A CAPACITARY METHOD FOR THE ASYMPTOTIC
ANALYSIS OF DIRICHLET PROBLEMS

FOR MONOTONE OPERATORS

Gianni DAL MASO (1)
Adriana GARRONTI (?)

Igor V. SKRYPNIK (3)

Abstract

Given a non-linear elliptic equation of monotone type in a bounded open set 2 C R", we
prove that the asymptotic behaviour, as j — oo, of the solutions of the Dirichlet problems
corresponding to a sequence (§2;) of open sets contained in € is uniquely determined by
the asymptotic behaviour, as j — oo, of suitable non-linear capacities of the sets K \ Q;,
where K runs in the family of all compact subsets of €2.

(1) SISSA, Via Beirut 4, 34013 Trieste, Italy,
e-mail: dalmaso@neumann.sissa.it

(2) Dipartimento di Matematica, Universita “La Sapienza”
Piazzale A. Moro 5, 00185 Roma, Italy,
e-mail: garroni@mat.uniromal.it

(3) Institute of Applied Mathematics and Mechanics,
Academy of Sciences of Ukraine, R. Luxemburg St. 74,
340114 Donetsk, Ukraine,
e-mail: skrypnik@iamm.ac.donetsk.ua

Ref. S.I.S.S.A. 36/96/M (March 96)



A capacitary method for Dirichlet problems for monotone operators 1

Introduction

Let © be a bounded open set in R™, with n > 2, and let A: W, ?(Q) — W~ "9(Q)

be a quasi-linear monotone operator of the form
Au = —div(a(x, Du)) ,

where 2<p<mn, 1/p+1/¢=1, and a: 2xR™ — R" satisfies the classical hypotheses:
Carathéodory conditions, local Lipschitz continuity, and strong monotonicity (see (i),
(ii), (iii) in Section 1). In this paper we examine the connection between the asymptotic
behaviour of the solutions of Dirichlet problems for the operator A in perforated domains,
which has been investigated in [6] in the most general situation, and a notion of non-linear
capacity associated with A, whose properties have been studied in [18].

Given an arbitrary sequence (£2;) of open sets contained in €, we consider for every
f e W Q) the sequence (uj) of the solutions of the Dirichlet problems

{Uj e Wy (),

(0.1) Au; = f in W_l’q(Qj)7

extended to €2 by setting u; = 0 in Q\ ;. A compactness result proved in [6] guarantees
that there exist a subsequence, still denoted by (£2;), a Borel function b:2xR — R
satisfying conditions (I), (II), (IIT) of Section 1, and a measure u of the class M5 (Q)
(Definition 1.2), such that for every f € W~ "%(Q) the sequence (u;) of the solutions
of (0.1) converges weakly in W, () to the solution u of the problem

ue Wy (Q) NLL(Q),
(0.2) /Q(a(x,Du),Dv) da:+/ﬂb(a:,u)vdu = (f,v)
Vv € WyP(Q) N LE(Q),

where (-,-) denotes the duality pairing between W™ "9(Q) and W,"*(2). We refer to
[13], [17], and [19] for a wide bibliography on this subject. The restriction p > 2 has
been made here only to simplify the exposition. The case 1 < p < 2 can be treated by
similar arguments with minor changes in the hypotheses. The condition p < n is due to
the Sobolev Embedding Theorem. If p > n, then W, * () is compactly embedded in
CY(Q) and, consequently, the study of the asymptotic behaviour of the sequence (u;)
of the solutions of (0.1) is much easier and does not require the use of problems of the
form (0.2).
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In this paper we shall prove that the function b and the measure p which appear
in (0.2) can be obtained from the sequence (£2;) by using the notion of A-capacity studied
in [18]. If K is a compact set contained in Q and s is a real number, the A-capacity
of K relative to the constant s is defined as
(0.3) Cu(K,s) = / (a(z, Du), Du) dx,

Q\K
where wu, the A-potential of K relative to the constant s, is the weak solution of the

Dirichlet problem

(0.4) {Au:()in W (Q\K),

u=sin 0K, u=0 in 0.

The last line in (0.4) means that u—¢ € W, ?(Q\ K), where ¢ is an arbitrary function
in C§°(Q) such that ¢ = s in a neighbourhood of K. If Ayu = —div(|Du[P~?Du) is

the p-Laplacian, then we have
Ca, (K, s) =|s[PCp(K),

where C,(K) is the (1,p)-capacity of K in Q (see Section 1).
The first connection between A-capacity and asymptotic behaviour of solutions of

Dirichlet problems is given by the following theorem, which will be proved in Section 7.

Theorem 0.1. Let () be a sequence of open sets contained in Q. Suppose that
for every f € Wﬁl’q(Q) the sequence (u;) of the solutions of (0.1) converges weakly in
WyP(Q). Then
(0.5) limsup C,(H \ ©;,s) < liminf C,(K \ ©;,s)

j—o00 J—
for every s € R and for every pair H, K of compact subsets of € such that H 1is

contained in the interior K of K.

As the set functions o;(K,s) = C,(K \ Q;,s) are increasing with respect to K
(see [18]), condition (0.5) is equivalent, for every s € R, to the weak convergence of the
sequence (a;(-,s)) according to the definition given in [21].

The main result of our paper is the converse of the previous theorem. Suppose that
(©2,) satisfies (0.5). Then for every s € R there exists an increasing set function a(-, s)
defined on the family of all compact subsets of 2 such that
(0.6) limsup C,(H \ ©j,5) < a(K,s) < liminf C,(L\ Q;,s)
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whenever H, K, L are compact sets with H C KcKcLcLcQ. For instance,
one can take
a(K,s) = liminf C (K \ Qj,s)

Jj—00

for every compact set K C Q2. Let (-, s) be the regularized version of «(-, s) defined by

B(U,s) = sup{a(K,s): K compact, K C U}, if U is an open set in 2,

0.7
0.7 B(B,s) = inf{B(U,s): U open, BC U C Q}, if B is a Borel set in .

The set function [(-,s) can be interpreted as an asymptotic capacity relative to the
sequence (£2;). By the properties of the A-capacity proved in [18] (-, s) is increasing
and countably subadditive. Therefore for every s € R we can consider the least measure
v(-,s) which is greater that or equal to ((-,s). According to [3] v(-,s) can be regarded
as the limiting capacity measure relative to the sequence (€2;). It is easy to see that for

every Borel set B C ) we have

(0.8) v(B,s) = supZﬁ(Bi, —s),
il
where the supremum is taken over all finite Borel partitions (B;);e; of B.

We shall prove that the measure p defined by
(0.9) w(B) = v(B,1)

belongs to ME(Q) and that there exists a non-negative Borel function b: QxR — R,
which satisfies conditions (I), (II), (III) of Section 1, such that

(0.10) /Bb(:v,s) dp = él/(B, s)

for every Borel set B C €2 and for every s € R, s # 0.
The main result of this paper is the following theorem, which will be proved in

Section 7.

Theorem 0.2. Let (2;) be a sequence of open subsets of Q0 which satisfies (0.5).
Then for every f € Wﬁl’q(Q) the sequence (uj) of the solutions of (0.1) converges
weakly in Wy'P(Q) to the solution u of problem (0.2), where b(x,s) and p are defined
by (0.6)~(0.10).
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This result can be simplified when the set function «a(-,s) which appears in (0.6)
is bounded by a Radon measure. In addition to (0.5), assume that there exists a non-
negative Radon measure \ on {2 such that
(0.11) limsup C, (K \ 2;,1) < A(K)

Jj—00
for every compact set K C 2, and let (-, s) be the set function defined by (0.6) and (0.7).
Then for A-a.e. x € 2 and every s € R the following limit exists:

(0.12) i P Be(2): —5)

2 TNB@) )

where B,(z) is the open ball with center = and radius p. Let p be the Radon measure
defined by

(0.13) u(B) = /sz(a;,ncu

for every Borel set B C Q. Then u belongs to M5(Q) and there exists a function
b: QxR — R, which satisfies conditions (I), (IT), (III) of Section 1, such that

 1y(os)
s(x, 1)

(0.14) b(z, s)

for p-a.e. x € ) and for every s € R.
The following theorem, which will be proved at the end of the paper, shows that the
function b and the measure p which appear in the limit problem (0.2) can be obtained

by taking the derivative of the asymptotic capacity (3(-,s) with respect to the measure A.

Theorem 0.3. Let () be a sequence of open subsets of Q which satisfies (0.5)
and (0.11) for a suitable non-negative Radon measure X. Then for every f € W™ 1%(Q)

the sequence (uj) of the solutions of (0.1) converges weakly in Wol’p(Q) to the solution u
of problem (0.2), where b(z,s) and p are defined by (0.6), (0.7), and (0.12)-(0.14).

When a(z,§) is linear and symmetric with respect to £, these results are already
known and can be found in [5] and [9]. The case a(z, &) = 0¢9(x, ), with ¢ (x, &) convex,
even, and p-homogeneous with respect to £, is studied in [12]. When a(z,§) is linear
and non-symmetric the proof is more recent, and can be found in [14]. Our results are

completely new when a(z,§) is a general monotone operator and the sequence of sets
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(©2,) satisfies only condition (0.5), which turns out to be necessary and sufficient for the
convergence of the solutions of problems (0.1).

Under various additional hypotheses on the sequence of sets (£2;) or on the opera-
tor A, the notion of A-capacity has been used to determine the asymptotic behaviour
of the solutions of problems (0.1) in [27]-[33], [3], [19], and [20].

To prove Theorem 0.2 we study carefully the set function ((-,s) defined by (0.6)
and (0.7). We prove that, if the solutions of (0.1) converge weakly in W, *(Q) to the
solution of (0.2) for every f € W~ "9(Q), then 3(-,s) is uniquely determined by b
and p. To study the relationships between [3(:,s) and the pair (b,u) we introduce
(Definition 2.1) the notion of C’Z’“ -capacity, which extends to the non-linear case the
notion of p-capacity introduced in [15] and [16]. For every s € R and for every Borel
set B CC 2 the CZ’“ -capacity of B relative to the constant s is defined by

CY"(B,s) = /Q(a(:c,Du),Du) dx+/Bb(x,u—s)(u—s)d,u,

where u is the solution of the problem
ue Wyt (Q), u—s e Lb(B),

/Q(a(a:,Du),Dv) dx+/ bz, u— s)odp = 0

B

Vv € WyP(Q) N LE(B).

It is easy to see that, if the measure p is infinite on every set of positive (1, p)-capacity,
then C’Z’“(K, s) = C4(K,s) for every compact set K C €. In Sections 2-5 we study the
main properties of Cﬁ"“ . In particular we prove that for every s € R the set function
C’Z’“ (+,s) is increasing (Theorem 3.4), continuous along increasing sequences of Borel sets
(Theorem 4.1), continuous along decreasing sequences of compact sets (Theorem 4.3),
and countably subadditive (Theorem 5.5). Moreover we prove that for every Borel set
B ccQ

C%"(B,s) = sup{CY"(K,s) : K compact, K C B} =

(0.15) )
= inf{C}"(U,s) : U open, BC U CC Q}

(Theorems 5.1 and 5.6). These results, together with Theorem 7.3, show that, if the
solutions of (0.1) converge weakly in W,?(Q) to the solution of (0.2) for every f €
W), then 3(B,s) = C%"(B,s) for every Borel set B CC Q and for every s € R..

In Section 6 we show that for every s € R the measure sb(x,s)u is the least measure
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which is greater than or equal to C’Z’“ (-,—s) (Theorem 6.1). This shows that, if the
solutions of (0.1) converge to the solution of (0.2), then (0.10) is satisfied. The hypothesis
that the solutions of (0.1) converge weakly in W, (2) to the solution of (0.2) for every
f e W_l’q(Q), which has been crucial in our arguments, can be eventually omitted
thanks to the compactness result proved in [6].

Finally, Theorem 0.3 can be obtained from Theorem 0.2 thanks to a general result

on countably subadditive set functions proved in [1].

1. Preliminaries

Sobolev spaces and capacity. Let €2 be a bounded open subset of R™, with n > 2, and let
2<p<+ooand 1< ¢q<2, with 1/p+1/qg = 1. The space Wol’p(Q) is the closure of
C5°(92) in the Sobolev space W'?(Q), and the space W~ "%(Q) is the dual of W, *(Q).

For every set E C Q the (1,p)-capacity of E in Q, denoted by C,(E), is defined
as the infimum of [, [Dul|P dz over the set of all functions u € Wy (Q) such that u > 1
almost everywhere in a neighbourhood of E. If E CC , i.e., E is relatively compact
in Q, then C,(E) < +00.

We say that a property P(z) holds C)-quasi everywhere (abbreviated as C),-g.e.)
in a set E if it holds for all x € E except for a subset N of E with C,(N) = 0.
The expression almost everywhere (abbreviated as a.e.) refers, as usual, to the Lebesgue
measure. A function w:Q) — R is said to be C,-quasi continuous if for every ¢ >0
there exists a set £ C Q, with C,(E) < €, such that the restriction of u to Q\ E is
continuous.

