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Abstract

A filtering problem is considered in the case when the state process is a continuous time
random walk X; and the observation process is its local time L;. An explicit construction
of the filter is given. This construction is then applied to a suitable approximation of a
Brownian motion and to an asymptotically symmetric M/M/1 queueing model. In both
these cases it has been possible to give a convergence result for the respective filters.
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1 Introduction

The kind of problems we are interested in arises from the following situation. Suppose that in a
queue we can observe, up to time ¢, whether the queue is busy or idle, but we cannot observe the
size of the queue, so that the observation process is the total time the queue has spent in 0, i.e.
the so called idle time (see Prabhu [14]). Then the problem is to evaluate the size of the queue
at time ¢, given this information, i.e. to compute the conditional law (or the filter) of the queue
given the observation process up to time ¢. In the setup of heavy traffic limit, the rescaled queue
converges to a reflected Brownian motion and the observation process converges to its local time.
Then the limit model can be constructed as (W; + Ay, A;), where W; is a Brownian motion and
Ay = —infocs<y (Ws) is the corresponding local time in the sense of Skorohod definition. In
the limit model the problem is the computation of the conditional law of a reflected Brownian
motion Wy + A; when the observation process is its local time Ay, i.e. the computation of the
filter E[g(W; + A;)/F{], for g in a sufficiently large class of functions.

A first problem is to find the exact expression for the filters, both for the filter of the limit model
of reflected Brownian motion, and for the filter of the rescaled queue model. A second problem
concerns the convergence of the latter to E[g(W; + As)/F{].

The filter of the limit Brownian motion model is derived in G. Nappo, B. Torti [13] (Sections
4 and 6), where it is obtained by means of a suitable sequence of processes A" approximating
the observation process A. Each process A" is proportional to a counting process, and therefore
the nonlinear filtering techniques for counting processes are used. The filter can also be derived
by means of the Azéma martingale, and this derivation is shortly discussed in [13]. For sake of
completeness we recall its explicit expression.

Theorem 1.1. Let W; be a Brownian motion with diffusion coefficient a®> and drift ¢ € R and

let Ay be its local time. Let g be a bounded measurable function.

Denote by
2

M) = [ a (-1 uve) e (<1 ) dy s 20 (1)

or, equivalently,
M(g)(s,1) = Bg(~1+W:)/As =0), (2)

where W* is any standard Brownian motion and A* is its local time.

Then
o v g0 exp(59) (25,1
t(g) = E[Q(Wt)/ft ] T (GXp(a%')) (a25,l) i, ) (3)
and
o v g0 el ) (@s,0)
t(g) - E[Q(Wt + At)/Ft ] - I (exp(a%-)) (a28, 0) o ’ (4)
where

.7-"{\ is the history generated by A, up to time t;

C; is the elapsed time from the last visit to O for the process Wy + Ay, i.e.

G =7 (W +A) = (), ()
where
) (x) =t —sup{s < t: x5 = 0}. (6)



Yi(x) =t —sup{s < t:xs <z} (7)

In this paper we start by considering a somehow simplified version of the motivating problem:
we consider a continuous time random walk Y; and its conditional law w.r.t. its local time L,
up to time ¢. Indeed, up to a reflection, several queueing models and birth and death processes
can be represented just by choosing the law of a continuous time random walk.

More precisely, we start by deriving an explicit expression for the filter under the assumption
that the process Y; can be decomposed as Y; = Vz,, where Z; is a renewal process, Vj is a
discrete time random walk, with Z; and V;, mutually independent. It turns out that the filter
of Y; w.r.t. L, up to time ¢ can be expressed as a deterministic function of L; and ¢; = (L),
where 7 is the deterministic functional of L,, up to time t defined in (7).

Then, we consider two situations when a sequence (X}, L"), of rescaled random walks, converges
to a Brownian motion and its local time (W3, A;), and we deal with the problem whether the
corresponding filter converges to the filter of the limit. As discussed at the end of Section 3,
the convergence of the previous systems is equivalent to the convergence of the system with
the reflected random walk (X} + L}, L}) to the system with the reflected Brownian motion
(Wi + Ay, Ay), and the convergence of the filters for the rescaled random walks is equivalent to
the convergence of the filters for the reflected random walks.

In particular, for the models we propose, we study two different kind of problems. The first is
a theoretical one, and concerns the problem of checking if the weak limit of the filter is the the
filter of the limit model. In turn, this question give rise to another problem, more interesting
from a computational point of view, regarding to find a good approximation of the filter of the
discrete system. If the filter, as functional of the observation process, satisfies some regularity
properties both in the discrete case and in the limit case, we can think to use the limit functional,
computed on the true observation, in order to give a manageable approximation of the filter.
This situation will be analyzed in Section 6.

These problems have been studied in more general situations by many authors, among which
we recall in particular Bhatt et al. in [1] and Goggin (][9], [10]). Most of these results concern
diffusive models and do not apply to our case. Moreover, usually the applications concern the
problem to approximate a given signal/observation process with a suitably chosen sequence of
signal /observation processes so that the corresponding sequence of filters converges to the the
filter of the original process. We start from a different point of view: the sequence of processes
is given and the problem is to show the convergence of the filters in the sense specified above.
The above problem of convergence of the sequence of filters is not a trivial problem as even
strong convergence of random variables does not imply convergence of the conditional laws.
This is clearly explained by the following simple and illuminating example (see E. Goggin [9]).
Let & be a real random variable, and (&,,m,) = (§,&/n). Then (&,,n,) converges strongly to
(&,m), with n = 0. Nevertheless, for any measurable function g, E(g(&,)/nm) = g(§), so that the
conditional law of &, given 7, is the measure concentrated in {(w), while E(g(&)/n) = E(g()),
so that the conditional law of & given 1 coincides with the (deterministic) law P o 71 of &.

In the example above, although the sequence of the conditional laws of &, given 7, does not
converge to the conditional law of the limit, it is a constant sequence and therefore is a converging
sequence. This is not surprising indeed in the light of the next general result, which is a slight
generalization of a result of E. Goggin [9] (proof of Theorem 2.1, Step 1): one has only to replace
the sequence of o—algebras used in [9] with a general sequence.



Lemma 1.2. Let R, be a sequence of random variables with values in a Polish space, let H™ be
a sequence of o—algebras, let o™ be a reqular version of the conditional distribution of R, given
H". If {R,,n € N} is tight, then {a",n € N} is tight.

Then, as far as weak convergence is concerned, for the systems converging to a Brownian motion,
the main problem is to check whether the limit points of the sequence of filters are all equal to
the filter of a standard Brownian motion w.r.t. its local time.

The first model we consider is a non-markovian queueing model arising when a Brownian mo-
tion W is approximated by a sequence of continuous time random walks W™, obtained with a
suitable interpolation procedure. The approximation scheme we propose for W follows some of
the ideas used in [10] to study a filter approximation problem in diffusive models, and is related
with the approximation scheme used in [13]. In addition the processes W" can be identified
with our rescaled model. In this particular case we also get a strong convergence result for the
approximating filter.

The second model we consider is the case when the renewal process Z; is a Poisson process,
so that the reflected random walk is an M/M/1 queue. We consider the case when the drift
of the limit Brownian motion is zero, and we find, under suitable conditions, the weak limit of
the corresponding filter by a limiting procedure. It is important to note that the observation
process is the local time of the random walk, which is not the cumulative time spent in 0, as
in the original motivating problem. The last Section outlines how this problem can be dealt with.

2 The model

Fix a probability space (€2, F, P) and consider on it two sequences of random variables
{T},j > 1}, {Uj,j > 1} satisfying the assumptions

H1 the sequences {T},j > 1} {Uj;,j > 1} are mutually independent;

H2 the random variables {Tj,j > 1} are non-negative, mutually independent, with identical
distribution function F;

H3 {U;,j > 1} is a sequence of i.i.d. random variables such that

PUj=1)=p PUj=-1)=1-p=gq, pe(0,1).

Put

k
T0=0, =Y T; fork>1,
j=1

consider the renewal process

Zy =Y I(rj<t)
j=1
and the random walk {V},j > 0} defined by

‘/b:o’ ‘/]:ijl+U]7]21



Finally, consider the marked point process
o0
Yi=Vz =Y Ul(r; <t)= Y Uj. (8)
j=1 i<Zs

The solution of the Skorohod problem ! for the process Y; is given by the pair (Y; + L, L;) where
Ly is the local time at level 0 for the process Yy, that is

Ly = 4,(Y),

where

¢ : Dr[0,00) — Dg[0,00) s.t. l(x) = — ;I%fl;.%(s) A 0. (9)

It is easy to see that, for our model, L; admits the representation

L= 3 (e <), (10
7=1

where {o;,j > 0} is the sequence of its jump times. We can see that {o;,7 > 0} is the
subsequence of {7}, j > 0} defined by oy = 0 and

oj = inf {Tk st. Y, < —j} = inf {t >0 st. ;< —j} for j > 1.
Set G = Ff = 0 {Ls,s <t} and Fy = FY = o {Ys,s <t}. Obviously {o;,5 > 0} are stopping
times w.r.t. both the histories G; and F;.

A first representation for the filter of Y; given G; is stated in the following Proposition, where
we use a condition, which is implied by the above conditions H1, H2, H3.

