl)


 = 2E(1−

∑
j

γl(j))

≤ 2

α

∑
j

(
ϕ2(Cj)− ϕ2(Cj)

1 + ϕ2(Cj)

)
=

2

α

∑
j

ϕ2(Cj)
2

1 + ϕ2(Cj)

≤ 2

α
max

j
ϕ2(C

(n)
j )

∑
j

ϕ2(C
(n)
j )

1 + ϕ2(C
(n)
j )

≤ 2λn,

which again tends to zero as n →∞.

The reader will expect that it is possible to formulate the result of the
previous theorem as the convergence of G(n) to Γ in a suitable sense. In order
to use weak convergence we have to extend G(n) to be a random distribution
on the whole space Rd. However in order to obtain the next result such an
extension is essentially arbitrary.
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Theorem 5 Under the assumption of the previous theorem, let G(n) be any
random probability distribution on X× Y ×Z = Rd, with the property that

{
G(n)(B

(n)
i × C

(n)
j ×D

(n)
k ), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}

has the same law as

{
G(n)(i, j, k), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}
.

Furthermore suppose that for all compact sets E ⊂ X and F ⊂ Z

lim
n→∞

max
{∣∣∣B(n)

i

∣∣∣ , i ∈ I(n) : B
(n)
i ∩ E 6= ∅

}
= 0 (32)

lim
n→∞

max
{∣∣∣D(n)

k

∣∣∣ , k ∈ K(n) : D
(n)
k ∩ F 6= ∅

}
= 0. (33)

Then
{
G(n)

}
converges weakly to Γ, as random variables with values in the

space of probability distributions on Rd, endowed with the topology of weak
convergence.

Proof. In order to prove that
{
G(n)

}
converges weakly to Γ, it suffices

to show that
lim

n→∞
E

[
Φ

(
G(n)

)]
= E [Φ (Γ)] ,

for all functions Φ which are bounded and Lipschitz (BL) w.r.t. a metric
dist that induces the topology of weak convergence on P(Rd), i.e. with the
property that for all probability distributions µ and ν

|Φ (µ)− Φ (ν)| ≤ LΦdist (µ, ν) ,

with LΦ < ∞ (see [1]).
In particular (see [9]) we can choose dist = distBL, i.e.

distBL (µ, ν) = sup
‖f‖∞≤1,L(f)≤1

|µ(f)− ν(f)| ,

where the supremum is taken over all bounded Lipschitz functions on Rd

such that both the L∞ norm ‖f‖∞ and the Lipschitz constant L(f) are
bounded by 1.

By assumption

G(n)(dx, dy, dz) =
∑

i,j,k

G(n)(i, j, k)λ
(n)
ijk(dx, dy, dz),

18



where λ
(n)
ijk is a probability measure supported by B

(n)
i × C

(n)
j × D

(n)
k , for

i ∈ I(n), j ∈ J (n), k ∈ K(n). Likewise we define the intermediate random
probability distribution on Rd, namely

Γ(n)(dx, dy, dz) =
∑

i,j,k

Γ(n)(i, j, k)λ
(n)
ijk(dx, dy, dz),

where we recall that

Γ(n)(i, j, k) = Γ(B
(n)
i × C

(n)
j ×D

(n)
k ). (34)

Obviously
∣∣E [

Φ
(
G(n)

)]− E [Φ (Γ)]
∣∣

≤
∣∣E [

Φ
(
G(n)

)− Φ
(
Γ(n)

)]∣∣ +
∣∣E [

Φ
(
Γ(n)

)− Φ (Γ)
]∣∣ .

If Φ is BL, then
∣∣E [

Φ
(
G(n)

)]− E
[
Φ

(
Γ(n)

)]∣∣ ≤ E
[
LΦdistBL

(
G(n), Γ(n)

)]

≤ 1

2
LΦE

[∥∥G(n) − Γ(n)
∥∥]

.

By Theorem 4 the variation distance between G(n) and Γ(n) tends to zero,
hence it follows

lim
n→∞

∣∣E [
Φ

(
G(n)

)]− E
[
Φ

(
Γ(n)

)]∣∣ = 0.

Furthermore
∣∣E [

Φ
(
Γ(n)

)]− E [Φ (Γ)]
∣∣ ≤ LΦE

[
distBL

(
Γ(n), Γ

)]

= LΦE

[
sup

‖f‖∞≤1,L(f)≤1

∣∣Γ(n)(f)− Γ(f)
∣∣
]

.

Since the quantity inside the expectation is bounded by 2, by the bounded
convergence theorem, the statement will be proved once we show that for
any probability measure Γ on Rd

lim
n→+∞

sup
‖f‖∞≤1,L(f)≤1

∣∣Γ(n)(f)− Γ(f)
∣∣ = 0.

