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1 Introduction

In this paper we consider a stochastic system (z¢,ys, 2¢). We assume that (z;)
is an unobservable process, while (z;) is a counting process defined by 0 = Sy <
S; <...< S, <...and it is completely observable. The process (y:) can be
observed only at the random times {.S;};>o.

The information about (y;) at time S; can be either precise, or grouped, in
the sense that either we can observe yg, exactly, or we can observe only whether
ys, is in T'y,, where {I';,} is a partition of the state space of the y—component.

Such models can arise in different contexts.

A first example arises in stochastic finance modelling (see e.g. Frey and
Runggaldier [9]). The process (x:) represents the historical volatility process,
while (y;) represents the shadow asset price process, and finally S; are the trans-
action times.

A second example arises in population modelling, when a branching process
models a population growth and the size of a subpopulation is observed up
to time t. Then the observation consists of the subpopulation size at its own
branching times. The process (x;) represents the population size, (y;) represents
the subpopulation size, while (z;) counts the jump times of ys for s € [0,¢]. In
this sense it fits into the above situation. This example is studied by Ceci and
Gerardi ([5]), when the information is precise in the above sense.

A third example can arise in a reliability context: a system is endowed of
a pre-alarm mechanism (y;) and of a control mechanism (z;): both the control
(2¢) and the pre-alarm (y;) mechanisms are modelled as random clocks driven
by the same random process (z;). At the control times it is possible to know
how many pre-alarms have been registered up to this time. For example, given
a first critical value ag and a second critical value a1 , with ag < a7, the pre-
alarm mechanism is "on” (or active ) only when z; takes values in (g, 00), at
a rate increasing with x;, while the control mechanisms, beside being "on” at a



constant rate, counts the pre-alarm times, when z; is in (a1, 00). To fix ideas
we write down a possible formal generator £ for the system (zy, ys, 2¢)

/.Zf(z,y, Z) =

s, 2) 0af (2,0,2) + 5 €0, 2)2 eaf (2,9, 2)
A(ZIJ, Y, Z) H{ze(ao,al]} [f(ﬂ?, Y+ 1a Z) - f(xa Y, Z)]
M<x7ya Z) H{ze(al,oo)} [f(xay + 17 z+ 1) - f(ma Y, Z)]
0 [f(:my,z + 1) - f(xvyvz)]

+ o+ +

In [14] a similar model is considered and is given the filter of the random
parameter € of a Poisson process (y;) observed at random times which generate
a counting process (z;). In this model the z-component is the random parameter
#, and in the above framework corresponds to the case when b = 0 and ¢ = 0,
Mz,y,2) =z, ag =0, ag = oo (and then p(z,y, z) can be taken equal to zero),
finally the intensity of (z;) is not constant, but is linearly increasing with (y;).

The grouped information case can arise when only rounded transaction prices
are available, in the financial example. Considering the induced partition as a
grid, the filter with grouped information could be interpreted as an approxima-
tion to the original filter, different from the one considered in [9].

In the remaining examples, the information is grouped when, for instance,
the number of pre-alarms (or the size of the subpopulation) is given as the
number of clusters of pre-alarms (or of individuals), each cluster being of a
fixed size.

A final example comes from queueing theory. Let (Q:) be an M /M /1 queue.
Then it can be represented as

t
Qu=Qo+ i~ [ Lig, suydN. 1)
0

where (A;), the arrival process, is a Poisson process with intensity A and (V)
is a Poisson process with intensity p. The two Poisson processes are supposed
independent. As usual, the departure process is denoted by (D), and defined
as

t
Dt ::/ H{stio}st' (2)
0

Suppose that one cannot observe the queue completely, but that one can
observe all the departure times, whether the queue is empty, and whether the
queue is above or below a certain level h. A motivation for this model comes
from the following situation. There is one server, and there is a waiting room
of capacity h. However, when the room is full, the clients are not rejected, but
they have to wait outside. The server can see only the client he is serving, and



can get the information that the queue is continuing outside. However he cannot
see how many people are waiting. Of course he can also see whether the queue
is zero, that is when the room is empty. Moreover he can see when a client
is leaving the queue, i.e. the departure times. This means that its observation
times are a counting process (Z;), namely

Zy = /Ot La.etyutnriyydAs + Di, (3)
or equivalently
t
Zy ::/0 L. efoyuqnyydAs + Dy. (4)
At any time we know whether the queue is 0, or in {1,...,h}, or in the set

{h+1,...}. At the observation time S; we also know whether S; is an arrival
time, or a departure time. This situation can also be modelled considering the
bivariate point process

t
zZ 5:/0 Lio._c{oyu(n}dAs, ZP := Dy, (5)

with jump times {S/*} and {SP}. At the jump times {S;} we know in which
set is Qg, and whether S; € {S{'} or S; € {SP}.
There is a peculiarity distinguishing the examples:

e in the first example there are no common jump times between the obser-
vation times of (z;) and the jump times of the process (y),

e in the second example the observation times of (z;) and the jump times
of the process (y;) coincide,

e in the third example we can assume that
= O
=N+ NP

where Nt(l), i € {1,2,3}, count the number of the ”uncontrolled” pre-alarm
times, of the ”routine” control times, and of the pre-alarm that are also
control times, respectively. It is important to note that we are assuming
that we are not able to detect whether a control time is a ”routine” control
time or a pre-alarm time.

e In the last example there is no z—component, and the observation times
are a subset of the jump times of the partially observed component. This
makes no basic difference with respect to the third example. However, in
the last example, we can detect which kind of jump has been observed,
i.e. we can detect whether it is an arrival or a departure time. In the last
Section we show how to handle with this difference.



In the first three situations the problem is to estimate the unobservable
process (x) and more precisely to look for the conditional law of z;, given the
observation up to time ¢. As will be clear later, it is natural, and in a certain
sense necessary, to derive instead the conditional law of (x,y:). In the last
situation we are directly interested in the law of the partially observed queue.

In this paper we assume a Markovian structure for the system, nevertheless
this assumption is not necessary for the model. This problem can arise also
for models with different assumptions. For instance, when the system is a (not
necessarily Markovian) pure jump process with values in a countable space E,
the system can be represented as a marked point process. Then the problem can
be viewed as a filtering problem of a partially observed marked point process,
and the techniques of Arjas, Haara and Norros ([1]) could be used.

We assume that (z;) is a d-dimensional diffusion process with jumps, (y:)
is a k-dimensional diffusion process with jumps, and (z;) is a counting process.
The drift and diffusion coefficients and the jump intensities may depend on
(zt, yt, z¢). It is important to note that common jump times are allowed for all
the three component. The process (y;) can also be a jump process with values
in a discrete space ).

