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Abstract

We study a semi-discretisation scheme for stochastic optimal control problems
whose dynamics are given by controlled stochastic delay (or functional) differential
equations with bounded memory. Performance is measured in terms of expected costs.
By discretising time in two steps, we construct a sequence of approximating finite-
dimensional Markovian optimal control problems in discrete time. The corresponding
value functions converge to the value function of the original problem, and we derive
an upper bound on the discretisation error or, equivalently, an estimate for the rate

of convergence.
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1 Introduction

The object of this study is an approximation scheme for stochastic control systems with
time delay in the dynamics. The control problems we wish to approximate are characterised
as follows: The system dynamics are given by a controlled stochastic delay (or functional)
differential equation (SDDE or SFDE), the performance criterion is a cost functional of

expectation type, and control acts up to a finite deterministic time horizon. A control
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problem of this kind is generally infinite-dimensional in the sense that the corresponding
value function lives on an infinite-dimensional function space. For simplicity, there will be

neither state constraints nor state-dependent control constraints.

Our approximation scheme is a time-discretisation method of Euler-Maruyama type.
This semi-discretisation procedure yields a sequence of finite-dimensional optimal control
problems in discrete time. Under quite natural assumptions, we obtain an upper bound
on the discretisation error — or an estimate for the rate of convergence — in terms of a
difference between the value functions corresponding to the original control problem and

the approximating control problems, respectively.

The approximation of the original control problem is carried out in two steps. The
first step consists in constructing a sequence of control problems whose coefficients are
piece-wise constant in time and in the segment variable. The admissible strategies are the
same as those of the original problem. We obtain a rate of convergence for the controlled
state processes, which is uniform in the strategies, thanks to the fact that the modulus of
continuity of It6 diffusions with bounded coefficients has finite moments of all orders. This
result can be found in Stominski (2001), cf. Appendix A.2 below. The convergence rate
for the controlled processes carries over to the approximation of the corresponding value

functions.

The second discretisation step consists in approximating the original strategies by con-
trol processes which are piece-wise constant on a sub-grid of the time grid introduced in
the first step. A main ingredient in the derivation of an error bound is the Principle of
Dynamic Programming (PDP) or, as it is also known, Bellman’s Principle of Optimality.
The validity of the PDP for the “non-Markovian” dynamics at hand was proved in Larssen
(2002), cf. Appendix A.1 below. We apply the PDP to obtain a global error bound from
an estimate of the local truncation error. The fact that the value functions of the approx-
imating problems from the first step are Lipschitz continuous under the supremum norm
guarantees stability of the method. This way of error localisation and, in particular, the
use of the PDP are adapted from Falcone and Ferretti (1994) and Falcone and Rosace
(1996), who study deterministic optimal control problems with and without delay. Their
proof technique is not confined to such simple approximation schemes as we adopt here;
it extends the usual convergence analysis of finite-difference methods for initial-boundary

value problems, cf. Section 5.3 in Atkinson and Han (2001), for example.

To estimate the local truncation error we only need an error bound for the approxima-
tion by piece-wise constant strategies of finite-dimensional control problems with “constant
coefficients”; that is, the cost rate and the coefficients of the state equation are functions
of the control variable only. Such a result is provided by a stochastic mean value theorem
due to Krylov (2001), which we cite in Appendix A.3.

In a last step, we put together the two error estimates to obtain a bound on the total

approximation error. The error bound is of order nearly h*/12 with h the length of the time

step, see Theorem 4 in Section 5. To the best of our knowledge, this is the first result on



the speed of convergence of a time-discretisation scheme for controlled systems with delay.
We do not expect our estimate to be optimal, and understand the result as a benchmark

on the way towards sharp error bounds.

About ten years ago, N. V. Krylov was the first to obtain rates of convergence for finite-
difference schemes approximating finite-dimensional stochastic control problems with con-
trolled and possibly degenerate diffusion matrix, see Krylov (1999, 2000) and the references
therein. The error bound obtained there in the special case of a time-discretisation scheme
with coefficients which are Lipschitz continuous in space and %—Hélder continuous in time
is of order h'/6 with h the length of the time step. Notice that in Krylov (1999) the order
of convergence is given as h'/3, where the time step has length h%. When the space too
is discretised, the ratio between time and space step is like h? against h or, equivalently,
h against v/h, which explains why the order of convergence is expressed in two different
ways.

Using purely analytic techniques from the theory of viscosity solutions, Barles and
Jakobsen (2005a,b) obtain error bounds for a broad class of finite-difference schemes for
the approximation of partial differential equations involving operators of Hamilton-Jacobi-
Bellman type. In the instance of a simple time-discretisation scheme, the estimate for the

speed of convergence they find is of order h'/10 in the length h of the time step.

In the finite-dimensional setting, our two-step time-discretisation procedure allows to
get from the case of “constant coefficients” to the case of general coefficients, even though

it yields a worse rate of convergence in comparison with the results cited above, namely 1—12
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of the dynamics from that of the strategies. On the other hand, it is this separation that

instead of % and respectively. This is the price we pay for separating the approximation
enables us to reduce the problem of strategy approximation to an elementary form. Observe
that some techniques like mollification of the value function employed in the works cited

above are not available, because the space of initial values is not locally compact.

Our procedure also allows to estimate the error incurred when using strategies which are
nearly optimal for the approximating problems with the dynamics of the original problem.
This would be the way to apply the approximation scheme in many practically relevant
situations. Of course, in order to be able to do so, we need an efficient method for numer-
ically computing the value functions and (nearly) optimal strategies of the approximating
problems. In this respect, the recent work by Rogers (2006) might prove useful.

The study of stochastic systems with delay has a long tradition, see Mohammed (1984)
and the references therein. An overview of numerical methods for uncontrolled SDDEs is
given in Buckwar (2000). The simplest approximation procedure is the Euler-Maruyama
scheme. The work by Mao (2003) provides the rate of convergence for this scheme provided
the SDDE has globally Lipschitz continuous coefficients and generalised distributed delays;
Proposition 3 in Section 3 provides a partial generalisation of Mao’s results and uses
arguments similar to those in Calzolari et al. (2005). The most common first order scheme

is due to Milstein; see Hu et al. (2004) for the rate of convergence of this scheme applied



to SDDEs with point delays.

There is a well-established method for approximating finite-dimensional stochastic con-
trol problems in continuous time, the so-called Markov chain method, which was introduced
by H.J. Kushner about thirty years ago, see Kushner and Dupuis (2001) and the references
therein. The idea is to construct a sequence of approximating control problems the dynam-
ics of which are “locally consistent” with the dynamics of the original problem. If the cost
functionals are reasonable approximations of the original performance criterion, then under
very broad conditions local consistency of a scheme is sufficient to guarantee convergence
of the corresponding value functions. The techniques used in Kushner and Dupuis (2001)
and related work for the proofs of convergence are based on weak convergence of measures;
they can be extended to cover control problems with delay, see Kushner (2005a) and also
Fischer and Reifs (2006). In Kushner (2005b) numerical approximation of stochastic con-
trol problems with reflection, where generalised distributed delays may occur in the state
and the control variable of the drift coefficient as well as in the reflection term, is treated
using the Markov chain method. The starting point for the discretisation procedure in
that work is not a controlled SDDE, but a representation of the system dynamics as a
stochastic partial differential equation without delay. As the convergence proofs, which
work for many different control problems and approximation schemes, are based on (local)

consistency only, they usually do not yield any bound on the discretisation error.

Stochastic control problems with delay in the system dynamics have been the object of
other recent studies; see Elsanosi et al. (2000) for certain explicitly available solutions and
(Oksendal and Sulem (2001) for the derivation of a maximum principle. If the dynamics of
the control problem with delay exhibit a special structure, then the value function actually
lives on a finite-dimensional space and the original problem can be reduced to a classical
stochastic control problem without delay; see Larssen and Risebro (2003) and Bauer and
Rieder (2005). We have already mentioned Larssen (2002) in connection with the PDP for
delay systems. As in the finite-dimensional setting, the PDP can be invoked to derive a
Hamilton-Jacobi-Bellman (HJB) equation for the value function. Such an HJB equation is
not guaranteed to admit classical (i.e. Fréchet-differentiable) solutions, and the concept of
viscosity solutions has to be introduced. The HJB equation can then be used as a starting
point for constructing finite-difference approximation schemes; see Chang et al. (2006) for

this approach.

The rest of this paper is organised as follows. In Section 2, we introduce in detail the
control problems we wish to approximate. In Section 3, we describe the first approximation
step, that is, the time-discretisation of the dynamics. Section 4 is devoted to the second
approximation step, the time-discretisation of the control processes. In Section 5 we derive
the estimate of the total discretisation error. We also discuss the question of constructing
nearly optimal strategies and briefly address issues related to the numerical solution of the

approximating control problems.



