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Abstract—We obtain some approximation results for a class framework studied by Kliemann, Koch, and Marchetti [12]:
of nonlinear filtering problems with delay in the observation, "
i.e. systems(X,Y’), which can be represented by means of a _ K . ds.d
Markov system (X,Y), in the sense thatY; = Y,(). To this we= st Do(z,—y,-) o s N, )
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62M20 where N (ds, d¢) is a Poisson measure @hx 3 with mean
measureds ® v(d¢); the random variable, has values in
R* and probability distribution:&; the random variable,

|. INTRODUCTION and the Poisson random measi\féds, d¢) are independent;
the setsDy(xz,y) and D;(x,y) are disjoint. Under suitable
Consider a partially observed stochastic systgmY) = hypotheses (cf. [12]), the above system has a unique solution

(X1, Yy)s>0, that is, astate processX = (X;);>o, which  (%¢,%t)¢>0, Which is a Markov process with formal generator
cannot be directly observed, and a completely observable given by
processY = (Y;):>o0, Which is referred to as thebser-
vation processThe_aim of stochastic nonlinear filtering is Lf(z,y) = / [f(z+ Ko(z,y; Q) y) — f(z,y)] v(d])
to compute the conditional law; of the state process at Do@:s)
time ¢, given the observation process up to timd.e., the +/ [flz+ Ki(z,y;0),y + 1) — f(z,y)] v(dQ).
computation of the so-called filter D1 (ay)
Then the filterr? () = E[p(z¢)/F}] can be obtained via
() = E[@(Xt)/]?ty]’ (1) the following normalization procedure: Let= {s;};>o be
an increasing sequence of times such that 0; define

Bg(z) = /D Pl ol 0) = p(o)] ()

for all functions ¢ belonging to a determining class, i.e.,
the best estimate ofp(X;) given the o-algebra of the
observations up to time, FY = o{Y;, s < t}. a
A classical model of partially observed systems arises .
when both the state and the observation are diffusion Ryw(x):/ [o(z + K1(x,9;¢)) — p(x)] v(dC);
processes. In this case it has been shown that the filter Dy (z,y)
solves a stochastic partial differential equation known as th@fine pe(dz|s) by the following self-contained procedure:
Kushner—Stratonovich equation (cf., e.g., Pardoux [17] an@dr s, < t < s; 1,
the references therein). _
Filtering problems involving jump-diffusion processes ﬁt(ﬂs):E{‘P(th—si(s))e_jo Fu@ddu) |
e e o, 7 MMhere (.0 = (), and a1 > 0] i
TIRE= arkov process with generatdB® and initial distribution

ps, (dz|s) defined inductively by
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we have then the explicit computation of the filter would no longer
be feasible, and a filtering approximation problem would

T _ . Y1 T
mi () = Elp(z)/F] = lels)| > ) natrally arise. Considering also a delay in the information
: . - would then lead to an example fitting the framework of
whereT; are the observed jump times. section IV

Diff N imati d q . Some approximation results can be obtained for different
merent — approximation - procedures an r_numenca& stems and by making use of different techniques. As an
schemes have been studied by many auj[hors n the p_%érample we can take the simple delayed diffusion model
years (see, for example, Kushner [14], Di Masi, Prate"'considered in [4], the filter of which can be approximated

and Runggaldier [9], Le Gland [15], Elliott and Glowinski : - :
[10] Lgtogtgk IMik[uI]evicius and [Ro]zovs:(ii [16], Del K/IworalI by the convergence resullt in [5], as explam_ed n Remqu 1.3
’ Y. ! ' of [3], where we deal with the approximation of nonlinear

[8], Calzolari and Nappo [6], or Ceci, Gerardi, and TardelllI‘iltering for systems solving stochastic delay differential

[71 and.the references th_erem). . L ?quations (see [3] for some references on the last topic).
In this paper we are interested in the approximation o

the filter when dealing with the following nonlinear filtering [l. APPROXIMATION FOR GENERAL FILTERS
problem with delay in the observation: we cqnsider then. Different kinds of approximation
system(X,Y’) such thatY; = Y,q), where (X,Y) is a
Markov process with generatdy, anda(-) is a nondecreas-
ing continuous function, withe(0) = 0, a(t) < ¢ for all

t > 0. As an example we can taI(eY,Y) = (@, Yt)1>0,
with x; andy; defined as in (2) and (3), respectively.