For this observe that
∣∣Γ(n)(f)− Γ(f)

∣∣

=

∣∣∣∣∣∣∣∣

∑

i,j,k

Γ(n)(i, j, k)

∫

B
(n)
i

∫

C
(n)
j

∫

D
(n)
k

f(x, y, z)

(
λ(n)(dx, dy, dz)− Γ(dx, dy, dz)

Γ(n)(i, j, k)

)
∣∣∣∣∣∣∣∣
.
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Let ε > 0 and consider compact sets Ah ⊂ Rdh for h = 1, 2, 3 such that
Γ (Ac) < ε, where A = A1×A2×A3. Then, by splitting the sum as the sum∑∗

i,j,k over those indices (i, j, k) such that B
(n)
i ∩ A1 6= ∅, C

(n)
j ∩ A2 6= ∅ and

D
(n)
k ∩ A3 6= ∅, and the sum over the remaining indices, the above display is

bounded from above by

∑

i,j,k

∗
Γ(n)(i, j, k)

∣∣∣∣∣∣∣∣

∫

B
(n)
i

∫

C
(n)
j

∫

D
(n)
k

f(x, y, z)

(
λ(n)(dx, dy, dz)− Γ(dx, dy, dz)

Γ(n)(i, j, k)

)
∣∣∣∣∣∣∣∣

+ 2 ‖f‖∞ ε

≤
∑

i,j,k

∗
Γ(n)(i, j, k)




∫

B
(n)
i

∫

C
(n)
j

∫

D
(n)
k

∣∣f(x, y, z)− f
(
xi, yj, zk

)∣∣ λ(n)(dx, dy, dz)

(35)

+

∫

B
(n)
i

∫

C
(n)
j

∫

D
(n)
k

∣∣f(x, y, z)− f
(
xi, yj, zk

)∣∣ Γ(dx, dy, dz)

Γ(n)(i, j, k)


 + 2ε,

for any choice of
(
xi, yj, zk

) ∈ B
(n)
i × C

(n)
j ×D

(n)
k .

Observe that from the assumption ii) of the previous Theorem 4, (32)
and (33), for n large enough,

∣∣∣B(n)
i × C

(n)
j ×D

(n)
k

∣∣∣ < ε,

for all the indices (i, j, k) considered in the above sum. Hence for any

(x, y, z) ∈ B
(n)
i × C

(n)
j ×D

(n)
k as above

∣∣f(x, y, z)− f
(
xi, yj, zk

)∣∣ ≤ L(f)dist
(
(x, y, z), (xi, yj, zk)

) ≤ ε,

which implies that (35) does not exceed 4ε. Since ε is arbitrary, the proof is
finished.

Remark 6 We remark that assumption iii) of Theorem 4 holds true when
ϕ23 has a jointly continuous density g23(y, z) w.r.t. to a product measure
µ2 × µ3, with the property that for any y ∈ Rd2 there exists a µ3-integrable
function hy(z), such that for any y′ in a neighborhood of y

g23(y
′, z) ≤ hy(z) for all z ∈ Rd3 .
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In fact this implies that as yn tends to y,

lim
n→∞

∫
|g23(yn, z)− g23(y, z)|µ3(dz) = 0,

the density g2(y) =
∫

g23(y, z)µ3(dz) of ϕ2 w.r.t. µ2 is continuous in y, and
by Bayes formula

‖ϕ3|2(·|yn)− ϕ3|2(·|y)‖ ≤ 2

g2(y)

∫
|g23(yn, z)− g23(y, z)|µ3(dz),

for y in the open set of full ϕ2-measure where g2(y) > 0.

In the following sections we will prove results analogous to Theorem 4
and Theorem 5 for more general hyper Dirichlet processes.

4 More general hyper Dirichlet processes

In this section we construct a general hyper Dirichlet process by removing
the assumption that the common marginal of its two parameter measures is
diffuse. We start with the following general result about Dirichlet processes.

Proposition 7 Let us consider a sequence of finite measures
{
ρ(l), l = 0, 1, 2, ..

}
on the measurable space (E , E), and suppose that ρ(E ) =

∑
l ρ

(l)(E ) < +∞,
in which case ρ is a finite measure as well. Let R = {Rl, l = 0, 1, 2, ...} be a
sequence of independent random variables, with

Rl ∼ Be
(
ρ(l)(E ),

∞∑

i=l+1

ρ(i)(E )
)
, l = 0, 1, 2, ... (36)

and define the random sequence S = T(R), i.e.

Sl = Rl

l−1∏
i=0

(1−Ri), l = 0, 1, 2, ...

Then
i) S is a Dirichlet process on N, with parameter measure

∑
l ρ

(l)(E )δl.

Moreover let
{
Γl ∼ DI

(
ρ(l)

)
, l = 0, 1, 2, ...

}
be a sequence of independent

Dirichlet processes on E, all independent of S. Then
ii) the random probability distribution on (E , E)

∞∑

l=0

SlΓl (37)

is a Dirichlet process on E with parameter measure ρ.
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Proof. A Dirichlet process whose parameter measure is a single mass
on some (fixed) point x is with probability 1 a Dirac probability distribution
on x. As a consequence statement i) is included in statement ii), when
ρ(l) = ρ(l)(E )δl, and therefore we prove only the latter.

