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Abstract— We obtain some approximation results for a class
of nonlinear filtering problems with delay in the observation,
i.e. systems(X, Y ), which can be represented by means of a
Markov system (X, Ŷ ), in the sense thatYt = Ŷa(t). To this
aim we give some general upper bounds which are computed
explicitly in the particular case of Markov jump processes with
counting observations.
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I. I NTRODUCTION

Consider a partially observed stochastic system(X,Y ) =
(Xt, Yt)t≥0, that is, astate processX = (Xt)t≥0, which
cannot be directly observed, and a completely observable
processY = (Yt)t≥0, which is referred to as theobser-
vation process. The aim of stochastic nonlinear filtering is
to compute the conditional lawπt of the state process at
time t, given the observation process up to timet, i.e., the
computation of the so-called filter

πt(ϕ) = E
[
ϕ(Xt)/FYt

]
, (1)

for all functions ϕ belonging to a determining class, i.e.,
the best estimate ofϕ(Xt) given the σ-algebra of the
observations up to timet, FYt = σ{Ys, s ≤ t}.

A classical model of partially observed systems arises
when both the state and the observation are diffusion
processes. In this case it has been shown that the filter
solves a stochastic partial differential equation known as the
Kushner–Stratonovich equation (cf., e.g., Pardoux [17] and
the references therein).

Filtering problems involving jump-diffusion processes
have been studied by many authors. In particular, the jump
system(xt, yt)t≥0 defined below enters in the more general

This work was partially supported by MURST project”Metodi stocastici
in finanza matematica” Anno 2004 - prot. 2004014572007

Antonella Calzolari is with Dipartimento di Matematica - Università di
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framework studied by Kliemann, Koch, and Marchetti [12]:

xt = x0 +
∫ t

0

∫
D0(xs− ,ys− )

K0(xs− , ys− ; ζ)N (ds, dζ)

+
∫ t

0

∫
D1(xs− ,ys− )

K1(xs− , ys− ; ζ)N (ds, dζ), (2)

yt =
∫ t

0

∫
D1(xs− ,ys− )

N (ds, dζ), (3)

whereN (ds, dζ) is a Poisson measure onR×Σ with mean
measureds ⊗ ν(dζ); the random variablex0 has values in
Rk and probability distributionµx0 ; the random variablex0

and the Poisson random measureN (ds, dζ) are independent;
the setsD0(x, y) andD1(x, y) are disjoint. Under suitable
hypotheses (cf. [12]), the above system has a unique solution
(xt, yt)t≥0, which is a Markov process with formal generator
L given by

Lf(x, y) =
∫
D0(x,y)

[f(x+K0(x, y; ζ), y)− f(x, y)] ν(dζ)

+
∫
D1(x,y)

[f(x+K1(x, y; ζ), y + 1)− f(x, y)] ν(dζ).

Then the filterπxt (ϕ) = E[ϕ(xt)/Fyt ] can be obtained via
the following normalization procedure: Lets = {si}i≥0 be
an increasing sequence of times such thats0 = 0; define

Byϕ(x) =
∫
D0(x,y)

[ϕ(x+K0(x, y; ζ))− ϕ(x)] ν(dζ)

and

Ryϕ(x) =
∫
D1(x,y)

[ϕ(x+K1(x, y; ζ))− ϕ(x)] ν(dζ);

define ρ̂t(dx|s) by the following self-contained procedure:
for si ≤ t < si+1

ρ̂t(ϕ|s) = E
[
ϕ(Xi

t−si
(s)) e−

∫ t−si
0 λ1(X

i
u(s),i)du

]
,

where λ1(x, i) = ν(D1(x, i)), and {Xi
t(s); t ≥ 0} is a

Markov process with generatorBi and initial distribution
ρ̂si

(dx|s) defined inductively by

ρ̂s0(ϕ|s) = µx0(ϕ), ρ̂si+1(ϕ|s) =
ρ̂s−i+1

(Qiϕ|s)

ρ̂s−i+1
(λ1(·, i)|s)

with Qiϕ(x) = Riϕ(x) + λ1(x, i)ϕ(x), or equivalently
Qiϕ(x) =

∫
D1(x,i)

ϕ(x+K1(x, i; ζ)) ν(dζ).
Setting

Π̂t(ϕ|s) :=
ρ̂t(ϕ|s)
ρ̂t(1|s)

, (4)



we have

πxt (ϕ) = E[ϕ(xt)/Fyt ] = Π̂t(ϕ|s)
∣∣∣
s={Ti}i≥0

, (5)

whereTi are the observed jump times.