2 The original control problem

The dynamics of the control problems we want to approximate are described by a controlled
d-dimensional stochastic delay (or functional) differential equation driven by a Wiener
process. Both the drift and the diffusion coefficient may depend on the solution’s history
a certain amount of time into the past. The delay length gives a bound on the maximal
time the system is allowed to look back into the past; it will be a finite deterministic
time, say r > 0. For simplicity, we restrict attention to control problems with finite
and deterministic time horizon. The performance of the admissible control processes or
strategies will be measured in terms of a cost functional of the usual expectation type.
Typically, the solution process of an SDDE does not enjoy the Markov property, while
the segment process associated with that solution does. For an R?valued function X =

X(.) living on the time interval [—r, 00), the segment at time ¢ € [0, 00) is the function
Xy [—7", O] - Rda Xt(s) = X(t+s)7 s € [_T7 0]

If X is a continuous function, then the segment X; at time ¢ is a continuous function defined
on [—r,0]. Accordingly, if (X(¢));>—, is an R-valued stochastic process with continuous
trajectories, then the associated segment process (X¢)¢>0 is a stochastic process taking its
values in C:= C([—r, 0], R%), the space of all R%-valued continuous functions on the interval
[—7,0]. The space C comes equipped with the supremum norm, written ||.||, induced by
the standard norm on RY,

Let (T, p) be a complete and separable metric space, the set of control actions. We
first state our control problem in the weak Wiener formulation, cf. Larssen (2002) and
Yong and Zhou (1999: pp. 176-177). This is to justify our use of the Principle of Dynamic

Programming. In subsequent sections we will only need the strong formulation.
Definition 1. A Wiener basis of dimension d; is a triple ((2, P, F), (F;), W) such that

(i) (Q,F,P) is a complete probability space carrying a standard d;-dimensional Wiener

process W,
(ii) (F%) is the completion by the P-null sets of F of the filtration induced by W.

A Wiener control basis is a quadruple ((Q2, P, F), (F;), W, u) such that ((Q,P,F), (F), W)
is a Wiener basis and u: [0,00) X  — T is progressively measurable with respect to (F3).
The (F;)-progressively measurable process u is called a control process. Write Uy, for the

set of all Wiener control bases.

By abuse of notation, we will often hide the stochastic basis involved in the definition
of a Wiener control basis; thus, we may write (W, u) € Uy meaning that W is the Wiener
process and u the control process of a Wiener control basis.

Let b, o be Borel measurable functions defined on [0,00) x C x I" and taking values in
R? and R | respectively. The functions b, o are the coefficients of the controlled SDDE



that describes the dynamics of the control problem. The SDDE is of the form
(1) dX(t) = b(to+t, X, u(t))dt + o(to+t, Xe, u(t))dW(t), t>0,

where ¢y > 0 is a deterministic initial time and ((2, P, F), (F;), W, u) a control basis. The
assumptions on the coefficients stated below will allow b, ¢ to depend on the segment
variable in different ways. Let ¢ € C be a generic segment function. The coefficients b, o

may depend on ¢ through bounded Lipschitz functions of, for example,

e(=71), - p(=Tn), (point delay),

0 0
/ v1(8, p(s))wi(s)ds, .. .,/ Un (8, 0(8))wn(s)ds  (distributed delay),

-Tr

0 0
/ 01(8, p(8))dp1(s), - .. ,/ On(8,0(8))dpn(s), (generalised distributed delay),

—r —r

where n € N, rq,...,7m, € [0,7], wy,...,w, are Lebesgue integrable, p1,..., u, are finite
Borel measures on [0, 7], v;, 9; are Lipschitz continuous in the second variable uniformly in
the first, v;(.,0)w;(.) is Lebesgue integrable and @;(., 0) is p;-integrable, i € {1,...,n}. No-
tice that the generalised distributed delay comprises the point delay as well as the Lebesgue
absolutely continuous distributed delay. Let us call functional delay any type of delay that
cannot be written in integral form. An example of a functional delay is the dependence on

the segment variable ¢ through bounded Lipschitz functions of

sup  v1(s,t,(s),(t)), ..., sup n(s,t,0(s), (1)),
s,te[—r,0] s,te[—r,0]
where v; is a measurable function which is Lipschitz continuous in the last two variables
uniformly in the first two variables and v;(.,.,0,0) is bounded, i € {1,...,n}.

As initial condition for Equation (1), in addition to the time ¢y, we have to prescribe
the values of X(¢) for all ¢t € [—7r,0], not only for ¢ = 0. Thus, a deterministic initial
condition for Equation (1) is a pair (tg, ), where tg > 0 is the initial time and ¢ € C the
initial segment. We understand Equation (1) in the sense of an It6 equation. An adapted
process X with continuous paths defined on the stochastic basis (2, P, F, (F;)) of (W,u)

is a solution with initial condition (t¢, ¢) if it satisfies, P-almost-surely,

©0(0) + fg b(to+s, Xs,u(s))ds + f(f o(to+s, Xs,u(s))dW(s), t>0,

(2) X(@) =
e(t), tel-r0].

Observe that the solution process X always starts at time zero; it depends on the initial
time tg only through the coefficients b, 0. As far as the control problem is concerned,
this formulation is equivalent to the usual one, where the process X starts at time ty with
initial condition X;, = ¢ and ¢y does not appear in the time variable of the coefficients.
A solution X to Equation (2) under (W,u) with initial condition (tg, ) is strongly

unique if it is indistinguishable from any other solution X satisfying Equation (2) under



(W, u) with the same initial condition. A solution X to Equation (2) under (W, u) with
initial condition (to, @) is weakly unique if (X, W, u) has the same distribution as (X, W, i)
whenever (W, %) has the same distribution as (W,u) and X is a solution to Equation (2)
under Wiener control basis (W, @) with initial condition (to, ). Here, the space of Borel
measurable functions [0,00) — I' is equipped with the topology of convergence locally in

Lebesgue measure.

Definition 2. A Wiener control basis (W, u) € Uy is called admissible or a strategy if,
for each deterministic initial condition, Equation (2) has a strongly unique solution under
(W,w). Write Uy,q for the set of admissible control bases.

Denote by T" > 0 the finite deterministic time horizon. Let f, g be Borel measurable
real-valued functions with f having domain [0,00) x C x I and ¢ having domain C. They
will be referred to as the cost rate and the terminal cost, respectively. We introduce a cost
functional J defined on [0,T] x C x U, by setting

T—tg
3) T(to,o, (Wou)) = B ( [ fteoks Xeuto)as + g(XT_m)),

where X is the solution to Equation (2) under (W,u) € U, with initial condition (to, ¢)
and Ll(‘l]d C U,y is the set of all admissible Wiener control bases such that the expectation
in (3) is well defined for all deterministic initial conditions.

The value function corresponding to Equation (2) and cost functional (3) is the function

V:[0,T] x C — [—00,00) given by
(4) V(to, ) := inf{J(to, o, (W,w)) | (W,u) € Uy}

It is this function that we wish to approximate.
Let us specify the hypotheses we make about the regularity of the coefficients b, o, the

cost rate f and the terminal cost g.

(A1) Measurability: the functions b: [0,00) x C x I' = R%, ¢ : [0,00) x C x T — R9*d1,
f:]0,00) xC xT' = R, g: C — R are Borel measurable.

(A2) Boundedness: |b|, |o|, | f|, |g| are bounded by some constant & > 0.

(A3) Uniform Lipschitz and Holder condition: there is a constant L > 0 such that for all
p,peC, t,s>0,allyel

b(t, ,7) = b(s, 2,7 V |o(t,0,7) —o(s,0,7] < Llle — @l + VIt —s])
|f(t,0,7) = f(5,8,7)] V |g(e) — 9(2)] < L(lle— @l + It —s).

(A4) Continuity in the control: b(t, ¢, .), o(t,¢,.), f(t,¥,.) are continuous functions on I
for any ¢t > 0, ¢ € C.



Here and in the sequel, |.| denotes the Euclidean norm of appropriate dimension and x V y
denotes the maximum of x and y. The above measurability, boundedness and Lipschitz
continuity assumptions on the coefficients b, o guarantee the existence of a strongly unique
solution X = X%:%% to Equation (2) for every initial condition (to, ) € [0,T] x C and
(W, u) € Uy any Wiener control basis; see, for example, Theorem 2.1 and Remark 1.1(2)
in Chapter 2 of Mohammed (1984). Moreover, weak uniqueness of solutions holds for all
deterministic initial conditions. This is a consequence of a theorem due to Yamada and
Watanabe, see Larssen (2002) for the necessary generalisation to SDDEs.

