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ABSTRACT. I found the most ready way of explaining my employment was to ask
them how it was that they themselves were not curious concerning earthquakes and
volcanos? - why some springs were hot and others cold? - why there were mountains in
Chile, and not a hill in La Plata? These bare questions at once satisfied and silenced the
greater number; some, however (like a few in England who are a century behindhand),
thought that all such inquiries were useless and impious; and that it was quite sufficient
that God had thus made the mountains.

Charles Darwin: The voyage of the Beagle.

Through all the chapter we work over a fixed field K of characteristic 0. Unless oth-
erwise specified all the tensor products are made over K.

Notation. G is the category of graded vector spaces over K.

The tensor algebra generated by V' € G is by definition the graded vector space

V)= b "V

n>0
endowed with the associative product (v1 ® -+ @ vp)(Vp11 @ -+ A Uy) =V1 @+ -+ & Uy,
Let V,W € G. The twist map tw: VW — W@V is defined by the rule tw(v®@w) =
(—1)""w ® v, for every pair of homogeneous elements v € V, w € W.

The following convention is adopted in force: let V, W be graded vector spaces and
F:T(V)— T(W) a linear map. We denote by

F'T(V)—>QW, Fi: @V —-TW), F:QV-QW

the compositions of I with the inclusion &’V — T (V) and/or the projection T(W) —
RW.

1. GRADED COALGEBRAS

Definition 1.1. A coassociative Z-graded coalgebra is the data of a graded vector space
C = @,eczC™ € G and of a coproduct A: C — C ® C such that:

e A is a morphism of graded vector spaces.
e (coassociativity) (A ®@ Idg)A = (Idg ®A)A: C - C e C® C.

For simplicity of notation, from now on with the term graded coalgebra we intend a
Z-graded coassociative coalgebra.
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Definition 1.2. Let (C,A) and (B,I") be graded coalgebras. A morphism of graded
coalgebras f: C' — B is a morphism of graded vector spaces that commutes with co-
products, i.e.

'f=(fe®f)A: C - B® B.

The category of graded coalgebras is denoted by GC.

Example 1.3. Let C' = K[t] be the polynomial ring in one variable ¢ (of degree 0). The
linear map

A: K[t - K@K, A@F") = Zn:ti ®t",
=0

gives a coalgebra structure (exercise: check coassociativity).
For every sequence f, € K, n > 0, it is associated a morphism of coalgebras f: C' — C
defined as

FMy =1, fE =Y > fulin it
s=1 ("L'l,.A.,is‘)ENS
11+ Fis=n
The verification that Af = (f ® f)A can be done in the following way: Let {2"} C
CY = K[[z]] be the dual basis of {t"}. Then for every a,b,n € N we have:

<ﬂj‘a®[£b,Af(tn)> = Z fil"'fiafjl'”fjw
i1t Fia i1+ +ip=n
(@2 f @ FARY)) = > S fufiuti f

S A1t tig=s jite-tip=n—s
Note that the sequence {f,}, n > 1, can be recovered from f by the formula f, =

(x, f(t"))-

Example 1.4. Let A be a graded associative algebra with product y: A ® A — A and
C a graded coassociative coalgebra with coproduct A: C — C ® C.
Then Hom*(C, A) is a graded associative algebra by the convolution product

fg=n(f®g)A.

We left as an exercise the verification that the product in Hom*(C, A) is associative.
In particular Homg (C, A) = Hom®(C, A) is an associative algebra and CV = Hom*(C, K)
is a graded associative algebra.

Remark 1.5. The above example shows in particular that the dual of a coalgebra is an
algebra. In general the dual of an algebra is not a coalgebra (with some exceptions, see
e.g. Example 2.3). Heuristically, this asymmetry comes from the fact that, for an infinite
dimensional vector space V, there exist a natural map VY@ VY — (V® V)Y, while does
not exist any natural map (V@ V)" - VYV VV.

Example 1.6. The dual of the coalgebra C' = K[t] (Example 1.3) is exactly the algebra
of formal power series A = K[[z]] = CV. Every coalgebra morphism f: C' — C induces a
local homomorphism of K-algebras f': A — A. The morphism f? is uniquely determined
by the power series f!(z) = ,,-o fnz™ and then every morphism of coalgebras f: C —
C is uniquely determined by the sequence f,, = (fi(x),t") = (x, f(t")).
The map f — f!is functorial and then preserves the composition laws.

Definition 1.7. Let (C,A) be a graded coalgebra; the iterated coproducts A™: C' —
C®"*+1 are defined recursively for n > 0 by the formulas

Idg ®An~1
_—

A'=1dp, A CBcecC C® % = o8+l
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Lemma 1.8. Let (C,A) be a graded coalgebra. Then:
(1) For every 0 <a <mn—1 we have
A" = (A @ A"TITYA 0 - QT
(2) For every s > 1 and every ao, ...,as > 0 we have
(A% @AM ® ... @ A%)AS = ASTL %,

(3) If f: (C,A) — (B,T') is a morphism of graded coalgebras then, for every n > 1
we have

I"f=(@"MHam. ¢ — ®n+1B.

Proof. [1] If @ = 0 or n = 1 there is nothing to prove, thus we can assume a > 0 and use
induction on n. we have:

(A*® A" A = ((Ide @A HA @ A" YA =
= (Idg @A 1 @ A" 1) (A @ Idg)A =
= (Ide ®A* 1 @ A" 179 (Ido ®A)A = (Ide @(A* L @ AP 179 A)A = A™

[2] Induction on s, being the case s = 1 proved in item 1. If s > 2 we can write

(Aa0®Aa1®_”®Aa5)As:(Aao®Aa1®...®Aas)(IdC®A571)A:

(Aao ® (Aal R ® Aas)Asfl)A — (Aao ® A371+Zi>0ai)A _ ASJFZCH'
[3] By induction on n,
I"f=dpeI™ If = (fRI" ')A = (fo (@"/)A" A = (" f)A™.
0

Definition 1.9. Let (C, A) be a graded coalgebra and p: C'— V a morphism of graded
vector spaces. We shall say that p is a system of cogenerators of C' if for every ¢ € C
there exists n > 0 such that (®"T'p)A”(c) # 0 in @™ V.

Example 1.10. In the notation of Example 1.3, the natural projection K[t] — K & K¢
is a system of cogenerators.

Proposition 1.11. Let p: B — V be a system of cogenerators of a graded coalgebra
(B,T).

Then every morphism of graded coalgebras ¢: (C,A) — (B,T") is uniquely determined
by its composition pp: C — V.

Proof. Let ¢,¢: (C,A) — (B,I') be two morphisms of graded coalgebras such that
p¢ = py. In order to prove that ¢ = v it is sufficient to show that for every ¢ € C' and
every n > (0 we have

(@)™ (6(c)) = (@™ )T ((c)).
By Lemma 1.8 we have "¢ = (2" 1¢)A™ and I = (@ 14))A". Therefore
(@" TP = (" p) (") A" = (8" pg) A" =
_ (@ pp)A = (" p) (e g)A" = (" )T,
O
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Definition 1.12. Let (C,A) be a graded coalgebra. A linear map d € Hom"(C,C) is
called a coderivation of degree n if it satisfies the coLeibniz rule

Ad = (d®Ide +1de ®d)A.

A coderivation d is called a codifferential if d> = dod = 0.
More generally, if 8: C' — D is a morphism of graded coalgebras, a morphism of graded
vector spaces d € Hom"(C, D) is called a coderivation of degree n (with respect to ) if

Apd=(d®0+0®d)Ac.

In the above definition we have adopted the Koszul sign convention: i.e. if x,y €
C, f,g € Hom*(C,D), h,k € Hom*(B,(C) are homogeneous then (f ® g)(x ® y) =

(—1)77f(2) ® g(y) and (f ® g)(h© k) = (~1)9" fh @ gk.

The coderivations of degree n with respect a coalgebra morphism 6: C' — D form a
vector space denoted Coder™(C, D;0).
For simplicity of notation we denote Coder”(C,C) = Coder™(C, C; Id).

Lemma 1.13. Let C-D-25F be morphisms of graded coalgebras. The compositions
with 0 and p induce linear maps

p«: Coder™(C, D;0) — Coder" (C, E; pd), f=pf;
0*: Coder™ (D, E; p) — Coder™(C, E; pf), [ fo.
Proof. Immediate consequence of the equalities
Agp=(p®p)Ap, Apb = (0 @ 0)Ac.
U

Lemma 1.14. Let C—2-D be morphisms of graded coalgebras and let d: C — D be a
0-coderivation. Then:

(1) For every n

n
Bod=()_0%@de 6" ) o AP
=0
(2) If p: D — V is a system of cogenerators, then d is uniquely determined by its
composition pd: C — V.

