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Introduction

Let L be a linear elliptic operator on a bounded open set 2 of R", n > 2, and
let (2;) be a sequence of open sets contained in 2. In this paper we prove that the
asymptotic behaviour, as h — 0o, of the solutions uj of the Dirichlet problems

Up € H& (Qh) ,
(0.1)

Luh = f in Qh N
for f € H=1(Q), is uniquely determined by the asymptotic behaviour, for a suitable
class of sets E CC 2, of the capacities cap®(E \ Q) associated with the operator L
according to Stampacchia [13]. In particular we prove (Theorem 6.1) that, if

(0.2) lim cap™(E\ Q) = a(E)

h—oo

for all sets E in a sufficiently large class £ of subsets of Q, then for every f € H—1(Q)
the solutions uy, of (0.1), extended by 0 in \ €y, converge weakly in Hg(Q2) to the
solution w of the “relaxed Dirichlet problem”

u e HF(Q)N Li(Q) ,
(0.3)
(Lu,v)y + /qud,u = (f,v) VvEH&(Q)ﬂLi(Q),

where 1 is a non-negative Borel measure on 2, which is uniquely determined by the set

function « defined by (0.2). More precisely, let 5 be the regularization of « defined by
BU) =sup{a(FE) : E€&, ECCU}, if U is open in
B(B) =inf{B(U) : U open, BCU C Q}, if BCQ.

Then the measure p which appears in (0.3) is the smallest Borel measure on 2 which
satisfies u(B) > ((B) for every Borel set B C Q: it is given by the formula

w(B) = sup Y B(Bi),
iel
where the supremum is taken over all finite Borel partitions (B;);c; of B.
If there exists a Radon measure v on 2 such that §(B) < v(B) for every Borel set
B C Q, then p can be obtained also by a derivation argument: we prove (Theorem 5.11
and Remark 5.12) that the limit
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exists for v-almost every x € {2 and that

u(B) = /B gdv

for every Borel set B C ().
In the paper we consider, more in general, the asymptotic behaviour of the solutions

up, of the “relaxed Dirichlet problems”

up € H Q)N L2, (Q),

(0.4)
(Lup,v) + /Quhv dun = (f,v) Vo € HE(Q) ﬂLih(Q),

where (i) is a sequence of measures of the class M(2) defined in Section 1. In this case
the behaviour of the solutions uj is determined by the behaviour of the puj-capacities
(introduced in [9] and [10]) on a “sufficiently large” class of Borel subsets of 2. We will
show explicitly that all problems of the form (0.1) can be written in the form (0.4) for a
suitable choice of the measures p; (Remark 1.4), and that, in this case, the correspond-
ing ju,-capacities coincide with the set functions E + cap”(E \ ;) considered above
(Remark 2.3).

When the operator L is symmetric, these results were obtained in [2] and [4] by
using I'-convergence techniques and the variational properties of cap”. The results of
the present paper are valid also in the non-symmetric case. This fact forces to deep
changes in the proofs, because now cap’ is not characterized by a minimum problem,
and the relevant properties of cap” have been proved only recently in [7]. Our results
are based on the new compactness theorem proved in [6] and on a careful study of the
properties of the p-capacity for possibly non-symmetric elliptic operators introduced
in [9].

1. Notation and preliminary results

Let Q be a bounded open subset of R™, n > 2. We denote by H!(Q) and H}(Q)
the usual Sobolev spaces, and by H~1(Q) the dual space of Hg ().

For every subset E of Q the (harmonic) capacity of E in 0, denoted by cap(FE, ),
is defined as the infimum of [, [Dul*dz over the set of all functions u € Hj(f2) such
that u > 1 a.e. in a neighbourhood of E. We use the notation cap(F) when  is clear
from the context. We say that a property P(z) holds quasi everywhere (abbreviated as
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g.e.) in a set E if it holds for all z € E except for a subset N of E with cap(/N) = 0.
The expression almost everywhere (abbreviated as a.e.) refers, as usual, to the Lebesgue
measure. A function u:{) — R is said to be quasi continuous if for every € > 0 there
exists aset A C Q, with cap(A) < e, such that the restriction of u to Q2 \ A is continuous.

It is well known that every v € H'(Q2) has a quasi continuous representative, which
is uniquely defined up to a set of capacity zero. In the sequel we shall always identify
u with its quasi continuous representative, so that the pointwise values of a function
u € HY(Q) are defined quasi everywhere. We recall that, if a sequence (u;) converges to
u in H}(Q), then a subsequence of (uy) converges to u q.e. in Q. For all these properties
of quasi continuous representatives of Sobolev functions we refer to [14], Section 3.

A subset A of 2 is said to be a quasi open if for every ¢ > 0 there exists an open
subset U. of Q, with cap(U.) < ¢, such that AU U, is open. It is clear that, if u is
quasi continuous, then the level sets {u >t} = {x € Q : u(x) >t} are quasi open for

every t € R. This is true, in particular, when v € H'(Q).

Lemma 1.1. For every quasi open subset A of €} there exists an increasing sequence

(vn) of non-negative functions of Hg () which converges to 1, pointwise g.e. in Q.
Proof. See [3], Lemma 1.5. 0

Lemma 1.2. Let (uy) be a bounded sequence of H}(S)) which converges to a function u
pointwise g.e. in . Then u is (the quasi continuous representative of) a function of
HY(Q) and (up) converges to u weakly in HZ ().

Proof. Let ¢, = ég% ur and VY = SUp Uj; - It is easy to see that ¢, " u g.e. in Q and
Y \yu q.e. in Q. Moreover ¢ < up < ¢, for every h < k. Now for every h the set
Ky ={ve H}Q) : pn <v <y qe. in Q} is convex and closed in Hg (), thus it is
weakly closed. Since (uj) is bounded in H{ (Q), a subsequence of (uy,) converges weakly
in Hj(Q) to a function v. Then v € K}, so that ¢, < v <, q.e. in Q for every h.

This implies © = v q.e. in 2 and concludes the proof of the lemma. U]

By a non-negative Borel measure in {2 we mean a countably additive set function
defined in the Borel o-field of 2 and with values in [0, +00]. By a non-negative Radon
measure in ) we mean a non-negative Borel measure which is finite on every compact
subset of (2. We shall always identify a non-negative Borel measure with its completion.

If 4 is a non-negative Borel measure, by supp u we denote the support of u, i.e., the
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smallest closed set whose complement has measure zero under p. If E is p-measurable
in ©, the Borel measure pl E is defined by (ul E)(B) = u(E N B) for every Borel set
B C Q. By LfL(Q), 1 < p < 400, we denote the usual Lebesgue space with respect to

the measure p. If p is the Lebesgue measure, we use the standard notation LP(€2).

Definition 1.3. We denote by M(2) the set of all non-negative Borel measures pu
in Q such that p(B) =0 for every Borel set B C ) with cap(B) = 0.

Let L: HY(2) — H71(Q) be an elliptic operator of the form

(11) Lu=— Zn: Di(aiiju),

4,j=1

where (a;;) is an nxn matrix of functions of L>°(Q) satisfying, for a suitable constant

a > 0, the ellipticity condition

n

Z aij(m)fjfi > alé|?

i,j=1

for a.e. x € Q and for every £ € R™. By a(u,v) we denote the corresponding bilinear
form in H'(2). The adjoint operator, related to the matrix a;;, is denoted by L*, and
the corresponding bilinear form by a*(u,v).

Let u € Mo(Q)), g € HY(Q), and f € H 1(Q). We shall consider the following
relazed Dirichlet problem (see [9] and [10]): find w such that

we H'(Q)NL%(Q), u—yge HjQ),

(1.2)
a(u,v)-l—/ wodp = (f,v) Vo € Hy(Q)NL2(Q),
Q

where (-,-) denotes the duality pairing between H~1(Q) and H}(Q). If there exists
z€ H'Y(Q) N L2(Q) such that z — g € Hy(Q), then problem (1.2) has a unique solution
(see [9], Theorem 2.4). In this case we say that ¢ is p-admissible. Note that, if supp u
is compact in Q, then every g € H'(Q) is p-admissible.