Consequently, under Assumptions (A1l)-(A3), we have U,y = Uy . Moreover, since f
and ¢ are assumed to be measurable and bounded, the expectation in (3) is always well
defined, whence it holds that u&]d = Uyq = Uy . Assumption (A4) will not be needed before
Section 4.

The fact that weak uniqueness holds allows us to discard the weak formulation and
consider our control problem in the strong Wiener formulation. Thus, we may work with
a fixed Wiener basis. Under Assumptions (Al)-(A3), the admissible strategies will be
precisely the natural strategies, that is, those that are representable as functionals of the
driving Wiener process. From now on, let ((Q2,P,F),(F:), W) be a fixed d;-dimensional
Wiener basis. Denote by U the set of control processes defined on this stochastic basis.

The dynamics of our control problem are still given by Equation (2). Due to Assump-
tions (A1l)—(A3), all control processes are admissible in the sense that Equation (2) has
a (strongly) unique solution under any u € U for every deterministic initial condition. In
the definition of the cost functional, the Wiener process and the probability measure do

not vary any more. The corresponding value function
[0,7] x C > (to, ) — inf{J(to, p,u)) [ u €U}

is identical to the function V' determined by (4). By abuse of notation, we write J(to, @, u)

for J(to, ¢, (W, u)). We next state some important properties of the value function.

Proposition 1. Assume (A1) -(A3). Then the value function V is bounded and Lipschitz
continuous in the segment variable uniformly in the time variable. More precisely, there is
Ly > 0 such that for all to € [0,T], ¢, € C,

[V(to, p)| < K(T+1), [V (to, ¢) = V(to, #)| < Lv [l — &-

The constant Ly need not be greater than 3L(T +1)exp(3T(T +4dy,)L?). Moreover, V
satisfies Bellman’s Principle of Dynamic Programming, that is, for all t € [0,T —t],

t
V(to,p) = 1r€1£E (/ f(to+s,Xg,u(s))ds + V(to—l—t,X;‘)),
u 0

where X™ is the solution to Equation (2) under control process w with initial condition
(th SD)



Proof. For the boundedness and Lipschitz continuity of V' see Proposition 7, for the Bell-
man Principle see Theorem 6 in Appendix A.1, where we set 7:= r, b:= b and so on.
Notice that the Holder continuity in time of the coefficients b, o, f as stipulated in As-
sumption (A3) is not needed in the proofs. O

The value function V' has some regularity in the time variable, too. It is Holder con-
tinuous in time with parameter « for any a < % provided the initial segment is at least
a-Holder continuous. Notice that the coefficients b, o, f need not be Holder continuous in
time. Except for the role of the initial segment, statement and proof of Proposition 2 are

analogous to the non-delay case, see Krylov (1980: p. 167), for example.
Proposition 2. Assume (A1) -(A3). Let ¢ € C. If v is a-Holder continuous with Hélder

constant not greater than Ly, then the function V (., @) is Holder continuous; that is, there
is a constant Ly > 0 depending only on Ly, K, T and the dimensions such that for all
to,t1 € (0,7
Vito,9) = Vit @)l < Ly (lu—tol* v v/li—tal).

Proof. Let ¢ € C be a-Hélder continuous with Hoélder constant not greater than L.
Without loss of generality, we suppose that ¢t = tg + h for some A > 0. We may also
suppose h < %, because we can choose Ly greater than 4K (T+1) so that the asserted
inequality certainly holds for |to—¢;| > % By Bellman’s Principle as stated in Proposition 1,

we see that

[V (to, ¢) = V(tr,0)| = [V(to, ) = V(to+h, ¢)|

h
= |inf E (/ fto+s, XY u(s))ds + V(to—l—h,Xﬁ)) — V(to+h,¢)|
0

uelY
h
< supE (/ |f(to+s,Xg,u(s))‘ds) + supE (‘V(to+h,X}f) — V(to—i—h,cp)‘)
uel 0 uel

< Kh + supLy E([[ Xy —¢l),
ueU

where K is the constant from Assumption (A2) and Ly the Lipschitz constant for V' in
the segment variable according to Proposition 1. We notice that ¢ = X for all u € U
since X is the solution to Equation (2) under control w with initial condition (g, ¢). By
Assumption (A2), Holder’s inequality, Doob’s maximal inequality and Ito’s isometry, for
arbitrary u € U it holds that

E ([ X5 = ¢ll)

h
< sup [p(t+h) @) + sup [0(0) —@(t)] + E(/O \b(to+s,X;‘,U(8))\d8>

te[—r,—h] te[—h,0]
2) 2

Putting everything together yields the assertion. 0

+ E ( sup /Ota(to—l—s,X;‘,u(s))dW(s)

te[0,h]

< 2Ly h® + Kh + 4K diVh.



3 First approximation step: piece-wise constant segments

The aim of this section is to define a sequence of approximating control problems where the
coefficients of the dynamics, the cost rate, and the terminal cost are piece-wise constant
functions of the time and segment variable, while the dependence on the strategies remains
the same as in the original problem. We will obtain a bound for the approximation error
which is uniform over all initial segments of a given Hélder continuity.

Let N € N. In order to construct the N-th approximating control problem, set hy := %,
and define |.|x by [t|n:= hNL%J, where |.] is the usual Gauss bracket, that is, [t] is
the integer part of the real number ¢. Set Ty := |T|n and Iy:={khy | k € No} N[0, Tn].
As T is the time horizon for the original control problem, T will be the time horizon for
the N-th approximating problem. The set Iy is the time grid of discretisation degree N.
Denote by Liny the operator C — C which maps a function in C to its piece-wise linear
interpolation on the grid {khy | k € Z} N [—r,0].

We want to express the dynamics and the cost functional of the approximating prob-
lems in the same form as those of the original problem, so that the Principle of Dynamic
Programming as stated in Appendix A.1 can be readily applied; see Propositions 5 and 6 in
Section 4. To this end, the segment space has to be enlarged according to the discretisation
degree N. Denote by Cy the space C([—r—hy,0],R%) of R%valued continuous functions
living on the interval [—r—hp,0]. For a continuous function or a continuous process Z
defined on the time interval [—r—hp, 00), let IIn(Z)(t) denote the segment of Z at time
t > 0 of length r+hy, that is, IIx(Z)(t) is the function [—r—hy,0] 2 s +— Z(t+s).

Given tg > 0, v € Cny and u € U, we define the Euler-Maruyama approximation
Z = ZNto¥u of degree N of the solution X to Equation (2) under control process u with

initial condition (¢p,) as the solution to

(0) + [ by (to+s, TIn(Z)(s), u(s))ds
(5) Z(t) = + [y on (to+s, IIN(Z)(s), u(s))dW (s), >0,
¥(t), te[-r—hn,0],

where the coefficients by, o are given by

bN(tvan) =b (UJN,LinN([_n O] S8 ¢($+LtJN_t))77 ’
on(t,,y) =0 (LtJN,LinN([—r, 0] 2 s+ w(s—i—LtJN—t)),q/) , t>0,¢YelCy, yerl.

~—

Thus, by (t,1,7) and on (¢, 1, 7) are calculated by evaluating the corresponding coefficients
band o at (|t]n,®,7), where ¢ is the segment in C which arises from the piece-wise linear
interpolation with mesh size § of the restriction of ¢ to the interval [[¢]y—t—7, [t] y—t].
Notice that the control action v remains unchanged.

Assumptions (A1) - (A3) guarantee that, given any control process u € U, Equation (5)
has a unique solution for each initial condition (to,%) € [0,00) x Cn. Thus, the process

Z = ZNtobw of discretisation degree N is well defined. Notice that the approximating

10



coefficients by, oy are still Lipschitz continuous in the segment variable uniformly in the
time and control variables, although they are only piece-wise continuous in time.

Define the cost functional Jy: [0,Tn] x Cy x U — R of discretisation degree N by

Tn—to
© syt = B( [ il s TnZ)6)u(6)ds + o [Mn(2)Tn-10) ).
where fy, gy are given by

In(t,,7) == f ([t]n, Liny ([=7,0] 3 5 = ¢(s+ [ty —1)),7) ,
gn (1) == g (Liny (¢)(—r0])) t>0,9cCy, yeT.

As by, on above, fy, gy are Lipschitz continuous in the segment variable (uniformly in
time and control) under the supremum norm on Cy. The value function Vi corresponding
to (5) and (6) is the function [0, 7] x Cxy — R determined by

(7) VN(t0,¢) = inf{JN(t0,¢,u) ’ u € U}

If ¢y € Iy, then [to+s|ny = to + [s|n for all s > 0. Thus, the solution Z to Equation (5)

under control process u € Y with initial condition (¢p,v) € Iy x Cy satisfies

Z(t) = ¥(0) + /0 b(to—l—LSJN,LinN(ZLSJN),u(s))ds
(8) ;
+ /0 o (to+]s]n, Liny (Z5) ), u(s))dW(s) forallt > 0.