Next observe that the residual masses 1−
m∑

l=0

Sl of the sequence S decrease

to zero a.s. as m →∞, since

E

[
1−

m∑

l=0

Sl

]
=

m∏

l=0

E(1−Rl) =
m∏

l=0

∞∑
j=l+1

ρ(j)(E )

∞∑
j=l

ρ(j)(E )
=

∞∑
j=m+1

ρ(j)(E )

ρ(E )
→ 0

as m → ∞. Thus (37) is well defined as a random variable with values in
the set of probability measures over (E , E).

Using the converse part of Proposition 1, and induction on m, it is not
difficult check that

(S0, ..., Sm, 1−
m∑

l=0

Sl) ∼ Di

(
ρ(0)(E ), ..., ρ(m)(E ),

∞∑

l=m+1

ρ(l)(E )

)
, (38)

for any integer m.
Let x0 be any fixed element of E and define the random probability

distribution {
m∑

l=0

SlΓl +

(
1−

m∑

l=0

Sl

)
δx0 , h ∈ H

}
(39)

Next consider any finite measurable partition {Ah, h ∈ H} of E , and suppose
for the moment that the joint law of

{
m∑

l=0

SlΓl(Ah) +

(
1−

m∑

l=0

Sl

)
δx0(Ah), h ∈ H

}
(40)

is Di

(∑m
l=0 ρ(l)(Ah) +

( ∞∑
l=m+1

ρ(l)(E )

)
δx0(Ah), h ∈ H

)
.

If we let m →∞ the random vector (40) converges a.s. to
{ ∑∞

l=0 SlΓl(Ah),
h ∈ H

}
, hence it converges in law as well. By the continuity of the Dirichlet

laws w.r.t. their parameter vectors, the limit law is Di
{∑∞

l=0 ρ(l)(Ah)
}
. This

ends the proof of statement ii).
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In order to see that (40) has the correct law, define the following two-
dimensional table

D12(h, l) = SlΓl(Ah), h ∈ H, l = 0, ..., m,

D12(h,m + 1) =

(
1−

m∑

l=0

Sl

)
δx0(Ah), h ∈ H,

and observe that the marginal D2(·) is (38) and the conditionals D1|2(·|l)
are {Γl(Ah), h ∈ H} for l = 0, ..., m, and {δx0(Ah), h ∈ H} for l = m + 1.
Therefore by Proposition 1

D12 ∼ Di(d12(h, l), h ∈ H, l = 0, 1, ...,m + 1),

where

d12(h, l) = ρ(l)(Ah), h ∈ H, l = 0, ..., m,

d12(h,m + 1) =

( ∞∑

l=m+1

ρ(l)(E )

)
δx0(Ah), h ∈ H.

Finally observe that the marginal D1 coincides with (40) and apply again
Proposition 1 to conclude.

The consequence of the above proposition is the following convenient
representation of a general two-dimensional Dirichlet process.

Corollary 8 Let ρ be a finite measure on the product space X × Y, and let
{yl, l = 1, 2, ...} be the set of the atoms of ρ2(dy). Define the measure ψ as

ψ(dx, dy) :=
∑

l

δ{yl}(dy)ρ(dx× {yl})

and the measure ϕ in such a way that ρ = ϕ + ψ.
Then the Dirichlet process with parameter measure ρ can be represented

as
S0Γ(dx, dy) +

∑

l

SlΞl(dx)δyl
(dy),

where the sequence S = T(R), R being a sequence of independent random
variables with

R0 ∼ Be(ϕ2(Y), ψ2(Y)), Rl ∼ Be(ψ2({yl}),
∞∑

i=l+1

ψ2({yi})), l = 1, 2, ..., (41)
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Γ is a Dirichlet process on X × Y with parameter measure ϕ, and Ξl is a
Dirichlet process on X with parameter measure ψ(l)(dx) := ψ(dx×{yl}), for
l = 1, 2...., all mutually independent.

Proof. It suffices to apply the representation of Proposition 7 to the
Dirichlet process on E = X × Y with parameter measure ρ =

∑∞
l=0 ρ(l),

where

ρ(0)(dx, dy) = ϕ(dx, dy), ρ(l)(dx, dy) = ψ(l)(dx)δyl
(dy), l = 1, 2, ...

with Γ0 = Γ and Γl ∼ DI
(
ψ(l)(dx)δyl

(dy)
)
, which can be represented as

Ξl(dx)δyl
(dy), for l = 1, 2, ...

Notice that ρ = ϕ + ψ is the unique decomposition where the marginal
ϕ2 is diffuse and the marginal ψ2 is purely atomic. Therefore, given two
consistent parameter measures ρ12 and ρ23 on X ×Y and Y ×Z respectively,
they can be uniquely decomposed as

ρ12 = ϕ12 + ψ12, ρ23 = ϕ23 + ψ23,

where ϕ12 and ϕ23 are consistent, with diffuse marginal ϕ2, whereas ψ12 and
ψ23 are consistent, with purely atomic marginal ψ2.