Remark 1.4. For every subset E of Q let cop be the measure in M(2) defined by

0, if cap(BNE) =0,
400, otherwise

(13 oe(B) = {
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for every Borel set B C ). It is easy to see that, if E is closed in the relative topology
of Q and there exists a function ¢ € H(Q) such that ¢ — g € H}(2) and ¢ = 0 q.e.
in F, then g is oog-admissible and the solution u of problem (1.2) coincides in 2\ F

with the solution v of the classical boundary value problem

U—QPGH&(Q\E);

Lv=f in Q\ F,

while u =0 q.e. in F.

Proposition 1.5. (Comparison principle) Let f1, fo € H-1(Q), let py, pa € Mo(Q),
and let g1, g2 € HY(Q). Suppose that uy and us are the solutions of problem (1.2)

corresponding to fi, p1, g1 and to fo, p2, g2. If 0 < f1 < fo, po < w1, and
0<g1<go inQ, then 0 <up <wug g.e. in .

Proof. See [9], Proposition 2.10. L

Proposition 1.6. Let p € My(R), let g be a non-negative p-admissible function of
HY(Q), and let u be the solution of the relaxed Dirichlet problem (1.2) corresponding to
f=0. Then a(u,v) <0 for every v € H}(Q) with v >0 q.e. in Q.

Proof. See [9], Proposition 2.6. 0

Definition 1.7. Let (up) be a sequence of measures of My(£2) and let u € My(Q).

L

We say that (un) YL -converges to p (in Q) if for every f € H=1(Q) the solutions uy,

of the problems

up € HI(Q)N Lih(Q) ,
(1.4)
alun )+ [ wvdi = () Vo€ HYR)NLE, (@)
converge weakly in H}(Q), as h — oo, to the solution u of the problem

ue HH(Q)NIL2(Q),

a(u,v) +/qu du = (f,v) Yo e Hy(Q)NL2(Q).

The definition of ~v%-convergence is expressed in terms of the solutions of prob-

lem (1.2) with ¢ = 0. The case g # 0 is considered in the following proposition.
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Proposition 1.8. Let (u) be a sequence of measures of Mo(Q) which v -converges
to a measure g € Mo(S2). Suppose that there exists a compact subset K of 0 such that
supp pn, € K for every h. Then supp g C K. Moreover for every function g € H'(Q)
and for every f € H=1(Q) the solution uy of problem (1.2) corresponding to p = p,

converges weakly in H(Q) to the solution ug of the same problem with p = g .

Proof. Tf the operator L is symmetric one can adapt the proof of Proposition 5.12 of [10].

For the general case we refer to Theorem 4.9 of [6]. 0

Theorem 1.9. (Compactness of the L -convergence) Every sequence of measures of

Mo(Q) contains a ~* -convergent subsequence.

Proof. See [10], Theorem 4.14, for the symmetric case, and [6], Theorem 4.5, for the

general case. OJ

Theorem 1.10. (Localization of the ¥ -convergence) Let (un) be a sequence of mea-
sures of Mo(Q) which v~ -converges in Q to a measure € My(Q), and let Q be an

L

open subset of Q0. Then (up) " -converges to p in Q.

Proof. See [6], Theorem 4.10. L]

We introduce now an equivalence relation on M(€2), suggested by the role of the

measure f in problem (1.2).

Definition 1.11. We say that two measures uy, ps € Mo() are equivalent if
JouPdpy = [, uPdus for every u e Hy(9).

Remark 1.12. Since every quasi open set differs from a Borel set by a set of capacity
zero, all quasi open sets are p-measurable for every p € Mg(Q2). It is easy to see that
w1, e € Mo(Q) are equivalent if and only if they agree on all quasi open subsets of
(see [4], Theorem 2.6). Moreover, if this condition is satisfied, then Hg(Q) N L2 (A) =
Hj(Q) N L7, (A) for every quasi open set A € Q and [, wvduy = [, uvdpuy for every u,
ve H Hi Q)N LZI(A).

Remark 1.13. By the previous remark the solution of the relaxed Dirichlet problem
(1.2) does not change when the measure p varies in its equivalence class. Therefore the
vL-convergence of the sequence (uz) to pu in Mg(2) does not depend on the choice

of pup and p in their equivalence classes in M().
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Definition 1.14. We denote by M () the class of measures p € Mo(2) such that
(1.5) wu(B) = inf{u(A) : A quasi open, BC A C Q}

for every Borel set B C Q). For every u € My(£2) we define

(1.6) f(B) =inf{u(A) : A quasi open, B C A C Q}

for every Borel set B C ().

Remark 1.15. For every measure u € Mg(f2) the set function i defined by (1.6) is
a measure and belongs to M(2). It is the unique measure in M(Q) equivalent to p
and i > X for every A € My(f2) in the equivalence class of p (see [4], Section 3). It is
easy to see that, if uy, ps € Mo(Q) and py < pa, then iy < jio. Finally, if p € Mo(9)

is a Radon measure, then p € MO(Q) and no other measure is equivalent to .

Remark 1.16. It is easy to see that, if y belongs to MO(Q) and E is a closed subset
of 2, then the measures ul F and ocog belong to MO(Q). This is not true, in general,

when F is not closed.

Many properties of the measure p € M(2) can be studied by means of the solutions

w and w* of the problems
w € HH Q)N Li(Q) ,

(1.7)
a(w,v) + /Qwvd,u = /dex ‘V’UGH&(Q)HLZ(Q),

w* € H}(Q)N Li(Q),

(1.8)
a*(w*,v) + / w vdp = /Udac VUEH&(Q)ﬂLi(Q).
Q Q

Note that w > 0 and w* > 0 g.e. in Q by the comparison principle (Proposition 1.5).
These functions have been introduced in [6], where the % -convergence is defined
only for measures of the class M(Q) (denoted by Mo(£2) in that paper). The advantage
of that choice is that in the class M () there is a one to one correspondence between
the measure p and the solution w of problem (1.7), and it is possible to construct
explicitly p from w (Theorem 1.20). In the present paper we are forced to consider also
measures of Mg(Q) that are not in Mg (), since we need to use the restriction pl_ E

of a measure p to non-closed sets E (see Remark 1.16).
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Lemma 1.17. Let p € Mo(Q2) and let w be the solution of problem (1.7). Then
i(B) = +oo for every Borel set B C ) with cap(BN{w =0})>0.

Proof. See [6], Lemma 3.2. 0

Lemma 1.18. Let pn € My(Q) and let w be the solution of problem (1.7). Then the
set {wp : @ € C°(Q)} is dense in the space Hg(2) N L7 (Q).

Proof. When p € Mo(Q) the result is proved in [11], Proposition 5.5. The general case
follows from Remarks 1.12 and 1.13. L]

Lemma 1.19. Let € My(Q) and let w (resp. w* ) be the solution of problem (1.7)
(resp. (1.8)). Then cap({w > 0} A {w* > 0}) = 0, where A denotes the symmetric

difference of sets.

Proof. Since w* € H}(Q) N Li(Q), by Lemma 1.18 there exists a sequence of functions
on € C§°(Q) such that (wegy) converges to w* in Hg () N LZ%(Q) and q.e. in Q. This
implies w* =0 g.e. in {w = 0}. Similarly we obtain that w =0 g.e. in {w* =0}. [

Theorem 1.20. Let p € Mo(QQ), let w be the solution of problem (1.7), and let
v=1—Lw. Then v is a non-negative Radon measure of H~*(Q) and for every Borel
set B C Q we have

A(B) = /B CL—V , ifcap(BN{w=0}) =0,
+00, if cap(B N {w =0}) > 0.

Moreover v(BN{w > 0}) = / wdfi for every Borel set B C Q. In particular
B

(1.9) /vadu < (1 - Lw,v)

for every v € HY(Q) with v > 0.