It is well known that every u € wte (©) has a C),-quasi continuous representative,
which is uniquely defined up to a Cp-null set. In the sequel we shall always identify u
with its Cp-quasi continuous representative, so that the pointwise values of a function
u e WHP(Q) are defined C,-quasi everywhere in Q. We recall that, if a sequence ()
converges to u strongly in I/VO1 P(£2), then a subsequence of (u;) converges to u Cp-q.e.
in Q. For all these properties of C),-quasi continuous representatives of Sobolev functions
we refer to [22], Section 4.8, [26], Section 7.2.4, [24], Section 4, and [34], Chapter 3.

A subset U of ) is said to be a C),-quasi open (resp. C)p-quasi closed) if for every
e > 0 there exists an open (resp. closed) subset V' of € such that C,(UAV) < ¢, where
A\ denotes the symmetric difference of sets. We shall frequently use the following lemma

about the approximation of the characteristic function of a C)-quasi open set. We recall
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that the characteristic function 1, of a set £ C Q is defined by 1,(z) =1, if z € E,
and by 1p(z) =0,if x € Q\ E.

Lemma 1.1. For every C)p-quasi open set U C §) there exists an increasing sequence
(vj) of non-negative functions of Wol’p(ﬂ) which converges to 1, C,-quasi everywhere
in €.

Proof. See [8], Lemma 1.5, or [13], Lemma 2.1. L]

Measures. By a non-negative Borel measure on {2 we mean a countably additive set
function defined in the Borel o-field of ©Q with values in [0,400]. By a non-negative
Radon measure on () we mean a non-negative Borel measure which is finite on every
compact subset of 2. We shall always identify a non-negative Borel measure with its
completion. If y is a non-negative Borel measure on 2, we shall use Lj,(Q2), 1 <r < +oo0,
to denote the usual Lebesgue space with respect to the measure p. We adopt the standard
notation L"(£2) when p is the Lebesgue measure.

If E is a Borel subset of 2, the measure p | F is defined by (ul_ E)(B) = u(BNE)
for every Borel set B C Q). For every non-negative Borel function f:Q — [0,+oc], the
measure fpu is defined by (fu)(B) = [ fdu for every Borel set B C .

Definition 1.2. By MJ5(Q) we denote the set of all non-negative Borel measures
on Q such that u(B) = 0 for every Borel set B C Q with C,(B) = 0. By M5(Q) we
denote the class of measures p € M5 () such that

(1.1) pu(B) =inf{u(U) : U Cp-quasi open, B C U C Q}
for every Borel set B C (2.

Property (1.1) is a weak regularity property of the measure p. Since any C),-quasi
open set differs from a Borel set by a C),-null set, every C),-quasi open set is y-measurable
for every non-negative Borel measure p which belongs to ME(Q). Therefore p(U) is
well defined when U is Cj,-quasi open, and condition (1.1) makes sense.

For every set E' C () we consider the Borel measure cog defined for every Borel set
B C Q by

0, if C,(BNE) =0,

400, otherwise.

(1.2 ooe(B) = {
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It is easy to see that cop belongs to M5(Q), and that cop belongs to M5 (Q) if and
only if E is C,-quasi closed.

We introduce now an equivalence relation on M ().

Definition 1.3. We say that two measures A and p in M{(Q) are equivalent if
[o [ulPdX = [, |ulPdu for every u € Wy P(Q).

Remark 1.4. For every measure u € M§(Q) let i be the set function defined by
(1.3) f(B) =inf{u(U) : U C,-quasi open, B C U C Q}

for every Borel set B C Q. Then fi is a Borel measure and belongs to M%(Q). It
is the unique measure in M%(Q) equivalent to p and ji > A for every A € M5(Q)
in the equivalence class of p (see [9], Section 3). Moreover it is easy to see that g,
po € ME(Q) are equivalent if and only if they agree on all C,-quasi open sets U C Q
(see [2], Lemma 4.1, or [9], Theorem 2.6). Finally, if u € M{(Q2) is a Radon measure,

then € M5(Q) and no other measure is equivalent to .

Although every measure p € M¥(Q) is equivalent to the measure ji € M5(Q), and
the main results of the paper are valid only for measures of ./\;lg(Q), we shall sometimes
use also measures of M?(Q) which do not belong to M5 (Q). An example is given by

the measures of the form pl F, which play a crucial role in the proof of Theorem 6.1.

Remark 1.5. If y € ME(Q) and E is Cp-quasi closed, then ul_ E € M5(Q). This is
not true, in general, if F is not C,-quasi closed. It is easy to see that, if u € M3 (Q) and
f is a non-negative bounded Borel function such that 1/f is bounded, then the measure
fu belongs to MPB (). This is not true, in general, if 1/f is not bounded.

Finally, we say that a (signed) Radon measure x on € belongs to W~ 9(Q) if there
exists f € W™ "9(Q) such that

(1.4) o) = [ pdn Vo e (@),
where (-,-) denotes the duality pairing between W~"%(Q) and W, (Q). We shall always

identify f and p. Note that, by the Riesz Theorem, for every non-negative functional
f € Wh9(Q), there exists a non-negative Radon measure p such that (1.4) holds. It is



A capacitary method for Dirichlet problems for monotone operators 9

well known that every non-negative Radon measure which belongs to W_l’q(Q) belongs
also to MP(Q).

Relazed Dirichlet problems. Given p € MB5(Q), the space W, () N LE(Q) is well
defined, since all functions of WO1 P(Q) are defined p-almost everywhere in Q. It is easy
to see that W, (€2)N L (Q), endowed with the sum of the two norms, is a Banach space
(see, e.g., [4], Proposition 2.1). Therefore, by the classical theory of monotone operators
(see, e.g., [25], Chapter 2, Theorem 2.1), for every f € W_l’q(Q) there exists a unique

solution wu of the problem
ue WyP(Q)N LA (Q),
(1.5) / |DuP~2DuDv dx + / lulP2uvdp = (f,v)
Q Q
Vv € WyP(Q) N LE(Q).
Following the terminology introduced in [15] and [16], problems of this kind will be called
relaxed Dirichlet problems for the p-Laplacian.
Using Theorem 4.5 of [24] it is easy to check that, if E is closed and pu is the

measure cog introduced in (1.2), then problem (1.5) reduces to the following boundary

value problem for the p-Laplacian on Q\ E:

{uGW%%Q\E%

(1.6) —div(\Du\p_2Du) = f in W—l,q(Q\E)7

in the sense that wu is the solution of (1.5) if and only if the restriction of u to Q\ F is
the solution of (1.6) and u =0 Cp,-q.e. in E.
In the space ME(Q) it is possible to introduce a notion of convergence related to

the solutions of Dirichlet problems for the p-Laplacian (see [12]).

Definition 1.6. Let (41;) be a sequence of measures of M () and let u € M§(Q). We
say that (u;) vp-converges to the measure p if, for every f e Wﬁl’q(Q), the sequence

(uj) of the solutions of the problems
uj € Wa(9) N1 11, (9),

(1.7) /Q|Duj|p2DujDvdx+/Q|uj|p2ujvduj = (f,v)
Vo € WyP(Q) N LE (Q)

converges weakly in W, *(€) to the solution u of problem (1.5).
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Remark 1.7. It is proved in [12] (see also Proposition 3.4 of [6] for a different proof)
that a sequence (u;) in M{(Q2) ~y,-converges to a measure p € M{(Q) if and only if

the following conditions are satisfied:

(a) for every u € Wy P(Q) and for every sequence (uj) converging to u weakly in
WyP(Q) we have

/|Du|pdx - / lulPdp < liminf(/ |Du;|Pdz + / |uj|pd,uj>;
Q Q J—0e0 Q Q

(b) for every u € W, () there exists a sequence (u;) converging to u weakly in
W,yP(Q) such that

/|Du|pdm—|— / |ulPdy = lim (/ |Du;|Pdx + / |u]~|pd,uj).
Q Q J7ee N Q Q

Conditions (a) and (b) show the relationships between ~,-convergence of measures and
I'-convergence of suitable functionals. For a general exposition of the properties of the

I'-convergence we refer to [10].

Remark 1.8. It is easy to see that, if the sequence (u;) ~,-converges to p, then
(pj) ~p-converges also to any other measure A which is equivalent to p in M§(€2). In
particular, by Remark 1.4, we can always suppose that the 7,-limit of a sequence (1;)
in M?(Q) belongs to M5(Q).

Many properties of the measure u € MF(€) can be studied by means of the solu-

tion w of the problem

w € Wy'P () N LE(Q),
(1.8) /|Dw|p_2Dvadm—|—/ lwP2wvdp = /vdac

Q Q Q

Vv € Wy P(Q) N LE(Q).
Let fi be the measure introduced in (1.3).
Lemma 1.9. If p € M{(Q) and w is the solution of (1.8), then the measure
pl{w >0} is o-finite on Q and p(U) = 400 for every C,-quasi open set U C Q

with Cp,(UN{w =0}) > 0. Consequently ji(B) = +oo for every Borel set B C 0 with
Co(BN{w=0})>0. If uec W,"*(Q) NLE(SY), then u=0 Cp-gq.e. in {w=0}.

Proof. See [17], Lemma 5.3. 0
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Lemma 1.10. Let p € M{(Q) and let w be the solution of problem (1.8). Then the
set {wip : P € C(Q)} is dense in WP (Q) N LE(Q).

Proof. See [17], Proposition 5.5. 0

Remark 1.11. Let u € M{(Q) and let w be the solution of problem (1.8). Since the

measure | {w > e} is finite on Q for every € > 0, we have
wBN{w >¢e}) = inf{u(UN{w >¢e}): Uopen, BCU C Q}.

As {w > e} is Cp-quasi open, we have fi(B) = u(B) for every Borel set B C {w > ¢}.
Since e > 0 is arbitrary, we obtain fi(B) = u(B) for every Borel set B C {w > 0}. By
Lemma 1.9 this implies that

5 ML{w>O}+OO{w=0}a

where ocop is the measure defined by (1.2).

The general non-linear problem. Throughout the paper A: W, **(Q) — W~ "%(2) denotes

a fixed monotone operator of the form
Au = —div(a(z, Du)),

where a:{) x R" — R" is a Carathéodory function. We assume that there exist two

constants ¢; > 0 and ¢y > 0 such that

(i) (a(z,&) — a(z,&),& — &) > a1lé& — &P,
(ii) la(z, 1) — a(, &) < (14 [&] 4 1&)P 726 — &l
(i) a(z,0) =0

for a.e. x € ) and for every &1, & € R™. Our assumptions imply that

(IV) (a(a:,f),f) > Cllg‘p7
(v) la(z, )] < e2(1+ €
for a.e. x € Q and for every £ € R™. We can extend the function a(z,&) to R"xR"

preserving all properties listed above by setting, e.g., a(z,§) = m Joa(y, &) dy for
every x € R™\  and for every £ € R™. In the sequel we shall use the following lemma.
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Lemma 1.12. Let E be a closed set in R'™, let U be an open set in R™, and let wy, and
ws be two functions in Wl’p(R”) such that wi = we Cp-q.e. in E and w1 < wy Cp-q.e.
in U. Assume that Awy = Aws in W YU\ E). Then Awy > Awy in W H9(U).

Proof. See [18], Lemma 2.5. L]

Let ¢3 >0 and ¢4 > 0 be two constants and let 0 < o < 1. We define F(cs,c4,0)
as the set of all Borel functions b: 2 x R — R which satisfy the following properties:

(1) (b(m,t) — b(z, s))(t —8) > cst — s|P,
(1I) |b(2,t) = b(x, s)] < eal|t] +[s))P7H 7Nt = 5|7,
(I11) b(z,0) =0

for every = € Q and for every t, s € R. Our assumptions imply that

(IV) b(x,s)s > cs|s|?,
(V) [b(z, 8)] < cals|P™
for every z € Q0 and for every s € R.

Let p € MH(Q), let b € F(es,cq,0), and let f € Wﬁl’q(ﬂ). We shall consider the

following relaxed Dirichlet problem:
ue Wy (Q) NLL(Q),
(1.9) /(a(:l;,Du),Dv) dx+/ b(x,u)vdp = (f,v)
Q Q
Vv € WyP(Q) N LE(Q).

By the classical theory of monotone operators (see, e.g., [25], Chapter 2, Theorem 2.1)

it is easy to prove that problem (1.9) has a unique solution w.