Moreover, (Z(t))i>0 depends on the initial segment v only through the restriction of 9 to

the interval [—r, 0]. In analogy, whenever ¢y € Iy, the cost functional Jy takes on the form

Tn—to
(9) JN(tQ,¢,u) = E (/0 f(to—i-LSJN,LiHN(ZLSJN),U(S))dS + g(LinN(ZTNtO))> .

Hence, if tg € Iy, then Jn(to,¥,u) = Jn(to,¥)—p0,u) for all ¢ € Cn, u € U; that
is, Jn(to,.,.) coincides with its projection onto C x U. Consequently, if ¢y € Iy, then
Vn(to,¥) = Vn(to,¥|—r0)) for all b € Cy; that is, Vy(to,.) can be interpreted as a
function with domain C instead of Cy. If ty € Iy, by abuse of notation, we will write
Vi (o, .) also for this function. Notice that, as a consequence of Equations (8) and (9), in
this case we have Vy(to, ) = Vi (to, Liny(¢)) for all ¢ € C.

By Proposition 2, we know that the original value function V is Hélder continuous in
time provided the initial segment is Holder continuous. It is therefore enough to compare
V and Vi on the grid Iy x C. This is the content of the next two statements. Again,
the order of the error will be uniform only over those initial segments which are a-Holder
continuous for some « > 0; the constant in the error bound also depends on the Hdolder
constant of the initial segment. We start with comparing solutions to Equations (2) and

(5) for initial times in Iy.

11



Proposition 3. Assume (A1)~ (A3). Let ¢ € C be Hélder continuous with parameter
a > 0 and Hélder constant not greater than L. Then there is a constant C depending
only on o, Ly, L, K, T and the dimensions such that for all N € N with N > 2r, all
to € In, u € U it holds that

E (t;ilpT] | X (t) - ZN(f)|> <C (h(zlv v m) ’

where X is the solution to Equation (2) under control process u with initial condition
(to,p) and ZN is the solution to Equation (5) of discretisation degree N under u with
initial condition (to, ) with ¢ € Cn being such that ) _, o = .

Proof. Notice that hy < % since N > 2r, and observe that Z:= Z"V as defined in the
assertion satisfies Equation (8), as the initial time ¢y lies on the grid Iy. Moreover, Z
depends on the initial segment ¢ only through ¢, = ¢. Using Holder’s inequality,
Doob’s maximal inequality, [t6’s isometry, Assumption (A3), and Fubini’s theorem we find
that

E (tesup [ X(t) — Z(t)!2> = E ( sup | X (t) — Z(t)!2>

[—r,T) t€[0,T]

T
< 2TE (/ |b(t0—|—s,Xs,u(s)) - b(to—HsJN,LinN(ZLSJN),u(S))}2d5>
0
T
+ 81 E (/ |0 (to+s, Xy, u(s)) — U(to—i-l_SJNaLinN(ZszN)au(s))‘2ds>
0
T
< 4TE (/ |b(t0—|—LsJN,Xs,u(s)) — b(to—l—LSJN,LinN(ZLSJN),u(S))FdS)
0
T
+ 16d; E (/ ‘a(to—l—szN,Xs,u(s)) — J(t0+LSJNyLiHN(Z\_sJN),U(s))‘2 ds)
0
+ AT(T+ 4d1)L*hy
T
< as a2 (Thy+ [ B(X -~ Ling(Zy)17) ds)
0
T
< A(T+ 4dy)L? (ThN+ 3/ (E (1 Xs — X5 11%) +E(HZLSJN—LinN(ZLsJN)HQ))dS)
0
T
+ 12(T+ 4d1)L2/ E (|| X5y — Zps)x 1) ds
0
< AT(T+ 4d1)L2 (hN+ 18L% b3 + 18Ch 1 thn(ﬁ))

T
+ 12(T+ 4d1)L2/ E< sup ]X(t)—Z(t)|2> ds.
0

te[—r,s]

Applying Gronwall’s lemma, we obtain the assertion. In the last step of the above estimate

Lemma 1 from Appendix A.2 and the Hélder continuity of ¢ have both been used twice.
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Firstly, to get for all s € [0, 7]

E (|| X, = Xjop %)

IN

2E( s Iw(t)—w(f)l2> 4 2E< sup |X<t>—X<f>|2)

—T,O],‘t—ﬂgh]\] t,EE[O,T}Jt—ﬂShN
< 2L BN 4 2Corhy () forall s € [0, 7).
Secondly, to obtain

© (10, @) F) = B[ a0tz

te[ls]n—r,|s]N]

< 28 up o0 ()" + 400 - ollev )
+ 2E (tS}(l)p)‘Z(t) - Z(UJN)\Q + |Z(t) — Z([t]n+hn) ’2>
< 4L% h¥e + 4E< sup | Z(t) —Z(E)|2>
t,t€[0,s],|t—t|<hy
< AL R 4 4Co7 hyIn(5).

O

The order of the approximation error or rate of convergence obtained in Proposition 3
for the underlying dynamics carries over to the approximation of the corresponding value
functions. This works thanks to the Lipschitz continuity of the cost rate and terminal cost
in the segment variable, the bound on the moments of the modulus of continuity from
Lemma 1 in Appendix A.2, and the fact that the error bound in Proposition 3 is uniform

over all strategies.

Theorem 1. Assume (A1)-(A3). Let ¢ € C be Holder continuous with parameter a > 0
and Hélder constant not greater than L. Then there is a constant C depending only on
o, Ly, L, K, T and the dimensions such that for all N € N with N > 2r, all tg € In it
holds that
‘V(to, ()0) - VN(th 90)} < Sug |J(t07 QD,U) - JN(t()vwa u)| < é <h(]1\f N \/ hn ln(%)) )
S

where ¢ € Cn 1s such that Yj_,.q = ¢.

Proof. To verify the first inequality, we distinguish the cases V' (to,¢) > Vn(to, ) and
V(to,p) < Vn(to, ). First suppose that V(tg,¢) > Vn(to, ). Then for each ¢ € (0, 1] we
find a strategy u® € U such that Viy(to, ») > Jn(to, @, u) —e. Since V (to, p) < J(to,p,u)
for all w € U by definition, it follows that

[V (to, ) — Vn(to,9)| = V(to,e) — Vn(to, @) < J(to,o,u’) — In(to, p,u®) + €

< suB]J(to,ap,u)—JN(t0,¢7U)| + ¢
U
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Sending £ to zero, we obtain the asserted inequality provided that V' (tg,¢) > Vn(to,p).
If, on the other hand, V(to,») < Vn(to,y), then we choose a sequence of minimising
strategies u® € U such that V(tg, ) > J(to, ¢, u®) — €, notice that |V (tg, ¢) — Vi (to, )| =
Vi (to, ¢) — V (to, ») and obtain the asserted inequality as in the first case.

Now, let u € U be any control process. Let X be the solution to Equation (2) under
u with initial condition (tg, ) and Z = ZV be the solution to Equation (5) under u with
initial condition (%o, ). Using Assumption (A2) and the hypothesis that ¢y € Iy, we get

|J(t0ﬂ07u) - JN(t07¢7u)| < K ’T_TN| + E (‘g(LIDN (ZTN—tO)) - g(XT—tO) D
T —to
+ E (/0 |f(t0+LSJN,LinN(ZLSJN),u(s)) — f(to—i—s,Xs,u(s))‘ds) .

Recall that [T—Tn| =T—|T|n < hn. Hence, K |[T'—Tx| < K hy. Now, using Assump-
tion (A3), we see that

E (’g(LinN (Zry-t0)) — 9(X1—1) D

< L(B(1Zrs—t0~ Xry—toll) + B(I Liny (Z1y ;) ~ Zra o) + B(1Xr,—1 X1,
< L(C(h% Vv \JhninGh)) + 3Lu b +3Cir \JhwIn(zh))

where C' is a constant as in Proposition 3 and Cj 7 is a constant as in Lemma 1 in
Appendix A.2. Notice that (X (¢))¢>0 as well as (Z(t))¢>0 are [t6 diffusions with coefficients
bounded by the constant K from Assumption (A2). In the same way, also using the Holder
continuity of f in time and recalling that |s—|s|n| < hy for all s > 0, we see that

Ty —to
E </0 ’f(t0+LSJN,LinN(ZLSJN),u(s)) — f(to—i-s,XS,u(s))‘ d3>

< L(Tn—to) (\/ﬁ + 3017 \/hnIn(zL) + (C+3Lx) (h?v\/,/thn(%)».