HO The R* x {+1, —1}—valued random variables (T}, U;), for j > 1, form a sequence of iden-
tically distributed and mutually independent random variables.

Proposition 2.1. Assume HO. Then the conditional law of Y; given G; admits the following
representation P-a.s.

Blg(=j + Yoro, = Yo JL(Sji1 > 5) |

=79 ]I{Uj <t< (Tj+1}, (11)

E[g(Yy)/G:] = 2_% E[H(S-H > s)]

s=t—o;
where Sj+1 =0j5+1 — O'j,j Z 0.

Proof. The thesis can be proved by a slight modification of the argument in [13], Proposition 3.1.
O

Remark 2.2. The main ingredient in the proof of the previous Proposition is that condition HO
implies that the process Ysiq; — Yo, is independent of Gy, and is equal in law to the process Ys.
In its turn the last property implies that (11) admits the representation

For any = € Dzr[0,00), with 2(0) > 0 the pair (z,v) = (x + £(z), £(z)) is the unique solution of the Skorohod
problem, i.e. is the unique pair of functions satisfying z(t) = z(¢) + v(¢), and such that z(t) > 0, for all ¢ > 0,

v(0) = 0, v is nondecreasing and increases only when z(t) = 0.



Blg(—j+Y)(oi > 5)]

=9y ]I{Uj <t< Uj+1}, (12)

oo
Elo(v)/) =Y
= Bfler>s]
- J
where Y is another birth and death process, with the same law as Yy, defined by the rule (8)
starting from a sequence {(T]T", Ujf"), > 1} satisfying condition HO, and o7 is its first visit time
to the state -1.
Then the problem reduces to the computation of

E[g(—j LY (o] > s)] E[g(—j +Y) (o) > 5)]

E[]I(af > s)} E[H(al > s)}

)

for any s > 0.

The previous Remark implies also that the process L; is a renewal process, with inter-arrival
times {Sp,h > 1}. It is possible to represent them in terms of the sequences {7;,i > 1} and
{M;,i > 0}, where the sequence {M;,7 > 0} is recursively defined by the rule

{MO =0 (13)

M; = inf {k >0: VM0+--.+Mi—1+k — VMot M;_y = _1} .

Then
M1+A..+Mh
gg = 07 Op = Z ,—TZL = TM1+...+Mh7 h 2 17
=1
and
M1+...+Mh
Sp=o0p —0op_1 = Z Tz, h>1.

i=Mi+..+Mp_1+1

Under Condition HO (and therefore under Conditions H2 and H3 for a suitable F' and a suitable
value of p) the sequence {M;,7 > 1} is a sequence of i.i.d. random variables. Moreover, under
Condition H1, it is obvious that {M;,i > 1} and {T;,7 > 1} are mutually independent. Next
result provides an explicit expression for the terms of the sum in (11).

Proposition 2.3. Assume conditions H1, H2, H3. Then the filter E[g(Y;)/G:] admits the
representation

Elg(v1)/G] =

B oo 220:1 E|:H (Ml > k) g(_] + Vk—l)} (Fk—l(t — gj) — Fk(t _ Uj))]l{ L } (14>
- S P(My =m) (1 = Fy(t — o)) o <t<ojq1

j=0
where Fy, is the distribution function of 7, i e. Fy, = F**, the k-fold convolution of F.

Proof. Asexplained in Remark 2.2 we need only to compute E []I(al > s)} ,and F [g(—j +Y)l(o1 > s) ] ,

for all j > 0.
Taking into account the equality o1 = 7, and the independence of the sequences {7;,i > 1}
and {Ml,l > O}



E(l(o1>s)]| =E[l(tm, >s)] =E

> T(rm > 8) (M = m)] = P(My=m)(1 - Fu(s)).

m=1 m=j

Finally, taking into account also (8),

Blg(=j+Y)l(o1 > 5) | =Elg (~j + Vz,) I(r, > s)] = E

Zg(_j+VZS)]I(Tm > 5) 1 (M —m)] -

m=1

=F ZZQ(_j‘i“/ifl)H(Ti—l <s <Ti)]I(Tm >8)H(M1 :m)] =
m=1 i=1
-y E[H My =m) Y g(—j+ Vi) (ri1 < 5 < Ti)} -
m=1 =1

M

E[]I (My =m)g(—j+ V;—l)}P(Tifl <s<m) =
1

I

i
3
Il

INgE

E[}I (My =m)g(—j + %_1)] (Fi—l(s) - Fi(s)) -

1

= 3 B[4 2 1) gl + Vi) (Fer(s) — Fio)).
=1

O]

Now the state space of the process Y; is discrete and then the filter E[g(Y;)/G:| is determined
by its discrete density v;(z), x € Z, i.e. v(x) = E[g(Yy)/G:] with g(z) = I;1(2), z € Z.
In the next Proposition we give the expression of the discrete density v;(x).

Proposition 2.4. The filter of Y; given G has discrete density

S P (Ve = My > k) (Fy_i(t —oj) — Fi(t — o
Vt(x):ZZk_l (Ve—r =244, My > )( k—1( UJ) e ( UJ))]I{O'J'St<Uj+1},
=0

>t P(My =m) (1 = Fin(t — 0;))
where
P(Vk,1 = CL,Ml Z k) =

1 k a e
a:<k+a+1>pk+2 1qk 5 if k+a—1 ‘iseven and |a|<k-1
2

= (15)

0 otherwise.

Proof. By using (14) for the functions g(2) = Iy, (z), 2 € Z we achieve the result.

The joint law of (Vi—1, max;j<x—1 Vj) is well-known (see e.g. Theorem 3.10.10 in [11]), and in
particular



P (Vk—l = —a, max V; < 1> =
J<k—1

1 k asl k—a—
ar (k+a+1)qk+2 1pk21 if k+a—1 isevenand |a/<k-—1
2

k
= (16)
0 otherwise.
Observe that {Vy_1 = a, My > k} = {Vi—1 = a,minj<;—1 V; > —1}.
Then by noting that
P <Vk1 = —a,jgl’?z(l V; < 1) =P <_Vk1 = a,jggl(—%) > —1)
we obtain the thesis interchanging the role of p and ¢ in (16). O

3 Scaling

Let {X7*, n € N} be a sequence of continuous time random walks defined in (Q", F™, P"). We
assume that X" = V7 , where Vi and Z;" are defined as in Section 1 starting from a sequence
t

{(Tj”,ﬁjn);j > 1}. For each n, we assume that the sequence {(CIN’]”,U;‘),] > 1} satisfies the
assumption HO stated in Section 2.
Consider the deterministic linear time-space scaling

X' =b, X"

ant?’

where {a,, n € N} and {b,, n € N} are suitable sequences of real numbers. The local time
L} =4, (:X ™) of the rescaled process X;* can be obtained just applying the same scaling to the
process L' = {;(X™), i.e.

L? — bnf/;lnt.
We are interested in the conditional law of X}* w.r.t. Ff" = g;? i.e. the filter

w(g) = E*[g(X[")/FF'] = EM g0 X2/ FE],

where E™ denotes the expectation w.r.t. P™. For the sake of notational convenience we will
denote F" as G and, when unnecessary, drop the symbol n in the expectation, so that the
filter becomes

' (9) = Eg(X}) /6]

Following the same lines as in the previous Section we get the representation

Bg(~bnj + XI)I(07" > 5)

mi'(9) = Elg(X{")/G{']| =
| ] JZ:% E[H(aln* > s)}

where



o {07, > 0} is defined by
=inf{t >0 s. t. X{'<—bnj}
and represents a renewal process that coincides with the local time L};

e X" is a process with the same law as X" and o]”* is its first exit time from the set
(—=bn, 00).

Note that, when t € [O';L, aﬁl), the stopping time o7 can be written as

of =sup{u <t s t. Ly < Ly}

This observation allows us to write (17) as follows

m(9) = Blg(X1)/G7") = E|g(~1+ X2)/{L* < b,}] )z Ly, smgp

Blg(—1+ X1 L2 = 0} , (18)

I=L}, s=¢7

where
& =t—sup{u<t s.t. LI <L}}=~(L"), (19)

with 4 (z) the functional defined by (7).
Then, denoting by " (g)(s,1)

Blg(X2* ~ DL(o}" > 5) |

X"(g)(s,0) = B|g(~l + X2 HLE < b}] = (20)
E[H(a’f* > s)}
(17) can be shortly written as
' (9) = Elg(X{)/G7'] = E"(9)(&', L) (21)

Remark 3.1. Note that ¥"(g)(s,) depends also on the probability measure P", i.e. X" (g)(s,1) =
Y% (g)(s,1). This dependence will be emphasized when necessary.