Proof. The first item is a straightforward induction on n, using the equalities A™ =
Id®A™ ! and 09TALT = AT,

For item 2, we need to prove that pd = 0 implies d = 0. Assume that there exists ¢ € C
such that dc # 0, then there exists n such that p®”+1A%dC # 0. On the other hand

P AR de = () (06)® @ pd @ (p8)*" ") 0 A = 0.
1=0
O

Exercise 1.15. A counity of a graded coalgebra is a morphism of graded vector spaces
e: C'— K such that (e®1d¢)A = (Ide ®€)A = Ide. Prove that if a counity exists, then
it is unique (Hint: (e ® ')A =7).

Exercise 1.16. Let (C, A) be a graded coalgebra. A graded subspace I C C' is called a
coideal if A(I) C C® 1+ 1® C. Prove that a subspace is a coideal if and only if is the
kernel of a morphism of coalgebras.
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Exercise 1.17. Let C be a graded coalgebra and d € Coder!(C, C) a codifferential of
degree 1. Prove that the triple (L,d, [,]), where:

L = @uezCoder™(C,C),  [f,g] = fg— (1) gf, 3(f)=Id. /]
is a differential graded Lie algebra.

2. CONNECTED COALGEBRAS

Definition 2.1. A graded coalgebra (C, A) is called nilpotent if A™ =0 for n >> 0.
It is called locally nilpotent if it is the direct limit of nilpotent graded coalgebras or
equivalently if C' = U, ker A™.

Example 2.2. The vector space

K{t] = {p(t) € K[¢] | p(0) = 0} = 6>90 K"

with the coproduct

n—1
A K - KK, A=) tet"
=1

is a locally nilpotent coalgebra. The projection K[t] — K][t], p(t) — p(t) — p(0), is a
morphism of coalgebras.

Example 2.3. Let A = ®A; be a finite dimensional graded associative commutative
K-algebra and let C' = AY = Hom*(A4, K) be its graded dual.

Since A and C are finite dimensional, the pairing (c;®ca, a1®az) = (—1)% 2 (cy, a1){cz, az)
gives a natural isomorphism C ® C = (A ® A)" commuting with the twisting maps T
we may define A as the transpose of the multiplication map u: A® A — A.

Then (C, A) is a coassociative cocommutative coalgebra. Note that C is nilpotent if and
only if A is nilpotent.

Exercise 2.4. Let (C,A) be a graded coalgebra. Prove that for every a,b > 0

a+1
A%(ker AT ¢ & (ker A?).
(Hint: prove first that A%(ker A%t?) C ker Ab @ C®9.)

Exercise 2.5. Let (C,A) be a locally nilpotent graded coalgebra. Prove that every
projection p: C — ker A is a system of cogenerators.

Definition 2.6 ([8, p. 282]). A graded coalgebra (C,A) is called connected if there is
an element 1 € C such that A(1) =1 ® 1 (in particular deg(1) = 0) and C = U3 F,.C,
where F,.C' is defined recursively by the formulas

FoC =K1, Fr+1C:{$€C|A(ﬁ)—l@x—ﬁ@lGFrC@)FTC}.

Example 2.7. Every locally nilpotent coalgebra is connected (with 1 = 0, see Exer-
cise 2.4). If f: C — D is a surjective morphism of coalgebras and C' is connected, then
also D is connected.

Lemma 2.8. Let C be a connected coalgebra and e € C' such that A(e) = e® e. Then
either e =0 ore=1.
In particular the idempotent 1 as in Definition 2.6 is determined by C.
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Proof. Let r be the minimum integer such that e € F,.C. If r = 0 then e = t1 for some
teK;if 1 #0 thent? =t and t =0,1.
If » > 0 we have

e—1)®((e—1)=Ae)—1®e—e®l1+1®1e€ F,_1C® F,._1C
and then e — 1 € F,._1C which is a contradiction. O

The reduction of a connected coalgebra C' is defined as its quotient C = C'/K1; it is
a locally nilpotent coalgebra.

3. THE REDUCED TENSOR COALGEBRA

Given a graded vector space V', we denote T'(V) = @, ®" V. When considered as
a subset of T'(V) it becomes an ideal of the tensor algebra generated by V.

The reduced tensor coalgebra generated by V' is the graded vector space T'(V') endowed
with the coproduct a: T'(V) — T'(V) @ T'(V):

n—1
Q1@ Q) =Y (1@ D) D (V1 @ B V).
r=1
We can also write
+o0o n—1
a=> > Gan-a
n=2 a=1

where a0 Q"V — "V @ Q" “V is the inverse of the multiplication map.

The coalgebra (T'(V'),a) is coassociative, it is locally nilpotent and the projection
p': T(V) — V is a system of cogenerators: in fact, for every s > 0,

as_l(U1®"'®Un): Z (Ul®"‘®Uz’1)®"'®(vis_1+1®"’®Un)
1<i1 <o <+ <is=n
and then
s—1 .
kera® ! = @V, (@pHa®~t=p*: T(V) - V&,
i=1

Exercise 3.1. Let u: @°T(V) — T(V) be the multiplication map. Prove that for
every vi,...,Unp €V

n—1

)Ul®--~®vn-
s—1

Iuas_l(vl ® e ® Un) e <
For every morphism of graded vector spaces f: V — W the induced morphism of
graded algebras

T(f):T(V)=TW), T(f)n1®@ Qo) =f(v1)®--- @ f(vn)
is also a morphism of graded coalgebras.
If (C,A) is a locally nilpotent graded coalgebra then, for every ¢ € C, there exists
n > 0 such that A"(¢) = 0 and then it is defined a morphism of graded vector spaces

1 > —
H:;A . C = T(C).

Proposition 3.2. Let (C,A) be a locally nilpotent graded coalgebra, then:

1
(1) The map N ano A" C — T(C) is a morphism of graded coalgebras.
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(2) For every graded vector space V' and every morphism of graded coalgebras ¢: C' —

T(V), there exists a unique morphism of graded vector spaces f: C — V such
that ¢ factors as

6 =T(f) v = S (&"HA™; € = T(C) — T(V).

~—

3
I
—_

Proof. [1] We have

doar)e > Ar A:Zima@m—am

n>0 n>0 n>0a=0
n
= aa+1,n+17aAn+ =a A"
n>0a=0 n>0

where in the last equality we have used the relation aA® = 0.
[2] The unicity of f is clear, since by the formula ¢ = T'(f)(3_,5oA") it follows that

f=pr'e.

To prove the existence of the factorization, take any morphism of graded coalgebras
¢: C — T(V), denote by f = p'¢ and by ¢: C — T(V) the coalgebra morphism
Y = T(f)(1 — A)~L. Since p'vp = p'¢ and p! is a system of cogenerators we have

¢=1. O

It is useful to restate part of the Proposition 3.2 in the following form

Corollary 3.3. Let V be a fixed graded vector space; for every locally nilpotent graded
coalgebra C' the composition with the projection p': T(V) — V induces a bijection

Homgc(C,T(V))— Homg(C, V).

In other words, every morphism of graded vector spaces C' — V' has a unique lifting to
a morphism of graded coalgebras C — T'(V).

When C' is a reduced tensor coalgebra, Proposition 3.2 takes the following more
explicit form

Corollary 3.4. Let U,V be graded vector spaces. the projection. Given f: T(U) — V,
the linear map F: T(U) — T(V):

n
F(v1®...®vn):2 Z f('Ul®"'®Ui1)®"'®f(7)is,1+1®"'®vis),
s=1 1<i1<io < <is=n

is the morphism of graded coalgebras lifting f.

Example 3.5. Let A be an associative graded algebra. Consider the projection p: T'(A) —

A, the multiplication map p: T(A) — A and its conjugate

p= (1), e ® s @ a) = ()" e @ @ an) = (<1 oz an

The two coalgebra morphisms T'(A) — T(A) induced by p and p* are isomorphisms,
the one inverse of the other.
In fact, the coalgebra morphism F': T(A) — T(A)

n
Fla® - ®an) =Y > (arag---ai) ® - @ (@i, 41+ - as,)

s=1 1<i1<io< - <is=n
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is induced by p (i.e. pF = p), u*F(a) = a for every a € A and for every n > 2

M*F(a1®®an> :Z(_l)s_l Z alag - Ap =

s=1 1<11 <2< <is=n
o n—1 n_l n—1
_ s—1 - _ s - _
_Zl(_l) <8_1)a1a2"‘an— (ZO(—U ( s >> aias - --an = 0.
S= s=

This implies that p*F = p and therefore, if F*: T(A) — T(A) is induced by p* then
pF*F = pu*F = p and by Corollary 3.3 F*F' is the identity.

Proposition 3.6. Let (C,A) be a locally nilpotent graded coalgebra, V a graded vector

space and
(o9}

0=> (&A™ C—T(V)
n=1
the morphism of coalgebras induced by pf = f € Hom®(C, V). For every n and every
q € Hom*(C,V), the linear map

Q=Y (¥ eqe fErHA": ¢ - T(V)

n=0 =0

1s the 0-coderivation induced by pQ) = q. In particular the map
Coder*(C,T(V);0) — Hom*(C,V),  Q+— pQ,

is bijective.