Putting the three estimates together, we obtain the assertion. 0

In virtue of Theorem 1, we can replace the original control problem of Section 2 with
the sequence of approximating control problems defined above. The error at approximation
degree N in terms of the difference between the corresponding value functions V' and Vy is
not greater than a multiple of (%) for a-Holder continuous initial segments if o € (0, 3),
where the proportionality factor is affine in the Holder constant, and is less than a multiple
of /2N if o > 1,

Although we obtain an error bound for the approximation of V' by the sequence of value
functions (Vy)nen only for Holder continuous initial segments, the proofs of Proposition 3
and Theorem 1 show that pointwise convergence of the value functions holds true for all
initial segments ¢ € C. Recall that a function ¢ : [-r,0] — R? is continuous if and only
if Supy se(—r0),t—s|<n |P(t) — (s)| tends to zero as h ™\, 0. Let us record the result for the

value functions.
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Corollary 1. Assume (A1)-(A83). Then for all (ty, ) € [0,T] x C,
N—
|V (to, ) = V(lto] v, )| = 0.
Similarly to the value function of the original problem, also the function Vy(to,.) is
Lipschitz continuous in the segment variable uniformly in tg € Iy with Lipschitz constant
not depending on the discretisation degree N. Since ty € Iy, we may interpret Vi (to,.)

as a function defined on C.

Proposition 4. Assume (A1) (A3). Let Vi be the value function of discretisation degree
N. Then |Vy| is bounded by K(T+1). Moreover, if ty € Iy, then Vi(to,.) as a function
of C satisfies the following Lipschitz condition:

[V (to, ) — Vi (to, )] < 3L(T+1) exp(ST(T—I—4d1)L2) lo — @l for all p,@ €C.

Proof. The assertion is again a consequence of Proposition 7 in Appendix A.1. To see this,
set 7:= 1+ hy, T:= Ty, b:= by, 6 := on, f:= fn, and §:= gn. Equation (5) then
describes the same dynamics as Equation (12), J is the same functional as Jy, whence
Vy = V. The hypotheses of Appendix A.1 are satisfied. Finally, recall that Ty < T and
that, since 1o € In, Vn(to,9) depends on ¢ € Cy only through v_, o O

4 Second approximation step: piece-wise constant strategies

In Section 3 we have discretised the time as well as the segment space in time. The resulting
control problem of discretisation degree N € N has dynamics described by Equation (5),
cost functional Jy defined by (6) and value function Viy given by (7). Here, we will also
approximate the control processes u € U, which up to now have been those of the original
problem, by introducing further control problems defined over sets of piece-wise constant

strategies. To this end, for n € N, set
(10) Uy :=={u el |u(t)is o(W(kL),k € Ng)-measurable and u(t) = u(|t],), t > 0}.

Recall that [t], = £ |2t]. Hence, U, is the set of all I'-valued (F;)-progressively measurable

ntr g

processes which are right-continuous and piece-wise constant in time relative to the grid

kL |k € Ng} and, in addition, are o(W (k%) k € Ng)-measurable. In particular, if u € U,
n n

and ¢t > 0, then the random variable u(t) can be represented as
(b)) = O(|2t, W(O)(w),..., W([2t)(w), weQ,

where 6 is some I'-valued Borel measurable function depending on w and n. For the
purpose of approximating the control problem of degree N we will use strategies in Uy.ps
with M € N. Let us write Uy, ar for Un.ar.

With the same dynamics and the same performance criterion as before, for each N € N,

we introduce a family of value functions Viy pr, M € N, defined on [0, Tx] x Cn by setting

(11) VN,M(tOﬂp) = inf{JN(to,l/},u) | u € UN,M}-
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We will refer to Viv as as the value function of degree (NN, M). Note that, by construction,
we have Vi (to,v) < V. (to, ) for all (to,v) € [0,Tn] x Cn. Hence, in estimating the
approximation error, we only need an upper bound for Vi — V.

As with Vy, if the initial time to lies on the grid I, then Vi a(to,%) depends on ¢
only through its restriction 9_, o € C to the interval [, 0]. We write Vv a(to, .) for this
function, too. The dynamics and costs, in this case, can again be represented by Equations
(8) and (9), respectively. And again, if ¢y € Iy, we have Vi ar(to, ) = Vv m(to, Linn (¢))
for all p € C.

Propositions 5 and 6 state Bellman’s Principle of Dynamic Programming for the value
functions Vi and Vv a, respectively. The special case when the initial time as well as the
time step lie on the grid Iy is given separately, as it is this representation which will be

used in the approximation result, see the proof of Theorem 2.

Proposition 5. Assume (A1)-(A3). Letty € [0,Tn], ¥ € Cn. Then fort € [0, Ty —to],

Vn(to, ) = iIelzf;{E<Ath(to+S,HN(Zu>(S),u(S))dS + VN(t0+t,HN(Z“)(t))),

where Z* is the solution to Equation (5) of degree N wunder control process u and with
initial condition (to,v). If to € Iy and t € Iy N[0, T —to], then

t
Vittoog) = WEE ([ (it Lol Liny(Z8), ) ) ds + Vit Lin (21)) )

where Vi (to,.), VN (to+t,.) are defined as functionals on C and ¢ is the restriction of 1 to

the interval [—r,0].

Proof. Apply Theorem 6 in Appendix A.1. To this end, let U be the set of strategies U and
set 7:=1r+4hy, T:=Ty, b:= by, 6:= on, f:= fn, and §:= gy. Check that Equation (5)
describes the same dynamics as Equation (12), that J = Jy, hence Viy = V, and verify
that the hypotheses of Appendix A.1 are satisfied. O

Proposition 6. Assume (A1)-(A3). Let ty € [0,Tn], ¥ € Cn. Then fort € In.yr N
[0, T —to]

VN7M(7§0,@Z)) = inf E </0th(750+5,HN(Z“)(s),u(S))dS + VN7M(t0+t,HN(Z“)(t))> ,

weln, m
where Z* is the solution to Equation (5) of degree N wunder control process u and with

initial condition (to,v). If to € Iy and t € Iy N[0, T —to], then

t
Vialtog) = inf E( [ (et sl Liny (23, ute))ds + vN,M(toH,LmN(Z#))),

uEUN, M

where Vi a(to, ), Vivm(to+t,.) are defined as functionals on C and ¢ is the restriction of
Y to the interval [—r,0].
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Proof. Apply Theorem 6 of Appendix A.1 as in the proof of Proposition 5, except for the
fact that we choose Uy v = Un.ar instead of U as the set of strategies U. Notice that, by
hypothesis, the intermediate time ¢ lies on the grid In.p;. O

The next result gives a bound on the order of the global approximation error between
the value functions of degree N and (N, M) provided that the local approximation error
is of order greater than one in the discretisation step. Statement and proof of Theorem 2

should be compared to Theorem 7 in Falcone and Rosace (1996).

Theorem 2. Assume (A1)-(AS8). Let N,M € N. Suppose that for some positive con-
stants K,5 > 0 the following holds: for any to € In, o € C, u € U there is u € UN,m such
that

hn
E </0 f(to,LinN(¢)7ﬂ(S))dS + Vn(to+hn, ZhN)>

hn N
< E (/ f(tO,LinN((p),u(S))dS + Vn(to+hn, Zh]v)) + Kh}\}w,
0

where Z is the solution to Equation (5) of degree N under control process u, Z the solution
to Equation (5) of degree N under u, both with initial condition (tg,v) for some ¢ € Cn
with ¥\ 0 = ¢. Then

[V (to, ) — Viv(to, 9)| < TKhY  for allty € Iy, ¢ € C.

Proof. Let N, M € N. Recall that Vv, > Vn by construction. It is therefore enough to
prove the upper bound for Vi s — V. Suppose Condition (x) is fulfilled for N, M and
some constants K, > 0. Observe that Vy(T,.) = g(Linx(.)) = V(T .).

