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A is a nonnegative Radon measure on ) vanishing on all sets with harmonic capacity zero,
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0. Introduction

A large class of shape optimization problems can be studied by considering cost

functionals of the form
(0.1) J(A) = F(ua),

where A varies in a suitable class A of open subsets of a given bounded domain 2 C R",
and u 4 is the solution of a partial differential equation in A (see, for instance, [21], [22],
[27], [23], [25], [10], [3], [4], [5]). The papers [9], [7], [12], [8], [19] deal in particular with
the case where A is the family of all open sets A contained in €2, and w4 is the solution

of the problem
(0.2) Lug=f inA, ua=0 inQ\A,

where L is a given elliptic operator, f € H~1(Q), and F(u) in (0.1) is an integral

functional, continuous on L?(2), of the form

In these papers it was pointed out that in general the corresponding minimization prob-

lem
(0.3) mjn{/ jlxyug)dr : Aopen CQ, Lua=f in A, ua =0 in Q\A}
Q

does not admit any solution. An explanation of this fact is that, if {Ay} is a sequence of
open subsets of €2, in particular a minimizing sequence of (0.3), then the corresponding
sequence {ug4, } of solutions of (0.2) has a subsequence converging to a function u in
L?(Q), but, in general, there is no open set A such that u = uy. Nevertheless there
exists a nonnegative, possibly unbounded, Borel measure g such that u is the solution
(in the sense (1.4) below) of the problem

(0.4) Lu, +pu, = f in Q, u, =0 on 09.

The relaxed form of (0.3) is studied in [9] and it is given by

min{/j(a:,uﬂ)da:: pe Mo(Q), Lu, +pu,=f inQ, u,=0 onaﬁ},
Q

o



2 G. Buttazzo, G. Dal Maso, A. Garroni, A. Malusa

where M(Q2) is the class of all nonnegative Borel measures on 2 which vanish on all
Borel sets of harmonic capacity zero. Moreover, if we identify each open set A with the
measure 4 defined in (1.1) below, the functional J(u) = Jo 3(2,u,) do which appears in
the relaxed problem turns out to be the lower semicontinuous envelope of the functional
J(A) = [, j(x,ua) dz with respect to a suitable notion of convergence in Mg (2), called
vF -convergence, introduced in [18], [11], [15]. We recall that a sequence of measures
{un} of Mo(2) vl -converges to a measure u € Mo(Q) if for every f € H=1(Q) the

sequence {uy,, } of the solutions to the problems
Luy,, + pruy, = f inQ, Uy, =0  on 092,

converge strongly in L?(2) to the solution w, of (0.4). It is possible to prove that the
topological space (Mo(£2),~%) is actually a compact metric space (see [17], [15]), and
hence the relaxation of problem (0.3) studied in [9] can be considered in the general
framework of [1].

In this paper we treat a case where the cost functionals J depend on the unknown
domain A not only through the solution uy as in (0.1). More precisely, we consider

functionals J of the form
fAj(x,uA) d\, if MA) eT,
—+00, otherwise,

where A is a bounded measure in My(Q2), and T = [m, M] is a subinterval of [0, A(Q2)]
possibly degenerating to a point. Notice that the functional J depends on A through the
domain of integration, through the solution u 4 of the differential equation, and through

the constraint A\(A) € T'. We shall prove that also in this case the minimum problem
min {J(A): A open, AC Q}
has, in general, no solution, and that the relaxed problem can be written as
min {J(p): p € Mo(Q)} ,

where J is the lower semicontinuous envelope of J in M(Q) with respect to the
vL-convergence (Remark 1.12).
The main result of the paper is an explicit integral representation of J in terms

of the integrand j and of the constraint 7' (Theorem 3.1). The relevant new difficulty
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with respect to [9] lies in the fact that A appears in J also in the domain of integration.
This requires a substantial change in the proof, which is based on some new measure
theoretical arguments.
The paper is organized as it follows:
— in Section 1 we recall the main properties of the class Mq(f2) together with the
preliminary results we shall use in the sequel;
— in Section 2 we prove a lower semicontinuity result with respect to the ~¥-conver-
gence for some functionals defined on the class of open subsets of €2, or more gen-
erally, for their extension to Mq(€);

— Section 3 is devoted to the representation of the functionals J.