Proof. The map @ is the composition of the coalgebra morphism > A": C' — T'(C) and
the map

R:T(C)—T(V), R=) f“®qof%.
i,5>0
It is therefore sufficient to prove that R is a T'(f)-coderivation, i.e. that satisfies the
coLeibniz rule
(ROT(f)+T(f)®R)a=aR.

Denoting R, = > ¥ ®q® f we have, for every a,n

i+j=n—1
aa,n—aRn = (Ra ® f®n7a + f®a & Rn—a)aa,n—a-
Taking the sum over a,n — a we get the proof. O

Corollary 3.7. Let V be a graded vector space. Every ¢ € Hom*(T(V),V) induce a
coderivation Q € Coder®(T'(V), T(V)) given by the explicit formula

Qa1 ® - ®ay) =
3,1

Proof. Apply Proposition 3.6 with the map f: T(V) — V equal to the projection (and
then 6 = Id). O

Exercise 3.8. Let p: T(V) — T(V) be the projection with kernel K = ®"V and
¢: T(V) —T(V)®T(V) the unique homomorphism of graded algebras such that ¢(v) =
v®1+1®wv for every v € V. Prove that p¢ = ap.
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Exercise 3.9. Let A be an associative graded algebra over the field K, for every local
homomorphism of K-algebras «: K[[z]] — K][[z]], v(z) = Y y,2", we can associate a

coalgebra morphism F,: T(A) — T'(A) induced by the linear map

f"/:T(A)_)Aa f(a1®"'®an):f)/na1"'an~

Prove the composition formula F.s = FsF,. (Hint: Example 1.6.)

Exercise 3.10. A graded coalgebra morphism F': T(U) — T(V) is surjective (resp.:
injective, bijective) if and only if Fil: U — V is surjective (resp.: injective, bijective).
(Hint: F' preserves the filtrations of kernels of iterated coproducts.)

4. ROOTED TREES

Definition 4.1. An unreduced® rooted forest is the data of a finite set of vertices V and
a flow map f: V — V such that:

Fix(f) = () f"(V = Fix(f)),

n>0
where Fix(f) = {v € V| f(v) = v} is the subset of fixed points of f.

The vertices of an unreduced rooted forest (V, f) are divided into three disjoint classes:

e V. = {root vertices} = Fix(f).
o V; = {tail vertices} =V — f(V).
o V; = {internal vertices} = f(V') — {root vertices}.

Every unreduced rooted forest (V, f) can be described by a directed graph with set
of vertices V and oriented edges v — f(v) for every v ¢ {root vertices}. In our pictures
internal vertices will be denoted by a black dot, while tail and root vertices will be
denoted by a circle.

As an example, the pair (V, f), where V = {1,2,3,4} and f(i) = min(4,7 + 1) is an
almost rooted forest described by the oriented graph
O——0——0——0
tail root

Note that the map f: V; UV; — V; UV, is surjective and then the number of tail
vertices is always greater than or equal to the number of root vertices.

The set of edges {(v, f(v)) | v &€ {roots}} is divided into types. An edge (v, f(v)) is
called a root edge if f(v) is a root vertex; it is called a tail edge if v is a tail vertex and it
is called an internal edge if both v, f(v) are both internal vertices. Notice that an edge
may be tail and root at the same time.

The arity (also called valence in literature) |v| of a vertex v is the number of incoming
edges; equivalently
o] = {w # v | f(w) = v}|.
A rooted forest is an almost rooted forest such that every root has arity 1 and every

internal vertex has arity > 2.
A rooted tree is a rooted forest with exactly one root.

Here unreduced means not necessarily reduced.
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Every rooted forest is then a disjoint union of rooted trees; the following picture
represents a rooted tree with 5 tail vertices and 4 internal vertices.

.
N
N

®—>0T100t

O

An automorphism of a rooted forest (V, f) is a bijective map ¢: V' — V such that
fo = @f. The group of automorphisms will be denoted by Aut(V, f).

Definition 4.2. Let (V, f) be a rooted forest. An orientation of (V, f) is a total ordering
< on the set V; of tail vertices such that if v < u < w and f*(v) = f*(w), for some
h,k > 0, then there exists [ > 0 such that f*(v) = f!(u) = f*(w).

It is often convenient to describe an orientation < by the order-preserving bijection
v:{l,...,n} — Vi, where |V;| = n. Therefore, an oriented rooted forest is a triple
(V, f,v) where v is an orientation of (V, f).

For instance, there are (up to isomorphism) exactly three oriented rooted trees with
3 tails:

1 O\. 3 O\. 1 O\
2 O% \0‘>O 2 O%/\Q‘>O 2 O7>O‘>O
30 10 30

Lemma 4.3. Let V be a rooted tree. Then the number of isomorphism classes of orien-
tations on V' is equal to

1
ot 1] 1ol
A (V) 1L

Proof. The group of automorphisms of V' acts freely on the set of orientations. We note
that every orientation is uniquely determined by:

(1) A total ordering of root edges.
(2) For every internal vertex, a total ordering of incoming edges.

Therefore the product [ [, <y, [v|! is equal to the number of orientations on the tree V. [

Denote by F(n,m) the set of isomorphism classes of oriented rooted forests with n
tails and m roots. Notice that F(n,m) = () for m > n and F(n,n) contains only one
element, denoted by I,.

There are defined naturally two binary operations:

o: F(l,m) x F(n,l) — F(n,m) composition
®: F(n,m) x F(a,b) — F(n+a,m+0b) tensor product

The tensor product V ® W is the disjoint union of V' and W with the orientation

{1,2,...} — W, shifted by the number of tail vertices of V. For instance I, ® I = I44

and
O O (@] (@]

b1 ]
SNESNTN SN
i 2 1 2 1 23 4
Given (V, f) € F(n,l) and (W, g) € F(I,m) we define W o V in the following way:
first we take the unique bijection n: V,, — W; such that for ¢ >> 0 the map
v 25w
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is nondecreasing. Then we use n to annihilate the root vertices of V' with the tail vertices
of W. For instance, for every V € F(n,m) we have V =1,, 0V =V oI, and

Q 10 10

\
/ \ o) 2 OSQ%O = 2 oﬂ.\oao
¢ % 7

30———>0 30
The operations o and ® are associative and satisfy the interchange law [6]: this means
that

(VeoW)o(A® B)=(VoA)® (WoB)
holds whenever the composites Vo A and W o B are defined. By convention we set
Ip=0¢€ F(0,0) and then [y @ V =V @Iy =V for every V.
Exercise 4.4. Given V € F(n,m) denote by
w(V)=max{a | IW € F(n —a,m — a) such that V =1, ® W}.

We shall say that a composition Vi o Va0 -0V, is monotone if w(Vy) < w(Vp) < --- <
w(V,.). Prove that every oriented rooted forest V € F(n,m) can be written uniquely as
a monotone composition of oriented rooted forests with one internal vertex.

5. AUTOMORPHISMS OF T'(V) AND INVERSION FORMULA.

For every graded vector space V' we can define binary operations

o: Hom*(V®, V&™) x Hom*(V®", V&) = Hom* (V" V™) (f,g)+— fog,

®: Hom*(VE", V&™) x Hom*(V®, V) — Hom*(VETe yEmtty  (f g)— f@g.
By a representation of F = U,, ,, F'(n, m) we shall mean a map
Z: F — | Hom* (V" vem)
n,m
such that Zj, = Idyen and commutes with the operations o and ®.
Every representation Z is determined by its value on the irreducible trees T,. Con-

versely, for every sequence of maps f, € Hom*(V®" V), n > 2, there exists an unique
representation

Z(fi): F — | Hom* (v, vem)

n,m
such that
Zr,(fi) = fn-
For instance, the oriented rooted tree
10
I'= 203.\0»0
30/

gives
Zr(fi)(v1 @ va @ v3) = fa(fa(v1 ® v2) ® v3),

while the oriented rooted forest
30

N

20——0—0

10—=0
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gives
Zr(f;)(v1 ® v2 @ v3) = (—1)ev)deel2)y) @ £, (v ® v3).

Definition 5.1. For every n,m let S(n,m) C F(n,m) be the subset of (isomorphism
classes of) oriented rooted forests without internal edges and denote S = J,, ,,, S(n, m).

Equivalently I' € § if and only if I is the tensor product of irreducible oriented rooted
trees.

Lemma 5.2. For every sequence g, € Hom®(V®", V), n > 2, the maps

G=Y Zr(g:): T(V) - T(V)
res

F=>Y Zr(g:): T(V) > T(V)
T'eF
are morphism of graded coalgebras.