Let to € IN \ {Tn}. Let ¢ € C, and choose any ¢ € Cy such that ¥_,q = ¢. Given

€ > 0, in virtue of Proposition 5, we find a control process u € U such that

hn
VN(to,cp) > E </0 f(tO,LinN(gD),u(S))dS + VN(t0+hN,LinN(ZhN))> — g,

where Z is the solution to Equation (5) of degree N under control process u with initial
condition (tg,1). For this u, choose i € Un, as according to (x), and let Z be the solution

to Equation (5) of degree N under control process 4 with the same initial condition as for
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Z. Then, using the above inequality and Proposition 6, we see that

Vi (to, ) — Vv (to, @)

IN

hn
VN7M(t0,g0) - E (/0 f(to,LinN(cp),u(s))ds + VN(t0+hN,LinN(ZhN))> + €

IN

hn _
E </0 f(to,LinN(gO),’fL(S))dS + VN7M(tQ—|-hN,LiIlN(ZhN))) + ¢
hN
- E </0 f(to,LinN((p),’U,(S))dS + VN(t0+hN,LinN(ZhN)))
hn
= E (/0 f(to, Linn (), u(s))ds + VN(t0+hN,LinN(ZhN))>

hN
_ E </ f(tO,LinN(Lp),u(s))ds + VN(t0+hN,LinN(ZhN))>
0
+ E(VN7M(t0+hN,LiIlN(ZhN)) —VN(t0+hN7LiHN(ZhN))) + €
< Khy? + sup{Vnu(to+hn, @) — Va(to+hn, @) | g €C} + ¢,

where in the last line Condition (*) has been exploited. Since € > 0 was arbitrary and
neither the first nor the last line of the above inequalities depend on u or w, it follows that
for all ty € Iy \ {TN}

SUIC){VN,M(thSD) —Vn(to,0)} < Khy' + Sng{VN,M(tO+hN790) — Vn(tot+hn,9)}.
pe pe

Recalling the equality Vn a(Tn,.) = Vi (T, .), we conclude that for all ¢ € Iy
1

sup{ Vv u (to, ) — Vn(to, 9)} <

p -~ (Tv—to) KRN < TKRY,
©

which yields the assertion. O

We note that also the deterministic equivalent of Condition (x) in Theorem 2 is weaker
than the corresponding conditions (37) and (38) in Falcone and Rosace (1996). In par-
ticular, it is not necessary to require that any controlled process Z can be approximated
with local error of order h'*? by some process Z using only control processes which are
piece-wise constant in time on a grid of width A. In the stochastic case, such a requirement
would be too strong to be satisfiable unless special assumptions are made.

In order to be able to apply Theorem 2, we must check whether and how Condition (x)
can be satisfied. Given a grid of width § for the discretisation in time and segment space,
we would expect the condition to be fulfilled provided we choose the sub-grid for the piece-
wise constant controls fine enough; that is, the time discretisation of the control processes
should be of degree M with M sufficiently big in comparison to N. Indeed, if we choose
M of any order greater than three in N, then Condition (%) holds. This is the content of
Theorem 3. The theorem, in turn, relies on a kind of mean value theorem, due to Krylov,

which we cite as Theorem 7 in Appendix A.3.
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Theorem 3. Assume (A1)-(A4). Let 3 > 3. Then there is a number K > 0 depending
only on K, r, L, the dimensions and 3 such that Condition (%) in Theorem 2 is satisfied
with constants K and &:= % for all N, M € N such that N > r and M > NP,

Proof. Let N, M € N be such that N > 7 and M > NP. Let tg € I, ¢ € C. Define the

following functions:

b:T — R, b(v) == b(to, Liny(p),7),
G:T — R4, 5(v) :== o(to, Liny(¢),7),
f:T R, F() = f(to,Linn(p),7),
§: R =R, g(x) == Vi (to+hw, Liny (S(p, z))),

where S(yp, x) is the function in C given by

o(s+hy) if s € [-r,—hn],

S(p,z): [-r,0] > 5 +—
p(0) + S 3 if s € (—h, 0],

As a consequence of Assumption (A4), b, 6, f as just defined are continuous functions
on (T, p). By Assumption (A2), |b|, |&|, |f| are all bounded by K. As a consequence of
Proposition 4, the function g is Lipschitz continuous and for the Lipschitz constant we

have
sup l3t@) = 5wl < BL(T+1)exp(3T(T+4d,)L?).
ryeRday 1T Yl
Let u € U, and let Z" be the solution to Equation (5) of degree N under control process
u with initial condition (to,%) for some ¢ € Cn with ¥ _, o) = ¢. As Z also satisfies

Equation (8), we see that

Z5(t) — o(0) = /O bu(s))ds + /0 5 (u(s))dW (s) for all ¢ € [0, hy].

By Theorem 7 in Appendix A.3, we find % € Uy s such that
hn B hn
E (/ Fla(s))ds + g(X“(hN))> B (/ Flu(s))ds + g(zumN)_@(())))
0 0

_ roNT (o NT s 19(x) — 3(y)|
< cashn () (730 o + s BE=30),

where X satisfies

t t
XU(t) = / b(u(s))ds + / &(u(s))dW(s) forallt> 0.
0 0
Notice that the constant C' above only depends on K and the dimensions d and d;. Let Z%
be the solution to Equation (5) of degree N under control process u with initial condition
(to, ), where 4|_, g = @ as above. Then, by construction, Z%(t) — ¢(0) = X*(t) for all
t €0, hn]. Set

K:=2Cr" % (K + 3L(T+1) exp(3T(T+4dy ) L?)) .
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Since M > NP by hypothesis, # =146 > 1 and hy = 3, we have

_1+8
1

~

r%(N-M)_% < fri -N = r- -h}VM.

Recalling the definition of the coefficients b, &, f, g, we have thus found a piece-wise

constant strategy u € Uy ar such that

hN —
E (/0 f(to, Liny (o), u(s))ds + VN(t0+hN,Z}jN)>
hn
< E(/ f(tO,LinN(go),u(s))ds—i—VN(to—i—hN,Z}L‘N)) + Khy™,
0

where Z%, Z“ are the solutions corresponding to u and 1, respectively, as above. O

We note that the constant & appearing in Theorem 3 and its proof depends on [ only
through the factor r 4. Moreover, K also depends on the delay length r only through
the factor 7‘_% Theorem 2 and Theorem 3, together with the above observation, yield
the following bound on the difference between the value functions of degree N and degree
(N, M), respectively.

Corollary 2. Assume (A1)~ (A4). Then there is a positive constant K depending only on
K, L and the dimensions such that for all 8 > 3, all N € N with N > r, all M € N with
M > NP all tg € Iy, all p € C it holds that

B—3

|V (to, ©) — Vv (to, 0)| < KTr™ 4 (N) o

In particular, with M = [N®), where [2] is the least integer not smaller than x, the upper

bound on the discretisation error can be rewritten as

5—3
> —Ths T\ 1IaEH
\VN,(Nﬁ] (to. ) — VN(tONP)} < KTr s <N1+6>
From Corollary 2 we see that, in terms of the total number of time steps N[N%], we
can achieve any rate of convergence smaller than % by choosing the sub-discretisation order

0 sufficiently large.

5 Overall discretisation error

Here, we put together the error bounds from Sections 3 and 4 in order to obtain an overall
estimate for the rate of convergence, that is, a bound on the discretisation error incurred
in passing from the original value function to the value function of degree (N, M). In
addition, we address the question of whether and in which sense nearly optimal strategies
for the discrete problems can be used as nearly optimal strategies for the original system.
Finally, we briefly discuss the question of how to numerically compute the value functions
of degree (N, M).
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Let us return to the overall discretisation error. As in Corollary 2, we express the
error bound in terms of the total number of discretisation steps or, taking into account the

presence of the delay length r, in terms of the length of the time step.

Theorem 4. Assume (A1)~ (A4). Let o« > 0, Ly > 0. Then there is a constant C
depending only on o, Ly, L, K, T and the dimensions such that for all 8 > 3, all N € N
with N > 2r, all tg € Iy, all a-Hdélder continuous ¢ € C with Hélder constant not greater
than Ly, it holds that, with h = {775,

B _a B 1 __B _B=3_
|V (to, ) = Vi pne (to, )| < C (T“" T3V 2 [ () BEED 4+ 7T h4<1+ﬂ>>.

In particular, with 8 =15 and h = R, it holds that

20—1

[V (to, ) = Viv,ws (to, )| < C(rsé’h vy /In(l) + rg>h

1
2 .

Jun

Proof. Clearly, |V —Vy rys1| < |V —Vn|+|VN —Vy nys1]- The assertion now follows from
Corollary 2 and Theorem 1, where we estimate In(;%) = In() by ln(NHﬁ) =In(3). O
N T

T

The choice 8 = 5 in Theorem 4 yields the same rate for both summands in the error
estimate provided the initial segment is at least %—Hélder continuous, because % = %
implies 8 = 5. Thus, the best overall rate we obtain without additional assumptions is 1—12
up to neglecting the logarithmic term.

Recall that Vi ar > Viy for all N, M € N by construction. If, instead of the two-sided
error bound of Theorem 4, we merely wanted to have an upper bound for V, we would
simply compute Vi s with M = 1. Theorem 1 implies that we would incur an error of

order nearly %; that is, we would have

In(N
V. < VN1 + constant x HEV) forall N ¢ N, N > 2r,

where the initial segments are supposed to be at least %—Hélder continuous. This direction,
however, is the less informative one, since we do not expect the minimal costs for the
discretised system to be lower than the minimal costs for the original system.