Different approximation procedures and numerical
schemes have been studied by many authors in the past
years (see, for example, Kushner [14], Di Masi, Pratelli,
and Runggaldier [9], Le Gland [15], Elliott and Glowinski
[10], Lototsky, Mikulevicius, and Rozovskii [16], Del Moral
[8], Calzolari and Nappo [6], or Ceci, Gerardi, and Tardelli
[7] and the references therein).

In this paper we are interested in the approximation of
the filter when dealing with the following nonlinear filtering
problem with delay in the observation: we consider the
system(X,Y ) such thatYt = Ŷa(t), where (X, Ŷ ) is a
Markov process with generatorL, anda(·) is a nondecreas-
ing continuous function, witha(0) = 0, a(t) ≤ t for all
t ≥ 0. As an example we can take(X, Ŷ ) = (xt, yt)t≥0,
with xt andyt defined as in (2) and (3), respectively.

Theorem I.1 (see [4]). The filter πt associated with the
system(X,Y ) described above can be represented as

πt(ϕ) = E
[(
eL(t−a(t))φ

)
(Xa(t), Ŷa(t))/F Ŷa(t)

]
,

whereφ(x, y) = ϕ(x). Moreover, if the conditional law of
Xs givenF Ŷs is known and denoted bŷπs, then

πt(ϕ) = π̂a(t)
(
(eL(t−a(t))φ)(·, Ŷa(t))

)
.

The approximation problem we consider is interesting due
to the fact that partially observed systems with delay in the
observations appear in stochastic finance. For instance, in
[18] Schweizer has given an example of information with
delay for a financial model, using the the risk minimization
criterion. This criterion corresponds to a quadratic loss func-
tion; the use of different loss functions leads to consider the
hedging problem as an optimal control problem. Then, from
a Bayesian point of view, filtering may appear in the case
of partial observations, and in this direction diffusion-type
models are mainly studied in the literature. More recently,
in [11] Kirch and Runggaldier have studied a control problem
with partial observation when the stock price evolves as

St = s0 e
aN+

t −bN
−
t ,

wherea, b > 0 are constants, andN+ andN− are counting
processes with random unobservable intensitiesΛ+ andΛ−.

The observation of the stock price is equivalent to the
observation of the couple of counting processesN+ andN−.

In [11], N+ and N− are assumed to be conditionally
independent Poisson processes given their random time con-
stant intensitiesΛ+ and Λ−, which are independent and
with prior distribution gamma. In this case the filter of
(Λ+,Λ−) given N+ andN− up to time t can be reduced
to a couple of filtering problems, each with one counting
observation process, and can be computed explicitly. If the
time constant assumption on the intensities were dropped,

then the explicit computation of the filter would no longer
be feasible, and a filtering approximation problem would
naturally arise. Considering also a delay in the information
would then lead to an example fitting the framework of
section IV.

Some approximation results can be obtained for different
systems and by making use of different techniques. As an
example we can take the simple delayed diffusion model
considered in [4], the filter of which can be approximated
by the convergence result in [5], as explained in Remark 1.3
of [3], where we deal with the approximation of nonlinear
filtering for systems solving stochastic delay differential
equations (see [3] for some references on the last topic).

II. A PPROXIMATION FOR GENERAL FILTERS

A. Different kinds of approximation

Suppose that a sequence of stochastic systems(Xn,Y n)
with values inRk×Rd converges to a system(X,Y ). Then
a natural question is whether the corresponding sequence of
filters πn converges to the filter of the limit systemπ.