Proof. See [6], Proposition 3.4, with obvious modifications. L

Finally, the solutions of problems (1.7) are useful to characterize the % -convergence
of measures in M(2). Let (un) be a sequence of measures of My(€2) and let wy,
(resp. wj,) be the solution of problem (1.7) (resp. (1.8)) corresponding to p = . The
following result characterizes the v -convergence in terms of convergence of the functions

wp, O Wj .
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Theorem 1.21. The following conditions are equivalent:
(a) (wp) converges to w weakly in H}(Q);

(b) (wp)
(c) (un)
(d) (un)

w}) converges to w* weakly in H(Q);

-converges to [ ;

*

~L
vE" -converges to .

Proof. See [6], Theorem 4.3. L

2. The p-capacity with respect to the operator L

Let A and B be two arbitrary sets with A C B C ). Suppose that there exists
a function v € HZ(Q) such that v =1 q.e. in A and v = 0 q.e. in 2\ B. Then the
capacity of A in B with respect to L is defined as cap”(A, B) = a(u,u), where u is the
solution of the following problem

uwe Hi(Q), u=1qe.in A, u=0 qe.in Q\ B,
(2.1)

a(u,v) =0 Vv e HY(Q), v=0 qe. in AU(Q\ B).
The function u is called the capacitary potential of A in B with respect to L. When
A is closed and B is open this definition of capacity coincides with the definition given
by Stampacchia (see [13]). The general case was studied in [7]. When B = 2, we shall
write simply cap”(A). For technical reasons we have to consider also situations where A
is not closed and B is not open.

The capacity relative to L is increasing, strongly subadditive, and countably sub-
additive with respect to A, and decreasing with respect to B. These properties are
well known when the operator L is symmetric and were proved in [7] when L is not
symmetric.

In this section we shall study the main properties of the p-capacity with respect to
the operator L, defined in [9]. These properties will be the basic tools to describe, in
Section 5, the vy -limit of a sequence of measures in My(€2).

Let € Mp(2) and let E be a Borel subset of €2 such that £ CC Q. Then there
exists a unique solution vy of the problem

vy € HY(Q)N Li(E), vy — 1€ HYH(Q),

(2.2)
a(vE,v)+/ vpvdp =0 VUEH&(Q)ﬂLi(E).
E
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Definition 2.1. The solution vy of problem (2.2) is called the w-capacitary potential
of E in ), with respect to the operator L, and the p-capacity of E in ), with respect
to L, is defined by

capf(P.) = alvp,vp) + [ vbd.

We shall write simply capﬁ(E ) when no ambiguity can arise.

Remark 2.2. By Remark 1.12 it is easy to see that, if uy, ps € My(f2) are two
equivalent measures, then (:aupﬁ1 and (3&pr2 agree on all quasi open subsets of 2. In
particular, by Remark 1.15, cap/(A) = capf(A) for every p € Mo(2) and for every
quasi open set A C 2.

Remark 2.3. It is easy to see that, if F' is a subset of (2 and g is the measure cop
defined by (1.3), then cap;(E) = cap”(ENF).

Remark 2.4. By the comparison principle (Proposition 1.5) we have 0 < v, <1 q.e.
in €.

Lemma 2.5. Let p € Mo(Q), let E CC Q be a Borel set, and let vy be the p-
capacitary potential of E relative to L. Let us extend vy to R™ by setting vy =1 q.e.
on R™\ Q. Then there exist two non-negative Radon measures Ay and vy in H-1(R")
such that Lvy, = A — vy in the sense of distributions in R™, with supp A C 02 and

supp vy C E. In particular we have

(2.3) a(vg,v) = Ag(0Q) — /deVE

for every v € HY(Q) with v—1¢€ HL(Q).

Proof. By Proposition 1.6 we have that a(vg,v) < 0 for every v € H(Q2) with v > 0
g.e. in 2. By the Riesz representation theorem, there is a non-negative Radon measure
vy € H71(Q) such that

a(vg,v) = —/deyE

for every v € H}(Q). Moreover, for every v € H}(Q) with v =0 q.e. in E, by (2.2) we

have

0 = a(vg,v) = —/ vdvg ,
Q
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and this implies that suppry C E. In order to prove the existence of the measure \ E
we follow the lines of the proof of Lemma 2.1 in [8]. Let €' be a bounded open set such
that Q CcC ' and let z be the solution of the obstacle problem

z€ HY(Q), 2>0qe inQ\Q,
(Lz4+vg,v—2) >0 Vo e HYQY), v>0qe. in Q\Q,

where, in this case, (-,-) denotes the duality pairing between H~1(Q') and H}(Q). It is
well known that there exists a unique solution z of this problem, and that z is a super-
solution of the equation Lu = —vg, i.e., Lz+vy = A in the sense of H~(Q') for some
non-negative Radon measure A\ € H~1(Q'). Moreover z < ( for every supersolution
¢ € HY () of the equation Lu = —vg with ¢ >0 q.e. in Q' \ Q (see [12], Section IL6).
In particular z < 0 q.e. in © and this implies that z = 0 q.e. in '\ Q, hence z € HJ(Q2).
Since Lz + vy =0 and Lvg + vy = 0 in the sense of H~1(£2), by uniqueness we obtain
z = vy —1. This implies that Lvy, = Ay —vy in Q. As Lv, = —vg in Q, suppry C E,
and vy = 1 q.e. in R™\ Q, we conclude that supp Ay C 9Q. This implies that A is
a bounded Radon measure on R"™ and that Lvy = Ay — vp in R™. Finally, in order
to prove (2.3), let ¢ € C5°(92) be a function such that ¢ = 1 in Q, and let v € H(Q)
with v — 1 € H3(Q). Let us extend v to R™ by setting v = 1 q.e. in R™\ . Then
pv e H(R™). As Lvgy = A\ — vy in R", we obtain

(2.4) a(vg,v) = alvg,pv) = /

YudAg —/(pvdyE.
a0 Q

Since ¢ =1 in Q and v =1 q.e. in 92, we have that v =v in Q and pv =1 q.e. in
0. Thus (2.3) follows from (2.4). L]

The measures vy, and Ap, defined in Lemma 2.5, are called the inner and the outer

w-capacitary distribution of E in § relative to L.

Lemma 2.6. Let ;1 € My(Q2), let E CC Q be a Borel set, let vy be the p-capacitary
potential of E in ) with respect to the operator L, and let vy, be the corresponding inner

w-capacitary distribution. Then

(2.5) /vduE = / vug dp
Q E

for every v e H'(Q)NL2(E).
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Proof. It is enough to prove (2.5) for every v € H'(Q) N L2(E) with v > 0 q.e. in Q.
Since every function v with these properties can be approximated pointwise qg.e. in 2
by an increasing sequence of functions of Hg(Q) N L2 (E), it suffices to prove (2.5) for
every v € Hj(Q) N L2(E). From the definitions of vy and vy it follows that

/’UdVE = —a(vg,v) = / vug du
Q E

for every v € Hj(Q) N L2(E), and the lemma is proved. 0

Lemma 2.7. Let 1 € My(Q2), let E CC Q be a Borel set, let vy be the p-capacitary
potential of E in 0 with respect to L, and let vy and g be the corresponding inner

and outer p-capacitary distributions. Then Capﬁ (E,Q) =vp(Q) = A (09).

Proof. By taking v =1 in (2.3) we obtain v;(Q2) = A5 (09). If we take v = vy in (2.3),
by (2.5) we obtain also
a(vp.vp) = Ap(0R) — [ vpdv = Ap(09) ~ [ vhdu,
Q Q

which, by the definition of u-capacity, implies capﬁ(E, Q) =A5(09). U]

The following result will be fundamental in the proof of the main properties of the

[-capacity.

Theorem 2.8. Let € Mo(Q) and let E CC Q be a Borel set. Then capl(E) =
capﬁ*(E).