Proof. Denote by fi" = > ¢ F(n,m) Z1(g;). According to Corollary 3.4, G is a coalgebra
morphism, while F' is a coalgebra morphism if and only if

=) fhe-ef

(il,..‘,’im)GNm
11+ +im=n

On the other hand, every I' € F(n,m) can be written uniquely as a tensor product of
m oriented trees, i.e. the map

U P, 1) x - X Fligm,1) = F(n,m), (T1,-+,Tm) > T1@ @ T,

(7:17--~7Z'm)€Nm
i1+ +im=n

is bijective. The conclusion follows from the fact that
O

Lemma 5.3. Given g € Hom®(W,V) and a sequence of maps g, € Hom®(V®™ V),
n > 2, for every n,m > 1 denote

=3 Zv(g)o(a"g): W — VEM,
I'e F(n,m)

Then, for every n >0
n
= Z ga o fr-
a=2

Proof. Every T' € F(n,1) has a unique decomposition of the form I' = T, o I/, with

IV € F(n,a) and then
Z Z Z’]I‘aoF’ gz - Z ZF gz

1<a<nT'eF(n,a) reF(n,1)
Composing with (®"g) we get the equality fl =>""_,g,0 f2. O

Theorem 5.4 (Inversion formula). For every sequence g, € Hom®(VE™ V), n > 2, the
morphisms

H=Y Zr(—g): TV) = T(V), F=Y Zo(g:): T(V) =T (V)
res rer

are isomorphisms and F = H~ .
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Proof. We first note that H(v) = v for every v € V and we can write
H=1d+) i, k= > Zo(=g): Ve —ver
m<n resS(n,m)

Denoting K = Id —H, we have U, ker(K™) = T'(V') and then H is invertible with inverse
o
H™'=1d+) K"
n=1

Writing
H™ =) f
m<n

we have, since H~! is a coalgebra morphism and H o H~! = Id we have f? = Id and
for every m <n

fr' E i11®"'®fi1m:_ E hi* o fp.
(%15 ytm ) EN™ m<i<n

Let n > 0 and assume that

fr=Y0 Zela)

reF(a,m)
For every m < a < n. We want to prove that for every m < n we have
= Zelg)
reF(n,m)
Since F' is a morphism of coalgebras it is not restrictive to assume m = 1 and then

fa== > hiofi=> gac > Zr(g).

1<a<n 1<a<n reF(n,a)
By Lemma 5.3, with g = Id, we get
o= D> Zrerle)= Y, Zrlg)
1<a<nI'eF(n,a) I'eF(n,1)

g

Exercise 5.5. Denote by %, the number of oriented rooted trees with n tail vertices
(tn, = |F(n,1)|) and b,, the number of oriented binary rooted trees (a binary rooted tree
is a rooted tree where every internal vertex has two incoming edges). Prove the following
series expansion identities:

z+1—+1—6x+ 22 1—+1—4x
St = ZELEM L St =1V

(Hint: denote

Use inversion formula in case V' = K to prove that f(3 ., bn2") = 9(3_, 50 tn2") = z.)
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6. KoszuL SIGN, SYMMETRIZATION AND UNSHUFFLES

Dor every set A we denote by 3(A) the group of permutations of A and by %, =

Y({1,...,n}).
The action of the twist map on ®2 V' extends naturally, for every n > 0, to an action
of the symmetric group %,, on the graded vector space ®" V. Notice that

O'tw(Ul K- Un) = i(va—l(l) @ UU—I(n))-

Definition 6.1. The Koszul sign e(V,o;v1,...,v,) = +1 is defined by the relation
1

Opa (V1 @+ @vy) = €(V, 0501, ., 00) (Vo(1) @+ @ V()
For notational simplicity we shall write e(o;v1,...,v,) or €(c) when there is no pos-
sible confusion about V' and vy, ..., vy.

Remark 6.2. The twist action on Q" (Hom™*(V,W)) is compatible with the conjugate of
the twist action on Hom™(V®™ W®"). This means that

O'tw(fl®"‘®fn) :Gtw0f1®-~~®fn00';wl.
Define the linear map N: @"V — Q" V

N(v1 R - ®Un) = Z e(a;vl,...,vn)(va(l) & ...®vg(n))
oEY,

:Zatw(vl®"'®vn), Viy...,0p € V.
TEX,

Denoting by (®" V)*» ¢ ®" V the subspace of twist-invariant tensors, we have that
the map

1
SN Q" — (®"V)>"
is a projection and then
RV = (R"V)*" @ ker(N).

Lemma 6.3. In the notation above, the kernel of N is the subspace generated by all the
vectors v — ogg(v), 0 € Xy, v E Q" V.

Proof. Denote by W the subspace generated by the vectors v — ogy(v): it is clear that
N(W) = 0 and therefore it is sufficient to prove that Im(N) + W = Q" V. For every
ve "V we can write

N N N 1
v:mv—i-(v—n!v) :HU+H Z(U—Utvv)-
oEY,

0

Definition 6.4. The set of unshuffles of type (p,q) is the subset S(p,q) C X,qq of
permutations o such that (i) < (i + 1) for every i # p.

Since o € S(p,q) if and only if the restrictions o: {1,...,p} — {1,...,p + ¢},
o:{p+1,....p+q} — {1,...,p + q}, are increasing maps, it follows easily that the
unshuffles are a set of representatives for the left cosets of the canonical embedding of
¥, X ¥4 inside Xp44. More precisely for every n € X,4, there exists a unique decompo-
sition n = o7 with o € S(p,q) and 7 € £, x ¥,.
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Lemma 6.5. For every vi,...,v, € V and every a =0,...,n we have
Nwi @ @u) = Y. €0)N(Wp1) @ @ Vp(a)) @ N(Vg(as1) @ -+ @ V()
ceS(a,n—a)
Proof.

N(vl - ® Un Z ntw Ul
LIS

—-1_—1
= g E Tew Otw V1 @+ - @ U,

oeS(a,n—a) TELaXTn_q

= Y o) Y U@ Ol

ceS(a,n—a) TEX g XYn—q
= Z G(U)N(UU(I) - UO’(CL)) ® N(Ua(a-l—l) - UU(n))'

ceS(a,n—a)

Consider two graded vector spaces V, M, a positive integer n, two maps
f € Hom’(V, M), ¢ e Hom*(®'V, M)
and define
n—I

Q — Z f®i ®q® f®n—l—i c Homk(®nv’ ®nfl+1M)'

More explicitly
Qa1 ®-- ®ay) =

—~

=) (DI T f(0) @@ fa) © (a1 @ @ i) @ flaipipr) @ ® flan).

Lemma 6.6. In the notation above

3

I
o

QN(a1 ® - @ ap) =
= ) _e(0)N(@GN(ag(1) @+ ® a()) @ fap111) @+ @ f(ag(n)))

oceS(ln—l)

=N ZE(J)QN(G’J(I) - Ao (1) ) ® f( Ao (1+1) ) ®--® f(aa(n))
oeS(l,n—I)

and then
1

®n—l1

QoN =

Proof. Denote
H={ce¥,|ol+1)<o(l+2)<---<oa(n)}
and for every j = 0,...,n — [ choose permutations 7/ € X({0,...,n —1}), 7/ € ¥, such
that
7(0) = j, Ttw o(g® fo"~ l)omw fo@qe fEri

We have
Qa1 ® -+ ®ay) ZTW (g® 2" Honl (a1 ® - ®ay)
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and then

QN(a1 @ - @ ay) er (q@ fE" o N(a1 ® - @ ay).
On the other side, since ({0, ...,n —1}) = U;77%,,_;, we have

ZE(O‘)N((]N(CLU(D K- & aa(l)) X f(aa(l-i-l)) Q& f(a(,(n))) =
ceS(l,n—l1)

= e(0)N(g(agm) @ - o) @ fla41)) ® - @ flagm)))
occeH
=X ZZ 0)a(@(a5(1) ® -+ © Go()) ® Fap(s1)) @ @ F(Go(n))
J o0€Xn
_ZZT‘(‘JI q®f®n l)OUtw(a1® ®an)
j oEX,

_ZTW (¢ " HoN(a ®-- ®ay).

g

Given two oriented rooted forests I', €2 we shall write I' ~ € is I and €2 are isomorphic
as rooted forests, i.e. if they differ only by the orientation.
We have seen that the cardinality of the equivalence class of a oriented rooted tree T is

1
|
ey L
veT;
Lemma 6.7. Let Q € F(n,m) and ¢; € Hom®(V®" V), n > 2. Then we have
1
Z Zr(gi)o N = mN o0 Za(q;N)o N.