Remark 1.13. Using Theorem 4.5 of [24] it is easy to check that, if F is closed and p
is the measure ocop introduced in (1.2), then problem (1.9) reduces to the following

boundary value problem on Q\ E:

(1.10) ue WyP(Q\ E),
' Au=f in W HY(Q\ E),

in the sense that wu is the solution of (1.9) if and only if the restriction of u to Q\ F is
the solution of (1.10) and u =0 Cp,-q.e. in E.
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Definition 1.14. Let (p;) be a sequence in M5H(Q), let (b;) be a sequence in
Flesycay0), let p € MBE(Q), and let b € F(cz,cq,0). Let Q' an open subset of Q,
let feW P /(Q’ ), and let (u;) be a sequence of solutions of the problems

u; € WH(Q) N LL(),

(1.11) /Q/(a(a:,Duj),Dv) dx+/ b(z,uj)vdu; = (f,v)

Q/
Vo € WP () N LE ().

which satisfy

(1.12) [ uspdi <
Q/

where C' is a positive constant independent of j.
We say that the pair (bj;, 1) a4 -converges to the pair (b, u) if, for every open set
Q' C Q, for every f € W_l’p/(ﬂ’) the cluster points in the weak topology of WP ()

of any sequence (u;) which satisfies (1.11) and (1.12) are solutions of the problem
we WHP(Q)nLE(QY),

(1.13) //(a(as,Du),Dv) da:+/ﬂ/ b(x,u)vdu = (f,v)
Vv € WyP(Q) N LE ().

Clearly if the sequence (bj, 11;) ya-converges to (b, ) in £, then (b;, p;) ~va-con-
verges to (b, p) in Q' for every open set Q' C .
The following proposition shows the strong convergence of the gradients of the so-

lutions.

Proposition 1.15. Let (u;) be a sequence in ME(Q) and let (b;) be a sequence
in F(cs,ca,0), and let (u;) be a sequence of solutions of problems (1.11) which satis-
fies (1.12). Assume that (u;) converges to some function u weakly in Wl’p(Q’), then
(uj) converges to u strongly in Wl’r(Q') for every r < p and (a(x,Duj)) converges to
a(x, Du) weakly in LY(Q',R™) and strongly in L*(',R"™) for every s < q.

Proof. See [6], Proposition 4.4. L]

The compactness of the v4-convergence is given by the following theorem.
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Theorem 1.16. Let (u;) be a sequence in MHE(Q) and let (b;) be a sequence in
F(c3,ca,0). Then there exist a subsequence (bj, , juj,) of (bj, 1;), a measure p € ME(Q),

and a function b € F(c4,cy,0"), with ¢4 = min{cy,c3}, ¢ = C(ey,c2,c3,¢4,p), and
1

,p_o_}, such that (w;.) ~vp-converges to p and (bj,, ;) va-converges to

o’ = min{o

(0, 1) -

Proof. See [12], Theorem 2.1, or [17], Theorem 6.5, for the 7,-convergence, and [6],
Theorem 5.4 and Remark 5.5, for the ~v4-convergence. L]

By a penalization method it is possible to prove the following result.

Lemma 1.17. Let (uj) be a sequence in M{(Q) and let (b;) be a sequence
in F(cs,ca,0). Suppose that (bj, ;) va-converges to (b,p), with p € M§(Q) and
b € Fles,ca,0). Let U be the set of all functions u in WyP(Q) with the following
property: there exists f € W "9(Q) such that sequence (uj) of the solutions of the

problems
uj € Wy (Q) N Lk (Q),

(1.14) /Q(a(a:,Duj),Dv) dac+/ bi(x,uj)vdu; = (f,v)

Q
Vo € Wy P(Q) N LE ()

converges to u weakly in Wy'P(Q). Then U is dense in Wy (Q) N LE ().

Proof. Let us fix u € Wol’p(Q) N LF (), and for every integer k let uj be the solution

of the following problem
up € Wy (Q) N LE(Q),

/(a(:c,Duk),Dv) d.r—i—/ b(x,up)vdyp = k;/ (JulP~?u — |ug [P~ ?ug ) v da
Q Q Q
Vv € WyP(Q) N LE(Q).

Let fr =k (JulP~2u—|ux[P~?uy) and, for every j, let u¥ be the solution of problem (1.14)
with f = fi. By Definition 1.14 the sequence (u?) converges to u, weakly in WO1 P(Q)
as j — 0o. Therefore uy € U for every k. Arguing as in the proof of Lemma 5.2 in [17]

we obtain that (uj) converges to u both in Wy?(Q) and in LE (). 0
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Let us remark that the 4 -limit of the sequence (b;, ;) is not unique. For instance,
if (b;, ptj) va-converges to (b, 1), then (b;, ;) va-converges also to (b, i), since for every
u, v € WHP(Q) N LE(Q) = WHP(Q) N LE(Q) we have

/Qb(x,u)vdu = /b(a:,u)vdﬂ

Q

by Lemma 1.9 and Remark 1.11. The following lemma shows the relationships between

two different v -limits (b, 1) and (g, A) of the same sequence (b;, ;).

Lemma 1.18. Let (u;) be a sequence in ME(Q) and let (bj) be a sequence in
F(es,ca,0). Suppose that (bj,pj) ~ya-converges to (b,u), with p € M) and
be Fles,ca,0). Let X € ME(Q) and let g € F(cs,cq,0).

(a) If for every Borel set B C Q0 and for every s € R

[ sw.syar = [ vs)du,

then LX(Q) = LP(Q), (bj, ;) va-converges to (g, ), and

/Bg(:v,u)vdA = /Bb(x,u)vdu

for every u, v € LE(Q) and for every Borel set B C ).

(b) If u and X belong to Mg(ﬂ) and (bj, ;) vya-converges to (g, \), then

/Bg(x,s)d)\ = /Bb(:c,s)d,u

for every Borel set B C ) and for every s € R.

Proof. Let us prove (a). Suppose that

(1.15) /Bg(ac,s)d)\ - /Bb(m,s)dp

for every Borel set B C Q) and for every s € R. By (IV) and (V) we have that

(1.16) Bu<a< @y,
Cq C3



16 G. DAL MASO, A. GARRONI, and I.V. SKRYPNIK

hence LX(Q) = LE(€2). In order to prove that (b, 11;) ya-converges to (g, A) it is enough
to show that

(1.17) /Bg(x,u)vd)\ - / bz, w)v dp

B

for every u, v € LE(2) and for every Borel set B C Q. Let us fix u, v € L7, (£2) and let
E ={v #0}. Then p is o-finite on E. If we apply (1.15) with s = 1 we obtain

b(x, 1)
1.18 ANB) = / d
1) S ATERY
for every Borel set B C E. Therefore (1.15) gives
b(z, 1)
1.19 b(x,s) =g(xz,s
(119) (@.5) = gl )2 3

for p-a.e. x € E and for every s € R. The continuity with respect to s, assumed in (II),
implies that the p-null set where (1.19) is not satisfied can be chosen independently of s.
From (1.19) and (1.18) for every Borel set B C Q2 we obtain

/Bb(x,u)vdu = /BmE b(x,u)vdu = /BmEg(a:,u)vg@’l)
= /BmEg(a:,u)fud/\ = /Bg(x,u)vd)\,

which proves (1.17) and concludes the proof of (a).
Let us prove (b). Assume that g and A belong to M5 () and that (b, i) ~4-con-
verges to (b, ) and (g, ), and let U be the set of functions defined in Lemma 1.17. By

the definition of v 4-convergence we have

(1.20) /Qg(a:,u)vd/\ _ /b(m,u)vd,u

Q

for every u, v € 4. By (IV) and (V) this implies that

& / ufPdu < / urdx < 4 / ufPdu
C4 JO Q Cc3 Jo

N L5(Q) and in WyP(Q) N LR (Q)
) = WyP(Q) N LX(). From (II)

for every u € U. Since U is dense in W,"(Q)
(Lemma 1.17), we conclude that W, ?(Q) N LE(Q
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and (V) we deduce that (1.20) holds for every u,v € Wy (Q) NLE (). We have to prove
that (1.15) holds. Let us prove that

(1.21) /Bsb(x,s) dy < / sg(z, s) dA

B

for every Borel set B C Q and for every s € R. Since u and A belong to M5(Q), it
is enough to prove (1.21) when B is Cj,-quasi open (Remark 1.5). Moreover it is not
restrictive to suppose that A(B) < +00, otherwise the inequality is trivial. By Lemma 1.1
there exists an increasing sequence (vg) is in W, **(€2) which converges to 15 pointwise
Cp-g.e. in Q and satisfies the inequalities 0 < v, < 1p Cp-q.e. in Q2. As A(B) < 400,
the function svj, belongs to Wy (Q)N L% (). Then we can take u = v = sy, in (1.20),
and passing to the limit as k — oo we get (1.21) for every C),-quasi open subset of 2.

In the same way we obtain the opposite inequality, and dividing by s we obtain (1.15).

0

Remark 1.19. By Theorem 1.16 and Lemma 1.18 it is easy to see that to prove
the v4-convergence of the sequence (bj, ;) to (b,p) it is enough to verify the weak
convergence of the sequences of solutions with boundary value zero, i.e., that for every
f € W™H9(Q) the sequence (u;) of the solutions of the problems (1.14) converges weakly
in WyP(Q) to the solution u of the problem (1.9).

Our aim in the next sections is to determine the function b and the measure p in
the limit problem (1.12) by means of the asymptotic behaviour of some capacities related

with the approximating problems (1.11).

2. A non-linear capacity

In this section we introduce a notion of intrinsic capacity related with problems of
the form (1.9). Let us fix a function b in the class F(cs,cq,0), with 0 < ¢z < ¢4 and
0 < o < 1. This function will remain fixed until the end of Section 6. Let u € M} (),
let B CC () be a Borel set, and let s € R. Let us consider the problem

weWyP(Q), u-selLb(B),

(2.1) /Q(a(x,Du),Dv) d:v+/ b(x,u — s)vdy = 0

B

Yv € WyP(Q) N LE(B).
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Since B CC (2, there exists a function ¢ € Wol’p(ﬂ) such that ¢ =1 Cp-q.e. in B.
This implies that u is a solution of problem (2.1) if and only if z = u — s is a solution

of the problem
z € WP (Q) NLE(B),

(2.2) /Q(a(a:,Dz + sDy), Dv) dx+/Bb(:c, 2)vdp = 0

Vv € WyP(Q) N LE(B),

which admits a unique solution by the classical theory of monotone operators.

Definition 2.1. The solution u of problem (2.1) is called the CZ’“ -capacitary potential
of B relative to s. The quantity

(2.3) C%"(B,s) = /

Q(a(az:, Du), Du) dz + / b(x,u—s)(u—s)du

B

is called the Cg’” -capacity of B relative to s.

Remark 2.2. If E is a Borel subset of 2 and p is the measure ocop introduced in (1.2),
then by Remark 1.13 it is easy to see that C’Z’“(B, s) coincides with Cy(BNE, s), where
C, is the capacity relative to the operator A studied in [18], Section 6 (with F' = ).
If BNE is compact, then C,(B N E,s) is defined by (0.3) and (0.4) with K = BN E.

Remark 2.3. It follows immediately from the definition that C’Z’“ (B1,s) = C’Z’“ (Bs, s)
if Cp(B1 A Bg) =0.

Remark 2.4. If ¢ is a function in Wol’p(Q) such that ¢ =1 p-a.e. in B, then we can

take v = u — sy as test function in (2.1) and we obtain

/(a(:v,Du),Du—sDcp) d:z:—i—/ b(x,u—s)(u—s)du = 0.
Q B

This implies that

C%*(B,s) = s/ﬂ(a(m,Du),Dgp) dzx .

Let us prove some basic properties of the C’Z’“ -capacitary potentials. In the sequel
we shall always give the proofs of our statements only in the case s > 0, the proof in the

other case being analogous.
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Proposition 2.5. Let B CC () be a Borel set, let s € R, and let u be the corresponding
Cg’“ -capacitary potential. Then 0 < us < s* C,-qg.e. in ).

Proof. Assume that s > 0. First we prove that © < s Cj,-q.e. in Q. Let us consider
the function v = (u — s)*. Since v € Wy (Q) N LE(B) we can take it as test function

in problem (2.1) and we obtain

/ (a(z, Dv), Dv) dx-i—/ b(x,v)vdy = 0.
{u>s} Bn{u>s}

By assumptions (i) and (I) we get [, [Dv|Pdz < 0 and this implies that u < s Cp-q.e.
in . Similarly, since |u~| < |u — s|, we can take v = u~ as test function in (2.1), and
we obtain that u > 0 Cj,-q.e. in . ]

In the sequel we shall consider the C’Z’“ -capacitary potentials as functions defined
in R™ by setting them equal to zero in 2°=R™\ Q.

Theorem 2.6. Let B CC 2 be a Borel set, let s € R, and let u be the corresponding
Cﬁf” -capacitary potential. Then there exist two Radon measures \ and v in Wﬁl’q(R”),
with supp(A\) C B and supp(v) C 09, such that

, —1
Au = A—v i W 4R™).
Moreover the measures sA and sv are non-negative.

