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1 Introduction

A typical trajectory of standard Brownian motion is Hölder continuous of any order less

than one half. If such a trajectory is evaluated at two di�erent time points t1, t2 ∈ [0, 1]
with |t1−t2| ≤ h small, then the di�erence between the values at t1 and t2 is not greater

than a multiple of
√
h ln( 1

h), where the proportionality factor depends on the trajectory

(and on the time horizon, here equal to 1), but not on the choice of the time points. This

is a consequence of Lévy's uniform modulus of continuity for Brownian motion.

If f : [0,∞) → Rd is a function and T > 0, then let us call modulus of continuity of f

on the interval [0, T ] the function wf (., T ) de�ned by

[0,∞) 3 h 7→ wf (h, T ) := sup
t,s∈[0,T ],|t−s|≤h

|f(t)− f(s)| ∈ [0,∞],

where |.| denotes Euclidean distance of appropriate dimension. Recall that f is continuous

on [0, T ] if and only if wf (h, T ) tends to zero as the mesh size h goes to zero. Let f be

any function. Then, by de�nition, wf (0, T ) = 0 for all T > 0, wf (h1, T ) ≤ wf (h2, T ) for
all 0 ≤ h1 ≤ h2, all T > 0, and wf (h, T1) ≤ wf (h, T2) for all 0 < T1 ≤ T2, h ≥ 0.

The modulus of continuity of a stochastic process is a random element for any �xed

mesh size h > 0. The following results show that the moments of the modulus of continuity

of Brownian motion and, more generally, of Itô di�usions whose coe�cients satisfy suitable

integrability conditions allow for upper bounds of the form

(1) E
((

wY (h, T )
)p) ≤ Cp

(
h ln(T

h )
) p

2 for all h ∈ (0, α · T ],

where Cp is a �nite positive number depending on the moment p, the fraction α ∈ (0, 1)
and the coe�cients of the Itô di�usion Y . For Brownian motion we will also show that the

order in h and T of the p-th moments of the modulus of continuity as given in Inequality (1)

is exact.

The result that Inequality (1) holds for some �nite constant in case T = 1 and Y

is a d-dimensional Itô di�usion with uniformly bounded coe�cients can be found in the
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literature (see e.g. Ritter (1990), Slominski (1994), Pettersson (1995), Sªomi«ski (2001),

Victoir and Friz (2005)).

We too start from the special case of one-dimensional Brownian motion. We not only

prove the existence of a �nite constant Cp, but derive a bound in terms of the moment p

and make explicit the dependence on the time horizon T , see Lemma 1 in Section 2. This

allows us to prove Inequality (1) also for Itô di�usions with possibly unbounded coe�cients,

see Lemma 2 in Section 3.

In Section 4 we give an alternative proof of the fact that the p-th moment of the

modulus of continuity of Brownian motion is of order (h ln(T
h ))p/2 in the time horizon T

and the mesh size h provided h
T is small enough. The proof is based on results from the

theory of extreme values.

In Section 5 we consider an application of the previous results to stochastic di�usion

processes with delay. The latter processes have been used as models in many applications.

A closed form solution can be achieved only in a few speci�c cases, and therefore the

problem of the approximation of the solution naturally arises. The results obtained in this

paper allow to get strong uniform convergence of a piece-wise linear Euler approximation

scheme to the solution of a stochastic delay di�erential equation: the main result is an

upper bound for the strong uniform rate of convergence for a piece-wise linear Euler-scheme.

Similar and/or related results can be found in the literature, concerning the approximation

for solution of ordinary stochastic di�erential equations (see e.g. Faure (1992), Hofmann

et alii (2000), Müller-Gronbach (2002)) or for solutions of stochastic di�erential equations

with re�ection (see e.g. Slominski (1994), Pettersson (1995), Sªomi«ski (2001)).

2 Upper bounds for one-dimensional Brownian motion

Lemma 1. LetW be a standard one-dimensional Brownian motion living on the probability

space (Ω,F ,P). Then there is a constant K > 0 such that for every p ≥ 1, every T > 0,

(2) E
((

wW (h, T )
)p) ≤ Kp · p

p
2 ·
(
h ln(T

h )
) p

2 for all h ∈ (0, T
e ].

The approach we take in proving the lemma should be compared to the derivation

of Lévy's exact modulus of continuity for Brownian motion described in Exercise 2.4.8

of Stroock and Varadhan (1979). The main ingredient is an inequality due to Garsia,

Rodemich, and Rumsey Jr., see Theorem 2.1.3 in Stroock and Varadhan (1979: p. 47) and

the original paper by Garsia et al. (1970). Their inequality allows us to get an upper bound

for |W (t, ω)−W (s, ω)|p in terms of T , the distance |t−s| and ξ(ω), where ξ is a suitable

random variable.