In particular, if T, € F(n,1) and T ~ Q, then
Zp(qiN) oN = ZQ(qu) oN.
Proof. Assume that Q = (V, f,v), where (V, f) is a rooted forest and v: {1,...,n} — V;

is a numbering. Define

-1

Go={oc€X,|voo " is an orientation }

and, for every o € Gq denote by
Q= (V,froot).
The group Aut(€2), when interpreted as a subgroup of ¥(V4), acts freely on Gg and there
is a bijection
Gq/Aut(Q) ~ {T ~ Q}.
Therefore the lemma is equivalent to the equality

> Zsala:)o N =No Zo(iN) o N.

ceGq
If n = m, then Q = 1,,, Go = ¥, and the formula becomes N? = n!N that is trivially
verified.
By induction we may assume that the formula holds for every 2 € F(a, b) with a? —b% <

n? —m?. Assume first that m > 1, therefore we have

Q=T ®T,, T; € F(n, 1).
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Since Y;(n? — 1) < n? — m? the symmetrization formula holds for every tree T;.
Denote by R = ¥, X --- x ¥, C X, and by S C %, a set of representatives for the
left cosets of R.

Define also

KZROGQ:GTI X - X Gr,.
By the inductive formula, applied to trees T;

Y Zoala) omg =D Zala:N) o gy

ceK neR ner
and then
Y Zoalgi) o N =" Zsa(a:) o iy © P =
ceK peS oceK neER
=Y > Za(aiN) o ey © pre = Za(a:N) o N.
pESNER

For every T € X, denote by 7 € Gq the unique element satisfying
70 = Tr(l) & .- ®T7(m)-
Notice that for every 7 € ¥, and every k € K we have 7 € G, and

Gq = U TK.

TEEm

Since every operator ¢; has even degree we have
Z:0(¢i) = Tog © Za(ai) © Feu
and more generally, for every k € K

Z:va(@i) = Tog © Zua(¢i) © Tru-

Therefore
Y Zealg)oN =YY Ziala)oN =Y > 7' o Zeala;) oo N
c€Gq TEYm KEK TEXm kEK

= Z Tt_,,,l 0Zq(qiN)o N =N o Zg(¢;N)o N.
TEYm
Assume now m = 1 and decompose {2 as

Q="T,,00, © € F(n,m).
We have G = Gg and
o ="T,, 000, o€ Gq =Go.

By inductive assumption

> Zea(@:) o N = gmo Y Zso(a:) o N = gulN o Zo(¢:N) o N = Zo(q:N) o N.
ag g

Definition 6.8. A graded coalgebra (C,A) is called cocommutative if two A = A.

Lemma 6.9. Let (C,A) be a graded coassociative cocommutative coalgebra. Then the
image of A"! is contained in the set of ¥, -invariant elements of Q" C.
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Proof. The twist action of ¥, on @" C'is generated by the operators tw, = Idge ¢ @tw®
Id®n7a72 o> 0<a<n-—2 and, if two A = A then, according to Lemma 1.8
tw, A" = twg(ldge 0 A ® Idgyn—a-2 o)A
=(ldge ¢ ©A @ Idgyn—a—2 o)A 2 = A™L,
O

Exercise 6.10. Prove that a coalgebra C is cocommutative if and only if the algebra
Hom*(C, A) is commutative for every commutative algebra A.

Exercise 6.11. Let C be a cocommutative graded coalgebra and L a graded Lie algebra.
Prove that Hom*(C, L) is a graded Lie algebra.

7. SYMMETRIC ALGEBRAS

Let V be a graded vector space, T'(V) its tensor algebra and denote by I € (O*(V)
be the homogeneous ideal generated by the elements z @ y — tw(z ® y), z,y € V.
The symmetric algebra generated by V is by definition the quotient

The product in S(V') is denoted by ®. In particular if 7: T'(V') — S(V) is the projection
to the quotient then for every vy,...,v, €V, 110 - Qu, =7(v1 @ - @ vy).

If o is a permutation of {1,...,n}, then for every v € @"V we have v — ogyv € [
and then m(v) = Toge(v). More explicitly

V1O Oy = €(0501, -, ) (Vg(1) © 0 O VUg())-
The map N: ®"V — Q" V factors to
N: Q"W - Q"V, Nwi©--0vy) =N ®- - Qup)
and the composition ()" v RV OV s nlld.
For every morphism of graded vector spaces f: V — W we denote by
S(f):S(V)—=SW), SN ©-Oup)=fvr)©- O f(vn)
the induced morphism of algebras.
Remark 7.1. For every differential graded vector space W there exists a natural inclusion
Hom* (VO™ W) C Hom*(V®" W) :
given f € Hom*(V®" W) we set
for® - ®@vn) = f(o1© - O wn).

Conversely, a map f € Hom*(V®" W) belongs to Hom*(V®" W) if and only if f =
f o owy for every permutation o € X,,.
As an example, if I' € F(n,1) is an oriented rooted tree, then for every sequence f; €
Hom®(V®¥ V) we have
Zr(fi) o N € Hom" (VO™ V),
and the second part of Lemma 6.7 implies that, if f; € Hom®(V®? V), then
Zr(fi)o N = Zq(fi)o N

for every 2 ~ I
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8. THE REDUCED SYMMETRIC COALGEBRA

For every graded vector space V denote S(V) =@, ,O" V.

Lemma 8.1. The map [: S(V) — S(V)® S(V),

(v @ Qo) = Z Z €(0)(Vs(1) O+ O Vg(a)) @ (Vg(at1) © - @ Ua(n))

a=1geS(a,n—a)
s a cocommutative coproduct and the map
N:(S(V),1) = (T(V),a)

is an injective morphism of coalgebras.

Proof. The cocommutativity of [ is clear from definition. Since N is injective, we only
need to prove that aN = (N ® N)I. According to Lemma 6.5, for every a

aa,n—aN(vl “© 'Un =N®N Z 0(1 3O, va(a)) ® (Uo(a+1) K& va(n))

ceS(a,n— a)

and then
ANV O+ ©vp) =Y Gan-aN©I O Ovy) = N@NIl(v; © -+ © vp).

g

Definition 8.2. The reduced symmetric coalgebra generated by V is the graded vector
space S(V) with the coproduct [ defined in Lemma 8.1

n—1
[(Ul ORRRNO) Un) = Z Z E(()-)(Ucr(l) ©--0O UO'(CL)) ® (Ua(a+1) ORRRNO} Ucr(n))'

a=1ceS(a,n—a)
It is often convenient to think the reduced symmetric coalgebra as a subset of the
tensor coalgebra, via the identification provided by N. In particular S(V) is locally

nilpotent and the projection S(V) — V is a system of cogenerators.
Moreover, since IV is an injective morphism of coalgebras we have

ker " = N~ (kera") = N~ H(@,V®) = @, VO

For every morphism of graded vector spaces f: V — W we have

NoS(f)y=T(f)oN:S(V)—T(W)

and then S(f): S(V) — S(W) is a morphism of graded coalgebras.

Exercise 8.3. Assume V finite dimensional with basis di,..., 0, of degree 0. Prove
that
ny _ _
(O™t ... 9"m) = E 8a1, L90m @ T L, gim—am
( 1 m ) e <a1> <am> m & 1 m

and deduce that the dual algebra S (V)v is isomorphic to the maximal ideal of the power
series ring K[[z1,. .., x,]], with pairing
oyt - 833?,{”

(OF - o, f(z)) = an (coefficient of " - -y in f(x)).

m
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Proposition 8.4. Let V be a graded vector space; for every locally nilpotent cocom-
mutative graded coalgebra (C,A) the composition with the projection (T': S(V) — V)
P: S(V) =V, gives a bijective map

Homgc(C, S(V))— Homg(C,V),  f— Pf,

with inverse

= [¢]
o0 = Z SU)OT At _ ;”fff)ml C 5,
where 7: T'(C) — S(C), m: T(V) — S(V) are the projections.
Notice that
S(f)em(er®@---®@cn) =moT(f)(1 @ @cn) =m(c1) ©--- ©mcn)

Proof. Since PP*(f) = f, P: S(V) — V is a system of cogenerators and N is an injective
morphism of coalgebras, it is sufficient to prove that NoP*(f): C' — T(V) is a morphism
of graded coalgebras. According to Lemma 6.9 the image of A™ is contained in the
subspace of symmetric tensors and therefore

AT = No DA
n!

“+oo —+00
NoS(f)om , 1 T(f)oNOTr 1
Nom) =3 NS S T NOT e ZT /oA
n=1 n=1
and the conclusion follows from Proposition 3.2. O

Corollary 8.5. Let C' be a locally nilpotent cocommutative graded coalgebra, and V a
graded vector space. A morphism 6 € Homg (C, S(V')) is a morphism of graded coalgebras
if and only if there exists m € Homg(C,V) C Homg(C, S(V)) such that

[e.9]

1
0 =exp(m)—1 = Z ﬁm”,

n=1

being the n-th power of m is considered with respect to the algebra structure on Homg (C, S(V))
(Example 1.4).

Proof. An easy computation gives the formula m™ = S(m)r A"~ for the product defined
in Example 1.4. (|

Proposition 8.6. Let V' be a graded vector space and C' a locally nilpotent cocommu-
tative coalgebra. Then for every coalgebra morphism 0: C — S(V') and every integer k,

the composition with N: S(V) — T(V') gives an isomorphism
Coder*(C, S(V); ) ~ Coder®(C, T(V); N§).