Suppose that a sequence of stochastic sys{exis Y ™)
with values inR* x R¢ converges to a systefX,Y). Then
a natural question is whether the corresponding sequence of
filters 7™ converges to the filter of the limit system
Different kinds of convergence can be considered for both
Theorem 1.1 (see [4]). The filter 7, associated with the the systems and the filters. Convergence of their distributions
system(X,Y’) described above can be represented as  is the first one, and, moreover, the only one that can be con-
. X sidered when the systeliX ™, Y'™*) are defined on different
mi(p) = E[(e" D) (Xa(t), Ya)/ Facn) ) probability spaces. The most frequently used is weak conver-
gence of their distributions. Furthermore, in this case one can
distinguish between convergencengf to 7, as random prob-
ability measures ofiR*, for eacht, and convergence of the
Te(9) = Fray (XD G) (4 Varny)). processest™ = (7';t > 0) to w = (m;¢t > 0), ascadlag
S o ] measure-valued processes. Finally, one can consider different
The approximation problem we consider is interesting d”l%etricsdist(ul, 1) on the space® = P(R*), which is the

to the fagt that partiall_y observed. sy_stems with d_elay in thg_pace of probability measures &, such as the total varia-
observations appear in stochastic finance. For instance, ijgp, |1 —va|7y = sup {|V1((p)_y2(<p)‘/”¢||; 0 bounde(},

[18] Schweizer has given an example of information Withne kantorovitch metric k(v,e) = sup{|n(p) —
delay for a financial model, using the the risk minimizatiorb2(99)|/L@; ¢ Lipschitz}, or the bounded-Lipschitz met-
criterion. This criterion corresponds to a quadratic loss fung;e dpr(vi,va) = sup{|i() — ma(@)/(lell V Ly);

tion; the use of different loss functions leads to consider th@ bounded and Lipschilz where 4| denotes the sup-
hedging problem as an optimal control problem. Then, frofoym andr,, is the Lipschitz constant a. In the following

a Bayesian point of view, filtering may appear in the casge || consider? endowed with one of the above metrics.

of partial observations, and in this direction diffusion-type \yhen instead all the processes are defined on the same
models are mainly studied in the literature. More recem%robability spacé(, F, P), then one can also consider other

in [11] Kirch and Runggaldier have studied a control problenginds of convergence such as convergence in probability,
with partial observation when the stock price evolves as  ¢onyergence inL?([0,T] x Q, dt ® dP), and so on. This

_ aN; —bN; situation arises typically when one is interested in the limit
S; = sget t . .
system, and the sequenc¥™, Y ™) is constructed pathwise
wherea, b > 0 are constants, an¥ ™ and N~ are counting starting from the patt{X,Y") such as, for instance, in the

where ¢(x,y) = ¢(x). Moreover, if the conditional law of
X, givenFY is known and denoted by,, then

processes with random unobservable intensititsand A~.  Euler approximations of diffusive systems.
The observation of the stock price is equivalent to the When the filterst™ and = have a robust version, that is,
observation of the couple of counting procesdesandN~. when for suitable deterministic measure-valued functionals