Proof of Lemma 1. Let p ≥ 1. Let us �rst suppose that T = 1. The inequality for T 6= 1
will be derived from the self-similarity of Brownian motion. In order to prepare for the

application of the Garsia-Rodemich-Rumsey lemma, de�ne on [0,∞) the strictly increasing
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functions Ψ and µ by

Ψ(x) := exp
(

x2

2

)
− 1, µ(x) :=

√
c x, x ∈ [0,∞),

where c > p. Clearly,

Ψ(0) = 0 = µ(0), Ψ−1(y) =
√

2 ln(y+1) for all y ≥ 0, dµ(x) = µ(dx) =
√
c

2
√
x
dx.

De�ne the F-measurable random variable ξ = ξc with values in [0,∞] by letting

(3) ξ(ω) :=
∫ 1

0

∫ 1

0
Ψ
(
|W (t, ω)−W (s, ω)|

µ(|t−s|)

)
ds dt, ω ∈ Ω.

Notice that µ and ξ depend on the choice of the parameter c. Since W (t)−W (s)√
t−s

has standard

normal distribution N(0, 1), we see that

E (ξp) ≤ E
((
ξ + 1

)p) = E
((∫ 1

0

∫ 1

0
exp

(
|W (t)−W (s)|2

2c|t−s|

)
ds dt

)p)

≤ E
(∫ 1

0

∫ 1

0
exp

(
|W (t)−W (s)|2

2c|t−s|

)p

ds dt

)

=
∫ 1

0

∫ 1

0
E

(
exp

(
p

2c

(
W (t)−W (s)√

t−s

)2
))

ds dt =
√

c

c− p
.

In particular, ξ(ω) <∞ for P-almost all ω ∈ Ω. The Garsia-Rodemich-Rumsey inequality

now implies that for all ω ∈ Ω, all t, s ∈ [0, 1],

∣∣W (t, ω)−W (s, ω)
∣∣ ≤ 8

|t−s|∫
0

Ψ−1

(
4ξ(ω)
x2

)
µ(dx) = 8

|t−s|∫
0

√
2 ln

(
4ξ(ω)

x2 +1
) √

c

2
√
x
dx.

Notice that if ξ(ω) = ∞ then the above inequality is trivially satis�ed. With h ∈ (0, 1
e ],

we have

sup
t,s∈[0,1],|t−s|≤h

∣∣W (t, ω)−W (s, ω)
∣∣ ≤ 4

√
2c
∫ h

0

√
ln
(
4ξ(ω)+x2

)
+ 2 ln( 1

x)
dx√
x

(4)

≤ 4
√

2c

√ln(4ξ(ω)+1)
∫ h

0

dx√
x

+
√

2
∫ h

0

√ln( 1
x)− 1√

ln( 1
x)

+
1√

ln( 1
x)

 dx√
x



= 8
√
c

√2h
√

ln(4ξ(ω)+1) + 2
√
h ln( 1

h) +
∫ h

0

dx√
x ln( 1

x)


≤ 8

√
2c
(√

ln(4ξ(ω)+1) + 2
√

2
)√

h ln( 1
h)

≤ 32
√
c
(√

ξ(ω) + 1
)√

h ln( 1
h).
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Consequently, for all h ∈ (0, 1
e ],

E

(
sup

t,s∈[0,1],|t−s|≤h
|W (t)−W (s)|p

)
≤ 32p · c

p
2 ·E

((√
ξ + 1

)p) (
h ln( 1

h)
) p

2

≤ 64p · c
p
2 ·
(√

E
(
ξp
)

+ 1
)(

h ln( 1
h)
) p

2 .

Choosing the parameter c to be equal to 9
8p, we obtain for all h ∈ (0, 1

e ],

E
((

wW (h, 1)
)p) = E

(
sup

t,s∈[0,1],|t−s|≤h
|W (t)−W (s)|p

)

≤ (96/
√

2)p · p
p
2 · (

√
3 + 1)

(
h ln( 1

h)
) p

2 < 192p · p
p
2 ·
(
h ln( 1

h)
) p

2 .

(5)

The asserted inequality thus holds for any K ≥ 192 in case T = 1. To derive the assertion
for arbitrary T > 0, recall that by letting W̃ (t) := 1√

T
W (T · t), t ≥ 0, we obtain a second

standard one-dimensional Wiener process W̃ . Therefore,

E
((

wW (h, T )
)p) = E

(
sup

t,s∈[0,T ],|t−s|≤h
|W (t)−W (s)|p

)

= E

(
sup

t,s∈[0,T ],|t−s|≤h

∣∣√TW̃ ( t
T

)
−
√
TW̃

(
s
T

)∣∣p)

= T
p
2 E

 sup
t,s∈[0,1],|t−s|≤ h

T

|W̃ (t)− W̃ (s)|p
 = T

p
2 E

((
wW̃

(
h
T , 1

))p)
.

Since W and W̃ have the same distribution, estimate (5) implies that for all h ∈ (0, T
e ],

E
((

wW (h, T )
)p) ≤ T

p
2 · 192p · p

p
2 ·
(

h
T ln(T

h )
) p

2 ,

which yields Inequality (2).

The assertion of Lemma 1 remains valid with h from the interval (0, α ·T ] for any

α ∈ (1
e , 1), but the constants K such that Inequality (2) holds will be di�erent.