Proof. We need to prove that if Q: C' — T ( ) is a coderivation with respect to some
morphism 1 = N6, then Q = NP for some P: C — S(V). According to Proposition 3.6
we have

Q=SS (¥ e qge f)ar: ¢ —T(V)
n=0 i=0

for some f € Hom"(C,V) and ¢ € Hom*(C, V). Since C is cocommutative we have
NA™ = (n+ 1)!A™ and then
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Q:ZZ(f@)i@q@f@nz A" ZZ f®z®q®f®n z)( )An'
n=0 =0 n=0 i=0
By Lemma 6.6

Q=Y SNa® M)y NZ (g® o)A
n=0

g

Corollary 8.7. Let V' be a graded vector space and (C,A) a locally nilpotent cocommu-
tative coalgebra. Then for every coalgebra morphism 6: C — S(V') and every integer n,
the composition with the projection P: S(V) — V gives a bijective map

Coder™(C,S(V);0) — Hom"(C,V), Q+— PQ,

with inverse

Proof. Immediate consequence of Propositions 3.6 and the same computation made in
the proof of Proposition 8.6. O

Corollary 8.8. Let V' be a graded vector space, S(V') its reduced symmetric coalgebra.
The application Q) — {Q}ﬁ} gives an isomorphism of vector spaces

+00
Coder™(S(V),S(V)) — H Hom"(VF V)
k=1
whose inverse D is given by the formula
D(g;) (v - ® vp) Z Z @"‘@vo(k))Qvg(kJrl)@-"Qvg(n).

k=1 o€S(kn— k)
In particular for every coderivation Q@ we have Q; = 0 for every i > j and then the

subcoalgebras @;_, @l V' are preserved by Q.

Proof. As above we only need to prove that D(g;) is a coderivation. By linearity it is
not restrictive to assume that ¢; = 0 for every i # . Let r € Hom™(®' V, V) such that
rN =; and let R € Coder™(T(V),T(V)) the coderivation such that R! = r; we will show
that Ro N = N o D(g;). According to Corollary 3.7

Rlay @+ @ an) —
= Z(—l)k(ﬁ"'”""aj)al QR OT(A1 ® - R aiy) @ @ an.

and then, by Lemma 6.6
RN(a1 ©---®ap) =

=N D e(0)rN (1) @+ © o) © Age1) © -+ @ g(n)
ceS(ln—1)

=N ZE(J)Qzlz(aa(l) ORRRNO) acr(l)) © Ao (141) ©--0 Qg (n)
oeS(l,n—I1)



22 MARCO MANETTI

9. (Q-MANIFOLDS

Definition 9.1 ([5, 4.3]). A formal graded pointed Q-manifold is the data (V,q1, g2, .. .)
of a graded vector space V and a sequence of maps

gn € Homl(VQ", V), n>1,

such that the coderivation D(g,) (defined in Corollary 8.8) is a codifferential of the
reduced symmetric coalgebra S(V').

For notational simplicity, from now we shall simply say (-manifolds, omitting the
adjectives formal, graded and pointed.

Lemma 9.2. Let V be a graded vector space and q, € Homl(VQ”, V), form > 1, be a
sequence of maps. Then D(qy) is a codifferential, i.e. D(g,) o D(qn) = 0, if and only if
for every n > 0 and every vy,...,v, € V

> D e vn )@@ (Ve (1) O O (k)@ Vg (1) © @ Ug(y) = 0.
kti=n+1 oeS(kn—k)

Proof. Denote P = D(gy) o D(qn) = 3[D(qn), D(gn)]: since P is a coderivation we have
that P = 0 if and only if P! = D(g,)! o D(g,) = 0. According to Corollary 8.8

D(gn)(v1 ® -+ ©vy) Z d e Vo(1) @ + -+ O Vg(k)) © Vp(heg1) @« © VUg(n)-
k=1 oeS(k,n— k:)

and then P}(v; ® -+ ® vy,) is equal to the expression in the statement. O

In particular, if (V,q1,q2,...) is an @Q-manifold, then (V,q) is a differential graded
vector space.

Definition 9.3. A morphism foo: (V,q;) — (W, r;) of @-manifolds is a linear map
foo € Hom?(S(V), W)

such that the morphism P* foo: S(V) — S(W) (defined in Proposition 8.4) is a morphism
of differential graded coalgebras, i.e. D(7;)P* foo = P* foo D(qi).

The composition of two morphisms fo, € Hom®(S(V), W), goo € Hom®(S(U),V) is
defined as

Joo 0 goo = fOO(:P*gOO) € Homo(ma w).

The category of @-manifolds is equivalent to the full subcategory of DGC (differential
graded coalgebras). If C'is a differential graded coalgebra and g = (V, ¢;) is a @-manifold
we denote by

Mongc(C, g) = MOTDGC(Cv (W? D(qz)))

Remark 9.4. In Definition 9.3 it is sufficient to require (Y 7)P*foo = fooD(qn). In
fact D(r;)P* foo and P*fooD(q;) are both P* fo-coderivations and then (> r))P* foo =
JooD(gn) if and only if D(ri)(P* foo) = (P* foo) D(q)-

Given two @Q-manifolds g1 = (V, q1,q2,...), g2 = (W,r1,7r92,...) we denote
010g0=VoW,q®r,edr,...)
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where
qn(z) ifzeVor
n ®ro(x) =S rp(z)  ifxeWon
0 ifxe VO @WoO % and 0 < i < n.
It is immediate from Lemma 9.2 that g; @ go is a -manifold.

The next sections will be devoted to the proof of the following important result.

Theorem 9.5. Let (V,q1,q2,...) be a Q-manifold and let i: (H,d) — (V,q1) be an
injective quasiisomorphism of complexes. Then there exist a Q-manifold structure
(H,r1,72,...) and two morphisms of Q-manifolds

loo - (H>T17r27"') - (VthQ%---)a Too * (WQlanw") - (H,Tl,T‘Q,-~-)

such that 11 = d, 11 =1 and Ty 0 160 = Id.

Remark 9.6. In the situation of Theorem 9.5 The @Q-manifold structure (H,ry,7o,...)
is unique up to (non canonical) isomorphism. In fact if (H,s1,s2,...), joo and peo is
another triple, then

Poo © 1ot (H,?“l,’l”g,.. ) — (H,Sl,SQ,...)
is an isomorphism.

The proof will goes as follows: since ¢ is an injective quasiisomorphism there exists
h € Hom ™! (V, V) such that Idy +[q1, ] is a projection onto the image of 2. Then we give
an explicit construction, in terms of g;, » and h, of the maps 7,,,,: this is done by using
rooted tree formalism. Lastly we prove the existence of 7o, and the unicity properties
using an analog of the decomposition theorem of Q-manifolds.

10. CONTRACTIONS

Definition 10.1 (Eilenberg and Mac Lane [1, p. 81]). A contraction is the data
(2
(M==N,h)

where M, N are differential graded vector spaces, h € Hom (N, N) and 2, 7 are cochain
maps such that:

(1) (deformation retraction) mi = Idps, @ — Idy = dyh + hdy,

(2) (annihilation properties) 7h = ha = h? = 0.
The maps 2,7 and h are referred as the inclusion, projection and homotopy of the
contraction.

Definition 10.2. A morphism of contractions
i #N,h)—%A#B k)
is a morphism of differential graded vector spaces f: N — B such that fh = kf.

It is an easy exercise to prove that if
f:(M==N.h) = (A==B.k)

is a morphism of contractions then there exists an unique morphism of complexes
'+ M — B such that f'mr =pf and if’ = f1.
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Remark 10.3. If (M;<:>N ,h) is a contraction, then h?> = h + hdyh = 0. Con-
versely, every h € Hom (N, N) satisfying h?> = h + hdyh = 0 gives a contrac-
tion (M<*;;>N ,h) where M = ker(dyh + hdy), 1: M — N is the inclusion and
7 =1"Y(Idy +dyh + hdy).

Example 10.4.

< eﬁlK[t,dt} —/0>

is a contraction, where eg is the evaluation at 0 and 2 is the inclusion.

Example 10.5.

1
<K®Kt@Kdt:>K[t,dt] ,t/ —/>
& 0 0

is a contraction, where

1
) + p(0)dt) = ta1) + (1= 0a0) + ( [ lds ) at
and 2 is the inclusion.

Lemma 10.6. Let v: M — N be an injective morphism of differential graded vector
spaces. Then v is the inclusion of a contraction if and only if v: H*(M) — H*(N) is an
1somorphism.