In [11], N* and N~ are assumed to be conditionally U™ andU, with paths in the Skorohod spadep([0,77]),
independent Poisson processes given their random time con- n o
stant intensitiesAt and A~, which are independent and U™, U [0,T] x Dga([0,T]) — P
with prior distribution gamma. In this case the filter ofsuchthali"(¢,y) = U™(t,y(-At)), U(t,y) = U(t,y(-At)),
(AT,A™) given Nt and N~ up to timet can be reduced =}'(dz) = U"(t,Y™;dz), andm,(dz) = U(t,Y;dz); then,
to a couple of filtering problems, each with one countingn order to consider convergence in probability, one has to
observation process, and can be computed explicitly. If thesssume that the process®s* and Y are defined on the
time constant assumption on the intensities were droppesime probability space. Such deterministic functioriafs



andU satisfying the above properties always exist under vernyhere K is a suitable class of functions: for the total
general conditions (see Kurtz and Ocone [13]). Note thafariation, the clas&ryv = Krv (1), where K7y (a) is the
the functionalsU™ and U depend on the joint distribution class of measurable functions with ||| < «; for the
of (X™,Y™") and (X ,Y), respectively, and are defined inbounded-Lipschitz metric, the clag§g;, = Kpr(a,A),
Dra([0,T]) almost surely with respect t&y~, the law of where Cpp(a,A) C Krv(a) is the subclass of Lipschitz
Y™, and with respect tdPy, the law of Y, respectively. functions, with Lipschitz constant, < A.

As an example one can consider approximating and limit
models such as the jump model with counting observationB; General upper bounds

as given by (2) and (3), for which the functionals and | the following we assume that it is possible to construct
U™ can be computed as in (4), or such as the classicghpies(X™, ¥™) and (X,Y) of the pairs(X™,Y™) and
diffusive model, for which the functional& and U" are (X,Y) on the same measurable spage F), equipped

also computable as shown in [13], for example.  jth different probability measureB and P" and with the
A different approach to the problem of the approximatiomyroperty thaty™ = Y, i.e.,

of the filter takes intg account that a realistic approximatior;%a) on (Q, F,P) the model(f(,ff) has the same law as
depends on the tr_ajectory _actually observed c_';lnd uses the the model(X, Y),
robL_Jst r_epresentatl(_)n described .above. Two different typ ai) on (9, F,P") the modeI(X'",f’") _ (X",f/) has
of situations can arise as follows: the same law as the modeK™, V™)

1 Thetrue model is(X,Y"), and therefore we obserdé, ’ '
while the modelg X™, Y™) aremore manageablapproxi- Remark Il.1. When the system&X,Y’) and(X™,Y ™) are
mations. Markovian, condition (a) means that undethe pair(X,Y")

2 The true model is (X™,Y™), depending on a large has the generatal of (X,Y’), and the initial distribution
parametem, and therefore we obsern¥™, while (X,Y) pu = ug’y,~while condition (a,) means that undeP” the

is amore manageablémit model. pair (X™,Y) has the gengra}ob" of (X™,Y™), and the
In situation 1 thetrue filter is m;, and it is natural to initial distribution u™ = ué( ’
consider . . . .
As will become clear in the application to the jump models
= U"(Y) (6) ot it

in section 1V, it is natural to construct the probability spaces
as an approximation ofr,, depending on the trajectory (2, 7,PP) and (2, 7,P") starting from a given probability
actually observed. The function&l” is definedPy~-almost ~ space({2, 7, Q) in such a way that

surely; therefore, in order to defife® = {#;¢ > 0} almost ~ (b1) P andP" are absolutely continuous with respect to
surely it is natural to assume thBy- is absolutely continuous Q on F = J—}X’X Y for all t > 0.

with respect toPy-~. One is interested in evaluating The above condition implies tha and P are absolutely

] o ) " continuous with respect tQ on FY . For technical reasons,
dist(m, ') = dist(U(t,Y), U"(t,Y)), (7) it is more convenient to assume the further condition that

where dist can be one of the integral metric considered (b23 the probability measureg, ', andP" are equivalent
above. In situation 2 thérue filter is #7, and it is natural on7; forall > 0.

to consider7? = U(t,Y™) as an approximation of?, Indeed, under conditions (a) and,JathenU(t, ¥'; o) =
depending on the trajectory actually observed. In this cadde(X:)/F)], P-a.s., and analogouslyU"(t,Y;p) =
one is interested idist(n}’, 7}). E"[p(X)/FY], P"-a.s., and therefore, if condition (b2)

In this presentation we consider only situation 1. Howevéolds, then the previous relations hold almost surely under
the results here obtained can be easily rephrased in situatidn P, andP". Therefore, by (6) and (8)
2 (see [3)]).