From the chain of inequalities (4) in the proof of Lemma 1 it is easy to see that higher

than polynomial moments of the Wiener modulus of continuity exist. More speci�cally, let

ξ = ξc be the random variable de�ned by (3), and let λ > 0. By the second but last line

in (4) we have for all h ∈ (0, T
e ],

E
(
exp
(
λ(wW (h, T ))2

))
≤ E

((
e · (4ξ + 1)

)2048c λ h ln( 1
h
)
)
.

The expectation on the right-hand side above is �nite if c > 2048c λ h ln( 1
h), that is, the

above exponential-quadratic moment exists if λh ln( 1
h) < 1

2048 . The situation here should

be compared to the case of standard Gaussian random variables. The constant 1
2048 is, of

course, not optimal.
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3 Upper bounds for Itô di�usions

Lemma 2. LetW be a d1-dimensional Wiener process adapted to a �ltration (Ft) satisfying
the usual assumptions and de�ned on a complete probability space (Ω,F ,P). Let Y =
(Y (1), . . . , Y (d))

T
be an Itô di�usion of the form

Y (t) = y0 +
∫ t

0
b(s)ds +

∫ t

0
σ(s)dW (s), t ≥ 0,

where y0 ∈ Rd and b, σ are (Ft)-adapted processes with values in Rd and Rd×d1 , respectively.

Let T > 0, and let ζ1 = ζ1,T , ζ2 = ζ2,T be [0,∞]-valued FT -measurable random variables

such that for all ω ∈ Ω,

ζ1(ω) ≥ max
i∈{1,...,d}

ess sup
t∈[0,T ]

|bi(t, ω)|, ζ2(ω) ≥ max
i∈{1,...,d},j∈{1,...,d1}

ess sup
t∈[0,T ]

σ2
i,j(t, ω).

Let p ≥ 1, and assume that

(H1) E(ζp
1 ) <∞,

(H2) there is ε > 0 such that

E
(
ζ

p
2
+ε

2

)
<∞.

Then there is a �nite constant C̃p > 0 such that

(6) E
((

wY (h, T )
)p) ≤ C̃p

(
h ln(T

h )
) p

2 for all h ∈ (0, T
e ].

Proof. With T > 0, p ≥ 1, it holds for all t, s ∈ [0, T ],∣∣Y (t)− Y (s)
∣∣p ≤ d

p
2

(∣∣Y (1)(t)− Y (1)(s)
∣∣p + . . .+

∣∣Y (d)(t)− Y (d)(s)
∣∣p) ,

and for the i-th component we have

∣∣Y (i)(t)− Y (i)(s)
∣∣p =

∣∣∣∫ t

s
bi(s̃)ds̃ +

d1∑
j=1

∫ t

s
σij(s̃)dW j(s̃)

∣∣∣p

≤ (d1+1)p

ζp
1 |t−s|

p +
d1∑

j=1

∣∣∣∫ t

s
σij(s̃)dW j(s̃)

∣∣∣p
 .

Hence, by Hypothesis (H1), for h ∈ (0, T
e ],

E
((

wY (h, T )
)p) = E

(
sup

t,s∈[0,T ],|t−s|≤h

∣∣Y (t)− Y (s)
∣∣p)

≤ d
p
2 (d1+1)p

(
d ·E (ζp

1 ) · hp +
d∑

i=1

d1∑
j=1

E

(
sup

t,s∈[0,T ],|t−s|≤h

∣∣∣∫ t

s
σij(s̃)dW j(s̃)

∣∣∣p)).
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To prove the assertion, it is enough to show that the d · d1 expectations on the right-

hand side of the last inequality are �nite and of the right order in h. Let i ∈ {1, . . . , d},
j ∈ {1, . . . , d1}, and de�ne the one-dimensional process M = M (i,j) by

M(t) :=


∫ t
0 σij(s̃) dW j(s̃) if t ∈ [0, T ],

M(T ) +W j(t)−W j(T ) if t > T.

Since
∫ T
0 σ2

ijds < ∞ P-almost surely as a consequence of Hypothesis (H2), the process

M is a (continuous) local martingale vanishing at zero and can be represented as a time-

changed Brownian motion. More precisely, by the Dambis-Dubins-Schwarz theorem, see

for instance Theorem 3.4.6 in Karatzas and Shreve (1991: p. 174), there is a standard

one-dimensional Brownian motion W̃ living on (Ω,F ,P) such that, P-almost surely,

M(t) = W̃ (〈M〉t) for all t ≥ 0,

where 〈M〉 is the quadratic variation process associated with M , that is,

〈M〉t =


∫ t
0 σ

2
ij(s̃) ds̃ if t ∈ [0, T ],∫ T

0 σ2
ij(s̃) ds̃+ (t−T ) if t > T.