By taking into account that
wi(9) = Elg(X} + L)/G1'] = Blg(X{" +m)/G],,,_ .
the filter can be written as
it (9) = Blg(X]" + L) /G| = £"(9) (&), (22)
where
Elg(X2) (" > 5) ]

X"(g)(s) =E"(9)(s,0) = E[g(XJ") ALY < bp}] =
E[l(o}* > 5)]

(23)

We end this Section by noting that, when the process X" = VZn satisfies the assumptions H1,
H2 and H3 stated in Section 2, then Proposition 2.3 easily prov1des the explicit expressions of
£"(g)(s,1) and £"(g)(s)

SR E[LOME 2 B g(bu iy — D) (i, (s) = F(s))

Ho)le,D) = S P(My = m) (1~ F(s))

(24)



R B[LOM = R gV )| (F () = F(s))
Hob) = S, PO = m) (1= Fa(s) |

m=1

(25)

where M7', F}' have a similar meaning as M, Fj, in (14). In particular it is interesting to note
that if F|* denotes the distribution function of

a;l:inf{wo 5. t. Xt"gq},

then of = 67 /ay,, and therefore FY'(s) = ' (ays), and FJ(s) = FJ'(ays), where FJ' is the
k—fold convolution of F7'.

The remainder of this paper is devoted to the problem of finding the limit of the filter (21) ( or
of the filter (22) ), or some good approximation for it, in the case when the rescaled sequence
X[' converges to a process X;.

When X' converges to a continuous process X;, then the local time L} = ¢,(X™) of X' also
converges to the local time £;(X) of X;. In fact the functional ¢;(z) defined by (9) is continuous
w.r.t. the topology of the uniform convergence on compact sets. In this case it is also natural
to investigate whether the limit of the filter is the corresponding filter of the limits. Finally we
observe that, if the limit of (22) exists, then the same holds for (21), and these limits can be
obtained one from each other, as we can obtain (22) by (21) and vice-versa.

4 The interpolating Brownian motion model: strong conver-
gence for the filter

In this Section we study the case of a continuous time random walk arising when a Brownian
motion W is approximated with a sequence of processes W™. The processes W" are defined
on the probability space of W, and are obtained pathwise by an interpolation procedure. For
this model we are able to get a strong convergence result for the filter. When the process W
has drift zero, then the approximating model falls into the frame of the previous sections, in
particular the common distribution function of 7} is F° (see (39) below) and the random walk
is symmetric.

The asymmetric case can also be managed, and we will briefly explain how at the end of this
Section.

We start by introducing the approximating model, then we show the convergence result.

The basic idea is to approximate the state W by the stepwise interpolation of the random points
where W hits a uniform grid and consider as approximating observation the local time of the
approximating state. This procedure is a deterministic one and therefore we describe it in the
deterministic case.

Let z € Dg[0,+00) and let h € RT be a fixed threshold.

Consider the sequence {71(2),k > 0}

{ﬁ?(z) =0 (26)
T(z) =inf {t > 7 (2) : [2(t) — 2(F_1(2))| = h} k>1.



Put 27 = z(7/(2)) and consider the function 2" € Dg[0, +0o0)

211 ()1 (2) (t)z,’;. (27)
We will need the following results
Lemma 4.1. Let z € Cr[0,+00). Then, for each t € RT

|2"(t) = 2(t)] < h, (28)

and
h h
2 o and {(z )hjo 0(z)
w.r.t. the topology of the uniform convergence, where the functional ¢ is defined by (9).

Proof. The bound (28) is due to the continuity of z, and the uniform convergence of 2" to z
follows. The continuity of the functional ¢ implies the other limit. O

Remark 4.2. The process {(z") admits the representation
(") = )= Zoh () Lot (2,00, (20) ()5
7=0
where
a;»l(z) =inf {t s.t 2(t)— 20 < —jh} =inf {?,?(z) st 2(TH(z)) — 20 < —jh}. (29)

When z is a continuous function and zg = 0 then Zoh(z) = —jh and

Z jhl(oh(z) <t <ol (z Zh]l (30)

We now apply this approximating procedure to the Brownian motion W;.

The local time A; of the process W; is

Ay = 0(W),
where £ is the deterministic functional defined by (9).
Observe that Wy = 0 implies

Ay = — inf . 1
+= oL, () @y

5w, and consider the stopping times 7 := (W), when
using h = h,, = 57 in (26). Then the approximating signal/observation process (W™, £(W")) is
a D20, +00)- Valued process, where

Fix now the sequence of thresholds h,, = ==

W = Z Wgﬂ (t), with W = W (). (32)

7' T
=0 k k+1)

Note that Lemma 4.1 provides the following convergence result.



Lemma 4.3. Let W™ be defined as in (32). Then, for each t € R

1
Wi = Wil < oo (33)
and
(Wne(wm) — (W,A) a.s.,
w.T.t. the topology of the uniform convergence.
Remark 4.2 provides
n - 1 n
GW") =) (0] <), (34)
§=0
where
of =inf{t st. W;< —2]—”} =inf {t st. A > 2‘7—” : (35)

With the above choice of the threshold, the n-th grid is generated by considering the dyadic
intervals of rank n. Then in the passage from the n-th grid to the (n+ 1)-th grid each threshold
is split into two parts, and therefore agjﬂ = o} This property is decisive since it guarantees
that {G' = o(¢;(W™),s < t),n € N} is an increasing family of o-algebras, and allows us to

show the claimed strong convergence result.
Theorem 4.4. Let g € Cy(R) uniformly continuous. Then
ElgW) /G| — E[g(W,)/FP], a.s. and in L, (36)
where E[g(W;)/F] is given in (3).
Proof. Observe that

E|E[g(W)/ 7] = Blg(W}") /6] "

< E|E[g(W)/ 7] = Elg(W) /6]

+ E’E[Q(Wt)/gﬂ — E[g(W")/6}"]

In [13] the r.h.s. of (34) defines the process A}, and then £;(W") = A}, and G}* = o (AZ, s < t).
Moreover G* 1 F{ (see Lemma 2.3 of [13]) and then we get (see Theorem 2.4 of [13])

E[g(Wy) /6] — E[g(Wy)/F{] a.s. and in L', (37)

and therefore the first term converges to zero. As far as the second term is concerned, we have

E‘E[Q(Wt)/g?] — Elg(W")/7'] < wg (1/2%) = 0,

< E‘EHg(Wt) - Q(th)’/gﬂ

where wy (0) = sup|,_y|<s 9(x) — g(y)’ is the modulus of continuity of g. O

If we consider the space of probability measures on R endowed with the topology of convergence
in distribution, then (36) states that the conditional laws defined by E[g(W}")/G}'] converge a.s.
to the conditional law defined by (3).



By Lemma 4.3, we are in the situation discussed at the end of Section 3 with X™ = W™ and
X = W. Then one can get the analogous convergence results for the corresponding queueing
model generated by reflecting W". In particular the conditional laws E[g(W[" + ¢,(W™))/G}']
converge a.s. to E[g(W + Ay)/F{], (see (4)).

We now start to show that the approximating model falls into the frame of the previous sections.
When the drift is zero, we can assume without loss of generality that W is a standard Brownian
motion (when the diffusion coefficient is a? we can use the deterministic time change a% instead
of t). In this case the process W}" can be represented on the space (2, F, P) as follows

1
Wi = 52V, (38)

where

e Z"is arenewal process defined by the sequence of i.i.d. interarrival times {T}' = 7}

k € N} with common law (see for example [7] page 342)

n
— Tg—1

+o00 ' +oo 3;‘2
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j=0

2n\/t
o V' =2"W:n is a symmetric random walk;
e Z{* and V; are mutually independent.

Let V be the symmetric random walk V°, and Z be the renewal process ZY, with interarrival
time distribution FO(t) (see (39) with n = 0). Define X; = Vy,, and the rescaled process

X = 2%Vzﬂnt. Then X = W, and it is easy to verify that

X" =W"™ in law.

Consequently (X", ¢(X™)) = (W™ ¢(W")) in law, where ¢ is the functional defined by (9).
Therefore, recalling (21), E[g(W)/G] = E™(g)(v(W™),((W™)) where X"(g) is defined in
(24), with F™ as in (39), and 7, as in (7). A similar result holds also for E [g(W/* 4+ £,(W™))/G}'].

When the drift coefficient is ¢ # 0, and the diffusion coefficient is a?, the approximating model
does not fall into the frame of the previous sections, since Z}* and V;", defined as above, are
not mutually independent. Nevertheless condition HO holds , and one could represent the
approximating filter as explained in Remark 2.2. Alternatively by Kallianpur Striebel formula
and Girsanov Theorem

ED [g(Wt”) exp(a%Wt)/gt"]
Bl [exp(5Wr) /)]
where Py is equivalent to P, and under Py the process W has drift coefficient zero. From

this formula one can compute exactly E[g(W;*)/Gi|. Moreover, for g a uniformly continuous
function with modulus of continuity wy, the filter E[g(W;")/G}'] can be expressed as

E[g(W")/G;'] =

ET0[g(Wy) exp(:5 W) /G
EP[exp(5Wy)/GF]

+ R(n, ),



where, taking into account that |W; — W}*| < 1/2" (see Lemma 4.3),

E [lg(W) — g(W)") | exp((5W2) /G

R(n,t)| < < wy(1/2™).
Therefore the filter converges a.s. to
B0 g(Wt) exp(zWe) /7
[ = t} :E[9<Wt)/~7tA]-

EPo [exp(a%Wt)/fﬂ

5 The M/M/1 queueing model: weak convergence for the filter

In this Section we consider a random walk with exponential interarrival times, and the M/M/1
queue generated by reflecting the random walk. We use the techniques introduced in Section 2
to derive the filter of the M/M/1 queue (and therefore of the random walk) with respect to the
local time of the random walk. Moreover, under a suitable set of conditions, we will get also the
weak limit of the filter of the rescaled system.