Assume from now on that X , Y and Z are Borel spaces. Then the
previous corollary allows to construct a general hyper Dirichlet process, i.e.
a process whose law is the hyper Markov combination of two hyperconsistent
laws DI(ρ12) and DI(ρ23) on X ×Y and Y × Z, respectively. The measures
ϕ2 and ψ2 being singular, the Markov combination ρ of ρ12 and ρ23, as defined
in (11), is the sum of the Markov combination ϕ of ϕ12 and of ϕ23 and the
Markov combination ψ of ψ12 and ψ23. Let us define

ρ
(0)
2 (dy) = ϕ2(dy), ρ

(l)
2 (dy) = ψ2({yl})δyl

(dy), l = 1, 2, ...

so that ρ2 = ϕ2 + ψ2 =
∑∞

l=0 ρ
(l)
2 . Now let R be a sequence of independent

random variables distributed as in (41), and let S = T(R), so that

S ∼ DI(ρ
(l)
2 (Y), l = 0, 1, 2, ...) (42)

Moreover let Γ ∼ HDI(ϕ12, ϕ23), and Ξx
l and Ξz

l be Dirichlet processes on X
and Z respectively, with parameter measures ψ

(l)
12 (dx) = ψ12(dx× {yl}) and

ψ
(l)
23 (dz) = ψ23({yl} × dz), all mutually independent. Notice that hypercon-

sistency implies that

ψ
(l)
12 (X ) = ψ

(l)
23 (Z) = ψ2({yl}).
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Then define

Σ(dx, dy, dz) = S0Γ(dx, dy, dz) +
∑

l

SlΞ
x
l (dx)Ξz

l (dz)δyl
(dy). (43)

The following generalization of Theorem 2 holds true.

Proposition 9 The law of Σ defined in (43) is the hyper Markov combina-
tion of DI(ρ12) and DI(ρ23).

Proof. By using the previous Corollary the laws of the marginals Σ12

and Σ23 are immediately identified to be DI(ρ12) and DI(ρ23). Next, inde-
pendently of S, use independent Sethuraman representations (13)

Γ = κ
(
γ, (U , V ,W )

)

Ξx
l = κ(γx

l ,U
x
l ), Ξz

l = κ(γz
l ,W

z
l ), l = 1, 2, . . . ,

where γ, U , V , W are as in Proposition 3, γx
l = (γx

l,m, m = 1, 2, ...) and
γz

l = (γz
l,m, m = 1, 2, ...) are independent sequences obtained as the image

under T of i.i.d. sequences

βx
l = (βx

l,m ∼ Beta(1, ψ2({yl})), m = 1, 2, ...),

βz
l = (βz

l,m ∼ Beta(1, ψ2({yl})), m = 1, 2, ...),

respectively, and

Ux
l = (Ux

l,m ∼ ψ12(· × {yl})/ψ2({yl}), m = 1, 2, ...)

W z
l = (U z

l,m ∼ ψ23({yl} × ·)/ψ2({yl}), m = 1, 2, ...)

are sequences of i.i.d. random variables.
With probability 1 the sequence V contains neither repetitions nor any of

the yl, for l = 1, 2, . . . . This implies that the realizations of Σ are Markovian
with probability 1.

As for the hyper Markov property observe that

σ {Σ2} ⊂ σ {S,γ,V} ,

σ {Σ12} ⊂ σ {S, γ,U,V,γx
l , U

x
l , l = 1, 2, . . . } ,

σ {Σ23} ⊂ σ {S, γ,V,W, γz
l , W

z
l , l = 1, 2, . . . } ,

so that, by the conditional independence of U and W given S, γ and V ,
and the independence of γx

l ,U
x
l , γ

z
l ,W

z
l , l = 1, 2, . . . from all the remaining

sequences, it is immediately obtained that

Σ12 ⊥ Σ23 | S,γ,V.
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The proof is finished as in Proposition 3, the only change being that

E

[
m∏

l=1

(Σ12(Fl))
dl

∣∣∣∣∣ σ {S,γ,V }
]

=

∫

Fl1,Y
· · ·

∫

Fld,Y
ψ̃ (y1, · · · , yd) Σ2(dy1) · · ·Σ2(dyd), (44)

where d = d1 + · · ·+ dm, and where ψ̃ is the bounded measurable function

ψ̃ (v) = E


δU1


 ⋂

i∈A1(v)

F
(v′1)
li,X




∣∣∣V1 = v′1


 . . . E


δUf


 ⋂

i∈Af (v)

F
(v′f)
li,X




∣∣∣V1 = v′f




. . . E


 ∏

i∈B1(v)

Ξx
j1

(
F

(yj1)
li,X

)
 . . . E


 ∏

i∈Be(v)

Ξx
je

(
F

(yje )
li,X

)

 ,

with v = (v1, . . . vd), and

{v1, . . . , vd} =
{
v′1, . . . , v

′
f , yj1 , . . . , yje

}
,

A1(v), . . . , Af (v) being defined as in (18), and

B1(v) = {i : vi = yj1}, . . . , Be(v) = {i : vi = yje}.