Acknowledgements. The research of the first and second authors is part of the project
“EURHomogenization”, contract SC1-CT91-0732 of the program SCIENCE of the Com-

mission of the European Communities.

1. Preliminaries

Let Q be a bounded open subset of R™, n > 2. We shall denote by H'() and
H; () the usual Sobolev spaces and by H~'(£2) the dual space of Hj(Q). By L%(Q),
1 < p < 400, we denote the Lebesgue space with respect to a nonnegative measure .
If 1 is the Lebesgue measure, we shall use the standard notation LP(f2).

In the sequel B(z,r) will denote the open ball with center x and radius r.

For every subset E of Q the (harmonic) capacity of E in Q, denoted by cap(FE, ),

/ | Du|? dx
Q

over the set of all functions u € Hg(f2) such that u > 1 a.e. in a neighbourhood of E.

is defined as the infimum of

We say that a property P(x) holds quasi everywhere (shortly q.e.) in a set E if
it holds for all x € E except for a subset N of E with cap(N,Q) = 0. A function
u: 2 — R is said to be quasi continuous if for every € > 0 there exists a set £ C €2,
with cap(FE,2) < €, such that the restriction of u to Q\E is continuous.

It is well known that every u € H*(Q2) has a quasi continuous representative, which
is uniquely defined up to a set of capacity zero. In the sequel we shall always identify
u with its quasi continuous representative, so that the pointwise values of a function

u € HY(Q) are defined quasi everywhere. We recall that, if a sequence {uy} converges
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to u in H}(Q), then a subsequence of {u,} converges to u q.e. in . Moreover if
u,v € HY(Q) and u < v a.e. in ©, then v < v q.e. in . For all these properties of
quasi continuous representatives of Sobolev functions we refer to [26], Section 3.

A subset A of € is said to be quasi open if for every € > 0 there exists an open
subset U, of Q, with cap(U.,2) < &, such that AU U, is open.

Let us denote by B(f2) the o-field of all Borel subsets of 2. By a nonnegative Borel
measure on §) we mean a countably additive set function u: B(Q2) — [0, 4+00]. By a non-
negative Radon measure on {2 we mean a nonnegative Borel measure which is bounded
on every compact subset of (). Given a nonnegative Borel measure p, its completion is
still denoted by . If p is a nonnegative Borel measure and h is a nonnegative Borel
measurable function, we shall denote by hp the nonnegative Borel measure defined by
(hp)(B) = [ hdu for every B € B(€).

We say that a nonnegative Borel measure p is nonatomic if p({z}) = 0 for every
x € Q. It is well known that, if 4 is nonnegative and nonatomic, then for every B € B({2)
there exists a Borel subset By of B such that 0 < u(B;) < 2u(B), and, by induction,
for every k € N there exists By C B such that
1

0 < p(By) < g

(B).

It is also well known that a nonnegative, nonatomic bounded measure has the following
continuity property: for every choice of A, B € B(Q2), with A C B, and for every «
in the interval [u(A), u(B)] there exists a set C € B(€2) such that A C C C B and
w(C) = a (see, e.g., [20]). In the sequel we shall need the following continuity result,

involving only open sets.

Lemma 1.1. Let pu be a nonnegative nonatomic bounded measure in € and let A, B be
two open subsets of 0 such that A C B. Then for every « such that u(A) < a < u(B)
there exists an open set C such that A C C C B and u(C) = «.

Proof. Let {C)} be an increasing sequence of open subsets of B such that Cy = A and
a > u(Cyy1) > s — 1/k, where

Sk = sup {/‘L(U) U open, Ck: CUC Ba :u(U) < Oé} :
If we define C =, Cy and

s =sup {u(U): U open, C CUC B, u(U) <a},



Relaxed Shape Optimization Problems 5

then C is open, A C C C B, and 0 < s < s;, for every k. As {Cy} is an increasing
sequence, we have

w(C) = klim w(Cy) > klim Sk > S,

hence p(C) = s and p(U) = s for every open set U such that C C U C B and
nU) < a.