Proof. Let vy and vy be the p-capacitary potentials of E relative to L and L*, and
let v and vy, (resp. Ay and A};) be the corresponding inner (resp. outer) p-capacitary
distributions. By (2.5) we have

/UECZVE :/UEU*Edu: /vEduE.
Q E Q

Therefore by Lemma 2.7 and (2.3)

cap-(E) = Ap(09) = a(vg,vf) + / vt vy =

— ' (vpvp) + [ vpdvp = Ap(0) = capl (B),
Q

which concludes the proof of the theorem. U]
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We are now in a position to study the monotonicity properties of capﬁ(E, Q) with
respect to u (Theorem 2.10), E (Theorem 2.11), and Q (Theorem 2.12). We begin with

an auxiliary lemma.

Lemma 2.9. Let py, pe € Mo(Q2), with py < po, and let E CC Q be a Borel
set. Let vy (resp. vi ) be the pi-capacitary (resp. us-capacitary) potential of E relative
to L (resp. L*) and let v, (resp. v ) be the corresponding inner i -capacitary (resp.

o -capacitary) distribution. Then

/vé‘dyl < /vldu;‘.
Q Q

Proof. For every h € N let Uy, = {vi > 1/h}. Since Uy, is quasi open, by Lemma 1.1 for

every h there exists an increasing sequence (zF) in HE(Q) converging to 1y, pointwise

g.e. in 2 as k — oo and such that 0 < z’,j < 1y, q.e. in § for every h and k. As
vy € L2 (E), we have pz(ENUp) < +00 and hence zfv, € H'(Q) N L2 (E). Thus by
(2.5) we have

/z,’fvlvs dpy < / 2N duy = /z,’fvldl/g < /vldvs
E E Q Q

for every h and k. Taking the limit as k£ — oo we obtain

/ VU5 dpy < /vldvs
ENUy Q

for every h. Since vy € L2 (E) C L2 (E), taking the limit as h — co, by (2.5) we get

/vgdul :/ vavy dpy < /Uldug,
Q En{v;>0} Q

and this concludes the proof. L]

Theorem 2.10. Let py, pa € Mo(Q), with py < po, and let E CC Q be a Borel set.
Then capl; (E) < capl,(E).

Proof. Let v, (resp. vy) be the pj-capacitary (resp. uo-capacitary) potential of E

relative to L (resp. L*) and let v; and \; (resp. v and A}) be the corresponding
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inner and outer pq-capacitary (resp. us-capacitary) distributions. By Lemmas 2.5, 2.7,

and 2.9 we have

capl, (B) = M (99) = a(vy,v3) + / a, <

< a*(vy,vy) + / vy dry = N5 (09) = Ca,pﬁ;(E).
Q
The conclusion follows now from Theorem 2.8. L]

Theorem 2.11. Let p € My(f2) and let E and F be two Borel sets such that E C
F CC Q. Then capf(E) < cap,(F).

Proof. Tt is enough to apply Theorem 2.10 to the measures pu; = pl E and pe = p,
noticing that cap/;(E) = capl p(F) < cap)(F). L]

Theorem 2.12. Let p € My(Q), let Q) be an open subset of 1, and let E be a Borel
set such that E CC QQ C Q. Then capl; (E, Q) < cap); (E, Q).

Proof. Let vy be the p-capacitary potential of E relative to L in € and let 9% be
the p-capacitary potential of E relative to L* in Q. We extend vy and 9% to R"™ by
setting vy =1 q.e. in R™\ Q and 0}, =1 q.e. in R™\ Q. Let vy and A be the inner
and the outer p-capacitary distributions of E relative to L in 2, and let 7y and S\*E

be the inner and the outer p-capacitary distributions of E in Q relative to L*. Now

from (2.5) we have that
/@EdVE = / Vpvg dp = /vEdﬁE.
Q E Q

Since 0 < vy <1 q.e. in R™ (Remark 2.4), by Lemmas 2.5 and 2.7 we get

Capﬁ(E, Q) = Ag(09Q) = a(vg,vy) + /Q/I/)E dvg =

— (g ve) + [ opdvy =
Q
= / g d\p < Ap(0Q) = capl (B, Q).
o0

The conclusion follows now from Theorem 2.8. ]

The following theorem shows the subadditivity of capf(-).
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Theorem 2.13. Let € My(Q) and let Ey and E5 be two Borel set such that E; CC
and Ey CC Q. Then

Capﬁ(El UFEsy) < capﬁ(El) + capﬁ(Eg).

Proof. Let vp g, and vg g (resp. Ap p,) be the p-capacitary potential and the
inner (resp. outer) p-capacitary distribution of E; U Ep relative to L and let vy, , vE,
and AL , AR, be the p-capacitary potentials and the outer p-capacitary distributions
of F1 and Fy relative to L*. We note that vy Avg, =vp +vp, —vg, Vog, and that
vy, Avp, € L2(E1 U Ey). Since vy, Avy, —1 € Hy(Q), from (2.5) and (2.3) we obtain

As, 0, (0%) = alog, o, v, AvE) + [ (0, A i), dit
1UEs
= a* (U2'17UE1UE2) + a’* (UEQ’/UEluEQ) - a(UElUE27 'UEI \ U*Eg) +

* * * *
+ / Vg, VE,UE, At + / VE,VE,UE, A — / (VE, V V)V, UE, -
E1UE> FE1UE> E\UE,

We note that by (2.3) and (2.5)

a*(v*Ei,vEluEQ)+/ Ve, Vg, UE, At = Mg, (082), i=1,2.

7

Moreover, as Ag (p, (0Q) = vy (g, (Q) (Lemma 2.7) and v}, Vuy, —1 € Hi(Q), by (2.3)

we have
* * _ * *
a(vE1UE27vE1 v UEQ) - I/ElUEZ (Q) - / UEl \/ UEQ dVEIUEZ Z 0 °
Q
Thus we obtain

A om, (09) < N, (09) + Aj, (09) + / R
E>\Eq

* * *
+ / Vg, VE,UE, A — / (Vi V VR, Ve, UE, At -
El\EQ E{UE>5
Since

* * * *
/ Vg, Vg, uE, A+ / Vg, Vg, uE, A < / (v, VVE, VR, UE, Al
E2\E1 El\E2 E{UE>5

we get Ap (g, (09) < AL, (09) + AE, (09), and the conclusion follows from Lemma 2.7
and Theorem 2.8. 0
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Finally, we give a bound from above for the p-capacity in terms of the harmonic

capacity and of the measure .

Proposition 2.14. Let u € My(Q2) and let E be a Borel set such that E CC Q. Then
(a) capy(E) < pu(E),
(b) Capﬁ(E) < cap?(E) < kcap(E),

where the constant k depends only on the ellipticity constant o and on the L* bounds
of the coefficients a;; of L.

Proof. Property (a) is trivial if p(E) = 4o0o0. If p(E) < 400, let vy be the pu-
capacitary potential of E relative to the operator L and let vy be the inner j-capacitary
distribution. Since 1 € L7 (FE), by Lemma 2.7 and by (2.5) we get

cap(E) = vp(@) = [ dvg = [ vpdp < u(E).

and (a) is proved.

Let us prove (b). Since for every u € Mo(2) we have p < cog (Remark 1.4), by
Theorem 2.10 and Remark 2.3 we obtain that cap{; (E) < cap®(E). The inequality
cap(E) < kcap(FE) is proved in [13], Theorem 3.11. L]

3. Continuity properties of the p-capacity

In this section we prove the continuity of the p-capacity along increasing sequences

of sets and study the approximation properties by means of compact and open sets.

Lemma 3.1. Let p € My(Q2). If (Ep) is an increasing sequence of Borel subsets of
and E = Uy Ey , then the sequence (il Ey) % -converges to the measure pl_E.