In order to do so, in Subsection 5.1 we show the claimed convergence in the case when the arrival
intensity A, and the service potential p, of the M/M/1 queue are equal; then, in Subsection
5.2, by using a suitable change of measure, we will extend this result to the sequences of M/M/1
queues satisfying conditions C1, C2, C3 below.

Let {\n,n € N} and {pn,n € N} be two sequences of real numbers satisfying the conditions
Cl 0< A\, < gy

C2 (Anpn) = (AN

n—-4o00

C3 Vn(\, — A) = 0, and /n(pn —A) — 0

n—-+4o0o
As a consequence of condition C3 we have \/n(u, — A,) — 0.

n—-+o0o
The sequence of random walks we consider is defined by means of the same rule (8), namely for

eachn e N
Z{
X =Vz =) UF,
j=1
where
A1 ZP is a Poisson process with intensity (A, 4 )
A2 f/]" is defined by
V=V, + U}
{U]” ,j € N} is a sequence of i.i.d. random variables with

. A
PrUE =+ =5

n(rIn Hn
PO =D =3



A3 {U},k € N} and Z} are mutually independent.

So, in this case the interarrival times T,? of the renewal process Zt” are exponential random
variables with expectation 1/(A, + fin)-
Observe that the processes X;* and Z;' can be represented as

Xp= A} - NI', = AP+ NP

where -
Ay =107 = DIy < ¢) (40)
k=0
NP =) LU} = -DI(rf <t). (41)
k=0

Lemma 5.1. The processes A" and N, defined by (40) and (41), are mutually independent
Poisson processes with intensities A, and p, respectively.

Proof. We just note that A" and N™ do not have common jumps and that they are Poisson
processes with parameters \,, p, respectively. Then Watanabe’s Theorem (see, for instance,
[3]) yields the thesis. O

The solution of the Skorohod problem for the process X}* is the pair (Q7, L}), where
O =Xy + I

is a M/M/1 queue and L} is the local time for the process X' (see, for instance, [3]).
Under the assumptions stated in this Section, a continuous map argument applies to show that

Xn Qe Ly
(th7Q?7L?) = <\/7T:’ 7727 \/ﬁt> = (Wtawt + At7At)7 (42>

where W; is a Brownian motion with diffusion coefficient 2\ and A; is the local time of W;.
Therefore we are in the situation discussed at the end of Section 3, with a, = n and b, = ﬁ
In the sequel we provide the weak limit of the filter of X" and @} given the filtration G;*, where,
as in Section 3, G;* denotes the filtration generated by L.

The main result is stated in the following Theorem which is proved in Subsection 5.2.

Theorem 5.2. Assume conditions C1, C2, C3 and Al, A2, A3, and let g be a bounded
continuous function. Then

7} (9) = E[9(X]")/G}'] = m(g) = Elg(Wy)/F}'] (43)

and
#'(9) = Blg(Q1)/G7] = #i(g) = E[g(Wi + Ay)/F], (44)

moreover Ty converge weakly to m, and 7' converge weakly to 7y, as random variables with
values in the space of probability measures endowed with the topology of weak convergence.

The proof of Theorem 5.2 is based on the representations (21) and (22) for 7} and 7}, respec-
tively, and therefore we need a preliminary result concerning the weak convergence of £ = (L")
to ¢ =YY (W + A) = y(A), with 4 and v, defined in (6) and (7) respectively.

We show a slightly stronger result concerning the weak convergence of 4 (X"™ + L") = 7(Q")
to ;. This result is used later in Section 7.



Proposition 5.3. For each t >0
(Y2(Q™), (L), L) = (Gt Giy Av).-
Proof. Define
ny =sup{s <t:L} <L}, n=sup{s<t:As <A},
B =sup{s<t: QU =0}, p[=sup{s<t:Ws+A;=0},

with 0 =t, g, =t¢, B =t and (B; =t if the corresponding set is empty.
Note that

ni =sup{s <t: X" — X! <Qf —Q},
ne =sup{s <t: Wy —Ws < Wy + Ay — Wy — A},
Applying the Skorohod representation theorem, we can assume

sup(| X7 — Wy +1Q% — W5 — Ag]) — 0 aus. (45)
s<t

This implies that L™ — A uniformly in [0,¢] a.s. and
liminf ny" > n;.
n—oo

Then, since
W@ =t - B, (L") =t —n},
the result is achieved once we prove that the sequence (Gj',n;") converges a.s. to (n;,n:) and
G=t—m.
Let 32° = limsup,, . A and note that Q™(5;") assumes only the values 0 or ﬁ
Then, by (45), Wgee + Agee = 0. Tt follows that
lim sup ' < .

n—oo

Moreover, if n* < t, then Q™(n) = 0, if nj* = ¢, then [’ = ¢, and it follows that

ny < B for all ¢, a.s.
and then
Ny < liminf 7 <limsup g < G, for all ¢, a.s.
n— o0 N—00
The proof is achieved since
Pl =) =1

and then ¢, = YW +A) =t — B =t —n; =t — v(A). For sake of completeness we prove the
previous statement. Note that W, + Ag = 0 if and only if W, = inf, ., W, < 0. If iy < B4, then
for ; < s < B,

Wi —=Ws=Wi+ A —Ws — As < Wi+ Ay,

and for any rational r satisfying n; < r < 8¢, we must have

But P{inf;<, W, = inf,<s<; W} = 0, and hence

P{n < pi} < ZP{iEEWS = ri<r;f<th} =0.
reQ - - =



Remark 5.4. In the Skorohod space used in the proof of Proposition 5.3, choose a jointly
measurable version of & = v;(L™) =t —n}*. Then M = {(w,t) € Qx[0,T] s.t. ' (w) £ G(w)}
is a zero dP x dt-measure set. Moreover a similar result holds for Y)(Q") = t — B, namely
My = {(w,t) € 2% [0,T] s.t. W (Q")(w) # G(w)} is a zero dP x dt-measure set.

The following remarks summarize the results we need to find the weak limit of E[g(Q})/Gr'].

e Both the filter E[g(Q})/Gr] and the filter E[g(W; + A;)/F{] for the limit model are
given as the compositions of deterministic functionals with processes measurable w.r.t.
the respective observed histories. More specifically, the representation (22) for the fil-
ter E[g(Q})/G}'] is the deterministic functional S7(g)(s) (23) evaluated in s = £ and
E[g(W; + Ay)/F}{] is the functional II(g)(s, 0) evaluated in s = ¢; (see Theorem 1.1).

e The sequence Q" converges weakly to a reflected Brownian motion, hence by Lemma 1.2,
the sequence E[g(Q?)/gﬂ is tight, and moreover, by Proposition 5.3, &' = (.

The previous remarks induce to conjecture that the limit of E[g(QF)/GP] is E[g(W, + Ay)/FP].
We prove this intuitive idea by developing the following steps.

e In Proposition 5.5, under the assumption A\, = pn = A, we compute the limit of the
sequence of measures defined by ¥X"(g)(s) in (23), and we note that it turns out to be the
probability measure defined by the functional II(g)(s,0) (see (2) in Theorem 1.1).

e Then, by using Proposition 5.3 we show that the weak limit of E[g(Q})/GF'] = 37(g)(E1)
is II(g)(s,0) evaluated in s = (;, that is the filter of a reflected Brownian motion w.r.t. its
local time (see Theorem 1.1).

e Finally we extend previous result to the more general case defined by conditions C1, C2,
C3 by making a suitable change of measure. Then Theorem 5.2 is completely shown.

5.1 Weak convergence of the filter: the symmetric case

On a suitable space (€, F, P)~Iet Z; be a Poisson process with intensity 2 and let Vi be a

symmetric random walk. Let X; be the process defined by the rule (8), that is X; = Vy,. In this

particular situation the process X}* = )\(/%t depends on the index n just by the time-space scaling.

These properties for the model are equivalent to assume

An = fin = A (46)

and, consequently, ¢ = 0. In this case the process W; defined by (42) is a driftless Brownian
motion with diffusion coefficient 2\ and A; is its local time.

Without loss of generality we can assume A = % Otherwise we can use the deterministic change
of time % instead of ¢.

Denote by f[(s) the probability measure defined by

2

Ti(g)(s) = {H(g)(f,o) = [ alovesp (<4 ) dy it s> 0,
9(0) if 5:0,

for each g : Rt — R bounded and continuous, where II(g)(s,!) is the function defined by (1)
and (2) in Theorem 1.1.

(47)



Proposition 5.5. Let g : RT — R be a bounded continuous function. Under the assumption
(46), for each s,
3"(g)(s) — T(g)(s). (48)

n—oo

Moreover for any sequence s, converging to s > 0

57 (9)(5n) — Tilg)(s). (19)

In order to prove Proposition 5.5 we need a preliminary result.