It remains to prove that s = a. By contradiction, if s < «, then pu(B\C) > 0.
Let us fix 0 < 8 < a — s. Since pu is nonatomic, there exists a set E € B(2) such that
E C B\C and 0 < u(E) < 8. Moreover, since p is a Radon measure, there exists an
open set V such that £ CV C B and pu(E) < u(V) < §. If we denote U = C UV,
then C CU C B, u(U) < s, and

w(U) > p(CUE) = u(C) + p(E) > u(C) = 5.
which gives a contradiction. Thus p(C') = «, and this concludes the proof. 0

every
We say that a nonnegative Radon measure v on Q belongs to H () if there exists
f € H1(Q) such that

(ﬁ@z/ﬂwdv Ve € C5°(2),

where (-,-) denotes the duality pairing between H~1(Q2) and HE(2). We shall always
identify f and v. Having identified each function u in H} () with its quasi continuous
representative, for every nonnegative Radon measure v € H~1(Q) we have H}(Q) C
LL(Q), and (f,u) = [judv for every u € Hg(2). Moreover the injection of H{(f2)
into L1(Q) is compact. Indeed, if {v,} is a sequence of functions which converges to
a function v weakly in H}(Q), then |v, — v| converges to 0 weakly in Hg(f2), so that
Jo lvn —v|dv = (v, |vp, —v]) tends to 0.

We denote by M(€2) the set of all nonnegative Borel measures p on € such that
(i) u(B) =0 for every Borel set B C ) with cap(B,Q2) =0,
(ii) w(B) =inf{u(A) : A quasi open, B C A} for every Borel set B C (.
Since all quasi open sets differs from a Borel set by a set of capacity zero, all quasi

open sets are p—measurable for every nonnegative Borel measure p which satisfies (i).

Therefore p(A) is well defined when A is quasi open, and condition (ii) makes sense.
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It is well known that every nonnegative Radon measure which belongs to H ()
belongs also to M(2) (see [26], Section 4.7). For every quasi open set A C Q we denote
by pa the measure defined by

(1.1) 1a(B) ={

Notice that pa belongs to M(2). Indeed condition (i) is clearly satisfied and (ii) is
trivial whenever p4(B) = +o00. Moreover, if ua(B) =0, then cap(B\A4, ) = 0, so that
B U A is a quasi open set containing B with pa(AU B) = pa(B). This implies (ii).

0, if cap(B\ 4,) =0,

00, otherwise.

In the sequel we shall use the following result.

Proposition 1.2. For every measure p € My(QQ) there exist a nonnegative Borel mea-
surable function h and a nonnegative measure v € H=1(Q) such that p(A) = (hv)(A)

for every quasi open subset A of ).

Proof. See [13], Theorem 2.2. L

Let L: H}(2) — H71(Q) be an elliptic operator of the form

n
(1.2) Lu=— Z Di(a;;Dju),
ij=1
where (a;;) is an nxn matrix of functions of L*°(Q) satisfying, for a suitable constant

a > 0, the ellipticity condition

n

(1.3) > a(@)€6 > oféf?

ij=1
for a.e. x € 0 and for every £ € R".
Let € Mo(Q) and f € H~1(2). We shall consider the following relazed Dirichlet
problem (see [17] and [18]): find u € Hy(€2) N L2 () such that
(1.4) (Lu,v) + /qu du = (f,v) Yo € Hy ()N Li(Q)

In [18] it was proved that there exists a unique solution of problem (1.4). For the sake
of simplicity in the sequel we formally write problem (1.4) as

Lu+pu=f inQ, uGH&(Q)ﬂLi(Q),

although the equality can not be interpreted in the usual distributional sense, because,
in general, Hj(€2) N L2 () does not contain C§°(€2).
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Remark 1.3. It is easy to see that if A is an open set and p = pa, then u € H}(Q) is
the solution of problem (1.4) if and only if u =0 q.e. in 2\ A and w is the solution in

A of the classical boundary value problem
u € H}(A), Lu=f inA.