We call a process having the same law as Σ defined in (43) a hyper
Dirichlet process, extending the previously given definition. This law is again
denoted by HDI(ρ12, ρ23). The reader will then expect that in this more
general case the hyper Dirichlet process is not necessarily a Dirichlet process.
In fact the following result is easily established.

Proposition 10 The process Σ defined in (43) is a Dirichlet process if and

only if for each l = 1, 2, ... either ψ
(l)
12 or ψ

(l)
23 is a single mass. If this happens

the parameter measure of Σ is the Markov combination of ρ12 and ρ23.

Proof. If ψ
(l)
12 or ψ

(l)
23 is a single mass it is clear that Ξx

l (dx)Ξz
l (dz)δyl

(dy)
is a Dirichlet process with parameter measure having total mass ψ2({yl}).
On the other hand Γ is always a Dirichlet process with parameter measure
having total mass ϕ2(Y). Hence, by Proposition 7, the sufficiency of the
condition is established.
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The necessity of the condition is obtained from the observation that, by
(4) of Proposition 1, for l = 1, 2, · · ·

Σ(dx× {yl} × dz)

Σ(X × {yl} × Z)
= Ξx

l (dx)Ξz
l (dz)

is a Dirichlet process. Conversely, by taking any finite partition {Bi} of X
and {Dk} of Z, and arguing as in the proof of Proposition 2 for the finite
case, the necessity follows.

Next our aim is to establish the form of the law of a hyper Dirichlet process
Σ conditional to a random sample (Xi, Yi, Zi), i = 1, .., n, drawn from Σ itself.
This information is not supplied by the general conjugacy result proved in
Dawid and Lauritzen (Corollary 5.5 of [3]), which holds only for strong hyper
Markov processes. We begin by constructing a single observation (X, Y, Z) =
(X1, Y1, Z1) in the same space where Σ is constructed. This is achieved by
using additional label variables.

Consider first a random probability distribution on some measurable
space (E , E) of the form

H =
+∞∑

l=0

SlΓl, (45)

where Γ = (Γl, l ≥ 0) is a sequence of independent random probability dis-
tributions on (E , E) with Γl ∼ ηl, and S = (Sl, l ≥ 0) is a random probability
distribution on N independent of Γ, with law ν.

Conditionally to (S,Γ), let N be an integer random variable with law
(Sl, l ≥ 0), and let ξ have law ΓN , conditionally to (S, Γ) and N . In this
way, conditionally to σ(H), ξ has law H (see Lemma 4.1 in[10]), thus we say
that ξ is a sample from H.

Lemma 11 Suppose there exists a family {Al, l ≥ 0} of disjoint subsets of
E such that Γl(Al) = 1 with probability 1. Then

L (S,Γ|ξ) = L (S|N = n) ⊗
l 6=n

L (Γl)⊗ L (Γn|ξ) , if ξ ∈ An. (46)

Proof. The condition on the partition implies that the representation (45)
is unique so we may identify (S,Γ) with H, and moreover

N =
∞∑

l=0

l 1Al
(ξ), (47)
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Hence
L (S,Γ|ξ) = L (S,Γ|N = n, ξ) , if ξ ∈ An, (48)

Since by assumption

P (S ∈ ds, N = n,Γ ∈dg, ξ ∈ dx) = ν(ds)sn

∏

l

ηl(dgl)gn(dx),

it is

P (S ∈ ds,Γ ∈dg, ξ ∈ dx|N = n) =
ν(ds)sn∫
ν(dq)qn

·
∏

l 6=n

ηl(dgl) · ηn(dgn)gn(dx),

which ensures that S, {Γl, l 6= n} and (Γn, ξ) are conditionally independent
given N = n, which implies (46).

This observation is the key to establish the following result.

Proposition 12 Consider a hyper Dirichlet process Σ ∼ HDI (ρ12, ρ23).
Assume that, conditionally on Σ, the vector of observations

(
(Xi, Yi, Zi), i = 1, ..., m

)

has i.i.d. components, each with distribution Σ. Then, conditionally on the
observations, the law of Σ is HDI

(
ρ12 +

∑m
i=1 δ(Xi,Yi), ρ23 +

∑m
i=1 δ(Yi,Zi)

)
.

Proof. Let us consider the case of a sample of size m = 1. For larger
values of m the result is obtained through the standard recursion argu-
ment for constructing posterior distributions (see e.g. Sethuraman [10], page
648). The hyper Dirichlet process Σ defined in (43) has the form (45)
with Γ0(dx, dy, dz) = Γ(dx, dy, dz) and Γl(dx, dy, dz) = Ξx

l (dx)Ξz
l (dz)δyl

(dy),
l = 1, 2, ..., and in our case ξ = (X,Y, Z). Moreover A0 =

{
(x, y, z) ∈

X × Y × Z : y 6= yl, l = 1, 2, ...
}

and Al = X × {yl} × Z, l = 1, 2, ...