Lemma 5.6. For each s > 0 and n € N, let F}* be the distribution function of the random
variable X7'. Then

Fl'(z)—® (;g) =0 (\/175> ., uniformly in x € 'y, (50)

Lo { <z+;>,z€Z},

and ® () is the distribution function of a standard normal random variable.

where

Proof. The random variable X' can be written as follows

1 n
XP=—=) Al
\/ﬁk:O

where {AF = Xps — X(k_l)s, k € N}. Under the assumption stated at the beginning of this
Subsection, the sequence {A’;, k € N} is a sequence of i.i.d. symmetric random variables,
with characteristic function exp{s(cos(u) — 1)}, with first and third moments equal to zero and
Var (A;) = s. Moreover their common distribution function Fj is concentrated on the lattice
', as well as the distribution function F?. Then, since the third moments of A¥ are zero, by
Theorem 2, in [7], Chapter XVI.4 we get

. 1

Fl'(z)—®(x)=0 (\/ﬁ) ,  uniformly in z s.t.% el,. (51)
where F7(z) = F"(x+/s) is the distribution function of X;; .

The expansion (51) does not imply immediately the thesis, nevertheless (50) can be proved by

repeating and adapting the proof to the case when the limit distribution function is ® (%

instead of ®(z). O

Remark 5.7. Let s, — s and s > 0, so that there exists n such that s, > %s, for any n > n.
Then, under the assumptions of Lemma 5.6

F(x)—-® (\;;) =o0 <\/15> . uniformly in x € I'y,. (52)

Proof of Proposition 5.5. We prove in detail only (48). The proof of (49) for the case of a se-
quence s, converging to s > 0, is treated in a similar way, by using Lemma 5.6 and Remark 5.7.

When s = 0 (48) is trivial. When s > 0 we note that %" (s) is the conditional law of X7* given
the event {L* < %} Then



E(0)(5) = g

where 1 denotes the constant function 1(x) = 1, and where ©"(s) is the measure defined by

O (9)() = B [a(X")HLY < -

We can restrict to the functions g € C!(R) with ¢/(0) = 0 since this class is convergence

determining.
Without loss of generality we can also assume that g(0) = 0. In fact

5"(g)(s) = £"(g — g(0))(s) + g(0).

By an explicit computation we get

. k n* nx 1
=30 () P (= e min x> ).

Moreover, the reflection principle yields

1 k k+ 2
P Xn*—f XF>—)=P| X = —PlX™=— =
(S NIREHR >\/ﬁ> ( ﬁ) < \/ﬁ>

and so
o) o) -5
B [g (XPI{X™ > 0} — (X — ;ﬁ)ﬂ{xg* - ;ﬁ > 0}] | (53)
Set §:R — R, & — §(z) = g(x)I(z > 0). Then

6”(g)<s>=E[§(X?*)—§(X?*—jﬁ)] Sl -0,

where 6 is a (0, 1)-valued random variable.
Then the sequence of measures 3" (s) admits the following representation

St g) = ~/ nk i l 1
) = B |73 -0 )] - g (54)
for each g € C1(R) with ¢'(0) = 0.
On the other hand
ne g 2\ _ s
i B 700 - 02| = B [0v.). (59

and an explicit computation yields

700 = <= [~ dwew (-L )ty =—— (o0 + [ s Lew (- ) ar).




By the change of variable x = % in the integral, and recalling that g(0) = 0 we get

Bl7 0] = = ([ osreen (-5 ) ) = —tito)s)

Then, by (54), the proof of (48) is completely achieved by showing that

L VROM()(s) 1

n—o0 2 21s

By (53) we get

= (oo ) -5 () ()

and, by using the expedient to write the r.h.s. of the above formula as

(k) ()

we can use the expansion (50), so that

0" (1)(s) =@ @\/%) 9 <_;¢%> to (\/%) ~ %é’(%ﬁ) +o0 <¢%> :

1.1 3.1
where v, € (—f— 7?)' Then

Theorem 5.8. Under the same assumptions of Proposition 5.5 for each t > 0

S"(9)(&1) = T(g)(¢)-

for each g : RT™ — R bounded and continuous. Moreover ' converge weakly to .

Proof. Proposition 5.5 guarantees that, for any sequence s, — s, s > 0,

72

)~ [ alvawen (-5

)do = Titg) o).

(56)

(57)

Then the thesis follows since we can use the Skorohod representation probability space as in
Proposition 5.3, and in this space, for each ¢ > 0, &' = (L") — (;, a.s., and on the other hand

P{w: ((w) =0} =0. Indeed therefore

S"(g)(&7) — T(g)(¢), for each g : RY — R bounded and continuous — a.s.

(59)

O



Remark 5.9. Proposition 5.5 applies also to show that, for any sequence s, — s, s > 0 and
for each g : R™ — R bounded continuous,

n—oo 2

') $2
£ (g)(sn,1) — T{g)(s.1) = /O g(~1+ Vsw)zexp (—) d. (60)

Then, following the same procedure as in Theorem 5.8 we can state that

EM9)(& L) = TH(g) (G As), (61)

for each g : RT — R bounded and continuous, and that ' converge weakly to ¢, so that Theorem
5.2 is completely achieved in the symmetric case.

5.2 'Weak convergence of the filter: the asymptotically symmetric case

In this subsection our aim is to prove Theorem 5.2 in the asymptotically symmetric case defined
by conditions C1, C2, C3 and A1, A2, A3, with the same space-time scaling. The symmetric
case investigated in previous subsection is obtained by defining on a suitable space (2, F, P) a
Poisson process Z; of intensity 2A and a symmetric random walk V;, = Z?ﬂ U;.

Starting from these processes, and in analogy with (40) and (41), we can define the process A4,
as the process counting the positive jumps of X;, and the process N, as the process counting
the negative jumps of X;.

On (9, F) we consider the filtration {F}, ¢t € [0,T]} generated by the rescaled processes (A7, N*) =
(Apnt, Nog), and the probability measure P, absolutely continuous with respect to P, such that

apm n An _ Nn
ﬁ‘}—tn: t :£t7 X£t7 (62)

where
N o ¢ AN
L7 = exp {/0 log TndA? — /0 n(An —A) ds} = exp {log (;) A —n(M = A) t} (63)
N VRN ¢ An\ ¢
L;" = exp {/0 log T"dNS” —/0 n(tn — A) ds} = exp {log (;) N —n(\, — )\)t} . (64)

Under the measure P, the processes A?, Nt” are mutually independent Poisson processes with
intensities n\, nA while (see [3], Chapter VIII) under P" the processes flf, Nt" are mutually
independent Poisson processes with intensities n\,, nu,. Moreover, under P", the conditions
Al, A2, A3 are satisfied with 2" = Z, U} = Uj, namely:

1 Z' = A? + N = Z,,; is a Poisson process with intensity n(\, 4 fin);
2 7, = Zy is a Poisson process with intensity n(\, + n);

3 {Uy, k € N} is a sequence of i.i.d. random variable with law

{Pn(Uk = U= An)run

4 {Uy,k € N} and Z}' are mutually independent.

We can now state the main result of this subsection.



Theorem 5.10. Let Gi* be the filtration generated by LY, and g be a bounded and continuous
function. Then

E"[9(Q)/91"] = (g)(C). (65)
where T1(s) is defined by (47).

Proof. The thesis is achieved if we prove that for any bounded and Lipschitz continuous function ¢

E"[o(E"[9(Q1)/G7])] — E[p(11(9)(¢))]

B (B [9(@)/6))] — Elp(l1(9) (G:)]
= |E[Lre(B" [9(@0)/9])] - Elp(i1(9)())]]

IN

[Blero(B [9(@)/6i)] - Ele(E [g(@p)/67))]|
+[BleE"9@1)/9:))] - Ble(El9@)/9))]|
+ |E[e(B[9(@)/GD)] - Ele19)())]|

The last addend in the above inequality converges to zero by Theorem 5.8 for the symmetric
case.
The first one is bounded above by

Blere(E" [9(Q0)/G0))] - El(E"[9@1)/a)]| <l ¢ Il EL1£7 = 11],
The second addend is bounded above by
B[ |o(B" [9(@0)/67]) - #(El9(@0)/5))]
< LB |E"[9(Q1)/G¢] - Elg(@)/G0]] | < L2 Il g e B[1£7 =111,

where L, is the Lipschitz constant of ¢, and the last inequality follows by Lemma 5.12 below.
The thesis is achieved since E | |£} — 1| ] converges to zero, as is proven il Lemma 5.11 below. [

Lemma 5.11. Let L} := %‘]__n be defined as in (62), then
t

t
BIEp?] = exp (5 (V0w =) + (i, — )] (66)
Moreover, under the conditions C1, C2, C3, on the space (2, F, P)

E[|L} -1]|] =0, (67)

and
sng [(E?)Q] < 00, (68)



Proof. We only need to prove (66), since
E*[|c} - 1] < B[|} — 1]
= E[(L})?] —2E[L}] +1=E[(L})?] -

t
= exp (§ [VA0 = 0P+ (Vi = D] ) =10,
and then, by condition C3, we get (67) and (68).