For every p € Mo(€2) we define w, to be the unique solution in the sense of (1.4) of
the problem

(1.5) Lw, + pw, =1 inQ, w, € Hy(Q) N Li(Q)

The functions w, are bounded in L*°(2) uniformly with respect to p, w, > 0 q.e. in
2, and for every solution of problem (1.4), with f € L>(Q), we have |u| < || f|lccwy q.e.

in  (see [15], Section 3). In the sequel we shall use the following comparison principle.

Lemma 1.4. If pq, 2 € Mo(Q) and pn > po, then w,, < w,, g.e. in ).

Proof. The result follows from a more general comparison principle proved in [17],

Theorem 2.10. ]

By A, we shall denote the set {z € Q : w,(x) > 0}. Notice that A, is defined
only up to a set of capacity zero, hence all the equalities or inclusions involving A, are

intended up to sets of capacity zero. Since w,, is quasi continuous, A, is quasi open.

Lemma 1.5. Let p € Mo(Q) and let w, be the solution of problem (1.5). Then
pu(B) = 400 for every Borel subset B of Q with cap(B\A,,) > 0.

Proof. See [15], Lemma 3.2. 0

Remark 1.6. It is easy to see that, if u is a Radon measure of M (§2), then A, = Q.
If 4w =pa and A is open, then A, = A by Remark 1.3 and by the strong maximum

principle.

Definition 1.7. Let {un} be a sequence of measures of My(€2) and let € My(Q).
We say that {un} 7% -converges to p (in Q) if the sequence {w,,} converges to w,
weakly in Hg ().
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Remark 1.8. This convergence of measures is equivalent to that one given in [15] (The-
orem 4.3) and is the natural extension of the notion of v~ -convergence introduced in [18],
when L is the Laplace operator, and in [11] when L is symmetric. More precisely, the
sequence of measures {u,} ¥ -converges to the measure p in the sense of Definition 1.7
if and only if, for every f € H=1(Q2), the sequence {uy} of the solutions of the relaxed
Dirichlet problems

Lup, + ppup, = f in Q, up, € Hy(Q)N L2, (Q)
converges weakly in HZ(£2) to the solution u of the relaxed Dirichlet problem
Lu+pu = f in ), ue Hy(Q)NLiQ).

Then main properties of ¥ -convergence are stated in the following propositions.

Proposition 1.9. (Compactness). Every sequence of measures of My(§2) contains a

vF -convergent subsequence.

Proof. See [15], Theorem 4.5. 0

Proposition 1.10. (Density). Let us fix a nonnegative Radon measure A. Then for
every p € Moy(Q) there exists a sequence {Ep} of compact subsets of Q such that
{pone, } Y -converges to p, and A(Ey) =0 for every h € N.

Proof. Since by Proposition 3.7 of [15] every measure of M (£2) can be approximated in
vF -convergence by a sequence of Radon measures of M(Q), here it is not restrictive to
suppose that p is a Radon measure. When L is symmetric, an explicit approximation for
every Radon measure is given in [2]|, Theorem 2.2, by means of a sequence po g, , where
FE;, is the union of closed balls with centers on a periodic lattice Z; . For the extension
of this result to the nonsymmetric case see [16]. It is easy to see that the construction
of [2], Definition 2.1, can be carried over, with minor changes, taking Ej, as the disjoint
union of (n—1)-dimensional balls with centers near the lattice points of Z; and lying on
hyperplanes parallel to a fixed hyperplane. Since the measure A is o—finite it is possible

to choose these hyperplanes with measure zero for . U]

Finally, let us consider a real valued functional J defined on the class of all
open subsets of 2. With every open subset A of () we can associate the measure

ta. Thus the functional J can be considered as a functional defined on the subclass
{pa: Aopen, ACQ} of My(Q).
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Definition 1.11. We shall call relazation of J in M(Q) with respect to the v~ -conver-
gence, and we shall denote it by .J, the greatest y”-lower semicontinuous functional
defined on M () such that J(us) < J(A) for every open set A C Q.