Proof. Assume that s > 0. Given v € Wol’p(Q), with v > 0 Cp,-q.e. in 2, and € > 0,
let us consider the function w = ev A (s — u). Since w € W, *(Q) N LE(B), using w as

test function in problem (2.1) we obtain

6/ (a(z, Du), Dv) dx —/ (a(z, Du), Du) dx +/ b(x,u —s)wdu = 0.
{ev<s—u} {ev>s—u} Q

Since w(u —s) <0 Cp-q.e. in €, we obtain

/ (a(z, Du), Dv)dz > 0
{ev<s—u}

for every ¢ >0. As s —u > 0 and a(z,0) = 0 a.e. in Q, taking the limit as ¢ — 0
we obtain [, (a(x, Du), Dv)dz > 0 for every v € Wy*(Q) with v > 0 Cp-qee. in Q,
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and hence Au > 0 in W~ "%(Q). Then there exists a non-negative Radon measure
A e W Q) such that Au= X in W™ 9(Q), ie.,

(2.4) /Q(a(:c,Du),Dv) dx = /vd)\

Q

for every v € WyP(€). Let us prove now that supp(\) C B. Let ¢ € C3°(Q), with
¢ =01in B. As ¢ € Wy?(Q) N LE(B), by (2.1) and (2.4) we get

/ pd\ = 0,

hence supp(\) C B. This shows that A is a non-negative bounded measure on R™ and
that A € W~ "9(R").
Given z € Wl’p(R”), with 2 > 0 Cp-q.e. in Q, and € > 0, we can take ez Au as

test function in (2.4) and we get

5/ (a(z, Du), Dz) dx +/ (a(z, Du), Du) dx —/ (ezANu)d\ =0,
{ez<u} {ez>u} n

and hence
5/ (a(z, Du), Dz) d:v—a/ zd\ < 0.
{ez<u} n

Since, by Proposition 2.5, u > 0 Cp,-qg.e. in Q, and since a(z,0) = 0 a.e. in 2, taking

the limit as € — 0 we obtain

/n(a(fcaDu),Dz)dw—/nsz <0

for every z € W'P(R™) with z > 0 Cp-q.e. in Q. This implies that there exists a
non-negative Radon measure v in W~ "%(R") such that Au =X —v in W "4(R").
Since a(z,0) = 0 a.e. in R™ and supp(\) C B, we have Au = 0 = X\ in
W™bYR™\ Q). This implies that supp(r) € Q. As Au = X in W %), we con-
clude that supp(v) C 99. L]

Definition 2.7. The measures A and v in Theorem 2.6 are called the inner and the

outer CZ’“ -capacitary distributions of B relative to s.
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Proposition 2.8. Let s € R, let B CC () be a Borel set, and let A and v be the inner

and the outer distributions of B relative to s. Then

(2.5) C%*(B,s) = sv(R") = sA(R").

Proof. Assume that s > 0. Let u be the C’g’“ -capacitary potential of B relative to s.
By Theorem 2.6 we obtain

/nm _ /Q(a(:):,Du),Dv) do = —/Bb(:z:,u—s)vdu

for every v € Wy *() N LP(B). Since supp(A) C B C Q, by using a cut-off function, it

is easy to see that

(2.6) / vd\ = —/ b(x,u — s)vdpu
n B
for every v € WHP(Q) N LE(B). Taking v = u — s in (2.6) we obtain
/ udh — sA(R") = —/ b(x,u—s)(u—s)du.
n B

Since by Theorem 2.6
/(a(x,Du),Du) dr = / wd\,
Q n

we conclude that C%*(B,s) = sA(R™).
Let ¢ € C3°(R") with ¢ =1 in Q. As a(z,0) =0 a.e. in R™, we have

/ (a(z, Du), Dy) dz = 0.
Since supp(\) and supp(v) are contained in Q, from Theorem 2.6 we obtain

AR™) — (R") = /

god)\—/ godyz/ (a(z, Du), D) dz = 0,
Rn n n

which gives A(R™) = v(R"™) and concludes the proof of the proposition. U]

3. Monotonicity properties

In this section we shall prove the main monotonicity properties of the C’Z’“ -capacity

and some comparison result that will be useful in the sequel.
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Lemma 3.1. Let B CC Q be a Borel set and let py and po be two measures in
ME(Q) such that pil- B < psl B. Let uy (resp. us) be the CZ”“ -capacitary (resp.
C’g”” -capacitary) potential of B relative to a constant s € R. Then |ui| < |ua| Cp-g.e.
in €.

Proof. Assume that s > 0. Since, by Proposition 2.5, u; > 0 Cp-q.e. in {2, we have
to prove that u; < uy Cp-q.e. in Q. Let v = (ug —u2)™. Since 0 < v < 5 — uy, we
have that v € Wy ?(Q) N LY, (B) C Wy*(Q) N LE (B). As uj —s < 0 (Proposition 2.5),
by (2.1) we get

0= /(a(m,Dul),Dv) dx+/ b(x,u; — s)vduy >
Q B

> /(a(x,Dul),Dv) d:z:—l—/ b(z,u1 — s)vdus
Q B

and

/(a(x,DUQ),Dv) dx—f—/ b(x,us — s)vdus = 0.
Q B

By taking the difference we obtain

/ (a(x, Dul) — a(x, DUQ), Duqy — DUQ)) dx +
{u1>u2}

+/ (b(z,ur — s) — b(w,us — 5)) (u1 — u2) dus < 0.
{u1>uz}

By assumptions (i) and (I) we have that [, [Dv[Pdz < 0, and hence u; < uy Cp-q.e.
in Q. 0

Proposition 3.2. Under the same assumptions of Lemma 3.1, let vy (resp. vy ) be the
C’i’"”l -capacitary (resp. CZ’“Q -capacitary) outer distribution of B relative to a constant
se€R. Then |vi| < |vo] in R™.

Proof. Assume that s > 0. Let us apply Lemma 1.12 with u; = wy, us = we, E = Q°,
and U = B°. Since Au; = Aug = 0 in W "4(Q\ B) and u; < uy Cp-qe. in R"
(Lemma 3.1), we obtain Auj > Aus in W™ 9(B¢). Thus for every ¢ € WP (R"), with
=0 Cp-q.e. in B and ¢ >0 Cp-q.e. in B¢, we have

/ngodyl _ —/Q(a(ac,Dul),Dgo) iz < —/Q(a(:):,DUQ),Dgp) dz — / odvs.

Since supp(rq1) C 92 and supp(r2) C 02, this inequality implies that v; < 9 in R™.
L]
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Theorem 3.3. Under the same assumptions of Lemma 3.1, we have C’Z”“ (B,s) <
C%"2(B, s) for every s € R.

Proof. 'The conclusion follows directly from Propositions 2.8 and 3.2. L]
We are now in a position to prove that C’Z’” (-, s) is an increasing set function.
Theorem 3.4. Let p€ M{(Q) and let s € R. Then
C3"(Bi,s) < C4"(Bs,s)

for every pair By, By of Borel sets such that By C By CC Q.

Proof. Since C’Z’“(Bl,s) = C’Z’“LBl (Bs,s), to prove the result it is enough to apply
Theorem 3.3 with B = By, pu1 = pul B, and po = p. L]

Proposition 3.5. There exists a constant k > 0, depending only on p, c1, c2, c3,
cq, and diam(QY), such that

(3.1) Ch¥(B,s) < Co(B,s) < o (Js| + IsP”) Cyl(B)
(3.2) C%*(B,s) < —s/ b(x,—s)du
B

for every p € My(Q), for every Borel set B CC 2, and for every s € R.

Proof. Let us prove (3.1). Let v be the measure ocop introduced in (1.2). By Re-
mark 2.2 we have that C’Z’”(B ,8) = C4(B,s). The first inequality in (3.1) follows from
Theorem 3.3 and from the fact that ul. B < vl B for every u € MHE(Q). The last
inequality in (3.1) is proved in [18], Proposition 6.6.

To prove (3.2) we can suppose that s > 0 and p(B) < 4+o00. In this case the constant
functions belong to the space L, (B), so by (2.6), taking v = s, we get

sA(R") = —/Bb(a?,u—s)sd,u,

where A\ is the inner C’Z’“ -capacitary distribution of B relative to s and u is the CZ’“ -
capacitary potential of B relative to s. By Proposition 2.5 we have that u > 0 C)p-q.e.
in 2, so that by the monotonicity of b(z,-) and by Proposition 2.8 we obtain
C%"(B,s) = sA(R") < —3/ b(x,—s)du,
B
which concludes the proof of (3.2). L]
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In the sequel we shall need to compare the C’Z’” -capacity relative to a constant s with
the C’Z’“ -capacity relative to the constant 1. To this aim we prove the following propo-
sition, which shows the relationships between the CZ’“ -capacity and the CI'-capacity
introduced in [11] and defined for every Borel set B CC Q by

(3.3) orB) = min | / DulPds + / u—1du)
ueW, () N B

By using the direct methods of the calculus of variations it is easy to prove that the

minimum problem in the definition of CZ'(B) has a unique minimum point v, called

the C}'-capacitary potential of B, and that v —1 belongs to L% (B). By looking at the

Euler condition satisfied by v we can prove that C}'(B) = CZZ *(B, 1), where A, is the

p-Laplacian, defined by A,u = —div(|Dul[P~2Du), and by(z, s) = |s|P?s.

Proposition 3.6. There exist two positive constants ki1 and ko, depending only on p,

c1, C2, 3, ¢4, and diam(QY), such that
(3.4) BlsPC(B) < CY(B.s) < kalls| + |s) CL(B)
for every e M§(QY), for every Borel set B CC Q, and for every s € R.

Proof. Let us prove the result for s > 0, the proof for the other case being analogous.
The first inequality in (3.4) follows immediately from the definition of C% given in (3.3)
and from inequalities (iv) and (IV).

Let us prove the estimate from above. Let v be the CJ'-capacitary potential of B,
i.e., the minimum point in (3.3), and let z = (20 —1)*. Clearly z € W, (Q). Moreover
it is easy to see that |z — 1| <2|v — 1], hence z — 1 € L% (B).

Let u be the C’g’“ -capacitary potential of B relative to s. As u — sz belongs to
Wy (Q) N LE(B), we can take it as test function in problem (2.1) and we get

/Q(a(anU),Du) d:c+/ b(z,u—s)(u—s)dy =

B
= s/(a(w,Du),Dz) dr + s/ b(z,u—s)(z—1)du,
Q B

hence

(3.5) Cc%*(B,s) = s/ﬂ(a(w,Du),Dz) dx + S/Bb(x,u —s)(z—1)dp.
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Let U = {v>1/2} = {z>0}. By the definition of C%*(B,s), by inequalities (v)
and (V), and by Hélder’s inequality we get

C%"(B,s) < cs/ (1+ |DulP~Y)|Dv|dz + cs/ lu— s|P~z — 1] dp <
U B
1/ 1/ 1/
(3.6) < csmeas(U)Y1 (/ ]Dv|pda:> ’ + cs (/ |Du|pd3:> q(/ |Dv\pdaz> p+
Q Q Q

1/q 1/p
+cs(/ |u—s|pd,u> (/ \z—1|pd,u> ,
B B

where ¢ denotes a positive constant, depending only on p, ¢, c2, c3, ¢4, and diam(2),

whose value can change from line to line. By Poincaré’s inequality we have
(3.7) meas(U) < 2p/ lv|Pdx < c/ |Dv|Pdz .
Q Q

Applying Young’s inequality and taking the inequality |z — 1| < 2|v — 1| into account,
from (3.6) and (3.7) we obtain for every € > 0

C%"(B,s) < cs/ |Dv|Pdz + 5/ |Du|Pdx + c(e) Sp/ | Dv|Pdz +
Q Q Q

+5/ lu — sPdup + c(s)sp/ v —1|Pdu,
B B

where c¢(g) is a positive constant which depends only on p, ¢1, ca, c3, ¢4, diam(Q),
and e. If we choose ¢ < min{c;/2,c3/2} and if we take (iv) and (IV) into account, we

obtain that there exists a positive constant ko such that

Ci"(B,s) < ka(s + ") Cp(B),
and this concludes the proof. L]
Remark 3.7. By Proposition 3.6 we have
(38)  ki(2ke) " sPCYA(B,1) < CYM(B,s) < koky(Js] +|s]?) C5"(B,1)

for every p € M§(Q), for every Borel set B CC 2, and for every s € R.

We prove now the continuity of CZ’“ (B, s) with respect to s.
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Proposition 3.8. Let 7 = o/(p — o), where o is the exponent which appears in
condition (II). Then there exists a positive constant k, depending only on p, c1, c2, c3,
¢y, 0, and diam(S2), such that

(3.9) |CHM (B, s1) = CM(B,s2)| < kCH(B) (14 |s1] + [sa])P " TIs1 — 5"
for every u € M5(Q), for every Borel set B CC Q, and for every s1, s2 € R.