To this end we observe that

oy = (AA)A exp (= (= 2)0) % (L) exp (= (= M1,

and so

o0 2k k
E[(L})?] = Z <)\n> (nAt) exp (—nAt) exp (—2n (A, — A) t) X

0 k
X Z (,un)% (nAt) exp (—nAt) exp (—2n (p, — A\) t) =

Lemma 5.12. Let (Q, F,P) and (Q, F,PY) be probability spaces with P and PV equivalent prob-
ability measures, G C F, P =P|g and P* =PY|g, then

o HEO [¥/G] — E[y/G] H < 20’ H1 - (dIP/dIP’O)H — 20F H(dIP’O/dIP’) 1

for any random variable 1p bounded above by o = ||¢)||oc-

The same bound holds for E HEO [v/G] —E[¢/G] H

Proof. The proof is based on the Kallianpur-Striebel formula and is a particular case of Lemma
4.2 in [4].

For the sake of notational convenience we denote L = (dP/dP"), L = E°[L/G] = (dP/dP"),
L% = (dPY/dP), and L° = E[L°/G] = (dP"/dP)

IE0[v/G] — E[v/G]| = [E°[v/G] —

E° [La/G] ‘
E°[L/G]

7 [E° /o)’ L/6) - B°[Lu/d)|

L/g
\E" [/9] L~ E°[Las/d],
<z [E

www

°[w/G)L — E[p/q)| + [E* /6] - B°[Lw/g]|



Moreover

Y

[E°[v/9) —E°[4/6] | < I¥lloe| L — 1

and
[E0[w/g) - E°[Lap/d] | < B°[6[1 — L|/G] < 19l [|1 ~ L|/G].
Therefore
[E°[6/6] ~E[/9]] < IWloe7 {|E —1] +E°[|1 ~L|/3]}
( taking into account that 1/L = 1/(dP/dP°) = (dP°/dP) = L")
= ¥l L” {|L — 1| + E°[[1 — L[ /G]},
and so

E" [|E°[/6] - E[v/6]|| < Inéll=cE” [|1 ~ 1] + E°[|1 ~ L|/G]] .
Then the proof is achieved by noting that, by Jensen inequality,

E°[|L —1[] = E° H(dP/dPO) - 1H — B HEO[(dP/dIP’O) —1/4] H <R H(dPO/dIP) - 1” .

6 The M/M/1 queueing model: an approximation for the filter

As in Section 5, we suppose that under the measure P the process Qf is an M/~ M/1 queue with

parameters A, A (symmetric case), while, under the measure P™ the process Q7 is an M/M/1
queue with parameters \,, i, (general case).

The explicit form (22) for the filter of the discrete system is $"(g)(s) (see (23)), evaluated in
s = &', and it is evident from (25) that, from a computational point of view, it can be very hard
to use it. Then the problem arises of finding a good approximation for this filter which, at the
same time, is simpler to handle, and depends on the really observed trajectory, so that it can
be actually used in applications.

A natural candidate is IT(g)(¢}"), where II(g)(s) is defined by (47). We will show in Theorem 6.1
that II(g) (&), approximates the discrete filter in the L; (2 x [0, T])-norm, for each T > 0. The
statement holds both for the symmetric case and for the general one.

Before stating formally the result we recall that £"(g)(s) depends on the law of Q7, or equiva-
lently on the probability measure we use (see Remark 3.1). Then, to emphasize this dependence
we write, in analogy with (23)

S (9)(s) = E" [g(X2)/{LE < ba}], (69)

and

Yp(9)(s) = Elg(X) AL < bn}]. (70)



Theorem 6.1. For all g bounded and continuous and for each T > 0

T
| e
0
T/\
I
0

Proof. Consider first the symmetric case.

dt — 0.

n—~oo

Sh(9)(€) — () (&)

r(9)(&) — () (&)

dt — 0.
n—oo

The limit we are looking for depends only on the distribution of &;*, therefore, as observed in
Remark 5.4, using the Skorohod representation theorem as in the proof of Proposition 5.3, we
can assume that

&Hw) — G(w) dP x dt — ae.
Proposition 5.5 implies that

£"(g)(s0) = £p(9)(s0) — T(g)(s), (71)

n—oo

whenever s, — s, s > 0, moreover it is clear that

1(g)(sn) — 1l(g)(s),

whenever s, — s, s > 0.
Combining these results we get
SR@)E) — To)G)  and  T(g)(E) — Ti(g)(G) (72)

for each (w,t) such that (;(w) > 0.

The observation that {(w,t) € Q x [0, T] such that (;(w) = 0} is a zero measure set with respect
to dP x dt, and an easy application of the dominated convergence theorem imply that

I

Sh(0)(&) - T9)()| ] =0, for any p > 0

and

Sh(9)(€) — T(g)(€)

p} — 0, for any p > 0. (73)

I

Consider now the asymmetric case.

Note that

T
/ B [ (9)(€0) ~ Tig) (&)
0

S/OTE"[

| at

Br(9)(E) — Sh(9)(E) Eh(9) (&) — Tg) (&)

| at

Jas [




Therefore by Lemma 5.12

B (9)(&1) = Spo)(En)|| = B [|B"[9(@1)/97] - El9(@1)/97]]]
1= (dP/dP") g2 |] =21l g llso E[1£7 —1]].

e

<2l gl E"[

Moreover, by Cauchy-Schwartz inequality

£ || Sh(a) (&) ~ o) &)

Summarizing
T
| B[S - titayen)|] o
<2llgl [ Bl - e [ B[] 2|5 - i) ]

and the thesis follows by the bounds (67) and (68) of Lemma 5.11 and by (73) of the symmetric
case. O

Remark 6.2. Note that
Pa(9)(&) — ER(9)(EF)

is a particular case of the approzimation problems considered in [4], where the observation pro-
cess is a counting process: G{* coincides with the o-algebra generated by the jump times of the
observation process. Nevertheless in order to apply Theorem 2.1 in [4]) we need to assume the
further and more restrictive assumptions that n(j, — A) — 0 and n(A — A,) — 0, which, under
condition C8, may even converge to infinity.

I

| = B[ B 0(@)/G0) - Elo@i/ar]|] (7

7 The M/M/1 queueing model: observing the idle time process

In this section we are interested in the conditional law of the M/M/1 queue QZ, when the
observation process is the idle time process, i.e.

t
cp:/ 1(Qr=0)ds
0
the cumulative time the queue has spent in 0, up to ¢.
Equivalently one can consider as observation process the bivariate point process (I, BY "), where

It" is the process that counts the times when the system starts an idle period and Bf is the
process that counts the times when the system starts a busy period, that is

~ t ~ ~
I = /0 Q7 = 1)dNT (75)

t
Br = / 1(O". = 0)dAT. (76)
0



Indeed the filtration generated by the idle time process C’f and the filtration generated by the

observation process (ff, Bf) coincide, or more precisely }_gn = .7-"5 "B
Our first aim is to study the conditional law
E[g(Q7)/H;]. (77)
where for the notational convenience we denote
Hy =77 = F

and the explicit expression for the filter (77) in terms of 49 (Q™), is given in (84).
Then we consider the rescaled processes

n ~Z n jg n B?ZL n ~n
Qt = 71;, It = 7%, Bt = 77/2, Ct = \/ﬁ,un nt?
and the conditional law of the rescaled queue
Eg(Q7)/M}], (78)

where H} is the filtration generated by the rescaled observation

n_am _ I"B" __ C"
t — nt _ft _fﬁ‘ :

We are interested in the limit behaviour of the filter (78) under the same assumption C1, C2,
C3 and A1, A2, A3 of Section 5. Under these assumptions we already know that @} converge
weakly to a driftless Brownian motion W; with diffusion coefficient 2.

Moreover if one defines X := Q7 — CF, then clearly Q7 = X + CF, and therefore, since by
definition C}* increases only when Q} = 0, the pair (Q},C}') is the solution of the Skorohod
problem corresponding to X/*. Consequently

(X7, Q7. CF) = (Wi, Wi + A, Ay),

where as usual A; is the local time of W; (for a deeper investigation of these results, we refer to
Kurtz [12]) 2 .

It is therefore natural to expect that E[g(QF)/H}] converges weakly to E[g(W; + Ay)/F}] =
I1(g)(¢;). This result is proven in Theorem 7.4. Moreover I1(g)(v2(Q™)) is a good approximation
of the filter for the rescaled model (see Theorem 7.6).

Before giving the technical details we observe that the results of this section rely on the results
of Sections 5 and 6. In these sections we have used the measures P in the symmetric case, and
P" otherwise. However in this section, as in Sections 2 and 3, we do not distinguish between

2By the above considerations
Ctn = Ay in DR([O,TD

and

t t
Cy = \/’E 'rbé:t = \/Eﬂn/ I (Q:’Es = O) ds = \/ﬁun/ I (Q? =0)ds.
0 0

In general weak convergence does not imply immediately the convergence of the expected values, i.e. that

lim E" [Mn /0 t Vnl(Qy = O)ds] =E[A].

n—o0

Nevertheless, after some explicit calculations, it is possible to show that this is the case (see (95) in Appendix B).



the two cases for notational convenience, unless necessary.
Let {oP", k € N} and {0]", k € N} be the jump times of the process I} and the process B},
respectively. Under the assumption Qf = 0, it easy to verify that

"< oln <0k+1<0k+1, for each k > 1,

and that @} = 0 when ak" <t< O'k+1, for k > 0, while Q} > 0 otherwise.
We start by observing some regenerative properties of the above jump times, which are funda-
mental in the sequel.