The kind of processes we have in mind are solutions of the martingale prob-
lem for the operator £ C B(R? x R* x N) xB(R? x R¥ x N)

Lf(z,y,2) = (6)

1 *
= B(@y,2)V @y f(@y,2) + 5tr{V{, ) (@9, 2)C(@,y,2)C" (2,9, 2)}

[f(aj + Ko(.’L',y, 2 <)7y’ Z) - f(x,y, Z)} V(dC)

_l_
S—

Do (z,y,2)

+
S—

[f (@ + Ko(z,y, 2 0),y + K (2,9, 2 ), 2) = f (2,9, 2)] v(dC)

D1 (z,y,2)

[f(CE + Ko(x,y,z;C),y,z + 1) - f(IC,y,Z)] V(dC)

2(2,y,2)

+ / [f(‘r+Ko(xayaz7<)7y+K3(‘T7y7za<)?z+1)7f(x7yﬂz)]y(d<.)
D3 (z,y,2)

+
S—

where (3, S) is a measurable space, v(d() is a o-finite measure on 3, D,(z,y, 2),
for | = 0,1,2,3, are pairwise disjoint measurable subsets of 3. We introduce
the notation

KQ('I; Y, =3 C) = ]IDg(a;y}z) (C))

so that K> is measurable. We assume that also the functions K; are measurable,
for the remaining values of [. Finally we assume that



and that the set where K is different from zero can be represented as
Do(l’,y,Z) - {C € 3 Ko(m,y,Z;C) # 0} C Ul:O,l,Q,BDl(xayaZ)'

The vector function B can be represented as B = (b, 8),with b(-) and 5(-)
taking values in R? and R”, respectively. The matrix function C' can be rep-
resented as C' = (¢,7y), with ¢(-) and 7(-) taking values in the matrix spaces of
dimension d x m and k x m, respectively. This decompositions of B and C are
unnecessary here, but will be used in the sequel.

Remark 1 The case when (y;) is a jump process can be recovered setting 3 = 0
and v = 0. Moreover the case when (y;) belongs to a discrete space can be
recovered by using Z (or Z¥) instead of R*. Also the case of a general discrete
subset Y of R* can be considered, when yo € Y, and the functions K1 and K3
are such that for all x € R?, z € N and ( € X, the condition y € ) implies
y+ Ki(z,y,2;¢) € Y, fori=1,3.

Analogously, the case when (yi) is a counting process can be recovered re-
quiring that 3 =0, v =0, yo € N, and that K;(z,y,2;¢) € {0,1}, fori=1,3.
In this case we can take Y = N as the state space for the y—component.

The first aim of this paper is to explain how a general technique can be
used to handle with this kind of problem when the system is Markovian. This
technique is basically the generalization of the idea of Kliemann, Koch, and
Marchetti [10], together with the Filtered Martingale Problem techniques of
Kurtz and Ocone [12], and Kurtz [11]. The case considered in [10] is the case
when only the random times {S;} are observed. This technique has been used
also in Fan [8] when the state/observation system is a pure jump process with
finite state space.

The second aim is to show how this technique can be applied to some par-
ticular systems.

The main idea of the paper consists of rewriting the original filtering problem
as a filtering problem for a new Markov system (x¢, s, 2¢, j¢). The new system
is obtained by adding a process (j;) to the original system.

In the case of precise information the process (j;) represents the observation
of (y¢) at the observation times, i.e.

Js = YS, when s € [Si,5i+1). (7)
In the grouped information case the process (j;) is defined as
js = h, when s € [S;,S;11) and yg, € T'y. (8)

Remark 2 Observe that when (y;) takes values in a denumerable (or finite)
state space and the sets T'y, are the singletons, then there is no difference between
the precise and the grouped information.



In the precise information case the enlarged system is solution of the martingale
problem for the operator L C B(R? x R* x N x R¥) x B(R? x R¥ x N x R¥) of
the following form

LF(iL’,y,Z,j) = (9)

= B(z,4,2)V(enF(z,y,2,5) + tT{V VI (@,y,2,§)C(2,y, 2)C7 (2, y, 2) }

+ / Fz+ Ko(@,y, 20,1, 2, ) — Flz,y, 2 )] v(dC)
Do(xyz

+ /D( P Kooy 2500+ K21 205) = Faez ) ()
1(z,y,2

+ / Fz + Ko(z,9,70),y, 2 + 1,y) — F(a,y, 2 )] v(d0)
D2(£7y72)

+ / ( :E—|—Ko(x,y,z;C),y—I—Kg(%y,z;C),z—i—1,y+K3(x,y,z;C))
Ds(z,y,z

_F($7y7 z»])] V(d()

In the grouped information case, when the partition is {T'; } ez, the enlarged
system is instead solution of the martingale problem for the operator A ¢ B(R%x
R* x N x Z) x B(R? x R* x N x Z) of the following form

AF(z,y,2,j) = (10)

1
= B(%%Z)V(x,y)F(%yazJ) + §tTC($7y7Z)C*(LL',y,Z)v%z’y)F(:L‘,y7z7j)
+ / [F(x+K0('ray727<)?yaZ7.])_F(x’ya'zm])] V(dC)
Do(z,y,2)
+ /D( )[F<x+KO(xay727<)ay+K1(x7yazag)7za])_F(xaywza])]y(dC)
1(z,y,2

+ Z/ Liyer,y [F(z + Ko(2,y,2;C), y, 2 + 1,h) — F(x,y, 2, )] v(d()
n 7 D2(z,y,2)

+ Z/ [F(x+Ko(x,y,z,g),y+K3(x,y,z,(),z+1,h)
D3 (%,y,2)

_F($7y7 27.7)] V(dg)

where

DY (z,y,2) :== {C € D3(z,y,2) | y + Ks(z,y,2;,¢) € T} (11)



Let & = (w¢,y:) and 0 := (2, Jj¢), then the information up to time ¢ is
modelled by the o -algebra

Fl =o{ns, s <t} VN,

where N is the collection of P—null events (in the following, for any process
(Uy), we denote by FU the o—algebra generated by the process up to time t,
completed with the null sets).

Our aim is the computation of

mep = E[p(&) | F7]. (12)

With the above representation the filtering problem fits into the framework
of the filtered martingale problem ([11], [12]).

Definition 1 Let Ey and E5 be measurable spaces. Let A be a Markov operator
on the product space (E1 X Eg, &1 X E). Let (g, Up) be a process with trajectories
in Dri(py)x £, [0, T, such that (p:) is (FZ.)-adapted, and

t
MtF(',Ut) _/ NSAF('7US)dS7
0

is a (FY) - martingale, for all F € D(A). Then (u;,Uy) is called a solution of
the filtered martingale problem (FMP) for A.

For the ease of the reader, we recall the link between the FMP and the usual
filtering problem. Let (X;,Y;) be a Markov process on the space Fy x Eo, and
let (X¢,Y;) solve the martingale problem associated to the operator A.

Let

m() = P(X, € |F)) (13)
be the filter of X; given F . Clearly

for all F' € B(F; x FE3), and the pair process (7, Y;) is a solution of the FMP
associated to A.