Proof. Let wy be the solutions of the problems

wy, € HH Q) N LZ(Eh) ,

(3.1)
a(wp,v) + / wpvdp = / vdx Vv € Hy(Q) ﬂLi(Eh).
B Q

By the ellipticity condition it is easy to see that (wy,) is bounded in H}(£2). Therefore we

may assume that (wy,) converges weakly in H} () to a function w. By Proposition 1.5
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the sequence (wy,) is decreasing and hence, by Lemma 1.2, it converges to w pointwise

g.e. in Q. Therefore (1g, wy) converges to 1pw pointwise p-a.e. in €. Since

/1%hw%du:/ w%du = /whdx—a(wh,wh) < /whdx,
Q By Q Q

the sequence (1g,wy) is bounded in L2 (€). This implies that w € L2 (FE) and that
(1p,wn) converges to 1pw weakly in L?(Q). For every h we can take any function
v e Hj(Q) N L2(E) as test function in (3.1) and, passing to the limit, we obtain that w

is the solution of the problem

we Hy(Q)NLA(E),
a(w,v) +/wvdu = /vdw VUEH&(Q)ﬂLi(E).
E Q

The conclusion follows from the characterization of the ¥ -convergence (Theorem 1.21).

0

Theorem 3.2. Let u € Mo(Q2). If (Ep) is an increasing sequence of Borel subsets
of Q and F = UpE, CC ), then

capy, (E) ==S%pcapﬁ(Eh)-

Proof. Since capl,(-) is increasing (Theorem 2.11), we have only to prove that cap’(E) <
sup;, capﬁ(Eh). If vg, is the p-capacitary potential of Ej, by Lemma 3.1 and Proposi-
tion 1.8 the sequence (vg, ) converges weakly in H 1(Q) to the u-capacitary potential v
of E. Now, since vy < vp q.e. in Q (Proposition 1.5) and the quadratic form a(v,v)

is lower semicontinuous in the weak topology of H'(Q2), for every k € N we have

a(vg,vg) + /

v, dp) <
Ey

vhdp < lihmgf (a(quh,th) + /
— Ey

< liminf (a(th,th) + / vy, d,u).

h—oo Eh

As k — oo we conclude the proof. L]

As a consequence of Theorem 3.2 we obtain the countable subadditivity of the u-

capacity.



18 G. Dal Maso and A. Garroni

Theorem 3.3. Let u € Mo(Q). If (En) is a sequence of Borel sets, with E; CC €,
and E C UpE) is a Borel set, with E CC €2, then

Cap{j(E) < anpﬁ(Eh).
h

Proof. The result follows easily from Theorems 2.11, 2.13, and 3.2. L]
Theorem 3.4. Let p € My(2). Then

capﬁ(A) = sup{capﬁ(K) : K compact, K C A},
Cap/];(A) = inf{cap{;(U) : Uopen, ACU CC Q}

for every quasi open set A CC ).

Proof. Once we have proved Theorems 2.11, 2.13, 2.14(a), 3.2, we can follow the lines
of the proof given in [4], Theorem 2.9(i) and (j). 0

Finally we prove the outer regularity of the p-capacity when the measure p belongs

to Mo(Q).
Theorem 3.5. Let € Mo(Q). Then

capﬁ(B) = inf{capﬁ(U) : Uopen, BCU CC Q}
for every Borel set B CC §2.

Proof. By Theorem 3.4 it is enough to prove that
(3.2) capﬁ(B) = inf{capﬁ(A) : A quasiopen, BC A CC Q}

for every Borel set B CC 2. Let us fix B and let us denote by [ the right hand side of
(3.2). By monotonicity (Theorem 2.11) we have capﬁ(B) < I. It remains to prove the
opposite inequality.

Let vp be the p-capacitary potential of B in €. Since vp € L2 (B) we have that
w(BN{vp >¢e}) < +oo for every € > 0. Thus, by the definition of Mg (), there exists
a quasi open set U, such that BN{vg > e} CU. CC Q and pu(U:\ (BN{vg >¢})) < e.
Let us consider the quasi open set {vp < €}. In order to prove that {vp < e} CC 2
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for € small enough, let us choose two open sets By and €}y with smooth boundary such
that B C By CC Q2 C Qq, and let z be the solution of the problem

Lz=0 in Q()\Eo,
z=0 in By,
z=1 in 0Q.

Since vg — 1 € H}(Q) and Lvg = 0 on Q\ B, by the maximum principle we have
vp >z q.e. in Q, so that {vp < e} C {z <e}. As z is continuous in €y by De Giorgi’s
Theorem and {z = 0} = By CC by the strong maximum principle, for ¢ small enough
we have {vp <e} C{z <e} CC Q.
Let us fix € > 0 such that {vp < e} CC Q and let us define v. = max{0, *2—=}.
We have v, —1 € Hj(Q), 0 < v, < £ qe. in Q, v. € L%(B), v. = 0 qe. in
vp—e

{vp < e}, and v. = *2== q.e. in {vp > €}. By the definition of v. and vp for every

ve Hy(Q)NL.(B), with v =0 q.e. in {vp <&}, we obtain

1 1
a(ve,v) = 1_€a(vB,fu) = — 1_€/Bvadu =

= —/ vevdp — c / vdp
Bn{vg>e} l—¢ Bn{vp>e}

Let us define the Borel measure p by

(3.3)

€ du
E) + s
p(E) = IU/< ) 1—c¢ E Ve

400, otherwise.

: if cap(E'\ (BN {vp >¢})) =0,

Note that p belongs to M(£2) and that

(3.4) / vev dp :/ vevdp + < / vdp
BU{vp<e} Bn{vp>e} l1—¢ Bn{vp>e}

for every Borel function v > 0. By taking v = v. we obtain v. € L2(B U {vp < €}),

using the fact that v. is bounded and u(B N {vp > €}) < +oo. Since pu < p, every
function in Hg(Q) N L2(B U {vp < €}) belongs to Hy(2) N L2(B) and is zero g.e. in
{vp < €}. Then, by (3.3) and (3.4), it is easy to check that v. is the solution of the

problem

ve € HY Q)N L2(BU{vp <¢e}), v.— 1€ H}(Q),

a(vg,v)+/ vevdp =0 Yo e Hy(Q)NL2(BU{vp <¢}),
Bu{vp<e}
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and hence v, is the p-capacitary potential of the set BU {vp < e} in Q. Moreover by

Theorem 2.10 we have
(3.5) capﬁ(B U{vg <e}) < capﬁ(B U{vg <e}).

Finally let us define A, = U. U {vp < €}; the set A. is quasi open, contains B, and
A, CcC Q. Then, by (3.4), (3.5), and Theorems 2.13 and 2.14(a), we get

I < capﬁ(AE) < capﬁ(B U{vp <e})+ capﬁ(Ug \ B) <

< capy (BU{vg < e})+ u(U: \ (BN {vg > ¢})) <

€

< a(ve,ve) + / v2dp + / vedp +¢e <
Bn{vg>e} I —¢ JBnfug>e}

1
S WG(UB, ’UB) +

1 L
vpvredp +¢e < ———cap,/(B) +¢.
l—-e¢ /Bﬂ{v3>5} ) (1 o 6)2 !

Taking the limit as ¢ — 0 we conclude the proof. L]

Remark 3.6. For every measure p € M(Q2), by Theorem 3.5 and Remark 2.2, we

have

capl’:j(B) = inf{capﬁ(U) : Uopen, BCU CC Q}

for every Borel set B CC ).

4. Getting p from its p-capacity

In this section we state a derivation theorem for the p-capacity and a theorem which
allows us to reconstruct the measure p from the knowledge of its p-capacity. The proofs
are omitted, since they are identical to those given in [2] and [4] when the operator L is
symmetric. Indeed in the previous sections we have proved that all relevant properties
of the p-capacity in the symmetric case can be extended to the case of non-symmetric
operators.

We begin with the derivation theorem, which will be used in the proof of Theo-
rem 5.11. The open ball in R™ of center x and radius r is denoted by B, (x).
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Theorem 4.1. Let u € My(Q2), let v be a Radon measure of the class Mo(Q2), and
for every x € Q0 let

. capy(Br(2))
(4.1) g(x) = hgl_)l(r)lf B

Assume that g € LL(Q) and g(x) < +oo for g.e. x € Q. Then p is a Radon measure
and p(E) = [ gdv for every Borel set E C Q. Moreover the lower limit in (4.1) is a

limit for v-a.e. x € ().