Note that,7]* is not a conditional law. Moreover, with  E[dist(m¢, 7})] = E{sup U, Y;9) — U”(t,Y;go)@

this kind of approximation it is not even necessary that pek
the sequence of process€¥™} andY be defined on the  _ sup |U(t, Y ;) — U™ (t Y.(p)@
same probability space, and both the almost sure convergence pek Y Y

and the convergence to zero in probability of (7) can be - v S

considered. For instance, the convergence in probability is = ]E{SUE Elp(Xe)/F ] — B [p(X{")/F H}

implied by the convergence to zero of #e

) n _ " where we stress that, und@; the law of U™ (t,Y; ) =
Eldist(m, 7)) = Eldist(U(t, Y), U™ (£, Y)]. IE”[@(X{L)/}?] is the same as the law of}(y), and

Finally, note that when the distance betwegnand 77 is  therefore not the law of}' (¢), the filter of the approximating

given in terms of the total variation or the bounded-Lipschit8ystem, evaluated at. Then it is natural to start by looking

metrics, then for Q-a.s. upper bounds of
Eldist(m, 7)) = E| sup [re(p) — 77 ()| (®) sup [E[p(Xe)/ 7] ~E" [o(X)/F]], - (9)

pek



and then to take the expectation with respectfto Fur- Ca(l+AE[|X; — X;'|], whenK = Kpp(a,A)
thermore, if condition (b1) holds, it can be shown (e.g., b%vith o

Lemma 4.1 of [6]) that, for any bounded functign = _2. The same upper bounds hold for

supgex |[E[0(X, V)] — E"[6(X7, V2)]|, but with € = 1.

% Y "N 20 Y
[Elp(X0)/F] —E" [o(X1)/F/]] (10) [1l. A PPROXIMATION IN FILTERING FORMARKOV
is bounded above by MODELS WITH DELAYED OBSERVATIONS
; Fny| Y Let (X™, Y™) and(X,Y) be Markov systems with gen-
2lloll Z: + Ef|o(X:) — o(XM)|/FX T, ’ , , : :
lell 2: UW( o) = &I/ 7 ] eratorsL™ and L respectively. In this section we consider
Q-a.s., and therefore ald®-a.s. andP™-a.s., where the systemg X™,Y™) and (X,Y’) such thaty;" = Yot
Eq[|(dP"/dQ)| 7, — (dP/dQ)‘f,I/ft?] andY; = Y,@), wherea(-) has the same properties as in
Z = S . (11) Theorem 1.1. We are interested in the approximation (6) of
]E@[(dp/d(@”ﬁ,/ft ] the filter, and therefore we need a representation formula
Taking into account that for the functionalsy™ andU. Thanks to Theorem I.1, these
. - functionals can be expressed in terms of the corresponding
lp(Xe) = (X)) < 20lell Tz, 257y functionals '™ and U of the underlying Markov systems,
or that, if » is also a Lipschitz function, i.e., the functionals such that} = U"(t,Y™) and#, =

U(t,Y) (note that the functional&™ andU depend on the
initial distributions and the generators of the corresponding

the previous observations can be used to get upper bourfd@rkov systems). Indeed
for Eldist(m,7}')] when using the total variation or the n . .. L™ (t—a(t)) "
bounded-Lipschitz metric. Indeed one has the following ™ (%) :/RkU (a(®), Y™ dx)e ¢z, Yain)
upper bounds for (9) = 0" (r, y; eLn(t_T)(b(.’yT))'r:a(t),y:f’”

