SEMICOSIMPLICIAL LIE ALGEBRAS

DEFORMATION THEORY 2011-12; M. M.

1. SEMICOSIMPLICIAL TOT

Let Ayon be the category whose objects are the finite ordinal sets [n] ={0,1,...,n}, n =
0,1,..., and whose morphisms are order-preserving injective maps among them. Every morphism
in Apon, different from the identity, is a finite composition of coface morphisms:

, . p ifp<k .
O: i — 1] — [i], 0 = , k=0,...,1.
il o) {p+1 e i

The relations about compositions of them are generated by
010k = O+101, for every | < k.

A semicosimplicial object in a category C is a covariant functor A% : Ay, — C. Equivalently,
a semicosimplicial object A? is a diagram in C:

. —
AO*>A1*§A2*>"'7

where each A; is in C, and, for each ¢ > 0, there are i + 1 morphisms
ak:Ai_1—>Ai, kZO,...,i,

such that 0,0 = Ok+10;, for any I < k.
Given a semicosimplicial abelian group

A > e >'>
| V04>Vv1*>>‘/24>”"

the map
5:Vi 5 Vigr, 0= _(-1)'0;

i

satisfies 62 = 0 and then give a complex of vector spaces denoted
Tot(VA):  Vo-oVi-SV — -

Example 1.1. Let £ be a sheaf of abelian groups on a topological space X, and U = {U;} an
open covering of X; it is naturally defined the semicosimplicial abelian group of Cech alternating
cochains:

C(U) : Hz E(Uz’) 4>Hi<j ﬁ(Uij) :>>Hi<j<k E(Uijk) — """
where the coface maps Jp, : H L Uigein_y) = H L(U;,...i;,, ) are given by
i< <ip—1 i< - <ip

3h(l‘)io___,‘k =T for hZO,...,k.

10 th Tk ‘UiU"'ik )

Thus Tot(L(U)) is the Cech complex of £ in the covering U.
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2. MAURER-CARTAN AND DEFORMATION FUNCTOR

Consider a semicosimplicial Lie algebra g2 is a diagram
g2 Jo—=01—= P9 —=< ",
Denoting by o; = 0;: go — g1, 55 = 0;: g1 — g2 and v, = O g2 — g3 the coface maps we
have:

(2.1) By = Boov, Baag = Boau, Baoy = Bray,

Y0580 =71B0, 0B =120, P2 =3B, b1 =rb1, Mb2=3b1, Y2b2 =302
Define the Maurer-Cartan functor
MCgya: Art — Set,
MCgya(A) = {e” € exp(g1 @ my) | ePo@) =A@ gf2(@) — 1}
or equivalently, using the BCH product e,
MCga(4) = {z € g1 @ma | (Bo(z)) ® (=f1(2)) ® (B2(z)) = 0}
Lemma 2.1. The action
exp(go ®ma) X exp(gr ®ma) — exp(gr @my), (e, e”) e (DeTem0(@)
preserves Maurer-Cartan elements.
Proof. Let e® € MCya(A), e® € exp(go ® m4) and denote e¥ = e®1(¢)eZe~0(@) Then
ePoy) — eBoal(a)eﬁo(z)e—ﬁoao(a)’
e A1) = hrao(a)g—Fo(x) g —Fra(a)
eP2y) — eﬁzal(a)eﬂﬂiﬁ)e*&ao(@’
and the proof follows from equations . O
Moreover, we can define the quotient functor
MCya (4)
exp(go ® ma)

Proposition 2.2. The projectioon MCya — Defga is a smooth morphism of deformation func-
tors.

Defga: Art — Set, Defga(A) =

Proof. Immediate consequence of 7?7 (altra dispensa). O

Notice that if go is abelian, then
P (@) o=B1(@) B2 (x) — Bo(x)—B1(2)+B2(x)

and therefore MCga is a smooth functor, since
MCya(A) = Z' (Tot(g®)) ® ma.

Finally every morphism of semicosimplicial Lie algebras induce a natural transfor-
mation of associated MC and Def functors.

Let’s now compute tangent and obstruction space of MCgya and Def ja.

T MCgA = MCQA( ) ={zre€eg®@Ke|e Bo(z) o =B1(2) oP2(2) — 1} =

{z € g @e| folx) - Bi(x) + Ba(x) = 0} = ker(8) = Z* (Tot(g™)).

Next
Def g (K[e]) = el\fpc(ggz g@) =
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Z*(Tot(g?))

— Y Tot(A)
~ {—aq(a) +ap(a) | ac€go} = H " (Tot(g™>))

Next goal is to determine a complete obstruction theory for MCya; by Lemma ??7 (altra
dispensa), this will be also an obstruction theory for Defa.

Let 0 - J - A — B — 0 be a small extension and let z € g; ® m4 be any lifting of an
element y € MCya (B), then

ePo(@) g=Br(@) gha(x) — o where 7€ go ® J.