Proof. Since by (3.4) C%*(B, s) tends to C%*(B,0) = 0 as s — 0, it is not restrictive to
assume that s; # 0 and so # 0. Let u; and us be the C’Z’“ -capacitary potentials of B
relative to the constants s; and so. Let v and z be the functions introduced in the proof
of Proposition 3.6. Since the function u; — uy — (s1 — s2)2 belongs to W, ()N LE(B),
we can take it as test function in the problems satisfied by w; and wo. Subtracting the

two equations we obtain
/Q(a(x, Duy) — a(z, Dus), Duy — Dus) dz +
+ / (b(z,u1 — s1) — b(m,us — 52)) ((u1 — s1) — (u2 — 52)) dp =
B
= (81 — 82) /Q(a(x,Dul) — a(z, Dug), Dz) dz +
+ (51— $2) /B(b(ac,ul —s1) — b(z,us — $2)) (2 — 1) dps.

From (i), (ii), (I), (II) it follows that

cl/ |Duy — Dug|Pdx + 63/ |(u1 — s1) — (ug — s2)|Pdp <
Q B

(3.10)
< colsy — so| Jh + calst — s2| T2,
where
7 = /<1+ \Dus| + | Dus|)?~2|Duy — Dus| |D2| de ,
(3.11) @

Ty = /<|u1—slw—|u2—52\>p-1-0|<u1—sl>—<u2—82>mz—1rdu.
B

In the rest of the proof the letter ¢ will denote various positive constants, depending

only on p, c¢1, c2, c3, ¢4, o, and diam(2), whose value can change from line to line.
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Let U ={v>1/2} = {2>0}. As |z — 1] < 2Jv — 1] and |Dz| < 2|Dv|, by Hélder’s
inequality we have

(p=2)/p
Ji < c(meas(U) + / |Duy [Pdx + / |Du2|pdac> .
Q Q

: (/Q |Duy — Duglpdx>1/p (/Q ]Dv\pd:z:>1/p,

(3.12)
(p—1-0)/p
T2 < C</ |u1—81|pdu+/ |u2—82|pdu) :
B B
o/p 1/p
([t =50 = az = saypd) ([ o= 1pan)
B B
Let
(3.13) A = C¥(B)+CY"(B,s1) + CY"(B, s2).

By (3.7) and by (i) and (I) we have

meas(U) < c/ |Dv|Pdz < cA,
Q
(3.14) /|Du1\pdx + / DusfPdz < c A,
Q Q

/ lup — s1|Pdp + / lug — s2|Pdp < cA.
B B
Taking the definition of v into account, from (3.12) and (3.14) we obtain

1/
Ji < cAP=D/rcn(B)P </ |Duy — Dug\pdx> p,
(3.15) @ oo
Ty < ¢ AP=1=0)/pCi(p)1/p (/B (wr — 51) — (un — 32)|pdu> .

By Young’s inequality from (3.10) and (3.15) we obtain
/ |Duy — Dug|Pdx + / |(u1 — s1) — (ug — s2)|Pdp <
Q B

< clsy — 82’p/(p—l)A(p—2)/(p—1)CI;)L(B)l/(p—l) 4
+clsp — 32|p/(p*0)A(pflfa)/(pfo)CZI;(B)l/(p—a) ’

and by (3.4) this implies

/\Dul—Duﬂpdl’—l—/|(u1—81)—(u2—82)|pd,u <
Q B

< clsy — 52’p/(p_o)-A(p_l_U)/(p_U)Cg(B)l/(P—G) .

(3.16)
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By (3.5) and by (ii) and (II) we have
Lk m LY (B,s2)| < i+
E A ( 781)_5 A ( 732>‘ < cli+cs.
Therefore (3.15) and (3.16) yield

L L
‘ECA’M(B, 81) — QCA’M(B,SQ” S
(3.17) < C./4(19—2)/1001;;(B)l/p|s1 _ 82’1/(p—0)A(p—1—0)/p(p—0)Cg(B)l/p(p—a) +
+cA(p_1_”)/”C’1§‘(B)1/p|sl — 52|0/(p—U)A0(p—1—U)/p(p—o)Cg(B)U/p(p—o) )

From (3.4), (3.17), and (3.13) we obtain

1 1
’S—CZ’M(B,Sl) - S—Cg’“(BaSﬂ’ < cCH(B) (1 + [s1] + [s2[)P 7 T[s1 — 2|7,
1 2

which, together with (3.4), gives (3.9). 0

4. Continuity properties

In this section we prove the continuity properties of Cﬁ(“ (+,s) along monotone se-

quences of Borel sets.

Theorem 4.1. Let p€ ME(Q) and s € R. If B CC Q is the union of an increasing
sequence (Bj) of Borel subsets of 2, then

C%*(B,s) = lim C%"(Bj,s) = sup C4*(B;,s).
j—o0 j
Proof. Let us consider the case s > 0, the other case being analogous.
Let S = sup; C’Z’“(Bj, s). By monotonicity (Theorem 3.4) we have S < C’Z’“(B, s).
It remains to prove the opposite inequality. For every j let u; be the C’Z’“ -capacitary

potential of B; relative to s. Since
(4.1) cl/ |Du;|Pdz + 03/ luj — sPdp < C’Z’“(Bj,s) < CZ’“(B,S) < 400,
Q B;

and since, by Lemma 3.1, (u;) is increasing, we have that the sequence (u;) converges

weakly in W, () to some function u € W, *(2). Since |u—s| = s—u < s—u; = |uj—s|,
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from (4.1) we obtain that u — s € LE(B). Let us prove that u is the CZ’“ -capacitary
potential of B relative to s. Since Wy ™*(€2) N LE(B) C WP (Q) N L (By), for every j
we have

(4.2) / (a(z, Duj), Dv) dx +/ b(z,uj —s)vdy = 0 Yuve WyP(Q)n LY(B).

Q B,

Since (u;) is increasing, (u;) converges to u jp-a.e. in Q (see [14], Lemma 1.2). Together
with (4.1) and (V), this implies that (1p,b(z,u; — s)) converges to 1gb(z,u — s) weakly
in L{(B). Moreover, if we apply Proposition 1.15 to the sequence (u; — s), we obtain
that (a(z,Du;)) converges to a(z, Du) weakly in L?(2, R™). Therefore, taking the

limit in (4.2) as j — oo we obtain

/ (a(z, Du), Dv) dz + / b(x,u —s)vdy = 0 Vv e WyP(Q)n L (B),
Q B
so that u is the C’Z’” -capacitary potential of B relative to s.

If pe WyP(Q) and ¢ =1 Cp-q.e. in B, then by Remark 2.4 we have

C%"(B,s) = s/ﬂ(a(m,Du),Dgo) dr =

= lim 5/(a(m,Duj),Dg0) dr = lim C’%N(Bj,s),
Q Jee

Jj—o0

which concludes the proof of the theorem. L]

To prove the continuity along decreasing sequences we need an additional assumption
on the sequence and the regularity of the measure u. Let us prove first the following
lemma which gives the «,-convergence of the restrictions of a measure p € /\;IS(Q) to a

decreasing sequence of C,-quasi closed sets.

Lemma 4.2. Let p € /\;lg(Q) and let K be the intersection of a decreasing sequence
(K;) of Cp-quasi closed subsets of ). Then for every Borel subset B of Q the sequence
of measures (pl (BUKj)) ~p-converges to pl_ (BUK).

Proof. Let us consider first the case B = (). By the compactness of the ,-convergence
(Theorem 1.16), we have that, up to a subsequence, (ul_K;) ~,-converges to some
measure p1g € M5(Q). Let us prove that pug = ul_ K.

By Remark 1.7(a) we have [, [u|Pduo = 0 for every u € Wy?(€) such that u = 0
Cp-q.e. on K; for some j. By Lemma 1.1 this implies that po = 0 on Q\ K. Let us



30 G. DAL MASO, A. GARRONI, and 1.V. SKRYPNIK

prove now that po < ul K. Let w be the solution of problem (1.8) and let ¢ € C5°(12).
By Remark 1.7(a) we have

(4.3) [ lewlrdno < tim [ foupdu = [ Joulda.
Q j— JK; K
This implies that

/ wlPduy < / wlPdy
B KNB

for every Borel set B C 2, hence po < pl K on {w > 0}. Since (ul K)(B) = +oo if
Cpo(BNKN{w=0}) >0 (Lemma 1.9) and since pp = 0 on Q\ K, we conclude that
po < pl K.

Let us prove finally that ul K < pug. Let z be the solution of the problem

z € WyP(Q) N LE (),
/ ]Dz\p_QDzDvdx—k/ |2[P 220 dpy = /vdx
Q Q Q
Vv e Wy P(Q) N LL (Q),
and, for every j, let z; be the solution of the problem

2 € Wy (Q) N LE(K;),

/ |Dzj|p_2Dszvd:U+/ |2 [P 220 dp = /vdac
Q K; Q

Vv € WyP(Q) N LE(K;).

Since (ul Kj) v,-converges to fig, the sequence (z;) converges to z weakly in W, (1)
and strongly in I/VO1 "(Q) for every r < p (Proposition 1.15). Moreover, since by
Lemma 3.1 (z;) is decreasing, we have also that (z;) converges to (the C),-quasi con-
tinuous representative of) z pointwise Cp-qg.e. in Q (see [14], Lemma 1.2). Then, by

Fatou’s lemma, for every ¢ € C§°(€2) we have

/IDZI%deJr/ z[Podp <
Q K
< liminf</ |Dzj|p90dx+/ |zj|pgpdu> < liminf</ |Dzj|pg0dx+/ |zj|p<,0d,u> =
i—oo \Jg K i—oo \Jg K,
= liminf<—/ |D2;|P"2Dz; Dy 2, dx-i—/ Pz; d:v) =
Q Q

Jj—oo

= —/ |Dz]p_2DzDgozda:+/<pzdx = / \Dz|pgodx+/ |z|Podpo -
Q Q Q Q
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This implies that

/IZI”sodu §/|Z|p<ﬂdﬂ0
K Q

for every ¢ € C§°(Q2), and hence pl K < po in {z > 0}. Since po(B) = +oo if
Cp(BN{z=0}) > 0 (Lemma 1.9), we have proved that pul K < po in Q, which,
together with the opposite inequality, gives po = pl K.

Let us fix now a Borel set B C 2 and let us prove that (,u | (BUK J)) Yp-converges
to ul_ (BUK). By Remark 1.7 it is enough to prove that for every sequence (u;) which

converges to a function u weakly in W, (Q) we have

(4.4) /|Du|pdx+/ lulPdp < liminf(/ |Duj|pdx—|—/ |uj|pdu>
Q BUK i—=oo Mg BUK;

and that for every u € W, *(2) there exists a sequence (uj) which converges to u weakly
in W,?(Q) such that

(4.5) limsup</ |Duj|pdac+/ \uj]pdu) < / \Du\pdx—l—/ lu|Pdp .
j—oo N BUK; Q BUK

Let (u;) be a sequence which converges to a function u weakly in Wy (). By the

lower semicontinuity of the norm we get

(4.6) /|Du|pd:1; < liminf/ |Du;|Pdz .

Q j—oo Ja
Since p vanishes on all sets of C,-null sets, by Fatou’s lemma the functional v —
[suk [uPdp is lower semicontinuous in the strong topology of Wy'?(R2). As this func-

tional is convex, it is lower semicontinuous in the weak topology of I/VO1 P(Q). Therefore

(4.7) / lulPdp < liminf/ luj|Pdp < liminf/ luj|Pdp
BUK J—0o° JBUK J—o° JBUK;
and inequality (4.4) follows from (4.6) and (4.7).
Let us fix now a function u € VVO1 Q)N LE(BUK) and let us construct a sequence
(u;) which satisfies (4.5). Since, by the previous step, (L K;) ~y,-converges to pul_ K,

there exists a sequence (v;) which converges to u weakly in W, () such that

(4.8) /]Du]pd:c+/ |u|Pdp = lim (/ \va]pdx+/ |vj|pdu>.
Q K i—ooNJq K;
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Since the sequence (v;) satisfies (4.6) and (4.7) with B = @, by (4.8) we obtain

(4.9) /\Du\pd:c = lim / |Dv;|Pdx and /|u]pd,u = ‘lim/ lv;|Pdp,
5 i—oo Jo K i—oo Jk,

hence (v;) converges to u strongly in W, ().
We are now in a position to construct a sequence (u;) such that (4.5) holds. Let
uj = (v Alul) V(=ul), ie.,

Jul | if v; > |ul,
uj = 4 s if |vj] < ul,
—|u], if v; < —|ul.
It is easy to see that (u;) converges to u strongly in Wy (Q). Since \uj| = |vj| Aul,

with [v;| € L7(K;) and |u| € LE(B), we conclude that |u;| € LP(K; U B). Every
subsequence of (|u;|P1p\k,) has a further subsequence which converges to |u|P1p\k
Cp-q.e. in Q. As |u;|Plp\k, < |ulP1p, by the Dominated Convergence Theorem we

have

i [ fulde = [l
j—o0 JB\K; B\K

Thus, by (4.9) and taking into account that |u;| < |v;|, we get

limsup/ luj|Pdp < limsup/ lu;i[Pdp + limsup/ luj[Pdp <
BUK; K B\Kj

Jj—oo

<t [ oPans [ ude= [ jupde.
K; B\K BUK

This fact, together with the strong convergence of (u;) in Wy (Q), implies that (4.5)
holds and concludes the proof of the lemma. U]

Theorem 4.3. Let p € /\;lg(Q) and let K be the intersection of a decreasing sequence
(K;) of C,-quasi closed sets such that K; CC S for every j. Then

CUM(BUK,s) = lim CW"(BUK;,s) = inf C%*(BUK;,s)
J

Jj—oo
for every Borel set B CC ) and for every s € R.