Proof. When L is symmetric this result was proved in [2], Theorem 2.3, by using some
properties of the p-capacity and of the Green’s function of the operator L. Since these
properties are still true when L is non-symmetric, the proof remains valid also in the

general case. L]

The following theorem characterizes u as the least measure which is greater than or

equal to capﬁ.
Theorem 4.2. Let € My(Q2). Then for every Borel set B CC §) we have
w(B) = suchapﬁ(Bi) ,
iel
where the supremum is taken over all finite Borel partitions (B;)ic; of B.

Proof. Asin [4], Theorem 4.3, this result can be obtained as consequence of the derivation
theorem (Theorem 4.1). U]

5. p-capacity and +”-convergence

In this section we shall study the connection between the v~ -convergence of a se-
quence of measures (i) and the convergence of the corresponding pj, -capacities relative
to the operator L.

First of all we prove that inequalities between measures in MO(Q) are preserved by

~vF-convergence. To this aim let us establish some preliminary lemmas.
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Lemma 5.1. Let py, pa € Mo(Q) be two measures such that puy < ps. Let wy
(resp. w3 ) be the solution of problem (1.7) (resp. (1.8)) corresponding to p = 1 (resp.
= psz ). Then for every ¢ € C§° (), with ¢ > 0, we have

(1 - Ly, puws) < {1- L*wj, pw,).

Proof. First note that, since w; and w3 are non-negative, we have

(5.1) / oyt dpy < / owyws dus
Q Q

Since L2 (€2) € L2 (Q), we have wj € L2 (€) and hence

(5.2) /Q pwywh dpn = (1 — Ly, pws)

Moreover by (1.9) we have

53 [ i < (1= 1w pu).

The conclusion follows from (5.1), (5.2), and (5.3). L]
Lemma 5.2. Fiz ¢ € C°(Q). Then the bilinear form defined on HE(2) x H}(Q) by
b(u,v) = (Lu, pv) — (L™ v, pu)
is sequentially weakly continuous on H}(Q) x HY}(Q), i.e., if (up) and (vp) are two

sequences in Ha () which converge weakly to some functions u and v, then b(up,vp)

converges to b(u,v).

Proof. 1t is enough to note that

(Z aiijuDigo)vdx — /(Z aiijQODiU)udx.

(L po) = (Lvpu) = [
Q=1 Q=1
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Theorem 5.3. Let (uf) and (uh) be two sequences of measures of Mo(2) which
L

vE -converge to i and po respectively. If it < i for every h, then fiy < fio.
Proof. Let w? be the solution of problem (1.7) corresponding to p = fif and let (wh)* be
the solution of problem (1.8) corresponding to p = ji%. If i? < ji%, then by Lemma 5.1

we have
(5.4) (1— Lwf, p(wh)*) < (1 - L*(wh)*, puwl)

for every ¢ € C§°(€2) with ¢ > 0. By Theorem 1.21 and by Remark 1.13 the functions
wh (resp. (wh)*) converge weakly in Hg(£2) to the solution w; (resp. wj) of problem
(1.7) (resp. (1.8)) corresponding to w = fi1 (resp. p = fiz). By Lemma 5.2 we can pass

to the limit in (5.4) and we obtain
(5:5) (1= Lwy,puw3) < (1= L*w3, pwy)

for every ¢ € C$°(Q) with ¢ > 0. By approximation (5.5) holds for every ¢ € H(2) N
L*(2) with ¢ > 0. Let w} (resp. (w?)*) be the solution of problem (1.8) corresponding
to u = ji; (resp. u = ji?). By the comparison principle (Proposition 1.5) we have that
(wh)* < (wh)* q.e. in Q. Taking the limit as h — oo, we obtain w} < w} q.e. in Q.
Hence ws € L2 (). By Lemma 1.17, fi2(B) = +oo for every Borel set B such that
cap(BN{wj = 0}) > 0. Then it is sufficient to prove that fi; < fis in {w} > 0}. Now let
Wi = {wjs > £} n{w; > £}, so that fix(Wy) < 4+oc0. If B is a quasi open subset of Wy,
then by Lemma 1.1 there exists an increasing sequence (@) in H}(Q) which converges
to 1p q.e. in  and such that 0 < ¢, < 1p. As w; is bounded (see [6], Section 3) and
fi2(B) < 400, we have wyyy, € L%Q (©). Therefore (5.5) and the equations satisfied by

w; and wj imply that

/wlwiwhdﬁl < /w1WS90hdﬂ2~
Q Q

Passing to the limit as h — oo we obtain

/wlwgdﬁl < / wyws dfio
B B

for every quasi open set B C W}. Since the measures w,wsfi1 and w,w; iy are finite
on Wi, this relation holds for every Borel set of Wy . Finally, if B is a Borel set in
{wi > 0}, then

1

BNW,, WiWy

. 1 . g~ . o~ _
f1(BNWyg) = / —wywy djip < / wywy dite = (BN Wy).
B

W, W1Wsy
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Passing to the limit we obtain
fir(BN{wy >0}) < f2(BN{w; >0}).

Since B C {wj > 0} C {w} > 0} and by Lemma 1.19 cap({wj > 0} A {w; > 0}) =0,
we have that fi1(B) = i (BN {w; > 0}) < fia(BN{w; > 0}) = f12(B). L]

Let us recall now some notions related to the general theory of increasing set func-
tions, for which we refer to [5], Chapters 14 and 15. As usual the family of all Borel
subsets of Q is denoted by B(f).

Definition 5.4. We say that a family £ of Borel sets E CC Q is dense (in B(Q)) if
for every pair (K,U), with K compact, U open, and K C U CC 2, there exist E € £
such that K C E C U. We say that & is rich (in B(Q)) if, for every chain (E;):er in
B(2), the set {t ¢ R : E; ¢ £} is at most countable. By a chain in B(2) we mean a
family (E;);cr of Borel subsets of 2, such that E, C Eot for every s, t € R with s <t.

Remark 5.5. It is easy to check that any countable intersection of rich families is rich.

Moreover it is possible to prove that every rich family is dense (see [5], Chapter 14).
We say that a function a: B(Q2) — R is increasing if a(E) < a(F) whenever E C F .

Proposition 5.6. Let o, 3: B(Q2) — R be two increasing functions. Then the following

conditions are equivalent:
(i) a and B coincide in a dense subset of B(2);

(ii) « and B coincide in a rich subset of B(£2).
Proof. See [5], Proposition 14.15. L]

Proposition 5.7. Let o, 3 : H X (Q)xB(Q) — R be two functionals such that a(u,-)
and ((u,-) are increasing for every u € Hg(Q). Assume, in addition, that for every
E € B(Q) the functionals a(-, E) and ((-, E) are lower semicontinuous with respect to
the strong topology of HX(Q). If B(u, E) < a(u, F) < B(u, G) for every E, F, G € B(Q2)
with E C F CFC G and for every u € H&(Q), then there exists a rich subset R of
B(Q) such that a(u, E) = B(u, E) for every u € H}(Q)) and for every E € R.

Proof. See [5], Proposition 15.18. L]
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In order to study the convergence of the puj-capacities when the sequence (up)
vF-converges to € Mg(R), we need to know the convergence properties of the restric-
tion (upl_ FE) of the sequence (up) to an arbitrary Borel set E. By the compactness
theorem we can assume that (u;, | E) ~¥-converges to some A € My(£2), but, in gen-
eral, we cannot say that X\ is equivalent to pul_ F. Indeed by the localization property
(Theorem 1.10) we obtain that A is equivalent to gl E in F and in Q\ E, but it is
possible to construct easy examples where A\ and pul E are so different in JF that A
is not equivalent to ul E (see [10], Example 5.5). Nevertheless the class of Borel sets
E CC Q such that (unl E) ~F-converges to ul FE is large enough, as stated in the

following theorem.