As a consequence, whenever the FMP has a unique (in law) solution in
Dri(g,)x B, [0, T] with initial condition pg satisfying

E[uoF (-, Uo)] = E[F(Xo, Yo)], (15)

then (7t,Y;) has the unique law, and this allows to identify the filter once a
solution of the FMP is given, as it is explained in [12]. In [12], as well as in [11],



sufficient conditions for uniqueness in law of the FMP can be found, when F; are
locally compact separable metric spaces or when they are complete separable
metric spaces.

Back to our problems, we can easily see that they fit into the above frame-
work. Indeed, in the precise information case A = L, E; = R xR*, Fy = NxRF
and (Xy,Y;) = (&,m¢). While in the grouped data case A = A, B} = R? x RF,
By =NXZ, (Xt, Y1) = (§&,mt)-

In Section 2 we discuss the properties of the original system (z¢, y, 2:) and of
the enlarged system (x¢, yt, 2¢, jt) = (&, m¢). Section 3 is devoted to the filtering
equation for the system (&;,7¢). As in [10] and [8], the filtering equation is
given also in a recursive form (see Theorem 2): between the observed jump
times it is a deterministic non-linear integro-differential equation. The equation
is parameterized by the number z; of observations and the current value j; of
the observation. Its initial data is computed by means of an updating formula.
In Section 4 we study the deterministic version of the filtering equation in the
recursive form, and again following the same ideas of [10], we give a solution
(see Theorem 3). In Section 5 we explain how a change of measure could help
in proving that this solution is the filter (see Theorem 4 and Theorem 5); here
we use the approach of the filtered martingale problem of [12]. Section 6 and
Section 7 are devoted to general examples: the case when the partition is finite
(see Theorem 6) and the case when (y;) is a counting process (see Theorem
7), respectively. In both cases we assume that the jump intensities relative to
(yt, 2¢) are uniformly bounded. The case when (y;) has finite state space, can be
considered also (see Remark 18). In these Sections we introduce two particular
examples that are used as reference models. The first one concerns the explicit
filter of a discrete state Markov system (see Lemma 3 and Remark 16) and the
second one concerns the explicit filter of a Poisson process (u;) observed at the
jump times of another Poisson process (Z;), when

ur = Jo + Nt(l) + Nt(g)
% =N+ NY

where ((Nt(z))J € {1,2, 3} are independent Poisson processes (see Lemma 4 and
Remark 19).

The last Section is devoted to the queue example, and an explicit version of
the filter is given, for the case h = 0.

Notations If E is a measurable space, then B(E) is the space of measurable
bounded function on it. If E is a metric space, then B(E) are the Borel sets.
We denote the expectation under any probability measure by the same symbol,
E. Given an operator A on D(A) C B(E; x E3), for all es € Ey we define the
operator A°> on {¢ € B(E1) s.t. Fy € D(A), where Fy(e1,ez) := ¢(e1) Ver ea}

Ae2¢(€1) = .AF¢(€1,62). (16)



Usually (z¢) denotes a process or a deterministic trajectory of it, but in some
cases in order to avoid misunderstanding we use (z.).

For the ease of the reader we end the introduction by stating the sufficient
conditions proved in [12]. First of all we need to recall some basic definitions.

Definition 2 Let A C B(E) x B(E). The martingale problem for A is well
posed if and only if

(i)  For any initial distribution v there exists a solution for the martingale
problem for (A, v), i.e. there exists a filtered probability space (2, F, (F),P)
and there exists a process (Z), such that

- (Z:) is measurable,
- Zy has distribution v,
- forany (f,g) € A, the process f(Zt)—fot 9(Zs)ds is an (F;)—martingale

(ii)  For any initial distribution v there is uniqueness for the martingale prob-
lem for (A,v), that is if (Zt(l)) and (Zt(Q)) are two solutions of the mar-
tingale problem for (A,v) or equivalently (Zt(k)) satisfy the conditions in
(i), then the finite dimensional distributions of (Zt(k)) coincide.

Definition 3 Let A C B(E) x B(E). The martingale problem for A is well
posed in Dg([0,00)) if and only if

(1)’ For any initial distribution v there exists a solution for the martingale
problem for (A,v) in Dg(]0,0)), i.e.

- Condition (i) of Definition 2 holds.

- For any initial distribution v and for any solution (Z;) of the martin-
gale problem for (A,v), there is a modification with sample paths in
DE([0,00)).

(ii)’ For any initial distribution v there is uniqueness for the martingale prob-
lem for (A,v) in Dg(]0,00)), i.e. if (Zt(l)) and (Zt(2)) are two solutions of
the martingale problem for (A,v), with sample paths in Dg([0,00)), then
the finite dimensional distributions of (Zt(k)) coincide ( or equivalently the
distributions of (Zt(k)) in Dg([0,00)) coincide).

Remark 3 There are ezamples of operators A such that uniqueness in Dg ([0, 00))
holds for martingale problem, and contemporary uniqueness (in the sense of
Definition 2) fails (see Ethier and Kurtz [7] for examples of this kind, in par-
ticular Problems 21 and 22 in Chapter 4).



Proposition 1 Let Ey and E be locally compact, separable metric spaces, and
let E=FE; x Ey. Let AC C(E)x C(E), where C(E) is the space of continuous
function vanishing at infinity. Assume that

D(A) ={f : (f,9) € A}

is an algebra and is dense in C(E).

Assume that the martingale problem for A is well posed in Dg([0,00)).

Let (X:,Y;) be a solution of the martingale problem for A, let (m;) be the
filter defined in (13). Let (ut, Ur) be a solution of the filtered martingale problem
for A in a probability space ((Al,]?, ﬁ)

Assume that the initial conditions (Xo,Yo) and (po, Uo) satisfy the analogous
of (15), i.e.

E” [0 F (-, Up)] = E[F(Xo, Yo)]. (17)

Then

- For any t > O there exists a function Hy
Hy : D, ([0,00)) — T1(Ey)
satisfying

p = Hy(U()) = H(U(-As)) P —a.s. (18)

for every s > t;

m=Hy(Y(:)) P-—a.s. (19)

for all t such that m- = m, P —a.s., and ps— = py, P — a.s..

- The processes (ut, Ur) and (mt,Y:) have the same finite dimensional distribu-
tions, i.e. uniqueness in law for the FMP holds.

Remark 4 Note that uniqueness in law for the FMP and property (19) are
linked by means of property (18), since (m;) has cadlag sample paths, and there-
fore the set of times t such that P{m;— # m} > 0 is at most denumerable. The
same happens with (1) and the set of times t such that ﬁ{,utf # i} > 0.

10



Proposition 2 Let E; and FEo be complete separable metric spaces, and let
E = E; x E5. Let A C B(E) x B(E), where B(E) is the space of bounded
measurable functions on E. Assume that the range of a — A

Rla—A)={af—g : (f.9) € A}

is bp—dense in B(E), i.e. is dense with respect to the topology of bounded-
pointwise convergence.