Since J is annihilated by maximal ideals, the element e” belongs to the center of the group
exp(ge ® m4) and then we have

e = Po() o =Bi(z) B2(x) _ B2(2) Po(x) ,—P1(z) — —B1(2)B2(2) Bo(T)
Lemma 2.3. In the notation above 1 is a cocycle in Tot(g?), i.e. >, (—1)Fvi(r) = 0.

Proof. Notice that
e (er) = IO = (i)
for every i, j. It is therefore sufficient to prove that
Yo(e")y2(e") = 71(e")ys(e”).
We have
v (e") = eMPo@) gmkB1@) MBa(@) k=0,1,2,3,

and then
(71<€T))_1’}/0(€T) — 6_71;82($)e’)’1[7)1(35)6_70[31(33)670/32(3:))

72(67”)(,},3(67“))—1 — e12P0(@) p=7281(2) 31 () =3B (x) — 6—7350(90)67250(90)6—’72&(96)6’73/31(55)7

(r1(e") M0 )r2(e) (a(e) T =
—_ 6*7152(1)67151 (93)6*’}/0,31 (ZE)67052(36)6*7350(90)6’7250(1)6*7251 (I)e’Ysﬁl (z)

= ¢~ NB2(@) M1 B1() ;=081 (%) ¥2B0(x) =281 () 381 (2)
— e~ nB2(x) M B1(T) o —72B1(T) 381 ()

— e nbB2(@) 3h1(x) — 1
O

Therefore, the element 7 defines a cohomology class [r] € H?(Tot(g®)) ® J depending only
by the class of y in g1 ® mp. In fact, any other lifting is equal to = 4+ u, with u € g; ® J. Every
P (%) belongs to the center of exp(ga ® ma) and so

oBoew) =B (a-4u) Ba(atu) _ ,Bo(w) =B (2) o () oo (w)— B (w)+Ba(u) _ yr+6(u)

=e
The same argument proves that [r] € H?(Tot(g”)) ® J is a complete obstruction.

Corollary 2.4. Notation as above, if H?(Tot(g”)) = 0 then Defya is smooth.

Corollary 2.5. Let f: g™ — b be a morphism of semicosimplicial Lie algebras. If:

(1) f: H'(Tot(g?)) — H'(Tot(h2)) is surjective,
(2) f: H*(Tot(g?)) — H?(Tot(h?)) is injective,
then the morphism f: Def a — Defya is smooth.

Proof. Apply standard smoothness criterion. O
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3. DEFORMATIONS OF MANIFOLDS

Let & = {U;} be an affine open cover of a smooth variety X, defined over an algebraically
closed field of characteristic 0; denote by ©x the tangent sheaf of X. Then, we can define the
Cech semicosimplicial Lie algebra © x (/) as the semicosimplicial Lie algebra

OxU): TI;0xU) == 1lic; Ox(Uij) == Licjcr Ox(Uijn) —=---,

Since every infinitesimal deformation of a smooth affine scheme is trivial [?, Lemma I1.1.3],
every infinitesimal deformation X4 of X over Spec(A) is obtained by gluing the trivial defor-
mations U; x Spec(A) along the double intersections U;;, and therefore it is determined by the
sequence {6;; }i<; of automorphisms of sheaves of A-algebras

o( A

0
Uij) ® A = OUi;) ®

satisfying the cocycle condition

(3.1) 0,100 = Idow, 4, Vi<j<kel

Since we are in characteristic zero, we can take the logarithms and write 0;; = edii
dij € ©x(Ui;) ® my. Therefore, the Equation (3.1) is equivalent to

eliremditedii = 1 € exp(Ox (Uijr) @ ma), Vi<j<kel.

, Where

Next, let X’y be another deformation of X over Spec(A), defined by the cocycle 01’-j. To give
an isomorphism of deformations X/, ~ X4 is the same to give, for every 4, an automorphism
a; of O(U;) ® A such that 6;; = ai*19§j71aj, for every i < j. Taking again logarithms, we can
d djj

’
write a; = e%, with a; € Ox(U;) ® my, and so e~ *e%ie® = e

Theorem 3.1. Let U be an affine open cover of a smooth algebraic variety X defined over
an algebraically closed field of characteristic 0. Denoting by Defx the functor of infinitesimal
deformations of X, there exist isomorphisms of functors

DefX = Def@X(u)
where O x (U) is the semicosimplicial Lie algebra defined above.
Proof. By definition,
MCo .y ai)(A) = {{zi;} € [[Ox(Uyj) @ma | ke ke™ =1V i < j <k},
i<j

for each A € Art. Moreover, given x = {z;;} and y = {y;;} € [[,.; Ox(Ui;) ® ma, we have
x ~ y if and only if there exists a = {a;} € [[, ©x (U;) ® m4 such that e~ % e®ie® = e¥i for all
i<j. O

In particular this proves that if H?(©x) = 0 then X has unobstructed deformations.
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