" v Y _
22, +2P({Xe # X[}/ 7)), whenk = Krv, and an analogous representation holdstdry) by dropping
22, + E[’Xt _ X?’/Fg/]v whenk = Kp;. the indexn in the above expression. Therefore

lp(Xe) — (X < Ly | X — X7,

Moreover, an easy computation gives me(0) = 7 (D) = [U(t,Y39) U™ (1, Y5 9)]
E[Zt] — EQH(dHDn/dQ”]N-‘t _ (dP/dQ”]N»‘tH —. ZL. (12) can be written as

] . L(t—r rn . _L™(t—r
As a consequence of the above analysis we get tHE (r yse (t )‘15('7%)) —U"(ryse “ )¢("yT))|'f=j(f>
following upper bounds. v

Theorem I1.2. Under conditions(a), (ay), (b1), and (b2),
Bllm =7l lrv] <2¢" +2P({X, # X)) (13)

and is is bounded above by the sum of

U (r,y; "0, y,)) — U™ (r, 92076, y,))|

and
E[dpr(m, )] <2 +E[| X — X2]  @4) 10" (ry;e" 70, p0) = U™ (r ;760 40)),

Remark 11.3. Under (a), (a,), (b1) and (b2) one can get both evaluated in- = a(t) andy = Y. Moreover, natural
sufficient conditions for the weak convergencerffto 7,  upper bounds for the second addend are
(see Theorem 2.6 and Remark 2.7 in [3], see also [1] and Lt—r) L™ (1—r)
[2)). sup, X" (x, y,) — P g(x, ;)]
< L(t—r) _ SL™(t—7) _
C. Further upper bounds < sup, e ozy) — e o)

In this section we give a slight generalization of Theo- AS @ consequence the distance between the filter and
rem 11.2, which we use in the sequel to treat the delayel!® @PProximation can be bounded above by means of the
observations. To this end we introdudg,, (a), the class distance bet\L/\LeeIﬁI" al_[‘d U and the distance between the
of measurable functions(z,y) bounded above by, and Semigroups:™ * ande™*:

K (o, A) € K7y («) is the subclass of functions(z,y),  Proposition I1l.1. For the system with delayed observations
such that for allz, 2’, andy, |¢(z,y) —¢(2’, y)| < Alz—2’|.  described at the beginning of this section we have that
Note that, with a slight abuse of notation, we can writq;up@e]dm((p) — 7#1(¢)| is bounded above by the sum of
]CT\/(O[) C ’C/TV(O‘)’ and thathBL(mA) - IC/BL(Q,A). R A

Theorem I1.4. If conditions (a), (a,), (b1), and (b2) hold, fﬁ;&w(“y’w R S ¢

then E[supyex |U(t, Y;6(-,Yy) — U™t Y5 9(-, V1)) is
bounded above by

and

and

5 ~ sup sup |eXT (2, y) — e b (@, y) [ aes
Cogi+20P((X, £ X71), whenk = Ki (o) SR ple oY) # Plematt



with K} = Ko = Ky (), whenkK = Kry (a). applies with(X, X™,Y") instead of(X,X™,Y) and with
Furthermore, if for allu > 0 there exists a constant U/ and U™ instead ofU and U™, respectwely Furthermore
A'(u, A) such thate? (K, (a, A)) C Kigp(a, A'(u,A)), (see (4) and (5)YU(t,y:¢) is defined asll;(¢|s) when

then, the previous upper bound holds witk; = y(t)=>.2, I, (¢), and arbitrarily defined otherwise. An
Kpp(a, A'(t — 7, A)), and Ky = K1 (a, A), whenK = analogous representation holds f6F. The construction of
Kpr(a,A). the triplet (X, X™,Y) is possible under the assumptions

The addends in the above upper bounds will be evaluaté]dIO ) and (H,). The spacd(}, 7, Q) is a probability space

hich two independent Poisson random measures are
when studying filtering systems with counting observation w
in the following section. In particular, upper bounds for thei eﬁned./\fo(ds d¢) on [0, T]x[0, Ao], with intensity measure

expectations will be obtained by a slight modification of thé/s©d¢: andAi(ds, d¢) on [0, T]x [0, 1], with intensity mea-
arguments used in Theorem ”i g sureds ® d¢. Then for suitable functionsgy, K1, K§, KT