Assume furthermore that the martingale problem for A is well posed in
Dis([0, ).

Then the conclusions of Proposition 1 concerning Hy and the uniqueness in
law of the FMP for A hold.

Remark 5 If moreover A is linear and dissipative, then the condition on R(a — A)
implies uniqueness for the martingale problem for A in Dg([0,00)) (see [7]
Corollary 4.4 Chapter 4).

11



2 The partially observable system with grouped
data

In this Section we discuss in more detail the original stochastic system (x¢, y, 2¢) €
R?xR* x N, and the enlarged one (x, ¥, 2¢, j;) € RYxRF x NxZ, in the grouped
data case.

First of all we assume that the system (x¢,y:, 2¢) is realized in a probability
space (2, F,P) and that

= xo+/Otb<§s,zs)ds+/Otc@s,zs)dws, (20)
t
+ / / Ko(€- 25 QN (ds, d)
Yy = yo+/Otﬂ(€s72s)d5+/0t7(§s,zs)dWs, (21)
t
+ /0 | /D Bl O s do)
| + /O /D 3@5,zs>K‘°’t(§s’Z“ON(d8’dO’
5 = ~/0~/Dz(£s_,z5_)N(d87d<)+/0/Da(és—zs—)N(ds’dC)' (22)

Here

(&) is a short notation for the couple (z¢,y:),

(W) is a standard m—dimensional Brownian motion,

N (ds,d() is a Poisson measure on R x ¥ with mean measure ds x v(d(),

(x9,10) is a random variable with values in R? x R¥ and probability dis-
tribution vy

e We assume that (zo,v0), (W;) and N(ds,d¢) are independent of each
other.

We recall the notation Ka(x,y,2;¢) := Ip,(a,y,2)(¢), and the assumptions
that Dy(z,y,2) = {¢ € ¥ : Kj(z,y,2;¢) # 0} for | = 1,2,3, that Do(x,y,2) C
{¢ € £: Ko(z,y,2;¢) # 0} C Up=01,2,3Di(x,y,2), and that D;(z,y,z2), for
1 =0,1,2,3, are pairwise disjoint measurable sets in 3.

Under suitable hypotheses for the functions B = (b,3), C = (¢,7v) and
K; (we discuss some of them at the end of this Section), the above system has
a unique solution and (x, ys, 2) is a Markov process with formal generator L.

12



As explained in the Introduction we add to the above system a new compo-
nent (j;) (see definition (8)). In this framework we can write

t
J¢ = jo + Z/ / Iiy.er,y (P — Jo- )N (ds, d¢)
n 70 JD2(§,—,z,— )UD3(§,— ,z,—)
with
jo =) hligery) (23)
h

Taking into account the different behaviour of the y—component in Dy and
D3, we can rewrite

t
o= ety / / Ly erny(h — Gus )N (ds, dC)
h 0 D2(£s*125*)

t
+ Z/ / H{ys—+K3(§s—725—;C)€Fh}(h 7‘7‘8*)N(d57d<)
h 0 Dg(és*’zs*)

or equivalently, using the definition (11) of D2 (¢, 2),

t
o= gt Y / / Ly vy (b — Go- )N (ds, dC)
h Y0 JD2(§,-.2,-)

+3 / /D (N (24)

In order to derive the equation satisfied by the filter (12) we will use the
marked point process p determined by the sequence

(Si, Js, )iz1- (25)

Indeed the observation of the jump process (7;) can be interpreted as the ob-
servation of the marked point process p(dt x dh), whose times are the jump
times of (z;), and whose marks are the values of the process (j;) at these times.
Formally this means that

:7::7 :ftp\/(f{jo}, (26)

where p(dt x dh) is the counting random measure on R x Z, such that, for all
heZ,

p((0,8] x {h}) = vf', (27)
with (v}') the counting process defined by

13



t t
Q);L ::/0 ]I{js=h}d25:/0 H{yseph}dzs. (28)

The processes (v!') count the jump times S; of (z;) when ys, € T, that is

when js, = h, and

zt = va (29)

h
t
Gio=io+ Y [ (his) at. (30)
~Jo
The above observations show that F,' C F} V o{jo}. The inverse inclusion

is trivial and (26) follows. As a consequence, our filtering problem (12) can be
viewed as the computation of

mp =E[o(E)| F V o{jo}] (31)
for all ¢ € B(R? x R¥).

To this end we need the local characteristics of p(dt,dh). They can be
computed in terms of the intensities (Mt(h)) of the processes (v}). Since

t t
oft :/0 H{yserh}H{Ays:O}dZs+/o Ly, erniliay, 203 dzs

we can also rewrite

h
Uy

t
/ H{yS—EFh}/ N(ds,d()
0 Dg(&s_,zs_)

t
+ // H{937+K3(€s—7257;C)€Fh}N(d57dO
0 JD3(&,—,2,—)

t
/ Ly, erny /
0 Da (€,

where we have used the definition (11) of D% (¢, 2).
Using the last equality we can easily verify that the (.7-"5 1) - intensity of (v}

¢
N(ds,d()—l—/ / N (ds,dC)
Zg—) 0 JDg(&,~z,-)

is
M =Tpy, er, (Dol 2-)) + v(DE (& 21-): (32)
It follows that the local characteristics (A, @+(+)) of the marked point process p
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with respect to (F) are
A= V(D& 2-)) + v(Ds (& 2-))

Mt(h)
B v(Da(&20-)) +v(D3(§— 2~ )

®(h)

Note that () coincides with the (F;¥%) - intensity of the process (z), as
it was expected.

We end this Section discussing some sets of conditions. These conditions
imply that the original system (20), (21), (22) has a unique solution and that
the generator satisfies the hypotheses of Proposition 1 or Proposition 2. For the
original system we consider the same kind of sufficient conditions used in [10].
The interesting fact is that these conditions are also sufficient conditions for the
enlarged system (20), (21), (22), (24), as we are going to discuss. We will try to
explain that they are sufficient in order to get uniqueness for the FMP for the
enlarged system.

For the original system, as in [10], we use the results of Athreya, Kliemann

and Koch [2] and consider the following sufficient conditions, which are divided
in conditions on the drift and diffusion coeflicients and on the jump coefficients.

FIRST SET OF CONDITIONS

Growth and Lipschitz conditions on the drift and diffusion coeffi-
cients

[B(E,2)]> +|C(£,2)C7 (&, 2)P < LA+ 2)?) (33)
|B(§,Z) - 3(5172/)‘2 < LB |(€’Z) - (51,21” (34)
[C(&,2)C*(€,2) = C(€,2")CH (€, 2P < Lel&2) - (€,2) (35)

with L, Lg and L¢ finite constant, for any £ = (z,y) and & = (2/,4') in
R? x R¥ and for any z and 2’ in N.