Consequently, it holds P-almost surely that

sup
t,s∈[0,T ],|t−s|≤h

∣∣∣∫ t

s
σij(s̃)dW (j)(s̃)

∣∣∣p = sup
t,s∈[0,T ],|t−s|≤h

∣∣M(t)−M(s)
∣∣p

= sup
t,s∈[0,T ],|t−s|≤h

∣∣W̃ (〈M〉t)− W̃ (〈M〉s)
∣∣p

≤ sup

{∣∣W̃ (u)− W̃ (v)
∣∣p ; u, v ∈ [0, 〈M〉T ], |u−v| ≤ sup

t∈[h,T ]
〈M〉t − 〈M〉t−h

}
≤

(
wW̃ (δh, τ)

)p
,

where τ := 〈M〉T and δs, s ∈ [0, T ], are the random elements de�ned by

δs(ω) := sup
t∈[s,T ]

〈M〉t(ω)− 〈M〉t−s(ω), ω ∈ Ω.

Notice that τ = 〈M〉T = δT , and δh ≤ 〈M〉T for all h ∈ [0, T ]. By the monotonicity of the

modulus of continuity and Hypothesis (H2), for P-almost all ω ∈ Ω it holds that

wW̃ (ω)

(
δh(ω), τ(ω)

)
≤ wW̃ (ω)

(
ζ2(ω)h, τ(ω)

)
≤ wW̃ (ω)

(
ζ2(ω)h, ζ2(ω)T

)
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Let α > 1. Then, by Hölder's inequality and Lemma 1, for every h ∈ (0, T
e ] it holds that

E
((

wW̃ (δh, τ)
)p) ≤ E

((
wW̃ (ζ2 h, ζ2 T )

)p)
≤

∞∑
n=1

E
(
1{ζ2∈(n−1,n]}

(
wW̃ (nh, nT )

)p)
≤

∞∑
n=1

P {ζ2 ∈ (n−1, n]}
α−1

α E
((

wW̃ (nh, nT )
)α·p) 1

α

≤

( ∞∑
n=1

P {ζ2 ∈ (n−1, n]}
α−1

α · n
p
2

)
(
√
αK)p · p

p
2 · h

p
2 · ln

(
T
h

) p
2

≤

( ∞∑
n=1

P {ζ2 ∈ (n−1, n]} · n
(p+ε)α
2(α−1)

)α−1
α
( ∞∑

n=1

n−
ε·α
2

) 1
α

(
√
αK)p · p

p
2 · h

p
2 · ln

(
T
h

) p
2

≤ E
((
ζ2 + 1

) (p+ε)α
2(α−1)

)α−1
α

( ∞∑
n=1

n−
ε·α
2

) 1
α

(
√
αK)p · p

p
2 · h

p
2 · ln

(
T
h

) p
2 ,

where ε > 0 is as in Hypothesis (H2). If we choose α greater than max{2
ε ,

p
ε +2}, then

Hypothesis (H2) implies that the expectation and the in�nite sums in the last two lines

above are �nite. The assertion follows.

4 Moments of the modulus of continuity and extreme values

theory

The main aim of this section is to prove that for T positive and for all h ≤ T

E [(wW (h, T ))p] ≥ c(p)
(
h ln

2T
h

)p/2

, for all p > 0,(7)

where c(p) are strictly positive constant and can be explicitly computed.

The proof is based on classical results in extreme value theory and will give as a

byproduct also the upper bound

E [(wW (h, T ))p] ≤ C(p)
(
h ln

2T
h

)p/2

,(8)

for all 0 < h/T ≤ 1.

Unfortunately the method does not allow to get the precise value of the constants c(p)
and C(p), nor to compute exactly the interval in which the lower bound is valid.

We start this section by introducing another modulus of continuity, which we will call

for brevity the Euler modulus of continuity:
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De�nition 1 (Euler modulus of continuity). Let f be a deterministic function, the Euler

modulus of continuity of mesh h in the interval [0, T ] is de�ned as

wE
f (h, T ) := sup

t∈[0,T ]
|f(t)− f(h bt/hc)|

With the above de�nition it is immediate to check that

wE
f (h, T ) ≤ wf (h, T ) ≤ 3wE

f (h, T ),(9)

and therefore we concentrate on the Euler modulus of continuity.

Lemma 3. Let W be a standard Brownian motion and T = nh, with n ∈ N. Let Zi, i ≥ 1,
be a sequence of independent random variables with standard Gaussian distribution.

Then, for every p > 0

E
[

max
i=1,···n

|Zi|p
]
hp/2 ≤ E

[(
wE

W (h, T )
)p] ≤ 2E

[
max

i=1,···n
|Zi|p

]
hp/2,(10)

Proof. It is clear that, for any continuous function f ,

wE
f (h, T ) = max

i=1,...,n
sup

t∈[(i−1)h,ih]
|f(t)− f((i− 1)h)|

= max
i=1,...,n

max
(
∆f (i, h), ∆−f (i, h)

)
,

where we have used the following notation

∆f (i, h) = sup {f(t)− f((i− 1)h); t ∈ [(i− 1)h, ih]} .(11)

Furthermore one easily gets that(
max

i=1,...,n
∆f (i, h)

)p ≤ (wE
f (h, T )

)p ≤ ( max
i=1,...,n

∆f (i, h)
)p +

(
max

i=1,...,n
∆−f (i, h)

)p
.