Lemma 7.1. For each k € N the processes Qﬂ% = t+01" Q n and Q = t+oB" Q”Bn
are independent of]: n and J”: Bn respectively. Moreover, the process ant has the same law as
the process Qt .

Proof. Clearly Qé’b = NBL = 0, moreover it is easy to see that Qi’; solves the same martingale

problem as Qf, hence these processes share the same law. The independence property follows
by the strong Markov property of )}, since QZI" =0:
k
B o (o (g~ 5)) 5] = [ (@1~ 03.) 5] -
t+oy, o o, t+oy, O oy
=B [exp (i (@ = Qg ) )| = 2 [exo (i (@pe — 030 )
=F [exp (zu <Q?))} .

Similar arguments apply to show that the process QkB? is independent of ff;n. ]
’ k

The process I;” is a renewal process, and Bt" is a delayed renewal process, i.e. (see, for example,
[7] VI.7.3 page 187) the sequence {08 —0oP" k>0 is a sequence of mutually independent random
variables and {ak i) —ak "}k>1 are also identically distributed. Also {ak -0} Bny, -1 is a sequence
of mutually independent random variables.

In the setting of this section, the above considerations and Lemma 7.1 guarantee that the filter
of Q? given 7:(,? admits a representation similar to that given in Proposition 2.1. More precisely

Proposition 7.2. The conditional law of Qf given 7'2%1 admits the following representation
Elg(@)/Hy] = 1(@F =0) g(0)+ (79)
0 E[g( ~:+UB'L —QZB,L—FI)H (U]l”—af” > 8>] .
2 J J S=
+1(Qr >0) Y

— E[HJI-”—UB">S]
7=l ( J J ) s:tfaf”

—0]1.3"]1{ Bn< In
o _t<0j }

Even if this Proposition is quite similar to Proposition 2.1, we sketch the proof because the
assumptions on the processes involved are a little different.

Moreover we point out that since the processes involved are all Markovian, the proof of (79)
could be given by the techniques used in [5].

Proof. We begin by noting that I (Q? > 0) is 'H?-adapted. Moreover we can state (see [3]
Chapter. III T5)

HyN{oP" <t<ol"}n{Q} >0} =H'p, N{of" <t <ol"} N{Q} > 0}.
J



By using, as in Proposition 2.1 the arguments of Proposition 3.1 in [13], we obtain
1(@r > 0)Blg(@)/R ol <t <o} =
E [Q(Q?)H (O'f” —obBn >t 035") /7%:]5”}

In _ _Bn _ _Bn/1yn
P(O'j o7 >t -0 /Hg]Bn)

]I(Q?>0>

]I{af" <t< UJI”}.

Note that
{ol" —Uf" > s} = { inf QP > O}

J OS'LLSS 7w

and is independent of ]—"f;n by Lemma 7.1.
J
Then, denoting by s =t — U]-Bn, so that

2 2 2 2 NB
QF = Qgpnyy = Qomny, —Qopn +1=0Q55 +1

~ ; B -
E[g(QZjB”JrS)]I (o'j” —_ o'j n~ S) S:t—O'jBn/ Z;Bn}
I B »
P( (O'jn — Jj n> 8) SItUjBn/HZjBn>
(80)
AB I B
Blg (Qfr +1)1(of" 07" > 5) Lt_a;sn
= I B )
(== e
Then the thesis follows by writing g(Q?) as
9(@1) =1(Qr =0) 9(0) +1(Q > 0) 3 g(@N{of" <t < 0"},
j=1
and, therefore, E[g(Q)/H}] as
~ ~ ~ ~ ~ e ~ ~
Blg(Q1)/H;] =1(QF =0) E[g(0)/Hy] +1(QF > 0) > E[g(@)/F|H{of" <t < ol"}.
j=1
O
It is important to note that
Uf”—af":inf{uZO: Qf{}*—i—l:O}, (81)
and that the process Qf;l + 1 for s <
sigmajl-"—af" behaves like the continuous time random walk X;H—l for s < o = inf {u >0: X{j = —1} )
and hence
E[g(@f§+1)]l(ajf-”—af”>s)} E[9<X§L+1>H(&{L>s)}
’ = . (82)

E{]I(ajn—af‘n>s)} E[H(&?>s)}



As a consequence
Elg(Q1)/H;] =1(QF =0) g(0)+ (83)

E[g (Xg n 1) 1(57 > S)LZHB

J n]I{JJB" <t< J]["}.

+I (Q? > 0) ; E[H (67 > s)L:t_asn

Observing that, by definition (6),
Q™) =t —sup{s < t such that Q" = 0} = Z(t — O']-Bn)]I{O'JBn <t< O']I-n}
j=1

we can rewrite

E[g()z;‘+1)]l(&{‘>s)}

Blg(Q1)/H;] =1(QF =0) 9(0) +1(Q7 > 0) (84)
E []1 (57 > s)] i
s=77 (Q™)
The above considerations leads us to state the following result
Theorem 7.3. Consider the rescaled process Qp = %, the rescaled observation processes

I = [—j% and B} = %, and denote by H} the history generated by (I}, B!) for u <t, i.e.

n _ ~I"B" _
H =F, = H ;-

Then
E9(Q1)/H] = T(QF = 0)9(0) + L(QF > 0)5"(7,,) (1 (Q™)), (85)
where 3 is the functional defined in (23), and g, (z) = g(z + ﬁ)

Proof. Equality (84) implies

E[g (X;H—ﬁ)ﬂ(a? >s)}
E[H(U? > 5)}

Elg(Qr)/M] =1(QF = 0)g(0) + 1(QF > 0)
s=77(Q")
and clearly

EBlg(Xr+ 1)1 > 9)]

= 2"(g,)(s).
B[l (o} > 5)]
O
As a consequence of the above Theorem, for any ¢ uniformly continuous
E[g(@)/H}] = 1(QF = 0)g(0) + 1(QF > 0)5"(7,) (% (Q™)
(86)

=1(Q} = 0)g(0) + L(Q} > 0)£"(9)(+/(Q")) + £(n, 9)



with
e(n, )] < wg%) - l9(2) - 9()]. (87)

We can now state the main result of this section.

Theorem 7.4. For any g uniformly continuous

E[g(@)/H}'] = E[g(Wy)/F] = (9)(G). for any t > 0.
Proof. 1t is sufficient to prove that

Prob

I(Qy =0) — 0, for any t > 0 (88)
and that
S™(9)(32(@™) = T1(9)(¢h), for any ¢ > 0, (89)
so that
I(Q = 0)g(0) +=(n,g) =0
and

L(QF > 0)E(9) (7 (@) = TL(9)(¢o),

since (88) is equivalent to I (Q} > 0) Broby,

As recalled in (42), the sequence Q] converges weakly to a reflected Brownian motion W; + A;.
Then, the limit (88) can be obtained by noting that

- the function I (z = 0) has a discontinuity point at x = 0,
- PWy+A=0)=0,
- the continuous mapping theorem implies that I (Q7 = 0) = 0.

To prove (89) we use the weak convergence of 77 (Q") to (; (see Proposition 5.3), and same
techniques of the previous sections, in particular Remark 5.4, Proposition 5.5.

O
Remark 7.5. As already observed at the beginning of this section,
(X7, Q7 CF) = (Wi, Wi + Ay, Ay)
where XJ' := QF — CP. Thanks to the continuity of the limit processes, the convergence can

be considered in the space Dgajy ) endowed with the topology of the uniform convergence on
compact sets. Moreover it is interesting to note that v2(Q") = v(C™) = 1 (A) = ¢,
Then, similarly to Proposition 5.3, it is possible to prove that

(’Y?(Qn)a%(on)acf) = (%?(Wt + At)v'V?(At)7At) = (G Gt Ay) s

and therefore an alternative proof of the previous Theorem can be achieved, by using these prop-
erties.



We end this section by noting that, even in this new situation, it is possible to give the same
approximation for the filter as in Theorem 6.1, namely for E[g(Q}")/H}'] in the symmetric case
and for E" [g(Q}")/H}'] in the asymptotically symmetric case. More precisely the following result
holds

Theorem 7.6. For all g bounded and continuous and for each T > 0

T
| ElBla@ ] - ee@ e —o.

n—00
T
0

Proof. For the symmetric case, note that

E"[g(@0)/Hy] ~ Ti(g) (@)t — 0.

|B[9(Q)/H] = Ti()(1(@")
= [1(@F = 0) 9(0) + 1@ > 0) £ (9)(*(@") + (1. 9) — TU(9) 4(Q"))

< CO|L@ =0) (90 + (@ (HQ™) +eln.g)| +C)

‘p
‘p

EM9)(7(@™) — g) (v (Q™))

where C(p) is a suitable constant, and £(n, g) is defined in (87).
Then

. P
B [|Elg@n)/H] -9 (P @) ] <
n p S/ n 1 nyy | P
<CEE 1@ =021 g lle +e(n.9)[ | + COIE [[$"(9)(00(@") - Tl @[]
The thesis follows since both the addends at the right hand side of the previous inequality
converge to zero. The first addend at converges to zero by the bounded convergence theorem.
To prove that the the second addend converges to zero one has just to substitute & with v9(Q™)

in the proof of Theorem 6.1.
The proof in the asymptotically symmetric case is analogous. O
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A Appendix
A.1 Identification of the interpolating Brownian motion model
W/ defined by (32) admits the following representation
W= ivgn, (90)
on ' 4
where

e Z{" is the point process defined by the sequence 7;';

e V" is the discrete-time process satisfying the relation

Vit =Vil + U,
where {Uy, k € N} is the sequence of {—1,1}-valued random variables defined by the rule
Up =2 (Wep = Wiy

k k—1)"

Let us consider the interarrival time sequence {T}' = 7' — 7' ;, k > 1} of the point process Z;.
The following two lemmas are an easy consequence of the strong Markov property of W and of
the fact that W and —W have the same law.