Different kinds of convergence can be considered for both
the systems and the filters. Convergence of their distributions
is the first one, and, moreover, the only one that can be con-
sidered when the systems(Xn,Y n) are defined on different
probability spaces. The most frequently used is weak conver-
gence of their distributions. Furthermore, in this case one can
distinguish between convergence ofπnt to πt as random prob-
ability measures onRk, for eacht, and convergence of the
processesπn = (πnt ; t ≥ 0) to π = (πt; t ≥ 0), ascàdlàg
measure-valued processes. Finally, one can consider different
metricsdist(ν1, ν2) on the spaceP = P(Rk), which is the
space of probability measures onRk, such as the total varia-
tion ‖ν1−ν2‖TV = sup

{
|ν1(ϕ)−ν2(ϕ)|/‖ϕ‖; ϕ bounded

}
,

the Kantorovitch metric κ(ν1, ν2) = sup
{
|ν1(ϕ) −

ν2(ϕ)|/Lϕ;ϕ Lipschitz
}
, or the bounded-Lipschitz met-

ric dBL(ν1, ν2) = sup
{
|ν1(ϕ) − ν2(ϕ)|/(‖ϕ‖ ∨ Lϕ);

ϕ bounded and Lipschitz
}
, where ‖ϕ‖ denotes the sup-

norm, andLϕ is the Lipschitz constant ofϕ. In the following
we will considerP endowed with one of the above metrics.

When instead all the processes are defined on the same
probability space(Ω,F , P ), then one can also consider other
kinds of convergence such as convergence in probability,
convergence inLp([0, T ] × Ω, dt⊗ dP ), and so on. This
situation arises typically when one is interested in the limit
system, and the sequence(Xn,Y n) is constructed pathwise
starting from the path(X,Y ) such as, for instance, in the
Euler approximations of diffusive systems.

When the filtersπn andπ have a robust version, that is,
when for suitable deterministic measure-valued functionals
Un andU , with paths in the Skorohod spaceDP([0, T ]),

Un, U : [0, T ]×DRd([0, T ]) 7→ P

such thatUn(t,y) = Un(t, y(·∧t)), U(t,y) = U(t, y(·∧t)),
πnt (dx) = Un(t,Y n; dx), andπt(dx) = U(t,Y ; dx); then,
in order to consider convergence in probability, one has to
assume that the processesY n and Y are defined on the
same probability space. Such deterministic functionalsUn



andU satisfying the above properties always exist under very
general conditions (see Kurtz and Ocone [13]). Note that
the functionalsUn andU depend on the joint distribution
of (Xn,Y n) and (X,Y ), respectively, and are defined in
DRd([0, T ]) almost surely with respect toPY n , the law of
Y n, and with respect toPY , the law ofY , respectively.

As an example one can consider approximating and limit
models such as the jump model with counting observations,
as given by (2) and (3), for which the functionalsU and
Un can be computed as in (4), or such as the classical
diffusive model, for which the functionalsU and Un are
also computable as shown in [13], for example.

A different approach to the problem of the approximation
of the filter takes into account that a realistic approximation
depends on the trajectory actually observed and uses the
robust representation described above. Two different types
of situations can arise as follows:

1 Thetrue model is(X,Y ), and therefore we observeY ,
while the models(Xn,Y n) aremore manageableapproxi-
mations.

2 The true model is (Xn,Y n), depending on a large
parametern, and therefore we observeY n, while (X,Y )
is a more manageablelimit model.

In situation 1 thetrue filter is πt, and it is natural to
consider

π̃nt = Un(t,Y ) (6)

as an approximation ofπt, depending on the trajectory
actually observed. The functionalUn is definedPY n -almost
surely; therefore, in order to definẽπn = {π̃nt ; t ≥ 0} almost
surely it is natural to assume thatPY is absolutely continuous
with respect toPY n . One is interested in evaluating

dist(πt, π̃nt ) = dist(U(t,Y ), Un(t,Y )), (7)

where dist can be one of the integral metric considered
above. In situation 2 thetrue filter is πnt , and it is natural
to considerπnt = U(t,Y n) as an approximation ofπnt ,
depending on the trajectory actually observed. In this case
one is interested indist(πnt , π

n
t ).

In this presentation we consider only situation 1. However
the results here obtained can be easily rephrased in situation
2 (see [3]).

Note that, π̃nt is not a conditional law. Moreover, with
this kind of approximation it is not even necessary that
the sequence of processes{Y n} and Y be defined on the
same probability space, and both the almost sure convergence
and the convergence to zero in probability of (7) can be
considered. For instance, the convergence in probability is
implied by the convergence to zero of

E[dist(πt, π̃nt )] = E[dist(U(t,Y ), Un(t,Y ))].