Then, by the symmetry of Brownian motion, we immediately get

E
[(

max
i=1,···n

∆W (i, h)
)p] ≤ E

[(
wE

W (h, T )
)p] ≤ 2E

[(
max

i=1,···n
∆W (i, h)

)p]
.(12)

Then, by means of a rescaling argument, we immediately get that

E
[(

max
i=1,···n

∆W (i, h)
)p] = hp/2 E

[(
max

i=1,···n
∆W (i, 1)

)p]
.

Finally, the well known fact that the random variables

∆W (i, 1) = sup {W (t)−W (i); t ∈ [i− 1, i]}(13)

are independent, with the same distribution of |Zi|, ends the proof of the inequalities (10).

The next step is then to prove the following result
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Lemma 4. Let Zi be a sequence of standard Gaussian independent random variables.

Then, for every p > 0

lim
n→∞

E

[(
maxi=1,···n |Zi|√

2 ln(2n)

)p]
= 1.(14)

Before giving the proof of the above result, we show how to use it for the proof of (7)

and (8). Indeed by (14) we can �nd a nondecreasing sequence c0(p, n) and a nonincreasing

C0(p, n), both converging to 1, such that

c0(p, n) (2 ln(2n))p/2 ≤ E
[

max
i=1,···n

|Zi|p
]
≤ C0(p, n) (2 ln(2n))p/2 .(15)

Clearly, for n su�ciently large, c0(p, n) > 0. Therefore, taking into account that

wE
f (h, h bT

h c) ≤ wE
f (h, T ) ≤ wE

f (h, h dT
h e),

and that, for x ≥ 1, 1
2 ln(2x) ≤ ln (2bxc) ≤ ln (2dxe) ≤ 2 ln(2x)

1
2
c0(p, n0)

(
h ln 2T

h

)p/2 ≤ E
[(

wE
W (h, T )

)p] ≤ 2C0(p, 1)
(
h ln 2T

h

)p/2
,(16)

where the upper bound is valid for for all h/T ≤ 1, while the lower bound is valid for

h/T > 0 su�ciently small. The inequalities in (7) and (8) then follow by (9).

The proof of Lemma 4 is based on some classical results of extreme values theory,

concerning the sequence

Mn :=
(

max
i=1,··· ,n

Xi

)
,

where {Xi, i ≥ 1} is a sequence of i.i.d. random variables with common distribution

function F .

The �rst result we recall can be found in Gnedenko (1943), while the second one is due

to Pickands (1968), and we recall it in a simpli�ed version.

Proposition 1 (Gnedenko (1943)). Assume that F (x) < 1 for every x and that the se-

quence βn converges to in�nity. Then the sequence Mn
βn

converges to 1 in probability if and

only if and for any ε > 0

lim
n→∞

n
[
1− F

(
βn(1 + ε)

)]
= 0

lim
n→∞

n
[
1− F

(
βn(1− ε)

)]
= +∞

Proposition 2 (Theorem 3.2 in Pickands (1968), Exercise 2.1.3 in Resnick (1987)). As-

sume that F (x) < 1 for every x, and E
[
(X1)

p
−
]
< ∞, with p > 0. Assume furthermore

that the sequence Mn
βn

converges to 1 in probability. Then

E
[(

Mn

βn

)p]
−→n→∞ 1.
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We are now ready to prove Lemma 4

Proof of Lemma 4. In our case Xi = |Zi|, and, if Φ(x) denotes the distribution function of

Zi, then the proof of (14) follows by Proposition 2 since

(i) 1− F (x) = 2
(
1− Φ(x)

)
< 1, for every x,

(ii) Mn/
√

2 ln(2n) → 1 in probability,

(iii) the negative part of X1 is zero.

Properties (i) and (iii) are obvious, and we only need to check property (ii). Let

ϕ(x) = Φ′(x) denote the density of Zi, so that asymptotically 1 − Φ(x) ∼ ϕ(x)/x. Then,
for any α = 1± ε > 0 we have

n
(
1− F

(
βn α

))
= n 2

(
1− Φ(βn α)

)
∼ 2n

ϕ
(
βn α

)
βn α

=

√
2

α2 π

n√
ln 2n

exp{−1
2 2α2 ln(2n)}

=

√
2

α2 π

n√
ln 2n

(2n)−α2
= C(α)

n1−α2

√
ln 2n

.

The sequence n1−α2

√
ln 2n

converge to zero or to in�nity as α = 1 + ε > 1 or α = 1− ε < 1,
and therefore one can apply Proposition 1, in order to get the relative stability of Mn.

5 Euler approximation for SDDE and the modulus of conti-

nuity

In this section we assume that the process X =
(
X(t)

)
t∈[−τ,T ]

satis�es the stochastic delay

di�erential equation on the probability space (Ω,F , (Ft)t∈[0,T ], P )


X(t) = η(t), −τ ≤ t ≤ 0,

X(t) = η(0) +
∫ t
0 µ(u,ΠuX)du+

∫ t
0 σ(u,ΠuX)dW (u), 0 ≤ t ≤ T,

(17)

where τ is a positive constant,
(
ΠtX

)
t∈[0,T ]

is a C([−τ, 0],R) random valued process de�ned

by

ΠtX(s) = X(t+ s) − τ ≤ s ≤ 0,

W =
(
W (t)

)
t∈[0,T ]

is a standard Brownian motion, and η =
(
η(s)

)
s∈[−τ,0]

is a C([−τ, 0],R)
valued random variable.