Up to this point, we have been concerned with convergence of value functions only. A
natural question to ask is the following: Suppose we have found a strategy @ € Uy ps which
is e-optimal for the control problem of degree (N, M) under initial condition (o, ). Will
this same strategy u also be nearly optimal for the original control problem?

The hypothesis that @ be e-optimal for the problem of degree (N, M) under initial
condition (to, ¢) means that Jy(to, ¢, u) — Vi am(to, ¢) < e. Recall that the cost functional
for the problem of degree (N, M) is identical to the one for the problem of degree N,
namely Jy, and that, by construction, Jy > Vy s > Vi over the set of strategies Uy ps.
The strategy @ is nearly optimal for the original control if there is £ which must be small for
e small and N, M big enough such that J(to, ¢, u) — V(to,¢) < E. Recall that Uy C U,
whence J(to, ¢, 1) is well-defined. The next theorem states that nearly optimal strategies

for the approximating problems are indeed nearly optimal for the original problem, too.
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Theorem 5. Assume (A1)-(A4). Let o > 0, Ly > 0. Then there is a constant C,
depending only on o, Ly, L, K, T, the dimensions and the delay length r such that for
all >3, all N,M € N with N > 2r and M > NP, all ty € Iy, all a-Hélder continuous
@ € C with Hélder constant not greater than Ly the following holds:

If u € Un s is such that Jn(to, o, a) — Vnm(to, ) < €, then, with h = N1T5

_ a B-3
J(to, o, u) = V(to,) < Cy <h1+ﬁ VvV 4/In(3) W 4 h4<1+">> + e
Proof. Let u € Uy p be such that Jy(to, ¢, 1) — VN (to, ) < e. Then

J(t()asovﬂ) - V(t()v(p)
J(to, o, ) — In(to, v, u) + JIn(to, o, @) — VN u(to,©) + Vu(to, ) — V(to, @)
< sug\J(to,tp,U) — In(to,o,u)| + & + Vu(to, 0) — V(to, @)

Uue

IN

The assertion is now a consequence of Theorem 1 and Theorem 4. O

Let us suppose we have found a strategy @ for the problem of degree (N, M) with fixed
initial condition (tg,¢) € Iy x C which is e-optimal and a feedback control. The latter

means here that @ can be written in the form

a(t)(w) = to(t) a6 TN (ZY) ([t v ) () for allw € Q, >0,

where Z" is the solution to Equation (8) under control @ and initial condition (%o, )
and g is some measurable I-valued function defined on [0,00) x Cy or, because of the
discretisation, on {k+57 |k € No} x RIN-M+M+D) We would like to use @ as a feedback
control for the original system. It is not clear whether this is possible unless one assumes

some regularity like Lipschitz continuity of @ in its segment variable. The problem is that
we have to replace solutions to Equation (8) with solutions to Equation (2). Something
can be said, though. Recall the definition of Uy s at the beginning of Section 4. Strategies
in Uy, are not only piece-wise constant, they are also adapted to the filtration generated
by W(kx57), k € No. Thus, if 4 € Uy, ar is a feedback control, then it can be re-written

i) (w) = a1 ([t)nar, Wt var —kxl) (@), k=0, (N+1)M), weQ, t>0,

where @7 is some measurable I'-valued function depending on the initial condition (g, ¢)
and defined on {k+"5; |k € No} x RN with dy ps := d(N-M+M+1). The above equality
has to be read keeping in mind the convention that W(t) = 0 if ¢ < 0. The function
can be used as a feedback control for the original problem as it directly depends on the
underlying noise process, which is the same for the control problem of degree (N, M) and
the original problem. By Theorem 5 we know that @; induces a nearly optimal strategy

for the original control problem provided « was nearly optimal for the discretised problem.
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We now turn to the question of how to compute the discretised value functions. The
value function of degree (N, M) is the value function of a finite-dimensional optimal control
problem in discrete time. One time step corresponds to a step of length 5737 in continuous
time. By construction of the approximation to the dynamics in Section 3, the segment
space for the problem of degree (N, M) is the subspace of Cy consisting of all functions
which are piece-wise linear relative to the grid {ky'5; |k € Z} N [-r—,0]. The segment
space of degree (N, M), therefore, is finite-dimensional and isomorphic to RIV:M with
dyy = d(N-M+M+1). The functions of interest are actually those whose nodes are at
least & units of time apart, but in each step of the evolution the segment functions (and
their nodes) get shifted in time by §’3; units. Since the strategies in Uy s are not only
piece-wise constant, but also adapted to the filtration generated by W(ky7), & € N,
and since the time horizon is finite, the noise component of the control problem of degree

(N, M) is given by a finite sequence of independent Gaussian random variables with mean

3 T
zero and variance ;-

Theoretically, the Principle of Dynamic Programming as expressed in Proposition 6
could be applied to compute the value function Vi as. Practically, however, it is not
possible to use an algorithm based on directly applying one-step Dynamic Programming.
This difficulty arises, because the state space of the controlled discrete-time Markov chains
we are dealing with is RIV:™ and the (semi-)discrete value function Vi s is defined on
RIN.M or, in the fully discrete case, on a dn,p-dimensional grid. In view of Theorem 4, the
dimension dy, s is expected to be very large so that storing the values of Vi s for all initial

conditions — as required by the Dynamic Programming method — becomes impossible.

Not to conclude in utter desperation, we make a few remarks which suggest a way of
how to overcome the difficulty with computing Vi as. The first is that special subclasses
of functions R4V — R can be represented in a computationally accessible and efficient
form even for very high dimensions dy ps. This is relevant, in particular, for the coefficient
functions b, o, f, g and their discretisations. A function defined over a segment space which
depends on its argument through an integral or a coordinate projection or the maximum
over a segment, for example, would not be described by storing its values for all possible

values of the segment functions, but by an algorithmic prescription.

Second, the computational complexity of one time step according to the PDP with
fixed starting point is the same here as in the case of dynamics and costs without delay,
except for the more costly evaluation of the value function. Related to this observation is
the fact that simulation of trajectories of the state process as given by Equation (2) or, in
the discretised version, by Equation (8) with piece-wise constant controls is feasible even

for extremely fine time grids.

Recently, Rogers (2006) has proposed a method for computing value functions of high-
dimensional discrete-time Markovian optimal control problems. The method is based on
path-wise optimisation and Monte Carlo simulation of trajectories of a reference Markov

chain. It uses minimisation over functions which can be interpreted as candidates for the
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value function. If those candidates can be chosen from a computationally “nice” class, then
the value function can be computed at any given point without the need to store its values

for the entire state space.

A Appendix

A.1 Bellman’s Principle of Optimality

Let ((Q,F,P),(F;), W) be a Wiener basis of dimension d;. Let U be the associated set
of control processes. For n € N, define the set U, C U of piece-wise constant strategies
according to (10) at the beginning of Section 4. Let U be either U or U, for some n € N.

Let 7 > 0 and set C:= C([—#,0],R%). If Y is an R%valued process, then the notation Y;
in this subsection denotes the segment of length 7. We introduce the following hypotheses:
(H1) Measurability: b: [0,00) xCxT — R%, G: [0,00) xC — R¥>*®% | f:[0,00) xCxT — R,

§: C — R are Borel measurable functions.
(H2) Boundedness: |b], ||, |f], |g| are bounded by some positive constant K.

(H3) Uniform Lipschitz condition: there is a constant L > 0 such that for all o, v € C, all

t>0 allyeT
1b(t, 0,7) = b(t, 10, 7)| V |5(t, ¢,7) — 5(t,,7)] < Lle—1l,
\F(t,o,7) — Ft, 0]V 1§(e) — a()| < Lie—vl.

Let T > 0. Define the cost functional J on [0,7] x C x U by

- T—to _
J(t07¢7u) = E (/ f(to—}—S,Y;,’UJ(S))dS + g(Yf‘tO)> )
0
where Y is the solution to the controlled SDDE
»(0) + fgi)(to—i—s,)@,u(s))ds + fg&(to—i—s,}@,u(s))dW(s), t >0,
¢(t)7 te [_7:’ O]
Define the associated value function V: [0,7] x C — R by

V(to, 1)) := inf{j(tg,w,u) | ue Z;{}

(12) Y(t)=

Observe that V thus defined gives the minimal costs over the set U of all control processes or
just over a set of strategies which are piece-wise constant relative to the grid {k [k € No}

for some n € N, depending on the choice of U. The following property of V is useful.
Proposition 7. Assume (H1)- (H3). Let V be the value function defined above. Then V

15 bounded and Lipschitz continuous in the segment variable uniformly in the time variable.
More precisely, |f/\ s bounded by K(T—i— 1) and for all ty € [O,T], all g, € C,

[V (to, ) = V(to, )| < 2V2L(T+1)exp(3T(T+ 4d1)L?) ||p — |-
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Proof. Boundedness of V is an immediate consequence of its definition and Hypothe-
sis (H2). Let to € [0,7], let ¢,¢» € C. Recall the inclusion 4/ C U and observe that,

in virtue of the definition of V, we have

V(to, ) — V(to,¥)| < sup T (to, . u) — J(to, ¥, u)].