Square integrable initial condition
E[| (0, 0)|?] < o0 (36)

We are also assuming that z(0) = 0.
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Regularity conditions on the diffusion part

For any ¢ = (z,y) in RY x R¥ and any z in N, there exists a weak unique

Feller solution (&,,z,) for the diffusion part, that is for the equations

= B sa~s d C sa~s AW, 37
& = e+ [ e+ [ 0@z (37)
satisfying _

Sgup]E[supuG[O,T]'(gua Eu) - (57 Z)|4] < 0. (39)

Then the process (gu,zu) has generator E, with domain D(Z) which is
separating and bp—dense in C(R? x R¥ x N).

Sublinear growth conditions on the intensities of jumps times

Nz, y,2) = v(Di(@,y,2)) <AL+ |[(z,y,2)]) 1=0,1,2,3.  (40)
Bounded jump size condition

sup |Kj(z,y,2;¢)| <K <oo 1=0,1,2,3, (41)

z,y,2,¢

where we recall that Ko (2,y, 2;¢) = Ip,(z.y,2)(C)

Remark 6 Note that if the previous conditions (33), (34) and (35) are sat-
isfied, then there is also strong existence and uniqueness for the system (37),
(88). By an easy application of Ito’s formula one can also show that gu 18
square integrable and that for any function ¢ in C%(RY x R¥), the space of
C?—functions with compact support, and for any 1 in B(N) = Cy(N), the func-
tion f(&,z) = ¢(§)Y(z) is in the domain of the bp—generator L. The same
holds for linear combinations of such functions. When the functions B and C
are uniformly bounded, the function ¢ can be taken in the space CZ(R? x R¥),
moreover then (39) is satisfied.

Remark 7 Instead of considering system (87) and (38) one can consider the
family of processes (&%) such that

¢ ¢
7 =c+ [ BE s+ [ O 2al., (42)
0 0
and (39) can be replaced by
sup Elsupucio,ri|€5” —€I*] < co. (43)
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When the jump intensities are bounded, then the conditions are simpler.

SECOND SET OF CONDITIONS

Growth and Lipschitz conditions on the drift and diffusion coeffi-
cients
(as above)

Square integrable initial condition
(as above)

Bounded intensities of jump times

Supm,y,zl/(Dl(xayvz)) § Xl <oo = 07 17273 (44)

Note that when the above condition (44) holds, then the regularity condition
(39), or equivalently condition (43), is not necessary.

In [2] and [10] the above sets of conditions allow to construct a cadlag process
(&, 2t)te[o,m) satisfying the original system. The trajectories of (£, 2¢) have a
finite number of discontinuity times in the interval [0, T] and this process evolves
like (Eu, Zu) in between the discontinuity times.

As in [10], using the results of [2] and Cinlar, Jacod, Protter and Sharpe
[6], one can show that the above conditions imply existence and uniqueness of
the solution (z,y, z¢) of the original system. The process (x¢, yt, 2¢) is a time
homogeneous Markov process with formal generator £. Moreover D(£) > D(L)
and the domain of the resolvent (al —£)~? is separating and bounded pointwise
dense in B(R? x R* x N) for each a > 0.

In order to see that the generator of the enlarged system (20), (21), (22),
(24) also has the same kind of properties one cannot use directly the fact that
the enlarged system satisfies the same kind of conditions.

The conditions on the diffusive part of the system do not give any problem.
Indeed the conditions (33), (34), (35), (39) on the system (37), (38) for the
diffusive part of the original system and and the corresponding conditions for
the diffusive part of the system enlarged with equation (24) are the same, since
in either cases they reduce to the regularity condition (43) on the family of
diffusions (42).

Also if we assume the bounded intensity condition (44) on the original sys-
tem, then the same condition holds for the enlarged system.

On the contrary, if we assume the sublinear growth conditions on the inten-
sities and the bounded jump size conditions for the original system, i.e. (40) and
(41) respectively, then a problem arises. Although the corresponding sublinear
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growth conditions are clearly satisfied by the enlarged system, unfortunately
the corresponding bounded jump size condition are not (in general) satisfied.
Indeed the jump size of the j—component is not a priori bounded, since it
depends on where the y—component is at the observed jump time.

Nevertheless one can easily handle with this problem when the partition
{T'x} is finite, since in this case we can use a finite set as state space for the
j—component, instead of Z, and the jump size of the j—component is necessarily
bounded.

Also the general case can be recovered, but in this case one has to go through
the details of the proof given in [2]. Indeed the same technique of [2] and [10]
can be applied in order to construct the enlarged process (i, y, 2t, ji), using
the same construction and taking into account that the discontinuity times of
(+, Yt 2t, ji) coincide with those of (x4, Yz, 2t).

Then the other properties of the process (z¢,y:, 2t,j:) and of the formal
generator A follow as in [10]. In particular for any function ¢ in CZ(R? x
R¥), the function F(£,n) = ¢(€) is in the domain of the bp-generator AP,
Moreover the range of (al — AbP) is separating and bounded pointwise dense in
B(R? x R¥ x N x Z) for each a > 0.
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3 The filter equation

In this section we derive (Theorem 2) the Kushner-Stratonovich equation for
the filter (m;) introduced in (12) or equivalently in (31). To this end we derive
first the equation satisfied by

T F (1) = / F(&, m)m(de) (45)

for F € B(R? x R* x N x 7Z).
In the rest of the paper we use the following notations

(& 2) i=v(Di(€,2), 1=0,...,3  Nj(&,2) :=v(D}(§,2),  (46)

mM (€, 2) == Tyery Mo (&, 2) + N (€, 2). (47)

Then, recalling (32), the intensity of (v}') can be expressed as
Mt(h) =m" (&, 2 ).
Moreover we define for F' € B(R? x R*¥ x N x 7Z)

RYVF(E,n) == Lyer,) /D . )[F(W‘Ko(f,Z;C)ay,z+17h)—F(§ﬂ7)]V(dC) (48)

ROFEm = [ [P Kol 200+ 10) ~ FE ). (49

The interest of the following theorem relies in deriving the form of the filter
equation. For the technique used here, one could even only guess its form, use
this form in order to get a solution of the FMP and then use it in order to derive
the filter, as in [12].

Theorem 1 Assume that one of the sets of conditions discussed at the end
of Section 2 are satisfied. Let (§,m) = (x4, Y, 21, Jt) be the solution of the
enlarged system (20), (21), (22), (24), with initial conditions & = (xo,yo) and
no = (0,70). Assume that (xo,yo) has distribution vy and satisfies (36), and
that jo = Zh hH{yOEFh}'

Then the filter (m;) defined in (12) satisfies P-a.s.

mF(m) = moF(.m)+ / mo(AF (- 7))ds (50)

t aemM (. 2 - *
b 3 [ reem )
[71—3— (Fm(h))('ﬂns_) - WS—F(Wns—)Ws—m(h)(HZs—)

7 (RY 4 RENFC )| (a0 = mpom® (2, )ds)
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for allt >0, for all F € D(A).