As an example the functions µ(t, θ) and σ(t, θ) for θ ∈ C([−τ, 0],R) can be taken of

the form

g

(
t, max

u∈[τi−1,τi]
θ(u); i = 1, · · · , r

)
(18)

10



where −τ = τ0 < τ1 < · · · < τr = 0, or

g
(
t,
∫ 0
−τψi(u, θ(u))γi(du); i = 1, · · · , r

)
,(19)

where γi are �nite measures on [−τ, 0], and g and ψi are continuous functions.

By taking in (19) ψi(u, x) = x for all i, and γi(ds) in the set {δ−τ (ds), δ0(ds)}, we recover
the �xed time delay model

dX(t) = gµ

(
X(t), X(t− τ)

)
dt+ gσ

(
X(t), X(t− τ)

)
dW (t).(20)

For the delay equation (17) we assume the following standing hypotheses:

(A1) η is a F0-measurable C([−τ, 0],R) valued random variable, with

E
(
‖Π0X‖2k

)
= E

(
sup

s∈[−τ,0]
|η(s)|2k

)
<∞, k = 1, 2

(A2) The functionals µ(t, θ) and σ(t, θ) on [0, T ] × C([−τ, 0],R) are jointly globally con-

tinuous, Hölder in time and Lipschitz in space, i.e. for α ∈ (0, 1]

|µ(t, θ)− µ(t′, θ̄)|2 + |σ(t, θ)− σ(t′, θ̄)|2 ≤ K
(
|t− t′|2α + ‖θ − θ̄‖2

)
.(21)

and satisfy the growth condition

|µ(t, θ)|2 + |σ(t, θ)|2 ≤ K
(
1 + ‖θ‖2

)
,(22)

for some constant K > 0.

Conditions (A1) and (A2), with t′ = t in (21), assure the existence and the uniqueness

of the solution of equation (17) together with

E
[

sup
u∈[0,T ]

‖ΠuX‖2k
]
<∞, k = 1, 2,(23)

(see Mohammed (1984), Theorem II.2.1 and Lemma III.1.2 and Mohammed (1996), The-

orem I.2). Note that, under condition (A2), with t′ = t in (21), the existence and the

uniqueness of the solution of equation (17) follow without condition (A1) (see Kallianpur

and Mandal (2002)). The latter condition is used to obtain (23), which together with the

sublinearity of µ and σ implies that conditions (H1) and (H2) of Lemma 2 are satis�ed

with p = 2 and ε = 1. As a consequence we can state that there exists a constant C̃ such

that, for all h su�ciently small

E
[
w2

X(h; [0, T ])
]
≤ C̃ h ln(T

h )(24)

The above upper bound is the key point in order to prove our rate of convergence

result (see Proposition 3) for the approximation process, given by the piecewise linear

11



Euler-Maryuama scheme (see (25) and Remark 1, for the peculiarities due to the de-

lay). Together with this scheme we also consider a continuous (di�usive) Euler-Maryuama

scheme (see (27)).

First we consider the sequence of processes Xn=
(
Xn(t)

)
t∈[−τ,T ]

of the state process

X=
(
X(t)

)
t∈[−τ,T ]

we consider is the piecewise linear Euler-Maruyama scheme, that is the

linear interpolation of the Euler discretization scheme with step δ = δn = T/n, with

τ = mδ (for the sake of simplicity, we assume that T/τ is rational):

Xn(`δ) = η(`δ), −m ≤ ` ≤ 0,

Xn((`+ 1)δ) = Xn(`δ) + µ(`δ,Π`δX
n)δ

+σ(`δ,Π`δX
n)
[
W ((`+ 1)δ)−W (`δ)

]
, 0 ≤ ` ≤ n− 1.

(25)

With this approximation for the process X we can consider the piecewise-constant

C([−τ, 0],R)-valued process
(
Πbt/δc·δX

n
)
t∈[0,T ]

as an approximation of the C([−τ, 0],R)-
valued process

(
ΠtX

)
t∈[0,T ]

.

Note that the processXn is not adapted nor Markov, while the process
(
Πbt/δc·δX

n
)
t∈[0,T ]

is an adapted process.

Remark 1. Note that, unlike in the �nite dimensional Euler scheme, the interpolation has

to be performed at every step in order to evaluate Π`δX
n. Nevertheless it is clear that{(

Xn(`δ), Xn((`− 1)δ), · · · , Xn((`−m)δ)
)}

0≤`≤n
(26)

is an (m+ 1)-dimensional Markov chain, and for t ∈ [`δ, (`+ 1)δ], 0 ≤ ` ≤ n− 1

Xn(t) = Xn(`δ) + µ(`δ,Π`δX
n)(t− `δ)

+ σ(`δ,Π`δX
n)
[
W ((`+ 1)δ)−W (`δ)

]
(t− `δ)/δ,(27)

with Xn(0) = η(0).

