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Let F, be a finite field with g elements and suppose C is a conjugation class of
permutations of the elements of F,. We denote by C = (c1; ¢2; .. .; ¢;) the conjugation
class of permutations that admit a cycle decomposition with ¢; i-cycles (i = 1,...,1¢).
Further, we set ¢ = 2¢2 +---+1¢; = g — 1 to be the number of elements of [, moved
by any permutation in C.

If o € C, then the permutation polynomial associated to ¢ is defined as

o =3 o (1= =n7).

xely

Therefore for g > 3 the function

Ne(q)=#{ceC| > x(o(x)—x)=0

xely
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enumerates the permutations in C whose permutation polynomials have degree strictly
less than g — 2.

The reviews of the above-referenced paper that appeared in Math Reviews
(MR1933624 (2003j:11146)) and in Zentralblatt Math (Zbl 1029.11068) point out that
the case of transpositions provides a counterexample to the statement of Proposition
5.1. The statement is also obviously wrong in the cases of three-cycles and the case
of the conjugation class of the product of two transpositions (see Theorems 1.1 and
3.1). For brevity, we will indicate these three classes of permutations, respectively, by
[2], [3] and [22]. Other counterexamples to Proposition 5.1 occur if the characteristic
of F, is “small”. The correct statement should read

Proposition 5.1. Suppose C = (cy; c2;...;¢;) is a fixed conjugation class of permuta-
tions which does not coincide with the classes [2], [3] and [22]. Then, if char(F,) > 2
and does not divide 2°? ---t“t, we have

qcfl 1
Ne(q) = one o <1 +0 (5» .

c

Therefore, since |C| = Sy (1 +0 (%)) as char(F,) — oo, the probability that
an element of o € C is such that the degree 0fs; < q — 2 is % + 0 (q%)

Proof. We associate to C the quadratic form in ¢ variables
t i
Oc(X) = Z Z (Xij1(Xij1 — Xij2) + Xijp(Xijo — Xij3) + -+ - + Xiji Xiji — Xij1)) -
i=2 j=I1

Let N (Qc¢) be the number of solutions of Q¢(X) = 0 over [, with all distinct
coordinates. We have that

N(Qc)
Ne@) = o= o M)
since the denominator above counts the number of distinct representations of any per-
mutation in C as product of disjoint cycles.
Next we consider the inequalities

N(Qc) =Y N(QLH <N(Qe)<N(Qc).
1

where the sum ranges over 2-element sets of variables I = {X;, jx,, Xi, px,} of the
quadratic form Q¢, where Qé denotes the quadratic form in ¢ — 1 variables obtained
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by Q¢ substituting X;, j,k;, = Xj, j»k, and for any quadratic form Q, N(Q) denotes the
number of solutions over [, of Q =0.
Note that if C # [2], then Qé # 0 (indeed if X, is a variable not in I, then the

coefficient of XES, in Q! is 1). From this we deduce that N(Qé)<2qc_2. Hence we
obtain that

N(Qc) = N(Qc) + 0(¢“™). )
Furthermore note that Q¢ is equivalent to the form in ¢ = ¢ — (¢ + - - - + ¢;) variables

QOc(Y) = E (Yijl(Yijl —Yij)+- -+ Yiji—2Yiji-2 — Yija—1n) + Y,%(,»_l))
2<i<t
J<¢

+ 2 Vi

j<ea

where the equivalence is obtained with the linear transformation

~

Xijk =Yijk +Yiji, i=2,...,t; j=1,...,¢; k=1,...,i—1;
Xl‘j,'ZYij,‘, i=2,..., N j=1,...,C,‘.

If gis odd and i > 2, the (i — 1) x (i — 1) matrix

1-3 0 0-- 0

1 1

-+ 1-5 0. 0

0—-4+ 1-1.
M; = 2 2

0 0" -3 1-%

0 0 0-% 1

associated to the quadratic form
Yijn(Yij1 — Yij2) + Yijp(Yij2 — Yij3) + - + Yiji—2)(Yiji—2) — Yiji-1) + Y,%(i_l)

has determinant equal to i /2!~

To see this it is enough to notice that det M3z = 3/4, det M4 = 1/2 and if, for i > 4,
we expand the determinant with respect to the first column, we obtain the recursive
formula

det M; =det M;_| — %det Mi_s,

which allows us to deduce the claim by induction.
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Hence Q¢ has discriminant Ag = 22 - % /2¢. This implies that if the characteristic
of [, is larger than 2 and does not divide 22 - .- ¢, then Qc is non-singular.

Therefore for odd characteristics coprime to Ag, we can use the formulas of
[1, Theorems 6.26 and 6.27] to enumerate N(Qc¢) = g2t 1t N(Q¢), obtaining

50 |4 Hn(=DTAe) (g = Dg @it ¢ is even;
N(Qc) = {qé—l if ¢ is odd,

where 7 is the quadratic character of [Fj;. Observe that the power of ¢ in the first
term above is larger than the one in the second term except when ¢ = ¢ +2¢3 + - - -
+ (t — 1)c; = 2, which is satisfied only in the cases: c =3,c3=1o0r c =4, = 2.

Hence, if C ¢ {[2],[3],[2 2]} and char([,) is odd and does not divide Ac, then
N(Q¢) = ¢+ 0(g2). Substituting this in (2) and then in (1), we conclude the
proof. [J
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