(see Remark 4.1 in [3] and Lemma 3.7 in [6]), the triplet
V. COUNTING PROCESSES OBSERVATIONS (X,X™Y)is
In this section we assume that the pa(X,Y) and t o .
(X™, Y™) are Markov systems ifR x N, with respective ~ X: = Xo +/ Ko(X-, X2, Y5 Q) No(ds, dC)
initial distributions pf ® d¢,y and g ® dy,y, and with 00
respective generatots and L™, where +/ / Ki(X,, X", Y,—: ON:i(ds, dC),
0 JO
Lo(a5) = o(w.9) [ (6la'9) = bla,1) ol i o) :
Xp=xp [T R X5 ON (s,
0 JO
(ey) [ (6l'y+ 1) = Sl ) (o, y: da) e A
[ RRCn X TN as o),
and L™ has an analogous definition, but witf (z,y) and 0 Jo

t 1
ui (2, y;-) instead ofA;(x,y) and p;(z,y;-), for i = 0,1. V. — +//Nd dO) =y + N1 ((0,¢] x [0,1
Thus the predictable intensities & and Y™ are Ay (t) := =Y 1(ds,de) =y + M((0, 4 x [0, 1),

)‘1(Xht Yi-) and AT(t) == XP(X[,Y[h), respectively. ith initial conditions(Xo, Xf') independent of\, and A\,
Furthermore we assume: dp/d@’ — exp{f log ()\1( )df/ _ft (5\1(3)_1)d5}

_ . . f’L O S 0 b
(Ho) 0 < A; < Az, ), A (@,9) < Ai, i=0,1; and dP" /dQ)| ~ 7 s defined analogously. In this framework
two prehmmary propositions hold.

() 0 < Ay (), Af (2, p);
(Hz) Al = SuPg ., K k(i y; ')’:u?(xvy; 1)) <o0,i=0,1.
Note that the operatoL given above can be expressedProposition 1V.1. Under the hypothesed,) and (H,), if
in the same form as the one defined in the introduction and = K7, («), then
vice versa. From now on we will say that the operafois A A
bL-regular when it satisfies the following condition$R) E[ up U(ry:vCoye) = U™ (rys (o)) | ,_p ] (15)
For everyz the functionz — \;(z, z) is bounded-Lipschitz
continuous and the Lipschitz constant is bounded from abov% )
by Ly, i = 0,1; (R1) sup, &(ui(z,y; ), wa(2',y;)) < a4 A = Ap[lr + e 20T e,
Lpilz—a’l,i=0,1; (Ro) Supwf\z z|po (2, y; dz) < bo,
andf |z — :c|u1(:v y;dz) < ai(|z] +y) + by
It is important to stress that, i is bL-regular, then,

bounded above by

where

"=l = ) v (5 +1) + (Ao + A1) J"™ A(r),

for a suitable constantV/ (given below in Proposition A — )\1
IV.1), eL*(K'5, (o, A)) C Kl p (o, AeM¥) (for the proof see Sa=A)T 4 (g — A )
Corollary 4. 9 in [3]), and thus Proposition 11l.1 holds with A(r) =2r+ 45\16 WA M A - ,
N(u, A) = AeMv, (A1 = A)?