Here m" (¢, 2) are the function introduced in (47), and [a]* = L when a # 0
while [a]T = 0 otherwise.

Moreover, P — a.s.

! ]IRd r (iC,y)Vo(dﬁ,dy)
mo(dz d(w) = 3 Ta=n = SR (51)
h

1"
+ D Tiow)=m 0 0.0 (dz, dy)
h

where the first sum is restricted to the h such that vo(R? x T'y) > 0, and the
second sum is restricted to the h such that vo(R? x T') = 0.

Proof The filter equation can be deduced using a version of the innovation
method. In particular with standard method of stochastic calculus one can
derive the innovation gain imposing that

E{m(F(,me)) = mo(F (5 10))} Uil = E[{F (&) — F(€0,m0)} Ut]

for all F' € D(A) and for all process (Uy) of the form
t
Uy :/ K (dvgh) - ﬂ'sfm(h)(-,zsf)ds) ,
0

with (Kih)) an FP V o{jo}-predictable process.

Equality (51) is trivial, once we use (23) and observe that 7y in (51) is a version
of the conditional law of £y w.r.t. the o-algebra generated by jy. Clearly, instead
of the measure concentrated in £ = (0,0), any other probability measure could
be used.

Remark 8 We note that Rgh) + Réh) represents the operator which drives the
system (&, mt) in the jump times of the process p with mark value h, i.e. in the
Jump times of (vt(h)).

In the sequel we will need also the following observations.
Let F € B(RY x R¥F x N x Z). Then for any (£,n) € R x RF x N x Z, with

n=(2,4)

(RE +REVFE)| < 211l (Lyerv(Da(s.2)) + (D€, 2)
= 2|F], m®(,2).

Then for any n € N x Z and for any probability measure = on E = R? x RF

7 FCom(,2) =7 P mm® (-, 2) 4 (REY +REV) F(m)| <
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<Aoo mmM (-, 2)

Therefore, when 71'm(h)(~7 z) =0, the right hand side of the above inequality
also is zero. As a consequence

[m m(h)(., 2t m (-, 2)-

. [ﬂ'F(-,n)m(h)(-,z) —aF(,n)amM (. 2) +7 (Réh) —|—’R§h)> F(-,n)}

s equal to
7 PCom® (- 2) = m e mm® (- 2) 4 (R + REY) F(-m),

and

[rm® 2 [x PCmm® (-, 2) = P mm®) (-, 2)
o (R4 RYY) Fm)| < 4P

An easy corollary of the previous theorem involves the filter equation for
functions ¢ of the variable £ = (z,y).

Theorem 2 Assume that one of the sets of conditions discussed at the end of
Section 2 are satisfied. Let i be in N and let G* be the operator

G'oE) = B(ENTVedl€) + 5tr{C(E )T )VIHE)) 62)
b [ ot Kol i) - ) v(d)
Do (&:4)

b [ o Kol 50+ K6 0) - (O] dC)
D1 (&,9)

D ={p € B(R* x R*) s.t. F, € D(A), where Fy(&,n) := ¢p(E)VEn}.  (53)
Let i be in N, let h be in Z and let Q™" be the operator defined by
Qoe) = Tyer [ o T K€1) (dc) (54)

4 / oz + Ko&,550)y + Ks(&,i50))(do).
DM (&,i)

Let js, = h; at the observation times t = S;. Then the filter (m:) satisfies the
following recursive system P — a.s., for all ¢ € D,
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VO(H{]Rd xrh0}¢)

W0¢:ﬂso¢:m7 (55)
i. e. mo satisfies (51),
t .
’/Tt¢ = 7'('Si¢+/ 7T5Gl¢(')d8 (56)
t T
—/ [ms(@(A2 + A3)) (5 1) — s (@) s (A2 + A3) (-, 9)]ds,
S
for S; <t < S;41 and i > 0.
At the observation times S;y1,
mo QU
TS @ = = (57)

7TS;JATn(hi-*—l) ('7 7’) ’

fori>0.

Remark 9 The right-hand side of (55) is well-defined with probability 1, since
(R xTp,) >0, P—a.s.

Indeed the probability of observing a value ho of jo such that vo(R? x T'y,) =
P(yo € Th,y) = 0 is clearly zero.

A similar property holds for the right-hand side of (57). Indeed the pre-
dictable FY V o{jo }-intensity of (Ut(h)) is m-m (-, 2, ), and when it is evalu-
ated at time S;y1, its value is T M M (-,4), since Zg;, = A8 = 1. Moreover

Si11 s a jump time of the counting process (vt(h"“)). Then the denominator of

(57) is the intensity of (vﬁh”l)) evaluated at one of its jump times and cannot
be zero.

Remark 10 Taking into account Remark 6 to the Reqularity Conditions on the
diffusion part (Section 2), under our assumptions

- when the jump intensities are uniformly bounded (condition (44)), then the
domain D contains C%(E), where E = R? x R¥; when moreover B and C
are uniformly bounded, then D contains C?(E),

- when the intensities grow sublinearly (condition (40)) and the jump sizes are
bounded (condition (41)), then the domain D contains C%(E).
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Similarly, for the operators Q“", we have that

- under condition ({4), then Q“" C B(E) x B(E),

- under conditions (40) and(41), then Q*" C Bk (E) x B(E), where By (E) is
the subset of function in B(E) with compact support.

It is also interesting to note that the operator G drives the system (x, y;)
between the observation times S; and S;, 1, while the operator Q%" takes into
account what happens at the observation time S; 1.

Proof of Theorem 2

Let ¢ be in D, then using the notation (16), then , for F(§,n) = Fy(€,n) =
(&), we can rewrite equation (50):

(o)

t
o + / T AP | ds
0

Z=z,_ j=j,-

+

5 ) [ om0 om0
h 0

+ - (RE + Ry (b} (dvgh) —memM (., z)ds)

z=z -, j=J,—
For S; <t < SiJrl

t
mb = msb+ / AT G|, ds (58)

ds.

t
= 30 [ [melem®)e2) - mpman® (- 2) 4 7 (RY) + R ]
ho /S

z=1,j=Js;

Define
RaF(&,m) =Y RYVF(&n)

h
RsF(&,n) =Y RIVF(E,n),
h

and observe that RoF(€,n) and R3F'(£,n) coincide with the last two addends
in the definition (10) of A, so that

(A =Ry —Rs)F(&n) = (59)
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(&, 2V F(6,1) + gelE,2)e (6, 2) VEF(E.m)

+ / [Fla+ Kol&,%:0),y,m) — F(&,m)] (dC)
Dy (&,2)

D1(§,2)

Finally observe that

ST m® (€, 2) = Aa(€, 2) + Aal€ 2). (60)
h
With the previous observations in mind we can rewrite (58) as
¢
¢ = Ts,¢ +/ Ts(A —Ro — R3)*7 ¢ |z:i7j:js. ds (61)

i

- / [ra(B(Aa + A3)) (1) — Ta(@) (s + As) (- 1)] ds.