When the process is given by �xed time delay model (20), the linear interpolation, in

the above discrete Euler-Maruyama scheme, is not needed in order to compute the sequence

{Xn(`δ)}0≤`≤n. Indeed in this case

Xn((`+ 1)δ) = Xn(`δ) + ga

(
`δ,Xn(`δ), Xn((`−m)δ)

)
δ

+ gb

(
`δ,Xn(`δ), Xn((`−m)δ)

)[
W ((`+ 1)δ)−W (`δ)

]
,

with Xn(0) = η(0), and therefore the computation of the discrete Markov chain (26) is

much simpler.
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We consider also the continuous Euler-Maruyama scheme, i.e. the di�usion processes

Zn =
(
Zn(t)

)
t∈[0,T ]

where, setting as above δ = δn = T/n,
Zn(t) := η(t) −τ ≤ t ≤ 0,

Zn(t) := η(0) +
∫ t

0
µ(δ · bs/δc ,Πδ·bs/δcX

n)ds

+
∫ t

0
σ(δ · bs/δc ,Πδ·bs/δcX

n)dW (s), 0 ≤ t ≤ T,

(28)

which can be considered as intermediate approximation processes for the state X.

The aim of this section is to compute an upper bound for the rate of convergence of our

scheme under the further hypotheses that 1/2 ≤ α ≤ 1 in (21), i.e. to prove the following

Proposition.

Proposition 3. Assume that conditions (A1), for k = 1, 2, and (A2), with 1/2 ≤ α ≤ 1,
are satis�ed, and furthermore that the initial condition η satis�es

E
[
w2

η

(
δ; [−τ, 0]

)]
≤ Cη δ log(1

δ ).(29)

Then there exist constants CX and CZ such that

E

[
sup

t∈[0,T ]

∥∥Πδ·bt/δcX
n −ΠtX

∥∥2

]
≤ CX

log n
n

,(30)

E

[
sup

u∈[0,T ]
‖ΠuZ

n −ΠuX‖2

]
≤ CZ

log n
n

(31)

The above result generalizes Proposition 4.2 in Calzolari et al. (2007), since it does not

require the boundedness of the coe�cients µ and σ (there denote by a and b, respectively).

We point out that Proposition 3 requires that condition (A1), holds also for k = 2, while
when the di�usion coe�cient |σ(t, θ)| is bounded above by a constant, then k = 1 is su�-

cient.

By (24), the above result implies that a similar upper bound holds also for the ex-

pectation of supu∈[−τ,T ] ‖Xn(t)−X(t)‖2. In this respect Proposition 3 can be considered

also as a generalization to SDDE the old result, due to Faure (1992), for piecewise linear

approximations of solutions of ordinary stochastic di�erential equations (see Bouleau and

Lépingle (1994)).

The proof of Proposition 3 can be achieved exactly as the proof of the above quoted

Proposition 4.2 (see Section 5 of Calzolari et al. (2007)). Note that the boundedness con-

dition on the coe�cients was used only to get the upper bound (24). For the ease of the
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reader, though unnecessary, we now sketch brie�y the proof.

The processes Zn have the property that

Zn(`δ) = Xn(`δ), for ` ≥ −m,(32)

as can be easily seen. The latter property implies that the piecewise linear interpolation

of Zn coincides with Xn. In other words

P δZn(s) = Xn(s), for s ∈ [−τ, T ],(33)

where P δ denotes the operator which gives the linear interpolation of a function
(
f(s)

)
s∈[−τ,T ]

,

with step δ, i.e.

P δf(v) = λ(v) f(δ · bv/δc+ δ) + (1− λ(v)) f(δ · bv/δc)

with λ(v) = v/δ − bv/δc. By rewriting f(v) = λ(v) f(v) + (1− λ(v)) f(v), we have∣∣P δf(v)− f(v)
∣∣ = ∣∣λ(v) [f(δ · bv/δc+ δ)− f(v)] + (1− λ(v)) [f(δ · bv/δc)− f(v)]

∣∣
≤ λ(v)wf (δ) + (1− λ(v))wf (δ) = wf (δ).

Furthermore, taking into account (33), we have

sup
t∈[0,T ]

‖ΠtX
n −ΠtP

δX‖ = sup
k:kδ∈[−τ,T ]

|Xn(kδ)−X(kδ)|

= sup
k:kδ∈[−τ,T ]

|Zn(kδ)−X(kδ)| ≤ sup
t∈[−τ,T ]

|Zn(t)−X(t)| = sup
t∈[0,T ]

‖ΠtZ
n −ΠtX‖.