Remark 1.12. One can check that
(1.6) J(p) = inf{lihrn inf J(Ap) : A open, {pa,} v*-converging to p},

for every 1 € Mo(Q). The previous formula characterizes the relaxation J as the unique
functional which satisfies the following properties for every pu € My(Q):
(i) for every sequence {Ay} of open sets with {ua,} % -converging to p in Mq(Q)

J(u) < liminf J(Ap);

(i) there exists a sequence {A,} of open sets such that {ua,} ~¥-converges to u in
Mp(2) and

J(u) > limsup J(4y).

h—o0

The relaxation J describes the behaviour of the minimizing sequences of J. More
precisely J is % -lower semicontinuous and so, by the direct method of calculus of vari-

ations, J has a minimum point on the y%-compact set M (). Moreover

min J(p) = inf J(A),

Mo ()

every cluster point of a minimizing sequence for J is a minimum point for .J in Mg(€),
and every minimum point for J in Mg(f2) is the limit of a minimizing sequence for .J
(in the last statements we identify every open set A C ) with the corresponding measure

pa)-
For a more general treatment of this subject see, e.g., [6] and [14].

2. Lower Semicontinuity

In this section we study the lower semicontinuity, with respect to the 4% -convergence,

of some functionals defined on Mg (€2). More precisely, fixed a bounded measure A in
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My(2), a function g in Li(Q), and a closed (possibly degenerating to a point) subin-
terval T' = [m, M] of [0, A(€2)], we consider the functional

(2.1) Gr(p) = inf{/ gd\ :BeB(Q), A, C B, \B) € T} ,

where A,, is the quasi open set introduced in Section 1. We shall always use the conven-
tion inf @ = +o0.

Theorem 2.1. The functional Gp defined in (2.1) is lower semicontinuous in Mqy(€2)

with respect to the v -convergence.

Remark 2.2. Let us fix a constant ¢ such that 0 < ¢ < A(Q). If the set T takes the
form T'= {c}, T =[0,¢], or T' = [¢, \(€2)], then the functional Gr becomes respectively

Gc(u):inf{/BgdA . BeB(Q), A, C B, \(B) = c} ,
G[O7c](u):inf{/Bgd)\ . BeB(Q), A, C B, \(B) gc} ,

Glea@) (1) = inf{/ gd\ : BeB(Q), A, C B, \(B) > c} .
B

Notice that, in general, G., G, and G| x(q) are different as it can be easily seen by

choosing g = 1 in each functional. Indeed in this case we have

G.a(1) :{c, if A\(4,) < ¢,

400, otherwise,

- )\(AN)7 if )\(AM> S c,
Glo,e)(1) = { +00,  otherwise,

Glea@)(p) =sup{c, A(A,)}-

Moreover, for every g € L} () the functional Glo,) can be rewritten as

Goaln) = [ g"dh=su [ g ax,
B

"
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where g7 and g~ are the positive and the negative part of g respectively, and the
supremum is taken over all the Borel subset B of €2 such that A, C B, and A\(B) = c.
When ¢ = \(Q2), it reduces to the functional

Grone (1) = / gt dx - / g ) — /
A Q A

H Iz

gdl — / g d\,
O\,

which then turns out to be v~ -lower semicontinuous on Moq(<2).
In order to prove Theorem 2.1 we need a result of measure theory.

Lemma 2.3. Let A\ be a nonnegative, nonatomic bounded Borel measure on ), and
let g € LY(Q). Fized a closed subinterval T = [m, M] of [0, \(R)], let us consider the

functional
(2.2) G(A) = inf {/ gd\ : BeB(Q), AC B, A(B) € T}
B

defined on the class of all Borel subsets A of Q2. Then, for every Ay, As such that
AMA1) < M and AN(Ag) < M, we have

(2.3) G(A1) < G(A2) +2w(A(A1\A2)),
where w(8) =sup { [ |g|dX\ : A\(B) <6}, and hence w(§) — 0 as § — 0.