Finally, note that when the distance betweenπt and π̃nt is
given in terms of the total variation or the bounded-Lipschitz
metrics, then

E[dist(πt, π̃nt )] = E

[
sup
ϕ∈K

|πt(ϕ)− π̃nt (ϕ)|
]

(8)

where K is a suitable class of functions: for the total
variation, the classKTV = KTV (1), whereKTV (α) is the
class of measurable functionsϕ with ‖ϕ‖ ≤ α; for the
bounded-Lipschitz metric, the classKBL = KBL(α,Λ),
whereKBL(α,Λ) ⊆ KTV (α) is the subclass of Lipschitz
functions, with Lipschitz constantLϕ ≤ Λ.

B. General upper bounds

In the following we assume that it is possible to construct
copies(X̃n, Ỹ n) and (X̃, Ỹ ) of the pairs(Xn,Y n) and
(X,Y ) on the same measurable space(Ω,F), equipped
with different probability measuresP and Pn and with the
property thatỸ n = Ỹ , i.e.,

(a) on (Ω,F ,P) the model(X̃, Ỹ ) has the same law as
the model(X,Y ),

(an) on (Ω,F ,Pn) the model(X̃n, Ỹ n) = (X̃n, Ỹ ) has
the same law as the model(Xn,Y n).

Remark II.1. When the systems(X,Y ) and(Xn,Y n) are
Markovian, condition (a) means that underP the pair(X̃, Ỹ )
has the generatorL of (X,Y ), and the initial distribution
µ = µX,Y0 , while condition (an) means that underPn the
pair (X̃n, Ỹ ) has the generatorLn of (Xn,Y n), and the
initial distributionµn = µX

n,Y n

0 .

As will become clear in the application to the jump models
in section IV, it is natural to construct the probability spaces
(Ω,F ,P) and (Ω,F ,Pn) starting from a given probability
space(Ω,F ,Q) in such a way that

(b1) P and Pn are absolutely continuous with respect to
Q on F̃t = F X̃,X̃

n,Ỹ
t for all t ≥ 0.

The above condition implies thatP and Pn are absolutely
continuous with respect toQ on F Ỹt . For technical reasons,
it is more convenient to assume the further condition that

(b2) the probability measuresQ, P, andPn are equivalent
on F Ỹt for all t ≥ 0.

Indeed, under conditions (a) and (an), thenU(t, Ỹ ;ϕ) =
E[ϕ(X̃t)/F Ỹt ], P-a.s., and analogouslyUn(t, Ỹ ;ϕ) =
En[ϕ(X̃n

t )/F Ỹt ], Pn-a.s., and therefore, if condition (b2)
holds, then the previous relations hold almost surely under
Q, P, andPn. Therefore, by (6) and (8)

E[dist(πt, π̃nt )] = E

[
sup
ϕ∈K

|U(t,Y ;ϕ)− Un(t,Y ;ϕ)|
]

= E
[

sup
ϕ∈K

|U(t, Ỹ ;ϕ)− Un(t, Ỹ ;ϕ)|
]

= E
[

sup
ϕ∈K

|E[ϕ(X̃t)/F Ỹt ]− En[ϕ(X̃n
t )/F Ỹt ]|

]
,

where we stress that, underP, the law of Un(t, Ỹ ;ϕ) =
En[ϕ(X̃n

t )/F Ỹt ] is the same as the law of̃πnt (ϕ), and
therefore not the law ofπnt (ϕ), the filter of the approximating
system, evaluated atϕ. Then it is natural to start by looking
for Q-a.s. upper bounds of

sup
ϕ∈K

∣∣E[
ϕ(X̃t)/F Ỹt

]
− En

[
ϕ(X̃n

t )/F Ỹt
]∣∣, (9)



and then to take the expectation with respect toE . Fur-
thermore, if condition (b1) holds, it can be shown (e.g., by
Lemma 4.1 of [6]) that, for any bounded functionϕ,∣∣E[

ϕ(X̃t)/F Ỹt
]
− En

[
ϕ(X̃n

t )/F Ỹt
]∣∣ (10)

is bounded above by

2‖ϕ‖Zt + E
[
|ϕ(X̃t)− ϕ(X̃n

t )|/F Ỹt
]
,

Q-a.s., and therefore alsoP-a.s. andPn-a.s., where

Zt =
EQ

[
|(dPn/dQ)|F̃t

− (dP/dQ)|F̃t
|/F Ỹt

]
EQ

[
(dP/dQ)|F̃t

/F Ỹt
] . (11)