Proof. For every j let u; be the C’Z’“ -capacitary potential of B U K relative to s. As

in the proof of Theorem 4.1 we have that the sequence (u;) is decreasing and converges
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weakly in WP (Q) and C,-quasi everywhere in € to some function u in W, ?(£2). Since
WP (Q) N LE(BUKj;) C WyP(Q) N LE(BUKj;) for every i > j, following the lines of
the proof of Theorem 4.1 we obtain that v —s € LF (B U K) and
(4.10) / (a(z, Du), Dv) dz + / b(x,u — s)vdy = 0

Q

BUK
for every function v which belongs to Wy (€2) N LE(B U Kj) for some j. To conclude
that u is the C’Z’“ -capacitary potential of BU K relative to s it is enough to prove
(4.10) for every v € W, P(Q) N LE(BUK).

Let z; be the solution of the problem

2 € WeP(Q) NLE(BUK;),

(4.11) /|DZj|p2DZjD’UdI—|—/ |zj|p72zjv d/L = /Ud.’L’
Q BUK; Q

Vv e WyP(Q) N LE(BUK;),
and let z be the solution of the problem

2 € WyP(Q)NIE(BUK),

(4.12) /]Dz|p_2DzDvdx—|—/ |2[P~22v dp = /vd:c
Q BUK Q
Vv e WyP(Q)NLE(BUK).
By Lemma 4.2 we have that (ul (B U K;)) ~,-converges to ul_ (B U K) and hence
(z;) converges to z weakly in W,”(Q). By taking v = z; in (4.11) and v = z in (4.12)

we obtain

(4.13) / |Dz|Pdx + / |z|Pdp = lim </ |Dz;|Pdx + / |zj|pd,u>.
Q BUK i—oo g BUK;

Since the functional z — [ UK [2|Pdp is convex and lower semicontinuous in the strong

topology of WO1 P(Q), it is lower semicontinuous in the weak topology. Therefore

(4.14) / |z|Pdp < liminf/ |zj[Pdp < liminf/ |z [Pdp.
BUK J7° JBUK J7° JBUK;

As (z;) converges to z weakly in WyP(Q), (4.13) and (4.14) imply that (z;) converges
to z strongly in W, *(€) and in LE(BUK).

Given ¢ € C§°(Q2), we take now v = z;p as test function in (4.10). If we pass to
the limit as j — oo we obtain (4.10) for every v of the form v = z¢, with ¢ € C5°(Q2).
Using Lemma 1.10 we obtain (4.10) for every v € Wy (Q) N LE(BUK). This shows
that u is the C’Z’“ -capacitary potential of B U K relative to s. We can then conclude
the proof as in Theorem 4.1. U]
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5. Approximation properties and subadditivity

In this section we conclude the study of the properties of the C’Z’“ -capacity by

proving some approximation result and the countable subadditivity of the Cg’” -capacity.
Theorem 5.1. Let e M5(Q). Then

(5.1) C%"(B,s) = sup{C%"(K,s) : K compact, K C B}

for every Borel set B CC Q) and for every s € R.

Proof. Let us fix s € R and a Borel set B CC ). Let a be the set function defined by

a(F) = C’Z’“ (EN B, s) for every Borel set E C R"™. Since B is a compact set contained

in €2, by Theorems 3.4, 4.1, and 4.3 the function « satisfies the following properties:

(a) if ECF, then a(F) < a(F);

(b) if E is the union of an increasing sequence (E;) of Borel sets in R™, then a(F) =
sup; a(Ej);

(c) if K is the intersection of a decreasing sequence (K;) of compact sets in R™, then
a(K) = inf; o K;).

Therefore « is a capacity in the sense of Choquet. By the Capacitability Theorem ([7],

Theorem 1) for every Borel set £ C R™ we have

(5.2) a(F) = sup{a(K) : K compact, K C E}.

The conclusion follows by taking E = B. L]

In the following lemma we prove that CZ’“ (+,s) is subadditive on the family £ of all
Borel subsets of € of the form E = K NU, with K Cp-quasi closed and U C)-quasi

open.

Lemma 5.2. Let p € M§(Q) and let Ey and E3 be two Borel sets of the class & .
Then
CYM(Ey U By, s) < CY™(Ey, s) + C%¥(Es, s)

for every s € R.

Proof. By Lemma 1.5 in [18] there exist two increasing sequences (K7) and (K7) of

compact sets, contained in E; and Ej \ E; respectively, whose unions cover C)-quasi
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all of Ey and FE; \ E;. By Theorem 4.1 and Remark 2.3 we have

CYM(Ey U Ey,s) = lim CY*(KJ UK),s).

J—00

Moreover, by monotonicity (Theorem 3.4), we have
ChM(KY,s) + CHM (Y, 5) < CRM(Br,s) + CYM (B, s).

Thus it is enough to prove that, given two arbitrary disjoint compact sets K; and Ko

contained in €2, we have
CYM(K1 UKy, s) < CYM(Ky,s) + CYM(Ky,s).

Since K; and Ky are disjoint, there exist two disjoint open sets V; and V5 such that
K, cVicQand Ko C Vo C Q. It is not restrictive to assume that s > 0. Let u,
uy, and ug (resp. A, A1, and Ag) be the Cﬁl’“—capacitary potentials (resp. inner Cﬁ"“-
capacitary distributions) of K; U Ky, K;, and Ky relative to s. We want to prove
that

(5.3) MBNK) < M(B)  and  ABNK,) < \(B)

for every Borel set B C (2. By Lemma 3.1 and by Proposition 2.5 we have u; < u and
up < u Cp-qe. in R". Let ¢ € C5°(V1), with ¢ > 0, and let € > 0. The function
v =epA(u—uy) belongs to Wy ()N LE (K1 UK3), thus we can take it as test function
in the problems solved by u; and u, and using the argument of the proof of Theorem 2.6
we find that

/Q(a(a:,Du) — a(z, Duy), D) dz < 0

for every ¢ € C§° (V1) with ¢ > 0. By Theorem 2.6 this implies A(B) < A\;(B) for every
Borel set B C V;. Since supp(A;1) C K7 C V; we obtain

ABNK:1) < M(BNK1) = A(B)

for every Borel set B C R™. Similarly we obtain the second inequality of (5.3).
Finally, since supp(\) C K7 U Ky, we get

)\(Rn) = )\(Kl) +)\(K2) < )\1(K1> -l-)\g(Kg) = /\1(Rn) -l-)\g(Rn),

which concludes the proof by Proposition 2.8. L]
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Theorem 5.3. Let uc ME(Q). Then
(5.4) C%™(B,s) = inf{C%"(U,s) : U C,-quasi open, B C U cC Q}
for every Borel set B CC ) and for every s € R.

Proof. Let us denote the right hand side of (5.4) by I. By monotonicity we have
C’g”“‘ (B,s) < I. Let us prove the opposite inequality in the case s >0. Let u
be the C’Z’“ -capacitary potential of B relative to s. For every integer j let B; =
{r € B : u(r) <s—1/j}. Since u—s € L% (B), it is easy to see that u(B;) < +oo for
every j. This implies that there exist a compact set K; and a C,-quasi open set U;
such that K; C B; C U; cC Q and p(U; \ K;) < 1/j.

Let € be an open set such that B C ' CcC Q. For every j we define let V; =
{reQ : ux)>s—1/j} and H; = {x € Q' : u(x) >s—1/j}. Then the set A; =
U; UV is Cp-quasi open and B C A; C U; U H; CC Q). Thus, by Lemma 5.2, we have

I < CZ’“(AJ‘,S) < CZM(KjUHjas)"i’Cif“(Uj\Kj?S)'

Since pu(U; \ Kj) < 1/j, by Theorem 3.4, Proposition 3.5, and inequality (V) we have
that

1
(5.5) I < CY™(BUH,,s)+ 304|s|p.

As (Hj) is a decreasing sequence of C)p-quasi closed sets contained in Q' whose inter-
section (up to Cp-null sets) is the set H = {x € Q' : u(x) = s}, by Proposition 4.3 we
have that

CY"(BUH,s) = lim CY"(BUH;,s).

J—00

Then, taking the limit as j — oo, from (5.5) we get I < C%*(B U H,s). Finally it is
easy to see that C}*(BU H,s) = C4"(B, s), hence I < C%"(B,s). 0

We are now in a position to complete the proof of the subadditivity of C’Z’“ (-, 8).
Theorem 5.4. Let € ME(Q). Then

CYM(B1U By, s) < CY*(By,s) + C4*(Ba, s) .
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for every s € R and for every pair By, B of Borel sets such that By CC Q2 and
By CC Q.

Proof. By Theorem 5.3 for every € > 0 there exist two C)p-quasi open sets U; and Us
such that By Cc Uy CcC 2, By C Uy CC 2, and
CYH (UL, 8) + CY* (Usy 8) < CY*(Bi,s) + C5*(Ba,s) + ¢

Since C%*(Uy UUy,s) < C%*(Uy,s) + C%*(Us, s) (Lemma 5.2), the conclusion follows
from the monotonicity of C%* (Theorem 3.4). 0

Now we prove that the CZ’” -capacity is countably subadditive.

Theorem 5.5. Let € M5(Q). Then
b, b:
Ci"(B,s) < ) C3"(By,s)
j=1

for every sequence (Bj) of Borel sets whose union B is relatively compact in ).

Proof. 'The result follows immediately from Theorems 4.1 and 5.4. L]

Finally, we prove that the C’Z’“ -capacity of any Borel set can be approximated from

above by the C’g’“ -capacity of open sets.

Theorem 5.6. Let € M5(Q). Then
(5.6) C%*™(B,s) = inf{C%"(U,s) : U open, BC U cC Q}.

for every Borel set B CC ) and for every s € R.

Proof. Let us denote the right hand side of (5.6) by I. By monotonicity (Theorem 3.4) we
have that C’Z’“ (B,s) < I. Let us prove the opposite inequality. Thanks to Theorem 5.3
it is enough to prove (5.6) when B is Cj,-quasi open. In this case for every ¢ > 0 there
exists an open set U CC € such that C,(U A B) < €. This implies that there exists an
open set V CC Q such that UA B C V and Cp(V) < €. Thus by Theorems 5.4 and 3.5

we have
I <CWMUUV,s) = Ch"(BUV,s) < C%*(B,s)+ CY"(V,s) <
< CRM(B,s) +k (|s| + [s|?) Cp(V) < C3M(B,s)+ k(|s| + |s]”) e,
hence I < Cg’“(B,s). U]
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6. Measures and capacities

In this section we prove a formula which allows us to construct, for every s € R,

the measure b(z, s)u once we know C’Z’“(B, —s) for every Borel set B C 2.

Theorem 6.1. Suppose that 2 <p <n. Let p € M{(Q), let s€ R, and let B CC
be a Borel set. Then

(6.1) / sb(z, s)du = SupZC’Z’“(BZ-,—s),
B iel

where the supremum is taken over all finite Borel partitions (B;);er of B.

Remark 6.2. Theorem 6.1 characterizes the measure A\(B) = [, sb(z,s)dp as the
least among the Borel measures v such that v(B) > C’Z’“ (B, —s) for every Borel set
B CC Q (see, e.g., [9], Lemma 4.1).

Proof of Theorem 6.1. Let us fix s > 0. For every Borel set B CC 2 let A(B) and
v(B) be the left and the right hand side of (6.1). We want to prove that v(B) = A(B).
By Proposition 3.5 we have that C’Z’”(B, —s) < A(B) for every B CC ). Since A

is additive, by the definition of v we have

(6.2) C%*"(B,—s) < v(B) < A(B)

for every Borel set B CC 2. It remains to prove that A(B) < v(B). This will be done

in three steps.

Step 1. Assume that u € W™19(). As b(-,s) is bounded, we have also A € W™ "9(Q).
Since p € MP(Q), by Theorem 5.5 the set function C%*(-,s) is countably subadditive,
and, consequently, v is a non-negative Borel measure (see, e.g., [9], Lemma 4.1). By the

Radon—Nikodym Theorem there exists a Borel function g: 2 — [0, 1] such that

(6.3) W(B) = /B gdA

for every Borel set B CC ().