Since S ∼DI(ρ
(l)
2 (Y), l ∈ N) and N is drawn from S, the standard result

about conjugacy of Dirichlet processes ([10], Lemma 4.1) yields that S is

DI(ρ
(l)
2 (Y) + δn(l), l ∈ N), conditional to N = n. Next, for the same

reason, the law of Γ conditional to (X, Y, Z) (for Y /∈ {yl, l = 1, 2, ...}) is
DI(ρ + δ(X,Y,Z)), where ρ is the Markov combination of ρ12 and ρ23 . It is
easily seen that ρ + δ(X,Y,Z) is the Markov combination of ρ12 + δ(X,Y ) and
ρ23 + δ(Y,Z), thus

DI(ρ + δ(X,Y,Z)) = HDI(ρ12 + δ(X,Y ), ρ23 + δ(Y,Z)).
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Finally, when Y = yl, the law of the independent Dirichlet processes Ξx
l and

Ξz
l given samples X and Z extracted independently from each of them is

the product law of two Dirichlet processes ψ
(l)
12 + δX and ψ

(l)
23 + δZ . Putting

together all these results in (46) and using Proposition 9 with ρ12 + δ(X,Y )

and ρ23 + δ(X,Y,Z) replacing ρ12 and ρ23 the statement of the proposition for
m = 1 is immediately obtained.

Remark 13 The previous theorem states that the class of hyper Dirichlet
processes is conjugate w.r.t. random sampling, as it happens for the class of
Dirichlet processes. Now observe that the law of a hyper Dirichlet process
conditional to the observations has always parameter measures with atomic
components. But if the prior law is HDI(ρ12, ρ23) with ρ2 = ϕ2 diffuse, the
probability of observing (Yi, i = 1, ..., m) with all distinct components is 1. By
consequence the atomic component of the posterior parameter measure is a
sum of Dirac measures, hence, by Proposition 10, the posterior law is not only
the law of a hyper Dirichlet process but actually the law of a Dirichlet process,
as it results directly from the conjugacy property of these latter processes.

We now finally pass to a limit result similar to Theorem 4 for general
Hyper Dirichlet processes. From now on we take again X , Y and Z to be
Euclidean spaces with dimensions d1, d2 and d3, respectively, and assume that
for each of these spaces we have a sequence of finite partitions as in (19).
Correspondingly, we discretize along the corresponding product sequences
of partitions in two-dimensional cells (20) the parameter measures ρ12 =
ϕ12 + ψ12 and ρ23 = ϕ23 + ψ23, thereby getting the tables

ρ
(n)
12 = ϕ

(n)
12 + ψ

(n)
12 , ρ

(n)
23 = ϕ

(n)
23 + ψ

(n)
23 ,

where ϕ
(n)
12 and ϕ

(n)
23 are defined in (21), and

ψ
(n)
12 =

{
ψ12(B

(n)
i × C

(n)
j ), i ∈ I(n), j ∈ J (n)

}
,

ψ
(n)
23 =

{
ψ23(C

(n)
j ×D

(n)
k ), j ∈ J (n), k ∈ K(n)

}
.

For each integer n consider a HDi(ρ
(n)
12 , ρ

(n)
23 ) distributed random array

{
F (n)(i, j, k), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}
(49)

which has to be compared with

{
Σ(n)(i, j, k) = Σ(B

(n)
i × C

(n)
j ×D

(n)
k ), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}
(50)
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where Σ ∼ HDI (ρ12, ρ23) is defined in (43). However, for our next result it
is more convenient to use a different representation for this process which is
constructed next.

Let us proceed to construct both (49) and (50) on the same probability

space. We start by defining Γ(n) and G(n) = G
(n)
3|2 as in Theorem 4. All

the other random variables to be defined will be taken independent of these
two arrays. Let S0 ∼ Be(ϕ2(Y), ψ2(Y)) be the weight of the diffuse part
in (43). Then we split the atomic part as a mixture of distributions, each

concentrated on a set of the partition
{
X × C

(n)
j ×Z , j ∈ J (n)

}
. For this

we need first an independent vector of masses

(M
(n)
1 , ...,M

(n)

|J(n)|) ∼ Di(ψ2(C
(n)
j ), j ∈ J (n))

Next we have to split the mass inside each set of the partition. So for
each j ∈ J (n) such that ψ2(C

(n)
j ) > 0, define the following random vari-

ables. First an independent sequence of independent random variables L
(n)
j ={

L
(n)
j,m,m = 1, 2, ...

}
with

L
(n)
j,m ∼ Be

(
ψ2(y

(n)
j,m),

∞∑
i=m+1

ψ2(y
(n)
j,i )

)
, m = 1, 2, ...,

where
{
y

(n)
j,m, m = 1, 2, ...

}
is the subset

{
yl, l = 1, 2, ...

} ∩ C
(n)
j , with the

points ordered in an arbitrary way. The sequence L
(n)
j is used to obtain the

corresponding sequence of weights U
(n)
j = T(L(n)

j ), i.e.