Taking into account that

|ϕ(X̃t)− ϕ(X̃n
t )| ≤ 2‖ϕ‖ I{X̃t 6=X̃n

t }
,

or that, if ϕ is also a Lipschitz function,

|ϕ(X̃t)− ϕ(X̃n
t )| ≤ Lϕ

∣∣X̃t − X̃n
t

∣∣,
the previous observations can be used to get upper bounds
for E[dist(πt, π̃nt )] when using the total variation or the
bounded-Lipschitz metric. Indeed one has the following
upper bounds for (9)

2Zt + 2 P
(
{X̃t 6= X̃n

t }/F Ỹt
)
, whenK = KTV ,

2Zt + E
[∣∣X̃t − X̃n

t

∣∣/F Ỹt ]
, whenK = KBL.

Moreover, an easy computation gives

E
[
Zt

]
= EQ

[∣∣(dPn/dQ)|F̃t
− (dP/dQ)|F̃t

∣∣] =: ζnt . (12)

As a consequence of the above analysis we get the
following upper bounds.

Theorem II.2. Under conditions(a), (an), (b1), and (b2),

E
[
‖πt − π̃nt ‖TV

]
≤ 2 ζnt + 2P

(
{X̃t 6= X̃n

t }
)

(13)

and
E

[
dBL(πt, π̃nt )

]
≤ 2 ζnt + E

[∣∣X̃t − X̃n
t

∣∣] (14)

Remark II.3. Under (a), (an), (b1) and (b2) one can get
sufficient conditions for the weak convergence ofπnt to πt
(see Theorem 2.6 and Remark 2.7 in [3], see also [1] and
[2]).

C. Further upper bounds

In this section we give a slight generalization of Theo-
rem II.2, which we use in the sequel to treat the delayed
observations. To this end we introduceK′TV (α), the class
of measurable functionsφ(x, y) bounded above byα, and
K′BL(α,Λ) ⊆ K′TV (α) is the subclass of functionsφ(x, y),
such that for allx, x′, andy, |φ(x, y)−φ(x′, y)| ≤ Λ|x−x′|.
Note that, with a slight abuse of notation, we can write
KTV (α) ⊆ K′TV (α), and thatKBL(α,Λ) ⊆ K′BL(α,Λ).

Theorem II.4. If conditions (a), (an), (b1), and (b2) hold,
then E

[
supφ∈K |U(t, Ỹ ;φ(·, Ỹt)) − Un(t, Ỹ ;φ(·, Ỹt))|

]
is

bounded above by

C α ζnt + 2αP
(
{X̃t 6= X̃n

t }
)
, whenK = K′TV (α)

C α ζnt + Λ E
[∣∣X̃t − X̃n

t

∣∣], whenK = KBL(α,Λ)

with C = 2. The same upper bounds hold for
supφ∈K

∣∣E[
φ(X̃t, Ỹt)

]
− En

[
φ(X̃n

t , Ỹt)
]∣∣, but withC = 1.

III. A PPROXIMATION IN FILTERING FORMARKOV

MODELS WITH DELAYED OBSERVATIONS

Let (Xn, Ŷ n) and(X, Ŷ ) be Markov systems with gen-
eratorsLn andL respectively. In this section we consider
the systems(Xn,Y n) and (X,Y ) such thatY nt = Ŷ na(t),

and Yt = Ŷa(t), where a(·) has the same properties as in
Theorem I.1. We are interested in the approximation (6) of
the filter, and therefore we need a representation formula
for the functionalsUn andU . Thanks to Theorem I.1, these
functionals can be expressed in terms of the corresponding
functionals Ûn and Û of the underlying Markov systems,
i.e., the functionals such that̂πnt = Ûn

(
t, Ŷ n

)
and π̂t =

Û
(
t, Ŷ

)
(note that the functionalŝUn andÛ depend on the

initial distributions and the generators of the corresponding
Markov systems). Indeed

πnt (ϕ) =
∫

Rk

Ûn
(
a(t), Ŷ n; dx

)
eLn(t−a(t))φ(x, Ŷ na(t))

= Ûn
(
r,y; eLn(t−r)φ(·, yr)

)
|r=a(t),y=Ŷ n

and an analogous representation holds forπt(ϕ) by dropping
the indexn in the above expression. Therefore

|πt(ϕ)− π̃nt (ϕ)| =
∣∣U(

t,Y ;ϕ
)
− Un

(
t,Y ;ϕ

)∣∣
can be written as

|Û
(
r,y; eL(t−r)φ(·, yr)