By Hypothesis (H3), for all uw € U we get

| J (to, @, u) — J(to, 1, u)|

IN

T—ty _ ~
E </0 ‘f(to—i-s,X;”,u(s)) — f(to—i-s,}g",u(s))‘ds + ‘g(X%itO) —g( Tyto)‘>

IN

3
L(1+ T—to) E ( sup | X“(t) — Y“(t)\2> ,
te[—7,T)

where X", Y* are the solutions to Equation (12) under control process u with initial

conditions (to, @) and (tg, ), respectively. Now, for every T € [0, T],
E ( sup | X*(t) — Y“(t)!2> < 2E < sup |X*(t) — Y“(t)\2> + 2llp — 9|,
te[—7,T) t€[0,7]

while Holder’s inequality, Doob’s maximal inequality, 1t6’s isometry, Fubini’s theorem and
Hypothesis (H3) together yield

te[0,7)

E ( sup [X"(t) —Y“(t)l2>

T
< 3Jp(0) —(0))* + 3TE (/ ‘E(to—i—s,X;L,u(s)) — B(to+s,}(8u7u(s))‘2d8)
0
d di t . 2
+ 3dy ;;E (tes[%%} (/0 (6ij(to+s,X§,u(s)) - 6ij(t0—|-s,Y;‘,u(s))) dW](s)> )
T
< 3lpl0) -~ 0O + 372 [ B (XY V) ds
0
T d di
+ 12d1E</0 > (6 (to+s, X2 ul(s)) —5ij(t0+37y;u7u(s)))2d8>
=1 j=1
’ T
< 3lp(0) — v (0))* + 3(T+4d1)L2/ E( sup |X"(t) - Y"(t))ds.
0

te[—7,s]

Since |¢(0)—9(0)| < ||l¢ — ¢||, Gronwall’s lemma gives

E ( sup | X“(t) — Y“(t)\Q) < 8|l —¥||? exp(6T(T+ 4d1)L?).
te[—7,T)

Putting the estimates together, we obtain the assertion. O
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Recall that the the value function V has been defined over the set of strategies . If
U=1U set I :=][0,00), else if U = U, set I = {kZ |k € Ng}. The following version of

Bellman’s Principle of Optimality or Principle of Dynamic Programming holds.

Theorem 6 (PDP). Assume (H1)- (H3). Then for all to € [0,T), all t € I N[0, T —t],
all ¢ € C,

t ~ ~
V(to, ) = gelgE( /0 Flto+s, Y u(s))ds + V(to+t,Yt“>>,

where Y is the solution to Equation (12) under control process u with initial condition

(to, ).

Theorem 6 is proved in the same way as Theorem 4.2 in Larssen (2002), also see
the proof of Theorem 4.3.3 in Yong and Zhou (1999:p.180). We merely point out the
differences in the problem formulation and the hypotheses. Here, all coefficients, those
of the dynamics and those of the cost functional, are bounded, while Larssen (2002) also
allows for sub-linear growth. Since Equation (12) has unique solutions, boundedness of
the coefficients guarantees that the cost functional J as well as the value function V are
well defined. Notice that we express dependence on the initial time in a different, but
equivalent way in comparison with Larssen (2002). Notice further that in Theorem 6 only
deterministic times appear.

We have stated the control problem and given Bellman’s principle in the strong Wiener
formulation, cf. Section 2. Although the weak Wiener formulation is essential for the proof,
the resulting value functions are the same for both versions. This is due to the fact that
weak uniqueness holds for Equation (12). Also the infimum in the dynamic programming
equation can be taken over all Wiener control bases or just over all control processes
associated with a fixed Wiener basis.

There are two respects in which our hypotheses are more general than those of The-
orem 4.2 in Larssen (2002). The first is that we do not require the integrand f of the
cost functional to be uniformly continuous in its three variables. But this assumption is
not needed for the dynamic programming equation, while it is important for versions of
the Hamilton-Jacobi-Bellman partial differential equation. The second is that we allow
the optimisation problem to be formulated for certain subclasses of admissible strategies,
namely the subclasses U, of piece-wise constant strategies. The set of allowed intermediate

times must be chosen accordingly.

A.2 Moments of the modulus of continuity of 1t6 diffusions

A typical trajectory of standard Brownian motion is Hoélder continuous of any order less
than one half. If such a trajectory is evaluated at two different time points 1, to with
|t1 —t2| < h small, then the difference between the values at ¢; and ¢y is not greater than

a multiple of ,/hln(%), where the proportionality factor depends on the trajectory, but
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not on the choice of the time points t1, to. This is a consequence of Lévy’s exact modulus
of continuity for Brownian motion. The modulus of continuity of a stochastic process is
a random element. Lemma 1 below shows that the modulus of continuity of Brownian
motion and, more generally, that of any It6 diffusion with bounded coefficients have finite

moments of any order. The result can be found in Stominski (2001), cf. Lemma A.4 there.
Lemma 1 (Stomiriski). Let W be a d-dimensional Wiener process living on the probability

space (Q, F,P). Let Y = (YD), ... ,Y(d))T be an Ité diffusion of the form

t t
Y(t) = yo+ /0 b(s)ds + /0 a(s)dW(s), t=>0,

where yo € R and b, G are (Fi)-adapted processes with values in R? and R | respectively.
If ]5|, |&| are bounded by some positive constant K, then it holds that for every p > 0, every
T > 0 there is a constant C, 7 depending only on K, the dimensions, p and T' such that

[NIiS)

E (t [ sup }Y(t) - Y(8>|p> < Cpr (hln(%)) for all h € (0, %]_

0,T),|t—s|<h

It is enough to prove Lemma 1 for the special case of one-dimensional Brownian mo-
tion. The full statement is then derived by a component-wise estimate and a time-change
argument, cf. Theorem 3.4.6 in Karatzas and Shreve (1991:p. 174), for example. One way
of proving the assertion for Brownian motion is to follow the derivation of Lévy’s exact
modulus of continuity given in Exercise 2.4.8 of Stroock and Varadhan (1979). The main
ingredient there is an inequality due to Garsia, Rademich, and Rumsey, see Theorem 2.1.3
in Stroock and Varadhan (1979: p. 47).

A.3 A stochastic mean value theorem due to Krylov

The theorem we cite here is a reduced version, adapted to our notation, of Theorem 2.7 in
Krylov (2001). It provides an estimate of the error in approximating constant-coefficient
controlled Tto diffusions by diffusions with piece-wise constant strategies. The error is mea-
sured in terms of cost-functional-like expectations with Lipschitz (or Holder) coefficients;
see Section 1 in Krylov (2001) for a discussion of various error criteria.

Let ((2, F,P), (F:), W) be a Wiener basis of dimension d; in the sense of Definition 1.
As above, let (I', p) be a complete and separable metric space, and denote by U the set
of all (F;)-progressively measurable processes [0,00) x  — I'. For n € N| let U,, be the
subset of U given by (10). Thus, if u € U,, then u is right-continuous and piece-wise
constant in time relative to the grid {kT |k € No} and u(t) is measurable with respect
to the o-algebra generated by W(kL), k = 0,...,[t%|. We have incorporated the delay
length r in the partition in order to be coherent with the notation of Section 4.

Let b: ' — R%, 5: T — R be continuous functions with |b|, |5 bounded by K. For
u € U denote by X" the process

XU(t) = /0 B(U(s))ds + /0 & (u(s))dW(s), t=>0.
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The next result provides an error estimate for the approximation of a process X%, where

u € U, by processes X“», n € N, where u,, € Uy, in terms of suitable cost functionals.

Theorem 7 (Krylov). Let T > 0. There is a constant C > 0 depending only on K and
the dimensions such that the following holds: For any n € N such that n > r, any bounded
continuous function f: I' = R, any bounded Lipschitz continuous function §: R¢ — R, any
u € U there exists u, € Uy, such that

E (/[)Tf(un(s))ds +§(X“"(T))> ~ E (/OTf(u(S))ds+§(X“(T))>

< C(1+T) (T)‘l‘<(’")4l‘sup|f<»y>|+ sup ‘9(“’")‘9(”')

n n/ - yer z,yERY zAy |‘/I“ - y|

Note that in Theorem 7 the difference between the two expectations may be inverted,

since we can take —f in place of f and —g in place of §.
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