In order to prove that A < v, we shall show that g =1 A-a.e. in 2. We argue by
contradiction. Suppose that \({x € Q: g(z) < 1}) > 0. Then there exists € > 0 such
that

(6.4) AM{zeQ: g(z)<1—¢}) > 0.
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Let E={ze€Q: g(z) <1—¢}, ug = pl_E,and \g = AL E = sb(x, s)ug. Since
0 < Ag < A, we have that \g € W™ "9(Q). By (6.2) and (6.3) for every Borel set
B cC Q) we obtain

Cy"#(B,~s) = C4"(BNE,~s) < v(BNE) =

(65) = [ gt 0-9ne) = 1-0) [ b 9)due.

For every Borel set B CC € let upg be the corresponding Cﬁl’“ ¥ _capacitary potential
relative to the constant —s. Since 0 < up + s < s, by (II) and (V) we have

b(x,up + s)(up +s) > b(x,s)s — ki|lugl|?,

where k1 = c4(1 + 2P7179) |s|P77. Thus, by the definition of the C’Z’”E -capacity, we

obtain

chres.-s) > [

b(x,up + s)(up + s)dug > /
B

b(z,s)sdup — /ﬁ/ lup|”dp -
B B

Therefore, by (6.5) and (IV) we have

3

(6.6) / lup|°dug > k_/ b(z,s)sdug > kopg(B),

B 1JB
where ko = c3sPe/k1. Now let U be an open set such that U CC  and let uy be the
corresponding C’Z’“ P _capacitary potential relative to the constant —s. By Lemma 3.1,
if BCU, then |ug| < |uy| Cp-qg.e. in 2. Thus by (6.6) we obtain

[ fuldne = kane(®)
B

for every Borel set B such that B C U CC (). Therefore for every open set U CC () we
get

‘UU| 2 kg )\E—a.e. in U.

Now let F' be the C},-quasi support of Ag, i.e., the smallest C},-quasi closed set F
such that A\g is identically zero on the complement of F' (see [11], Definition 2.5). By
applying Theorem 2.6 of [11] we obtain

lur| > ko Cp-qe.in UNF
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for every open set U CC ).
Then, by the definition of the Cj,-capacity and by assumption (i), we get

CHE (U, —s) = /(a(x,DuU),DuU) da:+/ b(z,ur + s)(uy + s)dug >
Q U

> cl/ |Duy|Pdz > c1k5C,(UNF);
Q
taking (6.5) into account, we have
Co(UNF) < k3Ag(U),
where k3 = (1 —¢)/(c1k%), and hence
" 1/(p—1) " 1/(p—1)
(6.7) / (Cp(F F‘I_Bp(a:))> p=Hdp < k;/(p—l)/ <)‘E(Bp(x))> p=Ddp
0 prr p 0 p
whenever B,(z) cC Q. Now, since Ap € W~ "%(Q), the right hand side of (6.7) is
finite Ag-a.e. in F' (see [23], Corollary to Theorem 1, or [34], Theorem 4.7.5), while the
left hand side is infinite Cp-q.e. in F' (hence Ag-a.e. in F') by the Kellog property for

non-linear potentials (see [23], Theorem 2). This implies Ag(F) = 0, hence A(E) = 0,
which contradicts (6.4). This concludes the proof in the case u € W~ "%(€).

prP

Step 2. Assume that u € ME(Q) and that v(B) < +oo for every Borel set B CC Q.
By Proposition 3.6 there exists a constant £ > 0 such that

(6.8) klsPC(B) < C4"(B,—s)
for every Borel set B CC §2. We define

(6.9) vp(B) = sup ¥ Cl(By),
icl
where the supremum is taken over all finite Borel partitions (B;);e; of B. By (6.8) we

have
(6.10) k|slPv,(B) < v(B) < 400

for every Borel set B CC . By applying Theorem 5.7 of [8] and Lemma 2.3 of [12] we
obtain that there exists a non-negative Radon measure p € W_l’q(Q) and a non-negative
Borel function : ) — [0, 400] such that

(6.11) /U (u*)Pdp = /U ()P dp
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for every open set U C Q and for every u € W"P(U). For every integer k let ¢, = Ak,

and let w; and w be the measures defined by

6.12 B) = d B) = dp.
(6.12) wi(B) /Bwkp, w(B) /Bw
By (6.11) and (3.3) we obtain

(6.13) Cor(U) < C2(U) = CL(U) < 1(U)

p

for every open set U CC €. Since C}' is countably subadditive ([11], Theorem 3.2), by
(6.10) the set function v, is a Radon measure (see, e.g., [9], Lemma 4.1). Consequently
from (6.13) we obtain Cy*(B) < v,(B) for every Borel set B CC €. Since wyp €
W~9Q), from Step 1 we get wi(B) < v,(B) for every Borel set B cC Q. By the
Monotone Convergence Theorem and by (6.12) this implies w(B) < v,(B) < +oo for
every Borel set B CC Q2. As w is a Radon measure we deduce from (6.11) that p is a

Radon measure too and that w = p. From Theorem 3.3 we obtain
C* (B, —s) < CJ"(B,~s) < v(B)

for every k and for every Borel set B CC 2. From Step 1 and from (6.12) we obtain

/BSb(l“?S)l/szdP < v(B).

As k — oo we get

AB) = / sb(x, s)dp = / sb(x, s)dp < v(B)
B B
for every Borel set B CC €. This proves that A(B) < v(B) whenever v(B) < 4oo for
every Borel set B CC (2.

Step 3. Let us consider now the general case. We want to prove that A < v. Let us
fix a Borel set £ CcC Q. If v(E) = +oo, the inequality A(F) < v(E) is trivial. If
v(E) < +00, we consider the measure p|_ E. Since C5*=#(B, —s) = C%"(EN B, —s),
for every Borel set B CC 2 we have

supZC’Z’“LE(Bi,—s) = (vl_E)(B) < +o0,
iel



42 G. DAL MASO, A. GARRONI, and I.V. SKRYPNIK

where the supremum is taken over all finite partitions (B;);c; of B. This shows that

the pair (b, ul_ FE) satisfies the assumptions of Step 2. Therefore

/ sb(z,s)dp = / sb(xz,s)d(pl_FE) < (vl E)(B) = v(ENB)
ENB B

for every Borel set B CC (). By taking B = E we obtain
ANE) = / sb(x,s)du < v(E),
E
which concludes the proof. U]

Remark 6.3. The assumption p < n in Theorem 6.1 is used to prove that (6.7) leads
to a contradiction. The conclusion of Theorem 6.1 is false, in general, when p > n, as

shown in Example 4.3 of [11].

7. Sequences of Dirichlet problems and sequences of capacities

In this section we consider an arbitrary sequence of measures (p;) in M{(Q) and
an arbitrary sequence of functions (b;) in F(cs,cq,0), with 0 < c3 < ¢y and 0 <o <1,
and we study the relationships between the 74 -convergence of the sequence (b;, 11;) and
the convergence of the corresponding C’ﬁf’“ I _capacities.

Let us start with a preliminary result which concerns the convergence properties of
the restrictions of the sequence (b;, 11;). We shall use the notion of rich family of open
subsets of (2 and some results related with the theory of increasing set functions. We
recall here the definition of rich family, while we refer to Chapters 14 and 15 of [10] for

a general treatment of this subject.

Definition 7.1. We say that a family D of open sets U CC (2 is dense if for every
pair (K,V), with K compact, V open, and K C V CC , there exist U € D such that
K Cc U Cc V. We say that a family R of open sets U CC (2 is rich if, for every chain
(Ut)ter of open sets in Q, the set {t € R : U; ¢ R} is at most countable. By a chain
we mean a family (Uy)ier of open sets such that Us CC Uy CC Q for every s, t € R
with s < t.
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Proposition 7.2. Let (u;) be a sequence in My(Y), let (b;) be a sequence in
Fles,cq,0), let e ME(Q), and let b € F(cy, ¢y, 0'), where ¢y, ¢y, o' are the constants
which appear in Theorem 1.16. Suppose that (uj;) ~p-converges to g and that (bj, ;)
4 -converges to (b, ) in Q. Then there exists a rich family R of open sets of U CC
such that the sequence (bj, pu;L_U) ~a-converges to (b, n_U) for every U € R.

Proof. By Theorem 4.4 of [12] there exists a rich family R of open sets U CC € such
that (p; L U) vp-converges to ul U for every U € R. Then, by Theorem 1.16, for every
U € R there exists a function by € F(c4, ¢y, 0’) such that a subsequence of (b;, u; L U)
~va-converges to (by,ul_U). Moreover, by a localization argument we have that the
same subsequence of (b;, ;- U) ~ya-converges in U to (b,u) and to (by,ul U). By
Lemma 1.18(b) this implies that

/Bb(w»S)du = /BbU(w,S)du

for every Borel set B C U and for every s € R. Therefore
[ vwsdtutv) = [ butes)d(u0)
B B

for every Borel set B C  and for every s € R. Applying Lemma 1.18(a), we obtain
that a subsequence of (bj, ;L U) ya-converges to (b,ul_U). Since this result does
not depend on the choice of the v4-convergent subsequence, we conclude that the whole

sequence (b;, ;L U) ya-converges to (b, ul U) for every U € R. L]

Theorem 7.3. Let (11;) be a sequence in ME(Q), let (b;) be a sequence in F(cs,ca,0),
let i € MBE(Q), and let b € F(ch,cy,0'), where ¢y, ¢y, o' are the constants which appear

wn Theorem 1.16. Assume that 2 < p < n. Then the following conditions are equivalent:

(a) (bj,pj) va-converges to (b, p);

(b) for every s € R we have

lim sup ng’”j(U, s) < C%*(V,s) < liminf C%’“j(W, s)

j—o0 J—0o0
whenever U, V, W are open sets with U CCV CC W CC

(c) there exists a rich family R of open sets U CC 2 such that

lim C%* (U, s) = C%"(U, s)

J—00
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for every U € R and for every s € R.

Proof. (a)=(b). Assume (a). Let us prove the first inequality in (b) arguing by
contradiction. Suppose that there exist s € R and two open sets U and V, with
UccV cc, such that

lim sup Cﬁ{’”j (U,s) > CY™"(V,s).

Jj—oo
Passing, if necessary, to a subsequence, still denoted by (b, 1), we may assume that

(7.1) lim C%*(U,s) > CY*(V,s).

Jj—o0
By Theorem 1.16 there exist a further subsequence, still denoted by (b;, 1), a measure

A € MB(Q), and a function g € F(ch,c},0'), such that (u;) 7,-converges to A and
(bj, ;) ya-converges to (g, \). By Lemma 1.18 we have

(7.2) C5M (B, s) = C3"(B,s)

for every Borel set B CC . Since every rich family is dense ([10], Remark 14.13),
by Proposition 7.2 there exists a Borel set B such that U C B C V and (bj, u; L B)
~va-converges to (g,A\L_B). Let u; be the C’i{’“j -capacitary potential of B relative to

the constant s, and let z; = u; —s. Then z; is a solution of the problem
Z € WHP(QNLY | 5(Q),
(7.3) / (a(z, Dz;), Dv) dx +/ b(z, zj)vd(pu;L_B) =0
Q Q
Yo e WoP(@)NLE | ().
Let ¢ be a function in W"P(Q) such that 1) = 0 Cp-q.e. in B and ¢ + 5 € W P(Q).
Taking v = z; — ¢ as test function in (7.3), it is easy to see that
/ |Dzj]pda:+/ 2, Pd(u;|_B) < C.
Q Q
Then, up to a subsequence, (z;) converges weakly in WP(Q) to some function z. Since
(bj, ;L B) ~ya-converges to (g, A\l B) we have that z is a solution of the problem
e WP Q)N LR, (),
(7.4) / (a(z, Dz), Dv) dx +/ b(z,z)vd(AL_B) =0
Q

Q
Yo € WyP(Q) NI 5(9Q).
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As z;+s € Wy P(Q) for every j, we have z +s € W, (), so that z + s coincides with
the C’f"’\—capacitary potential v of B relative to the constant s.

Taking v = z; — ¢ as test function in (7.3), and taking into account that @ = 0
Cp-q.e. in B, we get

C%H(B,s) = /(a(a:,Dz]-),Dzj)dw+/ b(, )z dpj =
(7.5) N ’

= / (a(z, Dz;), DY) dz.
Q
Similarly, taking v = u — v as test function in (7.4), and using (7.2), we get
C%"(B,s) = C4N(B,s) = /(a(az,Dz),Dw) dzx .
Q

Since by Proposition 1.15 the sequence (a(m,Dzj)) converges to a(x, Dz) weakly in

LY(Q,R™), passing to the limit in (7.5) as j — oo we obtain

lim C%*(B,s) = C4"(B,s).

Jj—oo
By monotonicity (Theorem 3.4) we have

lim C%" (U, s) < lim CY*"(B,s) = C%"(B,s) < CY"(V,s),

J—00 J—0o0

which contradicts (7.1). Therefore the first inequality in (b) is proved. The second

inequality in (b) can be obtained in the same way.