Proof. One implication is clear: if ( M # N , h) is a contraction, then h is a homotopy

between 7 and the identity on V.
Conversely, it is not restrictive to assume M a subcomplex of N and ¢ the inclusion;

assume H*(M) = H*(N) and denote by d the differential of N. Since H*(M) — H*(N)
is injective we have

MnNdN =Z(M)NdN =dM
and we can find a direct sum decomposition
dN =dM ® B, BnNM = .
Moreover H*(M) — H*(N) is surjective and then
Z(N)=Z(M)+dN =Z(M) & B.
Choosing a direct sum decomposition
dY(B)=Z(N)aC

we have (M @ B)NC = 0. In fact, if c = m + b with c € C, m € M and b € B, then
dc = dm € BN M = 0 and therefore ¢ € Z(N) N C = 0. Let now n € N, there exist
m € M such that dn —dm € B and then n —m € d~(B). We can write n —m = a +c,
with a € Z(N) C M & B and ¢ € C. Therefore N = M + B + C and we have proved

N=Me&B&C, d: C —— B.
Define therefore w: N — M as the projection with kernel C'® B and
h(m+b+c)=d ' (b) € C.
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Definition 10.7. Given two contractions ( M —N ,h) and ( N <4;7> P k), their

composition is the contraction defined as

( %’P,k+ihp).

Example 10.8. Given two contractions ( M # N ,h)and ( A # B , k) we define
their tensor product as

1R
(M®A<;f®>N®B,h*k), hxk=m®k+heIldp.
TRp

Denoting by d=d®1ldg+Idy ®d the differential on N @ B, we have

(hxkod+dohxk)(z®y) =
=hxk(dzr@y+ (-1)"z @ dy) + d(he @y + (=1)%ur(z) ® ky)
= hdz @y — (—1)"dir(z) ® ky + (—1)"hz @ dy + 17(z) ® kdy+
+dhz @y — (—1)"hx @ dy + (—1)*din(z) @ ky + 1m(x) ® dky
= (hd + dh)z @ y +r(x) @ (kd + dk)y
=z Ry —zy+r(zr)Rip(y) —wm(z) @y = (ir @ip — ldy ®1dg)z ®@ y.

It is straightforward to verify the annihilation properties of h * k and the associativity
of such tensor product.

Example 10.9. Given a contraction ( M :r<:> N , h), its tensor nth power is

g

QM == N ,h) = ( M® == N ,T"h),

7on
where

T'h = M)l @ h@1dS
N
i=1

Since the differential on N®" commutes with the twist action of the symmetric group
Yn, we can take the simmetrization of T"h

1
S"h = o Z at',,OT”hoa,;l.

T oES,
2®n
In order to prove that ( pren ? N©®n S™h) is a contraction, the only non trivial
T n

condition to verify is (S"h)? = 0. More generally we have that T"ho gy o T"hooy, =0
for every permutation o: this is an exercise about Koszul rule of signs and it is left to
the reader.

Exercise 10.10. Prove that if N contracts to M, then ()" N contracts to ()" M.



26 MARCO MANETTI

11. CONTRACTING (Q-MANIFOLDS: RECURSIVE FORMULAS

In this section (V) q1,q2, . ..) is a fixed @-manifold and denote by

Q@ = D(gn): S(V) = 5(V)
the induced codifferential of degree 1. Denote also
¢ =Y a:8(V) =V,
i>2

so that Q' = q1 + q4.

Assume to have a graded vector space W and a coderivation Q: S(W) — S(W) of
degree 1 such that (W, Q%) is a differential graded vector space. Assume moreover to
have two morphisms of differential graded vector spaces

o1 W —V, mV—-W

and a homotopy K € Hom™!(V, V) between ¢} o and Idy, i.e.
CI1<P% = @%QL Tq = Q%W, nK+Kq = go%w — Idy.

Theorem 11.1. In the above set-up, assume that p: S(W) — S(V') is a morphism of
graded coalgebras lifting p1. If

(1) ol =0l + Kqp,  Q'=Q1 +mqre,
then, denoting by Q the coderivation indeuced by Ql, we have
Qr=¢Q, QQ=0.

Remark 11.2. Using the projection operators P we have pi = pP, ! = Py and then
the equations 1 may be written as

Pp =P+ K(PQ—-QP)p,  PQ=QP+7(PQ—QP)p,
or, in a more compact form,
[P.¢l = K[P,Qlp,  [P,Q] =[P, Qle.
Proof. (D. Fiorenza [2]) We first prove that
Qe —¥Q)" = Kq: (Qp — 9Q).

We have
Qe —9Q)' =Q'0—¢'Q=q¢' + o —¢'Q

= qo1 + Ko+ qr0 — 01Q" — Kqr0oQ
= qiot + (pim — Idy —Kq1)are + a4¢ — 91Q" — Kq40Q
= qio1 + eimar — Kqiare — 01Q" — Kq9Q
= qip1 + o1 — Kqigep — 01Q1 — eimare — KqiroQ
= (g1 — ¢1Q1) — Kquar — Kq9Q
= -Kqarp — Kq19Q.

Since 0 = Q'Q = 1Q' + ¢+ Q = q1q+ + ¢+ Q we have ¢1¢+ = —q+Q and therefore

(Qp)' = (pQ)' = ~Kq1q4¢ — Kq19Q = Kq, (Q — ¢Q).
The map

§=Qp —pQ: SW)— S(V)
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is a (p-derivation and then, in order to prove that 6 = 0, it is sufficient to show that
5! = 0. We shall prove by induction on n that §' vanishes on (" W; for n = 0 there
is nothing to prove. Let’s assume n > 0 and 6' (' W) = 0 for every i < n, then by
coLeibniz rule, for every w € ()" W we have §(w) = 6*(w) € V and therefore

ot (w) = Kqpo(w) = Kqp 6t (w) = 0.
We also have
(QQ)' = Q'Q = Q1Q + mq19Q =
= Q1Q" + 741 Qp = Qimgr ¢ + 74+ Qp = T(@19+ + ¢+Q)p.
We have already noticed that ¢1¢+ = —¢4+@Q and then (QQ)l =0. g

Remark 11.3. For later use, we point out that, since (qrp)i = 0, the equalities ¢! =
ot + Kqyo and Q' = Q1 + mqy ¢ of Theorem 11.1, are equivalent to

n n
on=K> qgh, QL= gy, Vn>2
i=2 i=2
According to Corollary 3.4, every ¢! depends only of ¢}, @3, ... ¢k . 41 and then the
hypothesis of Theorem 11.1 implies that ¢ and Q are recursively determined by 1, 7, K
and g, for n > 1.

Corollary 11.4. Let (V,q1,q2,...) be a Q-manifold and let ¢l: (W,r1) — (V,q1) be
an injective quasiisomorphism of differential graded vector spaces. Then (W,r1) can
be extended to a Q-manifold (W,r1,72,...) and pi can be lifted to a morphism of Q-
manifolds.

Proof. According to Lemma 10.6, we can find a morphism of complexes 7: (V,q1) —
(W, r1) and a homotopy K € Hom ™ (V, V) such that

K + Kq = olr — 1dy, 71 = Idyy.

It is sufficient to define recursively ¢} = >"" ,(K¢;)¢!, as in Remark 11.3; then define
T =Y i o(mg;)¢l and apply Theorem 11.1. O

Remark 11.5. The formulas of Corollary 11.4 commutes with composition of contrac-

tions. Given two contractions ( M —=N Jh), (N ——=p , k), their composition
™ P

(M ﬁ% P,k + ihp) and a codifferential Q: S(P) — S(P) there exists two mor-

phisms of graded coalgebras ¢: S(N) — S(P),¢: S(M) — S(N) and two codifferentials
Q: S(N) — S(N), Q: S(M) — S(M) uniquely defined by the system of equations

[:Pv ()0] = k[:})v Q]@? [?7 Q] = p[T7 Q](pv SO{P =1,

[P, 4] = h[P,Qlv, [P,Q]=7[P,Qly, ¥P=1.
Then
[P, o] = [P, o)t + ©[P, 9] = k[P, Qv + h[P, Qv
= k[P, Qo + ohp[P, Qlpy = k[P, Qlpy + ihp[P, Qlpy
= (k + ihp)[P, Qlpy.
[P, Q] = #[P, Qv = 7p[P, Qlipv.

Corollary 11.6. Let (V,q1,q2,q3,...) be an acyclic Q-manifold, where acyclic means
that the complex (V, q1) is acyclic. Then (V,q1,q2,qs, . ..) is isomorphic to (V,¢1,0,0,...).
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Proof. Apply the theorem with W =V, ¢l = Idy, 7 = 0 and K any homotopy between
0 and Idy . O

12. CONTRACTING (Q-MANIFOLDS: GLOBAL FORMULAS

In this section we will give a description of the morphism ¢ and the coderivation Q
of Theorem 11.1 as a sum over rooted trees. We first need the analog of Lemma 5.2 for
reduced symmetric coalgebras. Notice that, since Hom® (V" V') C Hom®(V®" V) (see
Remark 7.1), it makes sense to consider the operators Zp(h;) € Hom®(V®", V&™) for
every oriented rooted forest I' and every sequence h,, € Hom®(V®™ V).