U
(n)
j,m =

m−1∏
i=1

(1− L
(n)
j,i )L

(n)
j,m, m = 1, 2, ...

which is a Dirichlet process on N with parameter measure
∑

m ψ2(y
(n)
j,m)δm,

as it results by the application of Proposition 7. Notice that in case the

sequence
{

y
(n)
j,m, m = 1, 2, ...

}
is finite, L

(n)
j and U

(n)
j are both taken to be

eventually zero. Observe that, by Proposition 1, the joint law of
{
M

(n)
j U

(n)
j,m, m = 1, 2, ..., j ∈ J (n)

}

is the same as that of

{ S
(n)
j,m

1− S0

, m = 1, 2, ..., j ∈ J (n)
}

,
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where S
(n)
j,m is defined to be Sl as given by (42) for the index l ≥ 1, such that

yl = y
(n)
j,m. Moreover both these sequences are independent of S0.

Finally, for each j such that ψ2(C
(n)
j ) > 0, mutually independent Dirichlet

processes Ξ
x,(n)
j,m and Ξ

z,(n)
j,m are defined on X and Z, with parameter measures

ψ12(dx× {y(n)
j,m}) and ψ23({y(n)

j,m} × dz), m = 1, 2, ... We have thus completed
the construction of the probability space (depending on n) over which we
define

Σ(n)(i, j, k)

= S0Γ
(n)(i, j, k) + (1− S0)M

(n)
j

∑
m

U
(n)
j,mΞ

x,(n)
j,m (B

(n)
i )Ξ

z,(n)
j,m (D

(n)
k ) (51)

As far as the approximation is concerned, we also need independent copies of

the sequences L
(n)
j =

{
L

(n)
j,m,m = 1, 2, ...

}
, say L

′(n)
j =

{
L
′(n)
j,m ,m = 1, 2, ...

}
,

with the corresponding sequence of weights U
′(n)
j =

{
U
′(n)
j,m ,m = 1, 2, ...

}
=

T(L′(n)
j ), and an independent random vector with independent components

O
(n)
j ∼ Be(ϕ2(C

(n)
j ), ψ2(C

(n)
j )), j ∈ J (n). Then we define

F (n)(i, j, k) =

{
S0Γ

(n)
12 (i, j) + (1− S0)M

(n)
j

∑
m

U
(n)
j,mΞ

x,(n)
j,m (Bi)

}

·
{

O
(n)
j G(n)(k|j) + (1−O

(n)
j )

∑
p

U
′(n)
j,p Ξ

z,(n)
j,p (Dk)

}
(52)

By using Proposition 1 and Proposition 7, it is easy to check that the
marginal laws of the arrays Σ(n) and F (n) are the required ones. Moreover
the following result holds.

Theorem 14 Under the assumptions ii) and iii) of Theorem 4

lim
n→∞

∑

i∈I(n)

∑

j∈J(n)

∑

k∈K(n)

E|Σ(n)(i, j, k)− F (n)(i, j, k)| = 0.
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Proof. We subtract (52) from (51), and we bound from above its absolute
value by

S0|Γ(n)(i, j, k)− Γ(n)(i, j)O
(n)
j G(n)(k|j)| (53)

+ (1− S0)M
(n)
j

∑
m

U
(n)
j,mΞx

j,m(Bi)

∣∣∣∣∣Ξ
z,(n)
j,m (Dk)− (1−O

(n)
j )

∑
p

U
′(n)
j,p Ξ

z,(n)
j,p (Dk)

∣∣∣∣∣
(54)

+ S0Γ
(n)(i, j)(1−O

(n)
j )

∑
p

U
′(n)
j,p Ξ

z,(n)
j,p (Dk) (55)

+ (1− S0)M
(n)
j O

(n)
j G(n)(k|j)

∑
m

U
(n)
j,mΞ

x,(n)
j,m (Bi). (56)

We then proceed to bound each of the four terms. For the first term (53)
notice that

S0|Γ(n)(i, j, k)− Γ(n)(i, j)O
(n)
j G(n)(k|j)|

≤ S0|Γ(n)(i, j, k)− Γ(n)(i, j)G(n)(k|j)|+ S0Γ
(n)(i, j)(1−O

(n)
j )G(n)(k|j)

Since Γ(n)(i, j)G(n)(k|j) = G(n)(i, j, k), by summing over i, j, k and taking
the expected value, the first term goes to zero in the mean by Theorem 4.
For the second term, by summing and taking the mean we get

E [S0]
∑

i,j,k

E
[
Γ(n)(i, j)

]
E

[
1−O

(n)
j

]
E

[
G(n)(k|j)]

≤ ϕ2(Y)

ϕ2(Y) + ψ2(Y)

∑
i,j

ϕ12(B
(n)
i × C

(n)
j )

ϕ12(X × Y)

ψ2(C
(n)
j )

ϕ2(C
(n)
j ) + ψ2(C

(n)
j )

=
1

ϕ2(Y) + ψ2(Y)

∑
j

ϕ2(C
(n)
j )ψ2(C

(n)
j )

ϕ2(C
(n)
j ) + ψ2(C

(n)
j )

=: χn.