(b)=(c). For every Borel set B CC Q and for every s € R let

o/ (B, s) = liminf C%* (B, s), o’ (B, s) = limsup C¥* (B, s),

Jj—00 Jj—00

a(B,s) = C%"(B,s).

By Theorem 3.4 the functions o'(B,s), o'(B,s), a(B,s) are increasing with respect
to B, and by Proposition 3.8 they are continuous with respect to s. If (b) holds, then

(U, s) < a(V,s) <o/ (W,s) < a”"(W,s)

whenever U, V', W are open sets with U CC V CcC W CC (2. By a general property
of increasing set functions (see [10], Theorem 15.18) these inequalities imply that there
exists a rich family R of open sets U CC €2 such that

a(U,s) =d'(U,s) =" (U,s)
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for every U € R and for every s € R. By the definition of «, o, o this is equivalent

to (c).

(c)=(a). Assume (c). By Theorem 1.16 there exist a subsequence, still denoted
by (bj, 1), a measure A € Mb(2), and a function g € F(c4, ¢}, 0’) such that (bj, ;)
~v4-converges to (g, \). Since (a)=>(c), there exists a rich family R’ of open sets U CC ()
such that

lim C%*" (U, s) = CYNU, )

J—00

for every U € R’ and for every s € R. By Remark 14.13 of [10] the family R” = RNR’

is rich and
(7.6) CHM(U,s) = C{MU, s)

for every U € R for every s € R. We want to prove that C%"(-,s) and C%*(-,s)
coincide on every Borel set B CC ). Let us fix an open set U CC 2 and s € R. By
Theorem 5.1 for every £ > 0 there exists a compact set K C U such that

ChHM(U,s) —e < CY*(K,s).

Since by Remark 14.13 of [10] R” is dense there exists an open set V € R” such that
K Cc V Cc U. By monotonicity (Theorem 3.4) and by (7.6), we have

ChMU,s) —e < CYM(K,s) < CY™(V,s) = C5NV,s) < C9N U, ),

so that C’%“(U, s) < Cf"A(U, s). Since the opposite inequality can be obtained in the
same way, we have proved that (7.6) holds for every open set U CC 2 and for every
s € R. By Theorem 5.6 the same equality holds on Borel sets. Thus Theorem 6.1 implies
that

(7.7) / sb(x,s)dp = / sg(x,s)dA

B B
for every Borel set B C ) for every s € R, and from Lemma 1.18 we obtain that (b;, 1)
~va-converges to (b, ). Since the result does not depend on the subsequence, we have

proved the convergence of the whole sequence. U]
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Proof of Theorem 0.1. For every j let E; = Q\ Q;, let p; be the measure cog; intro-
duced in (1.2), and let b; be an arbitrary function in F(cs,cs,0). By Remark 1.13 for
every f € W™9(Q) the solution u; of problem (0.1) coincides with the solution of prob-
lem (1.14). By assumption for every f € W~ "9(Q) the sequence (u;) of the solutions of
problems (0.1) converges weakly in W, *(€) to some function u. By the compactness
of the 4 -convergence (Theorem 1.16) there exist a measure p € M?(Q) and a function
b € F(ch,cy,0") such that a subsequence (bj,, 1;,.) of (bj, ;) va-converges to (b, p).
This means that, for every f € Wy?(Q), the limit u of the sequence (u;,) is the solu-
tion of problem (1.9). Since, by assumption, the whole sequence (u;) converges, by the
definition of 74 -convergence (Definition 1.14) the whole sequence (b;, pt;) va-converges
to (b, ). By Remark 2.2 we have

(7.8) CYM(U, s) = Cu(U\ 9y, 5)

for every j, for every s € R, and for every open set U CC (). Let H and K be two
compact sets such that H C KCcKCcC 2, and let U and V be two open sets such that
H Cc U cc V cc K. By the monotonicity of the A-capacity (see [18], Theorem 4.3),
by (7.8), and by Theorem 7.3 we have
limsup C,(H \ ©;,s) < limsup C’Zj’”j (U,s) < C%"(V,s) <
Jj—oo Jj—oo

< liminf C’Zj’”j(f(, s) < liminf C, (K \ ©;,s),
j—00

J—)OO

which concludes the proof of the theorem. U]

Theorem 7.4. Let () be a sequence in M{(Q) and let (b;) be a sequence in
F(cs,cq,0). Suppose that 2 < p <n and that

lim sup C’gj’“j (U,s) < liminf C’Zj’ﬂj (V,s)

for every s € R and for every pair U, V' of open sets such that U CC V CC Q2. For

every s € R let a(-,s) be an increasing set function such that

(7.9) lim sup C’Zj’“j(U, s) < a(V,s) < liminf Cif’“j (W, s)

j—o0 J—00
whenever U, V., W are open sets with U CC V. CC W CC Q, and let ((-,s) be the
reqularized version of «(-,s) defined by
B(U,s) = sup{a(V,s): V open, V CC U}, if U is an open set in Q,

(7.10
) B(B,s) = inf{B(U,s): U open, BCU CQ}, if B isa Borel set in Q.
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Then (-, s) is countably subadditive. For every s € R let v(-,s) be the measure defined
for every Borel set B C ) by

(7.11) v(B,s) = sup»_B(B;,—s),
iel
where the supremum is taken over all finite Borel partitions (B;);er of B.
Then the measure p(B) = v(B,1) belongs to ME(Q) and there exists a function
b: QxR — R, which belongs to F(c5,cy,0") for suitable constants 0 < ¢4 < ¢ and
0 <o’ <1, such that

(7.12) /Bb(x, s)du = %I/(B, s)

for every s € R and for every Borel set B C ). Finally, the sequence (bj, ;) va-con-
verges to (b, ) and B(B,s) = C’Z’“(B,s) for every Borel set B CC (2.

Proof. By the compactness of the -4 -convergence (Theorem 1.16) there exist a measure
A € MB(Q) and a function g € F(c}, ¢}, o) such that a subsequence (bj, , 1, ) of (bj, ;)
~va-converges to (g, A). By Theorem 7.3 for every s € R we have
1 bjk”"‘jk g, .. bjk7p’jk
limsup C, (U,s) < Cy7(V,s) < hkmlnf C, (W, s)
— 00

k—o0
whenever U, V', W are open sets with U CcC V cCc W CC Q.
Let us prove that ((B,s) = C:Z’A(B,S) for every s € R and for every Borel set
B cc Q. Let U, V, W be open sets such that U cCc V cCc W ccC Q. By our

assumption on a and by the monotonicity of the C’Z’“ -capacity (Theorem 3.4) we have
a(U,s) < likminf C’Zj’“’w’“ (V,s) < C9NW,s),
—00

C9*(U,s) < liminf C’Zj’“’w’“ (V,s) < a(W,s).

k—oo

This gives (U, s) < C’%A(V, s) and C’i’)‘(U, s) < a(V,s) for every pair of open sets U,
V with U cCc V cC Q. By Theorem 5.1 and by the definition of 3 this implies that
B(U,s) = C’f{’\(U, s) for every open set U CC ) and for every s € R. By Theorem 5.6
and by (7.10) we have ((B,s) = C’f")‘(B, s) for every Borel set B CC Q and for every
s € R. Therefore (-, s) is countably subadditive by Theorem 5.5.

As = C’f"A, by Theorem 6.1 we have that

(7.13) v(B,s) = /Bsg(:lr,s)d)\
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for every Borel set B C (2 and for every s € R. Therefore

w(B)=v(B,1) = /Bg(a:, 1)dA.

Since ¢4 < g(z,1) < ¢}, by Remark 1.5 it is clear that u belongs to M5(Q) and that
cg)\ <pu <.

Let w be the solution of problem (1.8). As p is o-finite on {w > 0}, by the Radon—
Nikodym Theorem there exists a Borel function : {w > 0} — [c}, ¢}] such that A = ¥pu
in {w > 0}. Let us extend 9 to Q by setting ¢ = c¢§ in {w = 0}. Since A\(B) = u(B) =
+oo for every Borel set B C Q with C,(BN{w =0}) >0 (Lemma 1.9), we obtain that

(7.14) A=Yp in Q.

Let b: QxR — R be the function defined by b(x,s) = g(z, s)¥(z). Then g belongs to
F((c5)?,(c})?, o) and, by (7.13) and (7.14), we have
v(B,s) = / sg(x,s)d\ = / sb(z,s)du
B B

for every Borel set B C () and for every s € R. Thus by Lemma 1.18 the subsequence
(bj,.» 1je) va-converges also to (b, ).

If (bj;,pjr) is another subsequence which ~y4-converges to (¢’,A'), with ¢' €
F(ch, cy,0") and N € ME(Q), then

/Bsg'(x, s)d\ = v(B,s) = /Bsb(m,s) dy

for every Borel set B C ) and for every s € R. Thus by Lemma 1.18 the subse-
quence (bj:, pjr) ya-converges also to (b,u). Since the result does not depend on the

subsequence, we have the convergence of the whole sequence. U]

Proof of Theorem 0.2. For every j let E; = Q\;, let p; be the measure oog,
introduced in (1.2), and let b; be an arbitrary function in F(cs, cs,0). By Remark 1.13
for every f € W™"9(Q) the solution u; of problem (0.1) coincides with the solution of
problem (1.14). By Remark 2.2 we have

(7.15) C%H (B, s) = C,(B\ Q)

for every j, for every s € R, and for every Borel set B CC 2. By (0.6) the set function
B(-,s) defined by (0.7) satisfies (7.9). This implies that 3(-,s) coincides with the set
function defined by (7.10). The conclusion follows then from Theorem 7.4. 0
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We consider now the special case where, for every s € R, the set function «f(-, s)
which appears in Theorem 7.4 is bounded by a Radon measure. By Proposition 3.6 it is

enough to assume that there exists a non-negative Radon measure A on {2 such that

(7.16) limsup CJ7(U) < A(V),

Jj—o0
for every pair U, V of open sets such that U CC V CC ). In the following theorem
we prove that, in this case, the measure p and the function b which appear in the limit

problem (1.9) can be obtained by a derivation argument with respect to the measure \.

Theorem 7.5. In addition to the hypotheses of Theorem 7.4, assume that there exists a
non-negative Radon measure A on § such that (7.16) holds for every open set U CC Q.
Then for A-a.e. x € Q the limit

. B(By(x), =) _
(7.17) ;% W = Y(x,s)

exists for every s € R. Let p be the Radon measure defined by
u(B) = [ wian)ix

for every Borel set B C ). Then p belongs to /\;lg(Q) and there exists a function
b: QxR — R, which belongs to F(c§,cy,a') for suitable constants 0 < 5 < ¢ and
0 <o’ <1, such that

(7.18) bz, s) = ézg i;

for p-a.e. x € Q and for every s € R. Finally, the sequence (bj, f1j) ~ya-converges
to (b,p).

Proof. Tt follows easily from (7.16) and (3.4) that the set function (-, s) defined by (7.9)
and (7.10) satisfies the inequality

B(B,s) < ka([s| +[s[") A(B)

for every Borel set B C € and for every s € R. Since f(:, s) is countably subadditive
(Theorem 7.4), by Theorem 1.1 of [1] there exists a Borel set N C Q, with A(NV) = 0,
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such that the limit in (7.17) exists for every z € Q\ N and for every rational number s.
By (3.9) and (7.16) for every Borel set B CC € and for every s;, so € R we have

|B(B, —s1) = B(B, =s2)| < kA(B) (1+ |s1] +[s2)P""|s1 — 2|7,

which gives

By(x), —s1 B,(x), —s2 - T
‘ﬂ(A(pép)(x)) ) N ﬁ<)‘(ép)($)) )’ < k(14 s1] + [s2)) |s1 — s

for every x € 2 and for every p > 0 such that B,(x) CC 2. This implies that the limit

in (7.17) exists for every z € Q\ N and for every s € R. Moreover, Theorem 1.1 of [1]
guarantees that the measure v(-,s) defined by (7.11) satisfies

(7.19) v(B,s) = / W(x,s)dA
B
for every Borel set B C (2 and for every s € R. Since
(7.20) u(B) = [ vl 1)an = (B
B

for every Borel set B C €2, by Theorem 7.4 the measure p belongs to ./\;lg(Q) Moreover
there exists a function b: QxR — R, which belongs to F(c}, ¢, o) for suitable constants

0<cs<c, and 0 <o <1, such that (bj, ;) ya-converges to (b,n) and

(7.21) /Bsb(x, s)du = v(B,s)

for every s € R and for every Borel set B C Q. From (7.19), (7.20), and (7.21) it
follows that for every s € R we have ¥(x,s) = sb(x, s)y(z,1) for A-a.e. x € Q, which
implies (7.18) and concludes the proof of the theorem. L]

Proof of Theorem 0.3. Let E;, pj, and b; be as in the proof of Theorem 0.2. By (0.11),
(7.15), and (3.4) condition (7.16) is satisfied, with A replaced by A/k;. The conclusion
follows then from Theorem 7.5. 0
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