)
− Ûn

(
r,y; eLn(t−r)φ(·, yr)

)
|r=a(t)

y=Ŷ

and is is bounded above by the sum of

|Û
(
r,y; eL(t−r)φ(·, yr)

)
− Ûn

(
r,y; eL(t−r)φ(·, yr)

)
|

and

|Ûn
(
r,y; eL(t−r)φ(·, yr)

)
− Ûn

(
r,y; eLn(t−r)φ(·, yr)

)
|,

both evaluated inr = a(t) and y = Ŷ . Moreover, natural
upper bounds for the second addend are

supx
∣∣eL(t−r)φ(x, yr)− eLn(t−r)φ(x, yr)

∣∣
≤ supx,y

∣∣eL(t−r)φ(x, y)− eLn(t−r)φ(x, y)
∣∣ .

As a consequence the distance between the filter and
the approximation can be bounded above by means of the
distance between̂Un and Û and the distance between the
semigroupseLns andeLs:

Proposition III.1. For the system with delayed observations
described at the beginning of this section we have that
supϕ∈K|πt(ϕ)− π̃nt (ϕ)| is bounded above by the sum of

sup
ψ∈K1

|Û(r,y;ψ(·, yr))− Ûn(r,y;ψ(·, yr))|r=a(t),y=Ŷ

and

sup
φ∈K2

sup
x,y

|eL(t−r)φ(x, y)− eLn(t−r)φ(x, y)|r=a(t),



with K1 = K2 = K′TV (α), whenK = KTV (α).
Furthermore, if for all u ≥ 0 there exists a constant

Λ′(u,Λ) such thateLu
(
K′BL(α,Λ)

)
⊆ K′BL(α,Λ′(u,Λ)),

then, the previous upper bound holds withK1 =
K′BL(α,Λ′(t − r,Λ)), and K2 = K′BL(α,Λ), whenK =
KBL(α,Λ).

The addends in the above upper bounds will be evaluated
when studying filtering systems with counting observations
in the following section. In particular, upper bounds for their
expectations will be obtained by a slight modification of the
arguments used in Theorem II.4.

IV. COUNTING PROCESSES OBSERVATIONS

In this section we assume that the pairs(X, Ŷ ) and
(Xn, Ŷ n) are Markov systems inR × N, with respective
initial distributions µX0 ⊗ δ{y} and µX

n

0 ⊗ δ{y}, and with
respective generatorsL andLn, where

Lφ(x, y) = λ0(x, y)
∫ (

φ(x′, y)− φ(x, y)
)
µ0(x, y; dx′)

+ λ1(x, y)
∫ (

φ(x′, y + 1)− φ(x, y)
)
µ1(x, y; dx′)

and Ln has an analogous definition, but withλni (x, y) and
µni (x, y; ·) instead ofλi(x, y) and µi(x, y; ·), for i = 0, 1.
Thus the predictable intensities of̂Y and Ŷ n are λ̂1(t) :=
λ1(Xt− , Ŷt−) and λ̂n1 (t) := λn1 (Xn

t− , Ŷ
n
t−), respectively.

Furthermore we assume:
(H0) 0 ≤ λi ≤ λi(x, y), λni (x, y) ≤ λi, i = 0, 1;
(H1) 0 < λ1(x, y), λn1 (x, y);
(H2) ∆n

i := supx,y κ(µi(x, y; ·), µni (x, y; ·)) <∞, i = 0, 1.
Note that the operatorL given above can be expressed

in the same form as the one defined in the introduction and
vice versa. From now on we will say that the operatorL is
bL-regular when it satisfies the following conditions:(R0)
For everyz the functionx 7→ λi(x, z) is bounded-Lipschitz
continuous and the Lipschitz constant is bounded from above
by Lλi , i = 0, 1,; (R1) supy κ(µi(x, y; ·), µi(x′, y; ·)) ≤
Γµi |x−x′|, i = 0, 1; (R2) supx,y

∫
|z−x|µ0(x, y; dz) ≤ b0,

and
∫
|z − x|µ1(x, y; dz) ≤ a1(|x|+ y) + b1.