Therefore one can prove immediately that∥∥Πδ·bt/δcX
n −ΠtX

∥∥2

≤ 2
∥∥∥Πδ·bt/δcX

n −Πδ·bt/δcP
δX
∥∥∥2

+ 2
∥∥∥Πδ·bt/δcP

δX −ΠtX
∥∥∥2

≤ 2 sup
t∈[0,T ]

‖ΠtZ
n −ΠtX‖2 + 2w2

X(δ, [−τ, T ]).(34)

Then the result follows by the inequality

E

[
sup

u∈[0,T ]
‖ΠuZ

n −ΠuX‖2

]
≤ C1(T )

(
E
[
w2

X(δ; [−τ, T ])
]
+ δ2α

)
,(35)

(see (5.12) in the proof of Lemma 5.3 in Calzolari et al. (2007)), by (24), and by assumption

on the moments of the modulus of continuity of η.

We end this section by observing that, on the one hand inequality (31) is far from being

optimal and the constant in (30) could be improved, while on the other hand the rate of

convergence in (30) cannot be improved. Indeed consider the toy model with µ = 0 and

σ = 1, with η(s) = 0 for all s ∈ [−τ, 0], i.e. the case X(t) = W (t), for all t ∈ [0, T ]. In
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this case Zn(t) = X(t), for all t ∈ [−τ, T ] so that the continuous Euler approximation is

useless, while, Xn(t) = P δX(t), for all t ∈ [−τ, T ], and therefore, on the one hand

sup
t∈[−τ,T ]

|Xn(t)−X(t)| = sup
t∈[0,T ]

|P δW (t)−W (t)| ≤ wE
W (δ; [0, T ]),

while on the other hand

sup
t∈[−τ,T ]

|Xn(t)−X(t)| = sup
t∈[0,T ]

|P δW (t)−W (t)|

≥ max
1≤i≤n;i even

∣∣∣12 [W (iδ + δ)−W ( δ
2 + iδ)

]
+ 1

2

[
W (iδ)−W ( δ

2 + iδ)
] ∣∣∣

= max
1≤2`≤n

|Y`|,

where

Y` := 1
2

[
W (2`δ + δ)−W ( δ

2 + 2`δ)
]
+ 1

2

[
W (2`δ)−W ( δ

2 + 2`δ)
]

are independent Gaussian random variables with mean zero and variance 1
4

δ
2 + 1

4
δ
2 = δ

4 .

With the same extreme value technique used in the previous section one can prove that

max1≤2`≤n |Y`|/
√

2 lnn converge in probability to 1, and that the same happens to the

moments. Therefore we can get a result of the following kind

E
(
‖P δW −W‖p

)
= O

(
(δ ln T

δ )p/2
)
.

References

Nicolas Bouleau and Dominique Lépingle. Numerical methods for stochastic processes.

Wiley Series in Probability and Mathematical Statistics: Applied Probability and

Statistics. John Wiley & Sons Inc., New York, 1994. ISBN 0-471-54641-0. A Wiley-

Interscience Publication.

A. Calzolari, P. Florchinger, and G. Nappo. Convergence in non linear �ltering for sto-

chastic delay systems. (to appear in SIAM J. Control Optim.), 2007.

A.M. Garsia, E. Rodemich, and H. jun. Rumsey. A real variable lemma and the continuity

of paths of some Gaussian processes. Indiana Math. J., 20(6):565�578, 1970.

B. Gnedenko. Sur la distribution limite du terme maximum d'une série aléatoire.

Ann. Math. (2), 44:423�453, 1943.

G. Kallianpur and P. K. Mandal. Nonlinear �ltering with stochastic delay equations. In

Advances on Theoretical and Methodological Aspects of Probability and Statistics; IISA

1998; Volume 2; Editor: Balakrishnan, N., pages 3�36. Gordon and Breach Science

Publishers, 2002.

Ioannis Karatzas and Steven E. Shreve. Brownian Motion and Stochastic Calculus, volume

113 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2nd edition, 1991.

15



Salah-Eldin A. Mohammed. Stochastic functional di�erential equations. Pitman Publish-

ing, London, 1984.

Salah-Eldin A. Mohammed. Stochastic di�erential systems with memory: Theory, exam-

ples and applications. In L. Decreusefond, J. Gjerde, B. Øksendal, and A. S. Üstünel,

editors, Stochastic Analysis and Related Topics VI. Papers from the Sixth Oslo-Silivri

Workshop on Stochastic Analysis held in Geilo, pages 1�77, Boston, 1996. Birkhäuser.

James Pickands, III. Moment convergence of sample extremes. Ann. Math. Stat., 39:

881�889, 1968.

Sidney I. Resnick. Extreme values, regular variation, and point processes, volume 4 of Ap-

plied Probability. A Series of the Applied Probability Trust. Springer-Verlag, New York,

1987.

Leszek Sªomi«ski. Euler's approximations of solutions of SDEs with re�ecting boundary.

Stochastic Processes Appl., 94:317�337, 2001.

Daniel W. Stroock and S.R. Srinivasa Varadhan. Multidimensional Di�usion Processes,

volume 233 of Grundlehren der mathematischen Wissenschaften. Springer-Verlag,

Berlin, 1979.

Peter Victoir and Nicolas Friz. Approximation of the Brownian rough path with applica-

tions to stochastic analysis. Ann. Inst. Henri Poincaré, Probab. Statist., 4, 2005.

16