In order to deal with the second term (54) observe that

∣∣∣∣∣Ξ
z,(n)
j,m (Dk)− (1−O

(n)
j )

∑
p

U
′(n)
j,p Ξ

z,(n)
j,p (Dk)

∣∣∣∣∣

≤ (1−O
(n)
j )

∑
p

U
′(n)
j,p

∣∣∣Ξz,(n)
j,m (Dk)− Ξ

z,(n)
j,p (Dk)

∣∣∣ + O
(n)
j Ξ

z,(n)
j,m (Dk).
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Then, inserting the above estimate in (54), summing both sides over i, j, k,
and taking the expected value we get the upper bound

E(1− S0)·
·
{ ∑

j

EM
(n)
j E(1−O

(n)
j )

∑
m

∑

p6=m

EU
(n)
j,mEU

′(n)
j,p

∑

k

E
∣∣∣Ξz,(n)

j,m (Dk)− Ξ
z,(n)
j,p (Dk)

∣∣∣

+
∑

j

EM
(n)
j EO

(n)
j

}
(57)

The last term in (57) is the easiest to deal with, since it is equal to

E(1− S0)
∑

j

EM
(n)
j EO

(n)
j

=
ψ2(Y)

ϕ2(Y) + ψ2(Y)

∑
j

ψ2(C
(n)
j )

ψ2(Y)

ϕ2(C
(n)
j )

ϕ2(C
(n)
j ) + ψ2(C

(n)
j )

= χn,

whereas the first term in (57) is bounded by

2E(1− S0)
∑

j

EM
(n)
j E(1−O

(n)
j )

∑

m6=p

∑
EU

(n)
j,mEU

′(n)
j,p

= 2
ψ2(Y)

ϕ2(Y) + ψ2(Y)

∑
j

ψ2(C
(n)
j )2

ψ2(Y)
(
ϕ2(C

(n)
j ) + ψ2(C

(n)
j )

)
∑
m

∑

p6=m

ψ2({y(n)
j,m})ψ2({y(n)

j,p })
ψ2(C

(n)
j )2

≤ 4

ϕ2(Y) + ψ2(Y)

∑
j

ψ2(C
(n)
j )

ϕ2(C
(n)
j ) + ψ2(C

(n)
j )

∑
p>1

ψ2({y(n)
j,p })

≤ 4

ϕ2(Y) + ψ2(Y)

∑
j

∑
p>1

ψ2({y(n)
j,p }) =: τn,

where we have used the fact that, for any sequence an ≥ 0

∑
n

∑

m6=n

anam = 2
∑

n

∑
m>n

anam ≤
∑

n

an

∑
m>1

am.

Likewise, the expected value of the sum of the third terms (55) yields

ES0

∑
j

E(
∑

i

Γ(n)(i, j))E(1−O
(n)
j )

=
ϕ2(Y)

ϕ2(Y) + ψ2(Y)

∑
j

ϕ2(C
(n)
j )

ϕ2(Y)

ψ2(C
(n)
j )

ϕ2(C
(n)
j ) + ψ2(C

(n)
j )

= χn,
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and for the last terms (56) we bound the sum of the expected values by

E(1− S0)
∑

j

EM
(n)
j EO

(n)
j = χn.

We finally end the proof by noticing that, since ψ2 is a finite measure, for
any ε > 0 there exists an integer Lε such that

Lε∑

l=1

ψ2({yl}) ≥ ψ2(Y)− ε;

moreover, for n large enough each of the C
(n)
j will contain either one or none of

the yl, l = 1, 2, ..., Lε. Therefore, for n large enough,
∑

j

∑
p>1 ψ2({y(n)

j,p }) ≤
ε, so that

τn ≤ 4ε

ϕ2(Y) + ψ2(Y)

and analogously, for n large enough,

χn ≤ 1

ϕ2(Y) + ψ2(Y)

(
ε + Lε max

j∈J(n)
ϕ2(C

(n)
j )

)
≤ 2ε

ϕ2(Y) + ψ2(Y)

since maxj∈J(n) ϕ2(C
(n)
j ) = λn goes to zero as n →∞, as it has been proved

in Theorem 4. Thus the proof is finished.

As a corollary of the above result we get immediately the announced
generalization of Theorem 5.

Theorem 15 Under the assumption of the previous theorem, let F (n) be any
random probability distribution on X× Y ×Z = Rd, with the property that

{
F (n)(B

(n)
i × C

(n)
j ×D

(n)
k ), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}

has the same law as

{
F (n)(i, j, k), i ∈ I(n), j ∈ J (n), k ∈ K(n)

}
.

Furthermore suppose that (32) and (33) hold for all compact sets E ⊂ X and
F ⊂ Z. Then

{
F (n)

}
converges weakly to Σ, as probability measures on Rd,

endowed with the topology of weak convergence.
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