It is important to stress that, ifL is bL-regular, then,
for a suitable constantM (given below in Proposition
IV.1), eLu(K′BL(α,Λ)) ⊆ K′BL(α,ΛeMu) (for the proof see
Corollary 4.9 in [3]), and thus Proposition III.1 holds with
Λ′(u,Λ) = ΛeMu.

The central tool for the proofs of our bounds (see The-
orem IV.3 below) is a particular construction of the pairs
(Xn, Ŷ n) and (X, Ŷ ) on the same measurable space
(Ω,F), equipped with three different probability measures
Q, P, and Pn, in a similar way to that used in section II,
and such that:(â) under P the pair (X, Ŷ ) has generator
L and initial distributionµ = µX0 ⊗ δ{y}; (ân) under Pn
the pair (Xn, Ŷ ) has generatorLn and initial distribution
µn= µX

n

0 ⊗δ{y}; (b̂) the probability measuresQ, P, andPn

are equivalent onF̂nt = FX,X
n,Ŷ

t (note that, in order to

avoid the notation˜̂
Y , we have used the notation(X, Ŷ )

instead of(X̃, ˜̂Y )). Then, in this framework, Theorem II.4

applies with(X,Xn, Ŷ ) instead of(X̃, X̃n, Ỹ ) and with
Û and Ûn instead ofU andUn, respectively. Furthermore
(see (4) and (5))Û(t,y;ϕ) is defined asΠ̂t(ϕ|s) when
y(t) =

∑∞
i=1 I[0,si](t), and arbitrarily defined otherwise. An

analogous representation holds forÛn. The construction of
the triplet (X,Xn, Ŷ ) is possible under the assumptions
(H0) and (H1). The space(Ω,F ,Q) is a probability space
on which two independent Poisson random measures are
defined:N0(ds, dζ) on [0, T ]×[0, λ̄0], with intensity measure
ds⊗dζ, andN1(ds, dζ) on [0, T ]×[0, 1], with intensity mea-
sureds ⊗ dζ. Then for suitable functionsK0,K1,K

n
0 ,K

n
1

(see Remark 4.1 in [3] and Lemma 3.7 in [6]), the triplet
(X,Xn, Ŷ ) is

Xt = X0 +
∫ t

0

∫ λ̄0

0

K0(Xs− , X
n
s− , Ŷs− ; ζ)N0(ds, dζ)

+
∫ t

0

∫ 1

0

K1(Xs− , X
n
s− , Ŷs− ; ζ)N1(ds, dζ),

Xn
t = Xn

0 +
∫ t

0

∫ λ̄0

0

Kn
0 (Xs− , X

n
s− , Ŷs− ; ζ)N0(ds, dζ)

+
∫ t

0

∫ 1

0

Kn
1 (Xs− , X

n
s− , Ŷs− ; ζ)N1(ds, dζ),

Ŷt = y +
∫ t

0

∫ 1

0

N1(ds, dζ) = y +N1((0, t]× [0, 1]),

with initial conditions(X0, X
n
0 ) independent ofN0 andN1,

dP/dQ
∣∣
F̂n

t
= exp

{ ∫ t
0

log
(
λ̂1(s)

)
dŶs−

∫ t
0

(
λ̂1(s)− 1

)
ds

}
,

and dPn/dQ
∣∣
F̂n

t
is defined analogously. In this framework

two preliminary propositions hold.

Proposition IV.1. Under the hypotheses(H0) and (H1), if
K = K′TV (α), then

E
[

sup
ψ∈K

∣∣Û(
r,y;ψ(·, yr)

)
− Ûn

(
r,y;ψ(·, yr)

)∣∣
y=Ŷ

]
(15)

is bounded above by

α
[
4‖λ1 − λn1‖r + e(λ̄1−λ1) r Cn

]
,

where

Cn = ‖µX0 − µX
n

0 ‖TV
( 2λ1

λ̄1 − λ1

+ 1
)

+ (λ̄0 + λ̄1)JnA(r),

A(r) = 2r + 4λ̄1
e−(λ̄1−λ1) r + (λ̄1 − λ1)r − 1

(λ̄1 − λ1)2
,

Jn = max(‖p0 − pn0‖∞, ‖µ1 − µn1‖∞)/2,

with ‖ν‖∞ = supx,y ‖ν(x, y, ·)‖TV , p0(x, y; ·) defined by(
1 − (λ0(x, y)/λ̄0)

)
δx(·) +

(
λ0(x, y)/λ̄0

)
µ0(x, y; ·), and

pn0 (x, y; ·) defined by a similar expression, but involvingλn0
and µn0 .