Theorem 5.8. Let (u,) be a sequence of measures of Mo(Q) which ~* -converges to
a measure |1 € My(Q). Then the family of Borel subsets E of  such that (upl E)

v -converges to pl_E is rich.

Proof. For every Borel subset E of € let us denote by M¥ the class of all measures

A € My(R2) for which there exists a subsequence (up,) of (up) such that (up, | E)

vE-converges to . Let us define the following functionals on Hg(2) x B(Q):

a(u, E) :/u2du,
E

B(u, E) = sup /u2d)\,
Q

AEME
A 1
O(u, ) = inf {lim inf 6(un, E) : Dy
where § (u, ) = inf u?d\. Since p vanishes on all sets of capacity zero, the func-

AEME |
tional (-, F) is lower semicontinuous in the strong topology of H (). Moreover a(u, -)

is increasing. The same properties hold for the functionals [(u, F) and §(u, E). The
first one is lower semicontinuous since it is the supremum of a family of lower semicon-
tinuous functionals and the second one by construction. Let us prove that [(u,-) and
§(u,-) are increasing for every u € H}(Q). Let us fix two Borel sets E and F, with
ECF CQ,and a function u € H}(R2). Let t < B(u, E) and let A € ME be a measure
such that ¢ < [, u?dX\. Since A € M¥ there exists a subsequence (up,) of (us) such
that (up, | E) yY-converges to A\. By the compactness theorem (Theorem 1.9) a sub-

L

sequence of (up, | F) ~yF-converges to some measure v € M¥. By Theorem 5.3 and
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Remark 1.15 we have \ < v and hence

t < /uzd)\ = /uzdx < /quD: /uzdu < B(u, F).
Q Q Q Q

By the arbitrariness of ¢t < B(u, E) we obtain that [(u, E) < B(u, F'). Similarly we can
prove that & (u,-) is increasing, and the same property holds for d(u,-).

We want to apply Proposition 5.7 to the functionals «, @, and §. To this aim let
us fix a Borel set E C Q and let us consider a measure A € M. By the localization
theorem (Theorem 1.10) applied to & = E and 0 = Q\ E we obtain A = i in £ and
A=0in Q\ E. Moreover, by Theorem 5.3 and Remark 1.15, we have A < A < fi in Q.
Thus, if £, F, and G are three Borel subsets of Q such that E C FCFC GOY, for every
AeMF and v e MC weget A<l F <pl G <. By Remarks 1.12 and 1.15 this
implies that

Therefore B(u, F) < a(u, F') < ((u,G) and §(u, F) < a(u, F) < §(u,G) whenever

u € HE () and EC F CFC G. Consequently, by Proposition 5.7, there exists a rich
subset R of B(2) such that

(5.6) B(u,E) = 6(u, E) = a(u,E) = /Qu2d(uLE)

for every u € H}(Q2) and F € R.

Let us prove that (upl_E) ~yY-converges to ul_E for every E € R. Let us fix
E € R and A € M¥. By the definition of 3 and § we have 6(u, E) < [, u*d\ < B(u, E)
for every u € H(Q); so that, by (5.6), we get

/uzd(,uLE) = /usz
Q Q

for every u € HJ(Q), hence ul E and M\ are equivalent. By Remark 1.13 this im-

plies that every convergent subsequence of (upl FE) ~¥-converges to ul E. Since
vF -convergence is compact (Theorem 1.9), we conclude that the whole sequence (uy | E)
¥ -converges to ul_ E. L]

We are now in a position to prove the main result of this section.
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Theorem 5.9. Let (up) be a sequence in Mo(Q2) and let p € Mo(2). Then the

following conditions are equivalent:

(a) (pn) ~*-converges to u;
- L . / : :
(b) hh—>Holo cap,,, (E) = cap,/(E) for every E in a dense subset of B(Q);

: L L : .
(c) hh_)n;O cap,, (E) = cap,,(E) for every E in a rich subset of B(S2).

Proof. (c¢) = (b). See Remark 5.5.
(b) = (c). For every Borel set E CC Q let o/(FE) = lihrr_l)gfcapﬁh (E), «'(FE) =
lim sup cap{jh (E), and a(F) = Capﬁ (E). By Proposition 5.6 condition (b) implies that

h—oo

o/ = o' in a rich subset R; of B(Q) and o = « in a rich subset Ry of B(2). By
Remark 5.5 the class R = Rq NRy is rich in B(2) and we have

lihrriiorgf capﬁh (E) = liirisolipcapﬁh (E) = capﬁ(E)
for every E € R.

(a) = (c). If (un) yY-converges to u, then there exists a rich subset R of B(f)
such that (upl FE) yL-converges to ul E for every E € R (Theorem 5.8). Let E €
R and let v, and vg be the pj-capacitary potential and the p-capacitary potential
of E relative to L. Then (v}5) converges to vg weakly in H3(Q) (Proposition 1.8).
Moreover, if v and vg are the inner uj-capacitary distribution and the inner p-
capacitary distribution of E relative to L, then (V%) converges to vg weakly in H1(Q)
(Lemma 2.5). Since E CC , it is possible to find ¢ € C§°(2) such that ¢ =1 in E

and, since supp Vl]};] C F and suppvg C E, by Lemma 2.7 we have

hli_}rg() capﬁh (F) = hli_}rg() Qgpdzjg = /ngdyg = capﬁ(E).

(c) = (a). By the compactness of the vL-convergence there exists a subsequence of
(pr) which % -converges to some measure A € My(Q). It is enough to prove that u and
A are equivalent. By the previous step we have that capf, (E) converges to capf(E)
for every E in a rich subset of B(2). Since the intersection of two rich sets is rich
(Remark 5.5), (c) implies that cap}(E) = cap}(E) for every E in a rich subset R of
B(Q). Let U CC € be an arbitrary open set and let ¢ > 0. By Theorem 3.4 there
exists a compact set K contained in U such that capﬁ (U) < capﬁ (K)+e. Since R
is dense, there exists F € R such that K C F C U. By monotonicity (Theorem 2.11)
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we have that capf(U) < capf(E) + ¢ = cap}(E) + ¢ < capy(U) + €. Since € > 0 is
arbitrary, we obtain cap{;(U ) < cap¥(U). By exchanging the roles of A and p we prove
the opposite inequality, hence cap{; (U) = capk(U). By Remark 3.6 this implies that
Capﬁ(B) = cap%(B) for every Borel set B CC Q. Therefore ji = A by Theorem 4.2, so
that p© and A are equivalent by Remark 1.15. L]

Theorem 5.10. Let (pup,) be a sequence in My(2). Suppose that there ezists a dense
subset D of B(2) such that

hlirrgo capﬁh(E) = «o(F)
for every E € D. Let 3 be the increasing set function defined by
(5.7) B(U) =sup{a(FE) : E€D, ECCU}, if U is open in €2,

' B(B) =inf{B(U) : U open, BCU C Q}, if BCQ.
Finally, let u be the measure defined for every Borel set B C ) by
(5.8) w(B) = sup ) B(By),
icl
where the supremum is taken over all finite Borel partitions (B;)ic; of B.
Then p € Mo(), the sequence (u) Y -converges to p, and B(B) = cap;(B) for

every Borel set B CC (.

Proof. By compactness of the y”-convergence we can assume that the sequence (uz)

vL -converges to a measure A in Mg(Q) and, by Theorem 5.9, that cap;, (E) converges

to cap¥(E) for every E in a rich subset R of B(2). We have to prove that A = p.
Let us consider an open set U C € and a set £ € D with E CC U. Since R is

dense (Remark 5.5), there exists F' € R such that £ C F' C U. This implies that
o(E) = lim caph, (E) < lim caph, (F) = cap(F) < cap(U).

By the definition of § this implies B(U) < cap%(U), and from Theorem 3.5 we obtain
B(B) < cap¥(B) for every Borel set B CC ().