S

Note that (A — Ry — Rg)z’j 2=i,j=js, Tepresents the operator which drives
the system between the observation times S; and S;;1, and note that

Giop=(A—Ry—Rs)™ ¢lmijmjs. .

whichever is the value of j = jg,. Then (56) is proved between two jump times.
At the observation times 5, for [ > 1, we easily verify that the filter satisfies

moe [(RE) +RE)T + Tgyer,y dal€2) + A (€ 2)| 6

WSL_ m(h)('7 Z)

TS, ¢ =
2=z j=js,_, h=js,
(62)
Taking into account (48) and (49) we immediately get that (Rgh) +R§h))z’j does
not depend on j and moreover

(R + RE)™ + Iyer,y ha(€,2) + A5 (€.2) | 6(6) = Q*"(€)

Then the recursive equation (57) at jump time S;, with observation js, = hy,
ie.
¢ ,n.Sl_ Ql*l,hl ¢
s = )
! WS;m(hl)(J -1)

(63)

follows observing that Zg- = l—1and jg, = M.
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4 The recursive algorithm

In this Section we define a deterministic algorithm that will be used in the next
Section to identify the filter. We need to introduce the space X of history sets
up to time 7', whose elements are the history sets

x={(s,h) 1=0,1,....,n }

such that
n>0, 0=sy<s1<8<...<s,<T, h €Z.

The space X is endowed with the topology induced by the map 7 from
X to the Skorohod space Dyxz[0,T], obtained by mapping the history set
x ={(s;,h) 1=0,1,...,n } to the deterministic piece-wise constant functions
(2¢,7t) = 7(x) defined as

Zr=1 s <t<sq1<T,

jt:hl SlSt<S[+1ST, l:O,...TL,

with the convention s,,11 =T

Let 0 : Dnxz[0,7] — X be the map which associates to each deterministic
trajectory 7., i.e. t — 7 = (2¢,j¢), the set x = 6(7.) = {(s1,hi),1 > 0}, where
so = 0, s; are the ordered jump times of (2, j:) and h; are the values of (j;) at
the jump times, that is h; = j,,, for [ > 0. Then 6 is measurable.

Let t € [0,T] and x = {(s;,y) 1 =0,1,...,n} be a history set, then we
introduce the history set [x]; up to time ¢ as in [1]:

[X]t :=={(s1, i) 1=0,1,...,3},

when
8; <t < Siq,
and
[X]7 = x-
We now exploit the link between histories and our problem. Whenever the
marked point process p defined in (25) (or in (27) and (28)) is non-explosive, and
therefore the corresponding process (n:) = (zt,j:) takes values in Dyxz[0,T],

then, with the above notations, we can associate to it the history process (H;)
with values in X

i.e.

H: ={(S1,4s,),1=0,1,...,3}
when the jump times of (n;) satisfy 0 =5y < S1 < ... < S; <t < Siq1.
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Then the observation up to time ¢ of the marked point process p coincides
with the observation of the history process at time ¢, in the sense that

Fivoljoy = o{Hi}t = of[0(n)l:}-

We can read the system (56), (57) for the filter (m;) as an equation in
Dry(ra xrr)[0, T] parameterized by random history sets x.

The deterministic recursive nonlinear system

Let x be a history set, and let u be a probability measure in II(R? x RF).
Define ps, = po = g, and

t

wé = psdt / G )ds (64)

i

- / 10(6(a & A0)) (1) — pa (@ps (o + Aa) (-, 8)] s,

for i > 0 and s; <t < s;;1. Here G* is the operator introduced in (102).
For i > 1, if p,-m")(-,i — 1) # 0, define

Ms; Qi_Lhi(b

fsi = pg-mth (i — 1)’ (65)
where the operator Q*" is introduced in (54).
On the other hand, if e m) (. i —1) =0, then
P, @ = Hsr ¢ (66)

Note that in (65) the denominator is the normalization factor since

m(h)('7i - 1) = Qi_LhHRdXZ-

Remark 11 The above system does not use the value hg. The value of hg plays
a crucial Tole in connection with our filtering problem. Indeed, while the aim of
this Section is to find a (not necessarily the) solution of the above deterministic
system, the aim of the paper is to show that the filter m(w) can be computed
through this solution u; when x = 0(n.(w)) and

= mo(w) = ms, (@),
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where mo(w) is the filter at time t = 0 and coincides P — a.s. with (51). We
note that mo(w) can be rewritten in terms of the history sets and the map 6 as
mo(w) = po(0(n.(w))), P—a.s.. Here, for x = {(s;,hy) 1=0,1,...,n}, we have
used the following notation

vo(Liraxr,, 10)

po(x)¢ = Ma (67)

when vo(R? x Thy) > 0, and po(x)¢ = {0,019 = ¢(0,0), otherwise. In-
stead of dg(0,0y any other probability measure could be used (see the proof of
Theorem 1 and Remark 9 to Theorem 2).

The deterministic recursive unnormalized system

In order to find a solution of the above recursive system for ¢ € [0,7], we
need an auxiliary system in the space of non-negative measures p on R% x R¥.
This system is a modification of the deterministic recursive nonlinear system:
the equation for ¢ € (s;, s;4+1) is obtained from equation (64) by dropping the
nonlinear term ps(é)ps(A2 + Az)(+, ) in the second integral

t

po=poot [ pGo0s — [ p00e A (69)

S i

the equations at times s; are equal to (65) and (66), clearly using the non-
negative measure p - instead of the probability measure p,—. A solution of the

nonlinear system is then obtained by normalization (see Theorem 3, below).
Let p1 be a probability measure on R xR¥. Let x = {(s;,h;) [=0,1,...,n}
be a history set.
Following the idea of [10], a solution r(t,x) = r(t,x, ) (for the sake of
simplicity, we drop the dependence from p in the notation) of the unnormalized
recursive system can be given via Feynman-Kac formula as follows:

Fort=59=0
(0, x)¢ = po, (69)
and for ¢ € (0,s1)
r(t, x)¢ = E[(b(X?(X)aY}O(X))eXp{—/O (A2 + X3) (X (x), Y, (x), 0) du}] (70)

where (X0(x), Y.2(x)) is a Markov process with values in R? x R¥, with generator
G° and initial distribution

To(x) =7(0,x) = p. (71)
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When t € (s, $i+1)

r(t, ) = BIo(Xi_,, (), Vi, (x)) exp{— / T a4 A (XL, YECY, ) du)]

(72)
where, for i > 1, ((X%(x),Y(x)) is a Markov process with values in R? x R¥,
with generator G* and initial distribution

mi(x) = 7(si x)- (73)
The initial distributions are defined by induction as follows.