Proof. Let By be any Borel set such that As C By and A\(By) € T'. Since A is nonatomic
and A(B2\A1) = A(B2) —A(A1)+A(A1\B2), if A(B2)—A(A1) > 0 one can find a Borel set
E C By\A; such that A(F) = A\(A1\Bz). Thus, setting F' = Bs\(A1 UE) = (B2\A1)\E
and By = AjUF = (A; U By)\E, we have A; C By, and

A(B1) = AM(A1) + AM(F) = AM(A1) + AM(B2\ A1) — AM(A1\ B2) = A\(B2),

and hence A(Bj) belongs to T'. Moreover, as A1 UBy = BiUE and BN E =0, we

have
/ gd)\:/ gd)\+/ gd)\—/gdA.
By Bs A\B2 E

Since )\(Al\BQ) = /\(E) S )\(Al\AQ) we get
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If A(B2) — A(A1) <0, then A\(B2) < A(A1) < M, so that A(4;) € T and

Q(Al) S/ gdX.
A

Since in this case A(B2\ A1) < A(A7\Bz2), we have

g(Al)g/ gd)\+/ gd)\—/ gdA S/ gdX +2w(A(A1\A2)).
By A1\B2 Bo\A; B

Therefore (2.3) follows by taking the infimum over all admissible By. The fact that

w(d) — 0 as & — 0 is a consequence of the absolute continuity of the integral. L]

We consider now a first lower semicontinuity result for functionals defined on

Mo (92).

Lemma 2.4. Let A\ € Mo(2) and let {un}be a sequence in Mo(Q) ¥ -converging to
we Mo(R2). Then
AA,) < liminf A(A4,,).

h—o0

If, in addition, A\(A,) < 400, then hlim AMAN\AL,) =0.

Proof. By Proposition 1.2 there exist a nonnegative measure v € H~1(Q) and a non-
negative Borel function A such that A = hv on the class of all quasi open subsets of 2.
In particular A(A fA hdv for every pu € Mo(Q2). Let f:Q xR — [0,400] be the
Borel function deﬁned by

~ Jh(x), ifs>0,
f(x’s)_{o, if s < 0.

Then f(z,-) is lower semicontinuous, and by definition of A, we have

= /Qf(%wu)dy Vi€ Mo(€2),

where w,, is the solution of problem (1.5). Let now {up} be a sequence in Mj(2)
which v -converges to a measure u € Mo(Q), i.e., the sequence {w,, } converges to w,
weakly in H} () (see Definition 1.7). Since v € H=*(Q2), {w,,, } converges to w,, in the
strong topology of LI (). Thus, possibly passing to a subsequence, {w,, } converge to
w, v-a.e. in Q. Therefore, by Fatou’s lemma and the lower semicontinuity of f(z,-),

we obtain

:/f(w,wu u<11m1nf/f:cw“h y—hhmlnf)\(Auh),
Q
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and the proof of the first statement is complete. Let us suppose now that A(A4,) <
+00. As we have shown before, the % -convergence of {u;} to pu implies the strong
convergence in L} () of {w,,} to w,. Hence, using Fatou’s lemma again, we get

limsup AM(A,\A,,) = limsup [A(A,) — AM(A,, NA,)] =

h—o00 h— o0

:/ f(m,wu)dl/—liminf/ [z, wy,)dv <0,
A, A,

h—o0

which concludes the proof. L]

Remark 2.5. If the measure A does not belong to M (£2), the conclusion of Lemma 2.4
may be false. In fact, take n > 2, 9 € Q2 and let A\ be the Dirac measure d,,. It is
easy to see that the measures u, = H\B(z0,1/h) ’yL -converge to the measure p which is
identically zero on . On the other hand we have A,, = Q\B(z¢,1/h), A, = Q, so
that AM(4,)=1>0 = hhnligf)‘(A”h)'

Proof of Theorem 2.1. Let u be a fixed measure in M (2), and let {up} be a sequence
in Mq(Q2) which yX-converges to p. It is not restrictive to suppose that Gp(uy) < +oo
for every h € N. This implies that A(4,,) < M for every h € N, and then, by
Lemma 2.4, we have also A(4,) < M. Since for every quasi open set A there exists
a Borel set B containing A, with cap(B\A4,Q) = 0, we can apply Lemma 2.3 with
Ay =A,,and Ay = A,, , and we get

Gr(n) < Gr(pn) + 20(A(Au\Ay,)) -

The % -lower semicontinuity of G follows now from the second part of Lemma 2.4.