To prove the opposite inequality, let us consider an open set U C () and a compact
set K C U. Since D and R are dense, there exist £ € D and F € R such that
KCFCFEcCCcU. Then

capk (K) < cap¥(F) = hlingocapﬁh(F) < hlim capﬁh (E) = a(E) < B(U).

— 00

By Theorem 3.4 this implies cap¥(U) < B(U), and from Theorem 3.5 we obtain
cap¥(B) < B(B), and hence cap¥(B) = B(B), for every Borel set B CC . Then

the conclusion follows from (5.8) and Theorem 4.2. L]
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As consequence of Theorems 4.1 and 5.9 we obtain the following characterization of

the limit measure by means of a derivation argument.

Theorem 5.11. Let (un) be a sequence measures of the class Mo(2) and let v be a
Radon measure of the class My (). Assume that

L L
e ccapy, (Be(@) capy, (Br(2))
: 1 fl f—t— = =] fl —br =
09 Bt = Gy~ R T g )~ )

for q.e. x € Q, and that ngdu < +o0o. Then (up) ~*-converges to p = gv and the

liminf s actually a lir% for v-a.e. z €Q).
r—

T —

Proof. The result follows from Theorem 5.9 and 4.1, as in the proof of Theorem 5.2
in [2]. 0

Remark 5.12. Under the hypotheses of Theorem 5.10, condition (5.9) is satisfied, for
instance, when G(B) < v(B) for every Borel set B C ().

6. Dirichlet problems in perforated domains

The asymptotic behaviour of Dirichlet problems in varying domains can be obtained
as a particular case of the previous results. We consider only the consequence of Theo-

rem 5.10. Similar results can be obtained also from Theorems 5.9 and 5.11.

Theorem 6.1. Let () be a sequence of open subsets of 2. Suppose that there exists
a dense subset D of B(Y) such that

hlim cap”(ENQy) = a(E)
for every E € D. Let 3 be the increasing set function defined by (5.7) and let 1 be the
measure defined by (5.8). Then for every f € H~1(Q) the solution uy, of the Dirichlet

problem

Up € H&(Qh) ,
(6.1)
Luh == f in Qh )
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extended by 0 in Q\ Q,, converges weakly in H(Q) to the solution u of the relazed
Dirichlet problem

ue Hy(Q)NL%(Q),
a(u,v) + / wodp = (f,v) Vv € Hy(Q) ﬂLi(Q).
Q
Moreover i € My(Q) and B(B) = Capﬁ(B) for every Borel set B CC (2.

Proof. Let Ep, = Q\ Q) and let p, = ocop, . By Remark 1.4 the solution of (6.1),
extended by 0 in Q\ 4, coincides with the solution of (1.4). By Remark 2.3 we have
Cap{;h (B) = cap®(BNE}) for every Borel set B CC Q. The conclusion follows now from

Theorem 5.10 and from the definition of v -convergence. L]

In the rest of this section we shall use the previous result to prove that, if ug is a
Radon measure in M (€2), then there exists a sequence €2, of open subset of €2 such that
the conclusion of Theorem 6.1 holds with p = . This approximation result is obtained
by an explicit construction of the sets €2, , which are obtained from 2 by removing a
suitable disjoint family of “small” closed sets, whose size depends on the local value of .

For every h € N we consider the partition of R™ composed of the semi-open cubes
of side 1/h

Q. ={reR" ip/h<x <(ix+1)/hfor k=1,...,n}, i =(i1,...,0ip) €Z",

and we denote by N}, the set of all indices i such that Q% CC Q.

We fix a Radon measure 1y in M(€2) and for every h € N and i € N, we consider
a closed set Ei C Q! such that cap®(E{, Q%) = po(Q:). Let Ej be the union of the
sets E}I for i € Ny, and let ), = Q\ Ej,. We shall prove that, in this case, the conclusion
of Theorem 6.1 holds with p = pg. More generally, for every ¢ € N we fix a constant
¢t > 0 and we choose the closed sets E} C Q! so that cap”(E, Q%) = ci uo(Q%). Then
the asymptotic behaviour of the solutions of problems (6.1) is uniquely determined by
the weak™ limit in L7° (Q2) of the sequence (¢,) defined by

(6.2) Un(r) = Y chlgi ().
1ENp,

The following theorem is a generalization, to the case of non-symmetric operators,

of the approximation result given in [8], Theorem 2.5, and in [1], Theorem 2.2.
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Theorem 6.2. Let py be a Radon measure belonging to Mo(Q2) and let (c)neN.ien,
be a family of non-negative real numbers. For every h € N let Ej = UiGNh E} , where
E! are closed sets contained in Q% with capl(E., Q) = ¢ uo(Q%). Suppose that the
sequence (V) defined by (6.2) converges to some function 1 in the weak* topology of
L2 (Q). Then for every f € H™'(Q) the solution uy, of problem (6.1) converges weakly
in Hg () to the solution u of the relawed Dirichlet problem

we HY(O) N I3(90)

a(u,v) +/qud)\ = (f,v) Yo € Hy(Q)N L3 (Q),

where A = Yug .

Proof. We just give an outline of the proof, since it follows closely the one given in
[1], Theorem 2.2. We know that problem (6.1) can be rewritten as a relaxed Dirichlet
problem in Q by choosing u, = cog, (Remark 1.4). Then by the compactness of the

vl -convergence (Theorem 1.9) we can suppose that (cog, ) y~-converges to a measure

A € Mo(R2). We have to prove that A = ¢uqg.
Step 1. We prove that A < ug. Since capﬁh is subadditive and, by Theorem 5.9,
hli_)nolo cap”(E, NE) = hli_)rrolo capﬁh(E) = capX(E)
for every E belonging to a rich subset of B(£2), we can repeat the proof of Proposition 2.3

of [1] and we obtain cap(E) < [, 1duo for every Borel set E CC Q. The conclusion

follows now from Theorem 4.2.

Step 2. We prove that for every open set U CC €2 and for every § > 0 the following

estimate holds
©3) A0 = (-0 [ v@dnn@) - § [[ e dmiunb).

where G is the fundamental solution for the Laplace operator in R™ and c is a positive
constant independent of U and §. This estimate can be obtained as in [1], Lemmas 2.6
and 2.7. The only difference is in the proof of the “local almost-superadditivity” of the
capacity of the sets Ej, (see Lemma 6.3 below), that in [1] relies heavily on the symmetry

of the operator L.
Step 3. If ug € H (), estimate (6.3) implies that A > (1 — ¢d)?*¥uo by Lemma 2.5
of [1]. Since § > 0 is arbitrary, we get A > tuo. To extend this result to any Radon

measure of Mg(§2) we use the truncation argument of Theorem 2.2 in [1], which in our

case is based on Theorem 5.3. ]
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We conclude by proving the “local almost-superadditivity” used in Step 2 of Theo-

rem 6.2.

Lemma 6.3. Let U be an open set, with U CC 2, and let 0 < d < 1. Let u be the
capacitary potential of En, NU 1in ) with respect to the operator L. For every h € N
we denote by Iy, the set of all indices i € Ny, such that Q% NU # @ and u < § g.e. in
0Q% . Then

o 1
Z CapL(E;“ Q) < Q——é)QcapL(Eh NU,Q).
el

Proof. Let us consider the function v = max{0, QfT_g} and for every h € N and 7 € I},

let v} be the function such that v} = v qe. in {u > 6} N Q% and v} = 0 q.e. in
Q\ {u>0tN@Q,). It is easy to see that v} is the capacitary potential of E! in
{u> 8} NQ} according to (2.1), hence

cap”(E},{u>6}NQ}) = / _ (Z a;;DjvDv) dz .
{u>6}NQ7, ij=1

Then, by the monotonicity properties of cap® (see [7], Theorem 3.3), we get

Z cap”(E},, Q},) < Z cap”(E} {u>6}NQt) =

iely i€l
n 1 n
= ( ai-Dijiv) dr < —/( ai-DjuDiu) dz ,
Z; /{u>5}ng ”Z_I ’ (1-0)% Jo ”Z_I ’
which, by the definition of u, concludes the proof. U]
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