Let r(s;,1,X) be the limit (in the weak topology) of the measures r(t, x), for ¢

converging to s; 4
Then

- if T(8;+17X)m(hi+l)('?i) 7é 0, then %H‘l (X) = T(Si-l‘l’X)) where

T(Si_+17 X)Qi’hi_H o]

7 ) = — ) 74
T(S +1 X)(Z5 T(si+17x)m(hi+1)(-,i) ( )
- if r(sipq, x)mP) (- d) = 0, then Tip1(x) = 7(sit1, X), where
(851, X)®
r(Sip1, X)¢ = 1 (75)

T(Si_-l-lv X) (R4 x RF) .

Remark 12 The measurer(s; | 1, x) evaluated in any function ) € B(RY x R¥),
18

, . Si1=si , ,
B 00X, 00V el [ O+ MO0V du]
0
Therefore the explicit expression of the numerator in (74) is

P 0)Q M =

Si+1—5¢

°)
DiM (€

E HH{W €ru} /D © ; ¢ (Ximfsi () + Ko(&l, 650, s (x)) v(dc)
2 5i+1*5i’1

) (b (X;-i+1—8i (X) + Ko (§;i+1—si ? Z; C)’ }/Sii+1—51' (X) + KB( .’S£¢+1—Si ) 7’; C)) V(dc)}
1',4-1*81',’Z

(- [ T A0 (X (30, Y0, ) du}}
where € = (X4(0). Yi(x)
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Remark 13 For any x = {(s;,h) | = 0,1,...,n} and i < n, the process
((Xi(x),Yi(x)) does not depend on (s;,h;) for 1 > i. Then, for any x and t,
with s; <t < siq1, r(t,x) = r(t, [x]t), and therefore r(t—,x) = r(t~, [x]:-)-

Moreover the evolution of the process (X! (x), Y. (x)) is driven by G and
therefore the evolution depends on i, but not on h;, while the initial distribution
mi(x) depends directly on (s;, h;), and indirectly on (s, hy) for 1 <i—1, since
T(S;’ X) = T<5;7 [X]sf) = 7“(8;7 [X]si1)-

Finally the solution r(t,x) depends also on the initial distribution p. The
same happens for the laws of the processes ((XE(x), Y (x))-

Remark 14 The definition (69) ... (75) of the unnormalized solution is well
posed only if r(s;, 1, x)(R? x R¥) > 0 for any i > 0, since otherwise both (74)
and (75) are meaningless, the denominators being both equal to zero.

To this end we observe the following: let t be a time in (s;,s;4+1) and let
r(t, X)(R? x R¥) = 0, then r(t',x)(R? x RF) =0 for all t < t' < s;41, and
therefore (s, 1, x)(R? x R¥) = 0.

Indeed, for a time , r(t,x)(R? x R¥) = 0 if and only if

exp{— / T+ A (X0, Y00, 1) du} =0 as.

This happens only when

/0 781.()\2 + A3) (X0 (), Yi(x),i) du =00 a.s.,

and in this case the same holds also for t'.
As a consequence, a necessary condition for the well-posedness of the solution
18

t—si . .
P (/ A2+ 23) (X0 (%), Yo (x), %) du < oo) >0, forallte (s 8i+1), i > 0.
0
(76)

It turns out that the previous condition (76) for ¢ = s;4; is the key for the
proof that r(¢, x) is well-defined, as it is explained in the next two Lemmas.

Lemma 1 Assume that the jump intensities A2(&, z) and A3(&, z) are bounded
above, uniformly in &:

A2(€,2) < Xa2) As(€2) < As(2), (77)
for all z € N.
Then (69) ... (75) is well-defined and
r(t, x)(RY x R¥) >0, (78)
for every t € [0,T7.
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Proof Clearly condition (77) implies that
[ 00 20) @ s e < () + Fali) 0
0

for any v > 0, and for any (measurable in time) function (Z,,¥,). Then

(0 A0, V0.0 < o0) =1 (79)

for any v > 0, for any Y, for any 4, and for any pu.
Then, under this assumption, the measures r(t, x) could become zero, only
at the times s;11, for ¢ > 0. However this situation is ruled out, indeed:

a. the above relation (79) holds also with v = s;41 — s;,

b. r(s;, 1, X)¢ = limtﬂsi_+1 r(t, X)o, for all ¢ € Cy(R? x RF)

then, in view of Remark 12,

c. (s 0 (R X RY) = Elexp{— [§"" ™ (A2 + A3) (X}, (x), Y (x), 1) du}] # 0

Finally, either we can apply (74) or we have to apply (75), r(s;, x) is a
probability measure.

Lemma 2 Assume that the jump intensities A2(&, z) and A3(&, z) are sub-linearly
growing, uniformly in &:

Aa(€,2) < Aa(2)(1+[E]) As(€s2) < As(2)(1+ [€]), (80)

for all z € N.
Assume that the jump sizes Ko and K3 are bounded, uniformly in :

Ko(§,2) < Kol(z) Ks(2) < K3(2), (81)

for all z € N.
Let (TF) be the semigroup generated by G*, for any i. _
Let gi(z,y) = |(z,y)|' and assume that the semigroup (T}) has the property:

if vg; < oo, then vT(g) < CL(v,T) < oo, uniformly for s € [0,T].

Assume that the initial distribution p has all moments finite.
Then (69) ... (75) is well-defined and condition (78) holds.

Proof We prove by induction that for all 4 > 1
Tigr < oo for all I,
and

r(s; ) (E) >0,

30



where E = R? x RF.
The properties of the semigroups (7) imply that 7(s7, x)(E) > 0. Indeed,
taking into account that

o) (B) = [ {= [ ) (L0 V0 du ]

and applying Jensen inequality to the function exp {—r} (so that for any r.v.
R, Elexp{—R}] > exp {—E[R]}), we get

7%%,XXE)><mp{—E{A&(AT+AﬂQXﬂX%YfU%0)dM}~

Then, by condition (80)

E [ / e 4 A) (X0(). Y2(1). 0) du] </ TE [(R2(0) + 3a(0)) (1 + (X000, YO0 du

_ / TE[(R(0) + Rs(0)) (1 + 01 (X200, YO()))] du

The condition on the semigroups (7%) implies then that the previous expression
is bounded above uniformly for s € [0,T]. Therefore

r(s1,x)(E) > 0 for all x.
Then, for the initial distribution 71 (x) there is an alternative.

Either r(sy,x)m")(-4) =0,

and then 71(x)g; is finite if and only if the numerator in (75), for i = 0
and ¢(§) = g1(€), is finite, i.e.

(51, X)g1 < 00,

and the above inequality is assured by the property of the semigroups (7.)
since clearly

(s, x)g < E [gi(X2 (), Yo, ()] = w2 