If furthermore the operatorL is bL-regular, assumption
(H2) holds, and the initial distributionsµX0 and µX

n

0 have
finite first moments, and ifK = K′BL(α,Λ′), then (15) is
bounded above by

4α
[
‖λ1 − λn1‖r + Lλ1H

n EM2 (r)
]
+ Λ′Hn EM1 (r)

+ κ
(
µX0 , µ

Xn

0

)(
4αLλ1E

M
1 (r) + Λ′EM0 (r)

)
,



with Hn = λ̄0∆n
0 + b0 ‖λ0 − λn0‖+ λ̄1∆n

1 ,

M =
1∑
i=0

[
λ̄i(Γµi − 1)+ − λi(1− Γµi)

+
]
+ b0Lλ0 ,

EMk (t) :=
1
Mk

∞∑
h=k

(tM)h

h!
=

1
Mk

(
etM −

k−1∑
h=0

(tM)h

h!

)
.

Proposition IV.2. Under the assumptions(H0), (H1) and
the notation of PropositionIV.1, if K = K′TV (α), the

supφ∈K supx,y
∣∣eLtφ(x, y) − eLntφ(x, y)

∣∣ (16)

is bounded above by

α
(
2‖λ1 − λn1‖ t+ e(λ̄1−λ1)t(λ̄0 + λ̄1) JnB(t)

)
,

whereB(t) = 2t+A(t)/2.
If furthermore the operatorL is bL-regular, assumption

(H2) holds, and the initial distributionsµX0 and µX
n

0 have
finite first moments, and ifK = K′BL(α,Λ), then (16) is
bounded above by

2α
[
‖λ1 − λn1‖t+ Lλ1H

n EM2 (t)
]
+ ΛHn EM1 (t).

The proof of the above results (see [3]) is based on
Theorem II.4 with (X,Xn, Ŷ ) instead of (X̃, X̃n, Ỹ ),
some upperbounds forP

(
{Xt 6= Xn

t }
)

and E
(
|Xt −

Xn
t |

)
(see Propositions 4.6 and 4.8 in [3]), and the ob-

servation that the semigroups can be represented, respec-
tively, as eLtφ(x, y) = E

[
φ(Xt, Ŷt)

]
and eLntφ(x, y) =

En
[
φ(Xn

t , Ŷt)
]
, whenµX0 = δ{x} andµX

n

0 = δ{x}. Finally,
using the results and the notation of Propositions III.1, with
Λ′(u,Λ) = Λ eM(t−r), α = 1, andΛ = 1, Proposition IV.1
with Λ′ = Λ′(t − r, 1), and Proposition IV.2, we get
immediately the main result of this section:

Theorem IV.3. Under the assumptions(H0) and (H1),
and the notation introduced in PropositionsIV.1 and IV.2,
E

[
‖πt − π̃nt ‖TV

]
is bounded above by

2‖λ1 − λn1‖(t+ r)+ ‖µX0 − µX
n

0 ‖TV e(λ̄1−λ1) r
3λ1 − λ1

λ̄1 − λ1

+ (λ̄0 + λ̄1)Jn
(
e(λ̄1−λ1) rA(r)+ e(λ̄1−λ1) (t−r)B(t− r)

)
evaluated inr = a(t). Furthermore assume(H2), the bL-
regularity ofL, and that the initial distributionsµX0 andµX

n

0

have finite first moments. ThenE
[
dBL(πt, π̃nt )

]
is bounded

above by

4
[
‖λ1 − λn1‖r + Lλ1H

n EM2 (r)
]
+ eM(t−r)Hn EM1 (r)

+ κ
(
µX0 , µ

Xn

0

)(
4Lλ1E

M
1 (r) + EM0 (t)

)
+Hn EM1 (t− r)

+ 2
(
‖λ1 − λn1‖(t− r) + Lλ1H

n EM2 (t− r)
)

evaluated inr = a(t).
When the measuresµi(x, y, ·) are Gaussian, then the

constants involved in the previous upper bounds can be
computed explicitely (see theExamplein section 4 of [3]).
Furthermore we observe thatM may be negative, and then,
when Ln = L, the above theorem is a kind of stability
property for the filter with respect to the initial conditions
(see the the related discussion in section 4 of [3]).
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