The central tool for the proofs of our bounds (see The- J" = max(||po — pglleo, lt1 — 17 ]le0) /2,

orem IV.3 below) is a particular construction of the pairs th defined b
(X", ¥™) and (X,Y) on the same measurable space" Yoo = supy, Iv(z,y, )|V, po(z,y;-) defined by

(Q, F), equipped with three different probability measures(1 (Mo (,9)/%0))0:(-) + (Jolw,9)/X0) po(w,y;-), and
Q, P, and P, in a similar way to that used in section I, 20 (%:¥: ') defined by a similar expression, but involviag

and such that(a) underP the pair(X,Y’) has generator and g . . .
L and initial distributiony = X ® 3¢y (3n) under P If furthermore the operatoiL is bL-regular, assumption

n . -y . . . X X"L

the pair(X™,Y) has generatol.” and initial distribution (.H?) h.OIds’ and the |n|t|alid|str|bu/t|on$¢0 /and Ho haye

N X o (B) the probability measure, P, andP” finite first moments, and K = K%, (o, A’), then(15) is
H MO. {y}s \V) X T bounded above by
are equivalent onfy* = F;,~ ° (note that, in order to N oM oM
avoid the notationy’, we have used the notatiopX,Y") 40‘[”)‘1X_ )‘)1(,||r+L*1HM£2 (r)] +£IH £7°(r)

-~ = " !

instead of(X,Y)). Then, in this framework, Theorem 1.4 +k(ug 1y ) (daly, €1 (r) + N Ey' (),



with H™ :15\0A6L + bo ||A0 — )\8” + XlA?,

M = Z [S‘Z(Fuq - 1)+ - Az(l - FM)+] +boLx, I
=0
') k—1
Mo 1 M) 1 [y (tM)" 2]
E'0 =g = am ¢ )
h=k h=0 3]
Proposition 1V.2. Under the assumptionéH,), (H;) and
the notation of Propositiod V.1, if K = K/, (a), the "
SupqﬁeKZ Supz,y ‘eLt(b(xa y) - eLnt¢(x7 y)‘ (16)
is bounded above by
a(2h = A7[ 4+ e T2 g + A) T B(D)), 5]
where B(t) = 2t + A(¢)/2.

If furthermore the operatoiL is bL-regular, assumption
(H) holds, and the initial distributiong’ and " have (6]
finite first moments, and iK = K%, (a,A), then (16) is
bounded above by -

2a[||\ — ATt + Ly, H™ €Y (t)] + AH™ £V (¢).
8]

The proof of the above results (see [3]) is based on
Theorem 1.4 with (X, X™,Y) instead of (X,X™,Y),
some upperbounds foP({X, # X}) and E(|X; —
Xt”|) (see Propositions 4.6 and 4.8 in [3]), and the ob-
servation that the semigroups can be represented, respg6}
tively, as eX'¢(z,y) = E[¢(X,,Y;)]and el o(z,y) =
E" [(X[. Y;)], whenud = dr,y anduf" = d(,y. Finally, [11]
using the results and the notation of Propositions 111.1, with
A (u,A) = AeME=") o =1, andA = 1, Proposition V.1 [12]
with A = A’(t — r,1), and Proposition V.2, we get
immediately the main result of this section:

9]

(13]
Theorem IV.3. Under the assumptiongH,) and (H,),
and the notation introduced in Propositiod%.1 and V.2,

- . [14]
E[|m — 7}'||7v] is bounded above by

(Gamar3A = Ay
>\1 - Al
+ (5\0 + 5\1)J” (e()\l—él) TA<7~)+ e(Al—Aﬂ (t—T)B(t _ 7«))

evaluated inr = a(t). Furthermore assuméHs,), the bL-
regularity of L, and that the initial distributiongy and "
have finite first moments. Thef[dp (m;, 7}')] is bounded
above by

A[|A = APlr + Ly, H™ EX ()] + M H €1 (1)
+r(p 1) (ALx, EY (r) + E5 (1)) + H" €Y (t — 1)
+2() M = NPt =) + Ly H" EX (¢t — 7))

evaluated inr = a(t).

When the measureg;(z,y,-) are Gaussian, then the
constants involved in the previous upper bounds can be
computed explicitely (see thExamplein section 4 of [3]).
Furthermore we observe thaf may be negative, and then,
when L™ = L, the above theorem is a kind of stability
property for the filter with respect to the initial conditions
(see the the related discussion in section 4 of [3]).

2N = A+ 1)+ 1 — i ve s

[16]

[17]

(18]
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