Lemma 12.1. Let V,W be graded vector spaces. Given 1 € HomO(VV, V) and a sequence
of maps hy, € Hom®(VO™ V), n > 2.
Then, for every n,m > 1 there exists f* € Hom® (W™ VO™ such that
1
_ . . © ®
Nofr= > ‘Aut<r)‘Zp(hz)o(®"z)oN. wenr — yem,

re flmm)

Moreover

> i s(V) = Ss(V)
n,m>1

is a morphism of graded coalgebras and, for everyn > 1

1 n
1 _ § : o 7)) o —_ § : o f@
fn = |Aut(I‘)|ZF(hl) (® Z) N ha fn'

re F(th) a=2

Proof. For every n > 2let g, € Hom®(V®™ V) be such that h, = g, N (e.g. gn = hn/n!).
By Lemma 5.2 the morphism

D ENTW)=TV), E'= Y Zr(g)o(@™)
reF(n,m)

is a morphism of graded coalgebras. According to Lemma 6.7

FloN= 3 Zr(g)oNo(@") =

TeF(n,m)
1
= —————NoZp(g;N)o N o (®")
FEFZ(;’M) | Aut(T)]
1
=N ——771(h; "1) o N.
© Z | Aut(T))| r(hi) o (®"1) o
refnm)

Therefore there exists f}* such that
Nofl"=F"oN

and then the f* are the components of a morphism of graded symmetric coalgebras.
By Lemma 5.3 we have

n
Fl = Z ga o Fy,
a=2
and then

n n n
frll:F%ON:ZQQOF;;ON:ZQ(IONO]%:Zhaofg'
a=2 a=2 =2
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g

It is now convenient to introduce a new formalism. Assume there are given K €
Hom }(V, V) and a sequence of maps ¢, € Hom! (VO™ V), n > 2.
For every oriented tree I' € F'(n, 1), denote by
7Zr(K,q;) € Hom' (V®" V)

the composite operator described by the tree I', where every internal vertex of arity k
is decorated by g; and every internal edge is decorated by K.
The relation between Zp(K,¢q;) and Zp(K¢;) is easy to describe: in fact if n > 1 then
Zr(Kq;)) = K o Zr(K,q;), while if I' = T, 0 Q with Q € F(n, k), then Zr(K,q) =
qr © Zr(Kq;).

It is now easy to prove the following theorem.
Theorem 12.2. Let (V,q1,q2,...) be a Q-manifold and let

T (Vi) — (H,11), v (Hyr) = (V,q)

be two morphism of complexes such that m = Idy.
Assume that there exists K € Hom™*(V, V) such that

Idy +¢1 K + Kqp =
Then (H,r1,79,...) 1S @ Q—mamfold where for every n > 2

ra(@1©- - Oap) = Y TAut(D)] Y elo)mZr(K,4i)((ag) @ -~ @ tfag(n))),

F(n,1) o€X,

~

I'e

and 100: (H,71,72,...) — (V,q1,q2,...) is a morphism of Q-manifold, where 11 =1 and,
forn > 2

(a1 © - Oan) = Y ‘Z 0)K Zr (K, ¢i) (((ay(1)) @ - - - @ 1(ag(n))).

F(n,1)

~

re

Proof. We define i, and r, as in Corollary 11.4 and then we only need to prove the
explicit formulas. According to Lemma 12.1 we have for every n > 2

1 1
= ———7r(Kqg))oNoS() =K ——— 71 (K, q;) o N o S(1).
n ZM)IAN [ Zr(Ka) o N os@) =Ko szm(m v(K.qi) o N o 5(0)
re—— re——_—
Again by Lemma 12.1 we have
1
N =N Zr(K oN.
o1 o Z |Aut(I‘)| F( ql) (® Z)
FEF(nm)
Therefore
n n
ra= Y (mam)i = Y w0 Noal! =
m=2 m=2
Zn: 7o N o Z ! Zr(Kg)o(®™)o N
m! | Aut(I)|
m=2 FEF(tL\:m)
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=7 Z |A111(F)|ZF(K’%) o (®") o N.

O

Exercise 12.3. Use Exercise 8.3, inversion formula 5.4 and symmetrization to prove
the tree formula for reversion of power series of [9] (if you haven’t full text article it is
sufficient to consult Math. Reviews).

13. HOMOTOPY CLASSIFICATION OF Q-MANIFOLDS

Definition 13.1. A morphism {f,}: (V,q1,q2,...) — (W,r1,7r9,...) of Q-manifolds is
called:
(1) linear (sometimes strict) if f,, = 0 for every n > 1.
(2) quasiisomorphism if fi: (V,q1) — (W, r1) is a quasiisomorphism of complexes.
Given two Q-manifolds g1 = (V,q1,qo,...), g2 = (W, r1,72,...) we denote
n10p=VoeWadr,edr,...)

where
qn(z) ifzeVvor

n ®ro(x) =S rp(z)  ifxeWon
0 ifz € VO @ WO and 0 < i < n.
It is immediate from Lemma 9.2 that g; @ g2 is a -manifold. The natural inclusions
i1: g1 — g1 D g2, i2: 91 — g2 D g2
and the natural projections
P11 D g2 — 61, P2: 91D g2 — g2

are linear morphisms.

Proposition 13.2. In the notation above, the diagram

neR & 0
|
g2
s a product in the category of locally nilpotent cocommutative differential graded coalge-

bras.

Proof. Assume that C is a locally nilpotent cocommutative differential graded coalgebra
and let
F:C—>gl, GZC—>92

be two morphisms of differential graded coalgebras. According to Proposition 8.4 there
exists an unique morphism of graded coalgebras

H:C—SVaWw)
such that
H =FleG:C-Vaow
and then p1H = F, poH = G. Denoting by d the codifferential of C' we have
H'od= (Flod)® (G'od) = D(¢:)' o F® D(r;)' oG =D(q; x ;) o H
and then Hd = D(q; x r;)H. d
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Proposition 13.3. Let (C,A,d) be a differential graded cocommutative coalgebra and
B C C a differential graded subcoalgebra such that A(C) C B® B and the complex C/B
is acyclic. Then for every Q-manifold g the restriction map

MorDc;c(C, g) — Morpgc (Ba g)

1S surjective.

Proof. Assume g = (V,q1,q2,...) and let f: (B,d) — (S(V),D(g)) be a morphism
of differential graded coalgebras. Choosing any lifting of f': B — V to a morphism
gt: C — V, we get a morphism of graded coalgebras g: C — S(V) extending f.

The morphism

Y = D(g;)g — gd: C — S(V)
is a g-coderivation. Since ¢(B) = 0 and A(C') C B, by Corollary 8.7 we have (C) C V
and then we have a factorization c
P 5 V.
Since
0=D(q:)¢ +vd=qy+d
and C'/B is acyclic, there exists ¢: C — V such that ¢(B) = 0 and ¢1¢ — ¢d = .

Denote by h: C — S(V) the coalgebra such that h' = g!' — ¢. It is now straightforward
to check that h = g — ¢ and h is a morphism of differential graded coalgebras. O

Definition 13.4. An Q-manifold (V,q1, qo,...) is called linear contractible if (V,q1) is
an acyclic complex and ¢; = 0 for every j > 1.

Lemma 13.5. Let u= (U,d,0,...) be a linear contractible Q-manifold and
foo: g— h - (VV,T‘:[,TQ,...)

be a morphism of Q-manifolds. Then for every morphism of complexes j: (U,d) —
(W, ry) there exists a morphism of Q-manifolds
Joo: §OU—D
such that gog)g = foo and gi(u) = j(u) for every u € U.
Proof. Suppose g = (V, q1, g2, ...) and consider the filtration of differential subcoalgebras
Chn=SV)oaol,(Val)® cSVal).
We have A(Cp,) C Cp—1 X Cp—1; the quotient Cy, /Cy,—1 is isomorphic to &7, U @V ©n—
and then it is acyclic by Kiinneth formula. We can apply Proposition 13.3. 0
Theorem 13.6. Let
o - (H)Tla’rQ?’ . ) - (‘/vqlaq2a" )

be a morphism of Q-manifolds such that f1: (H,r1) — (V,q1) is an injective quasi-
tsomorphism of complexes. Then there exist a morphism

P (‘/qu1aQZ7' : ) - (H,’l“l,TQ, . )
such that pse 0 foo = 1d.
Proof. By Lemma 10.6 we have a direct sum decomposition V' = fi1(H) ® U, with U
acyclic subcomplex of (V, ¢g1). According to Lemma 13.5 the morphism f., extents to an
isomorphism

Joo: (H,Tl,?"g,.--) 2 (anlaoa"') - (‘/Yaq17q27"‘)‘

We can take po, the composition of the inverse of g, with the projection onto the first
factor. O
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