Lemma A.l. Z]' is a renewal process, that is {I}',k > 1} ia a sequence of i.i.d. random
variables.

Lemma A.2. V}' is a symmetric random walk, i.e.

Vil = Vil + UR,
{UR, k > 1} is a sequence of i.i.d. random variables s.t. P(U! =1) = P(U}! = —1) =

Moreover the following result can be found, for example, in [6] page 480 or [7] page 342.

Lemma A.3. The distribution function F™ of the random variables 17} is

+oo 1 +o0 .1'2
F*"t)=P(I7 <t) =4 -1y / ex (—)dzx 91
=PI <0 =420 7 o v (5 (91)
and its generating function is
Efexp (~aT{)] = ———.
cosh (\é?‘)

Remark A.4. Note that the distribution function (91) can be written in the equivalent way

P(Tp <t)=4) (-1)’P (Wt > w) .

on
J=0



Lemma A.5. The processes {Z}',t € RT} and {V;", k € N} are mutually independent.

Proof. Note that, for each k € N, U}’ and (T7',...T}' ;) are independent. In fact U;' and Frn
are independent and (17',...73" |) are Fp -measurable.
Moreover Uy is Frn-measurable, so it is independent of (T,?_H, T o, ).

So we just have to prove the independence between U;' and T}'. We consider the case k = 1
taking into account that this procedure easily extends to the general case.

To this end it will suffices to verify

EI(Ur = 1) exp(—ar)] = E[[(Ur = ] E [exp(—ar)] . (92)
Setting

n(@) =y (o 1
1) =y-1(a) =
2 cosh (‘é?j“)
and then
yi(@) = 1(0) [y1(a) + y-1(e)] (93)
which is equivalent to (92). O

a,c _ II (g : exp(a%-)) (CLQS? l) .
(g)(s,1) = 11 (exp(%)) (as,1)




B A limit result and an upper bound for the rescaled queue

In this section we prove that, under conditions C1, C2, and C3

E[A] = lim E" [un / L@ - 0>ds} =t [ VRP@QE = 0/QF = 0)ds,  (94)

where A; is the local time of a Wiener process with diffusion coefficient 2\ and drift coefficient 0,
and moreover we prove that for any 1 < a < 2, there exists n, such that for any n > n,

/t VRPM(QY =0/Qp = 0)ds < n1=/2 4 \/n(1 2”) t+ KV, (95)
0 n

for a computable constant K.

As a consequence, since \/n (1 - 2—2) = l%n\/ﬁ (b, — A\p) — 0, under assumption C3,

n—oo

lim sup /t VnP Q" =0/Qn = 0)ds < Kv/t.
0

To this end we start by recalling a few properties that we need, then we sketch the proof of the
upper bound and of the limit, and finally we present the technical details.

B.1 Preliminary results

1) Modified Bessel functions
The modified Bessel functions of order k, for k& > 0 are defined as

l(w) = i (k +1z’)!z’! (g)mi’

i=0
while, for for £ <0
Ik(x) = I,k(l')
2) The asymptotic behaviour of modified Bessel functions
It is well known that, for any k,

xT

V2T x

and therefore, for any k, there exist an T > 0 and an Lj such that

e[)ﬁ' —

T2Tp V2 x

Ii(z) ~

when x — oo, (96)

3) The one-dimensional distribution of continuous time random walk
Let Z; be a standard Poisson process and Y; = Vy,, where as usual {Vj, k € N} is a discrete
time random walk, such that Vy = 0, and Vi, = V1 + Uy, where {Uy, k € N} is a sequence
of independent {—1, 1}-valued random variables with P(Uy = 1) = p and P(U, = —1) = q.
Then, for any u > 0 (see, for instance, [7] I1.7 page 58)

P(Y, = k) = exp{—u} (5) * u(2y/pau).

As a consequence, for any v > 0 and any positive numbers p,q € (0,1), with p+¢g=1



o0

S explu) (5) Ly - 1

k=—o0

and therefore

19 » g
kz:?exp{—u} (q) I (2\/pqu) < 1,

and, taking into account that I(z) = I_i(z) (or equivalently interchanging the role of p
and q)

> exp(-a) () nizvim < 1. (98)
k=2

4) Transition probabilities pg ., (t) of a birth and death process with reflection in [
Assume that Q) is a birth and death process, assume that the upward jump rate is v and
the downward jump rate is p, and that the process lives in [I,00) NN, with [ a reflecting
state. Then the transition probabilities (see e.g. [8]) are

k—m

Pem(t) = P(Q=m/Qo = k) = (”)Qexp{—twm}mm(z@ 0

P
Py3
+ (;) Lngky1-21(24/pv t)

[

o

V p i

+ 1—; g ; 2Imyk—2145(2¢/pv t)
j=

5) The behaviour of pgo(t) with reflection in 0 When £k =m =1 =0, then

poo(t) = P(Qr =0/Qo = 0) = exp{—t(v+p)} [10(2\/;37 t) + ( )% 1(2y/pv t)

o0 .

H1-93 @)

N[

I(2y/pv t).]

poo(t) — exp{—t(v + p)}[To(2y/w 1) + (£) (2w 1)
:(1—%)[exp{ V+p}z 5% 2\/p7t)]

=2
Note that if weset t =v+p ,p = VLer, and g = l%p, then the expression in square brackets

in the previous expression is identical to (98) with u = (v+ p)t, and therefore it is bounded
by 1. As a consequence we have that

poolt) —expl =t + o)} [lo2vw 0+ (D) ey ][ < (1=7)  (99)

and in particular

(NI

poo(t) < exp{—t(v+p)} [IO(QW t) + (5) L(2/pv t)] +(1- %)- (100)



B.2 Sketch of the proof

In our case we are interested to give an upper bound for

t t
o [ [ vz = o>ds} = [ varn@z = 0/qs = s
0 0
We can use (100) in the case when v = n)\,, and p = nu,, and get
VP (QF =0/Qp = 0)

< vnexp{—sn(A, + pn)} [Io(a:n(s)) + (i:) I (zn(s ))} +vn(l - 22),

where
Zn(8) = 2n+/ A, s.

For any real number a > 1

n—o/2

/ VAP(Q2 = 0/Q5 =0)ds = [ VAP"(QF = 0/Qf = 0ds + / | VAP(@E = 0/Qf = 0)ds
< p-0)/2 | /a/2 Vrexpl—sn(An + pin)} [Io(xn(s)) + (@)%h (l'n(s))}ds

An
An
+va(l— 2yt
Hn
Then, using (97), it is possible to show (see the technical details at the end of this section) that

T 2V Hn A

forany 1 <o <2 and for any n

the following bound holds

/ \FP”(Q"—U/QO—O)ds<n(1 a/2+\/—(1_:)

t 1 n 1
+/ _— {Lo—i-('u )le] ds.
n=a/2 24/ T/ lbnAn S An

Starting from the bound (99) instead of (100), and using (96), the same technique can be used
to show that

. n ! n . ¢ 1 JT
nh_}n;oE [/0 ViR I(QY- = O)ds} = nh_}H;O L, /n_"‘/2 m [1 + (E) 2] ds = E[A4]
where Ay is the local time of a Wiener process with diffusion coefficient 2\ and drift coefficient 0.
Indeed, on the one hand
t 1 t A
/M e e [ e ]

_ / ds — VAt
0 VTS \/77 ’

On the other hand, by the reflection principle, the density of the random variable A; is

=

lim p Fn

and then




B.3 Technical details

Taking into account (97), we get, for s € [n=%/2, 1]

VP (QF = 0/Qg = 0)

< Vnexp{—sn(A, + Mn)}w To(zn(u)) + (@)% L1 (@n(u))

SUP e} A SUP  en{za(w)

27 (S) ue[n_aﬂ’ﬂm u€n—a/2 1] V2 ()

Now

vnexp{—sn(\, + un)}w = vnexp{—sn[(An + tn) — 27/t n 1} !

2xp(S) AT i An S

1 1
= exp{—sn|[(An + tn) — 2/ inn <
ol ) = ) s = Wi

since (Ap + tn) — 2¢/tinAn > 0.
Moreover, for any n, and for k£ = 0,1

sup Iigf (:i))}) = sup ffﬁﬁ - sup {i)rf{i)}
u€n=e/2 1] ﬁ v€lzn(n=Paa()] 5= @22npmAan /2 TS

and therefore, with the same notations of (97), for a < 2, for n sufficiently large so that
2n1_°‘/2\/,un)\n > Ty, we get

I (2 (u)
SUP - explza(w)}

u€n=a/2 ¢ m

< Lg
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