0

3. Relaxation

In this section we apply the previous lower semicontinuity results in order to obtain
an explicit representation of the relaxation of some cost functionals in optimal shape
design.

Let us fix a functional f € H~(Q), a bounded measure A in My(2), a closed
interval T = [m, M] of [0, A(2)] with M > 0, and a Borel function j:2 x R — R

satisfying the following conditions:
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(i) for every u € Hi () the function j(z,u(z)) belongs to L} (Q);
(ii) the map u — [, j(x,u)dX is sequentially continuous in the weak topology of H Q).
We shall consider the functional J defined on the class of all open subsets of ) as

Jyi(x,ua)dX, if A(A) €T,
(3.1) J(A) =
400, otherwise,

where w4 is the unique solution of the Dirichlet problem

Lupa=f onA,
(3.2) { ug =0 on OA.

Different hypotheses on A and j can be made in order to fulfill (i) and (ii). For
instance, if we assume that j(x, s) is measurable in x and continuous in s, we can require
one of the following properties:

(1) X is the Lebesgue measure and |j(z,s)| < ¢(1+ |s|P) for A-a.e. z in Q and for
every p < 2n/(n — 2). Namely, in this case, by Sobolev imbedding (i) and (ii) are
obviously fulfilled.

(2) A is the (n — 1)-dimensional Hausdorff measure restricted on a smooth (n — 1)-
dimensional hypersurface S C Q and [j(z,s)| < c(1 + |s|?) for X-a.e. 2 in S.
In this case (i) and (ii) follow from the compactness of the trace operator between
H}(Q) and L*(8S).

(3) X belongs to H~1(Q) and j has linear growth in s. In this case, (i) and (ii) follow
from the compactness of the injection of Hj(f2) into L} ().

It is well known that, under these very weak assumptions, the optimal design problem

min J(A)
AA)ET

in general has no solution (see Examples 3.11 and 3.12). Thus, in order to investigate
the asymptotic behaviour of the minimizing sequences of J, we are interested in its
relaxation. To this aim, for every p € M((2) we denote by wu, the unique solution in
the sense of (1.4) of the problem

(3.3) Luy, + pu, = f inQ, u, € Hy ()N Li(Q)

The main result of this section is the following.
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Theorem 3.1. Let f € H1(Q), let X be a bounded measure in My(Q), and let
J: 2 x R — R be a Borel function satisfying (i) and (ii). Fized a closed subinterval

= [m, M| of [0,A\(2)] with M > 0, we consider the functional J defined by (3.1) for
every open set A C ), where uy is the solution of problem (3.2). Then its relazation J
in Mo(Q2) is given by

(3.4) T(u) = /A

with the convention inf @ = 4+o00.

J(z,u,) dX\ +inf {/ j(x,0)d\: BeB(Q?), A, C B, )\(B)ET} ,
BA

W

Example 3.2. If there exists a constant k such that j(x,0) = k for every A-a.e. x € Q,
then (3.4) can be simplified. Namely, if k is positive, then (3.4) becomes

fA (zyuy)dX + k(m— X(AL))T, i A(A,) < M,

~+00, otherwise,
while, if k£ is negative, we get

Lo (@) dX + (M = M(A)), it A(A,) < M,

400, otherwise.
In particular, if "= {c}, then (3.4) takes the form

fQj(x,uM) dX + k(c—A(Q)), if AM(Ay) <c,

400, otherwise.

Remark 3.3. The functional J can be written as

J(A):/Qj(x,uA)dA—/Qj(x,O)dA+/j(x,O)d)\,

A

where uy4 is extended to 0 on 2\ A. For every fixed p € M(€2) and for every sequence
{An} of open subsets of Q such that {4, } ¥¥-converges to 11, we have that the sequence
{uwa,} of the solutions of the Dirichlet problems on Aj converges to the solution u, of
the relaxed Dirichlet problem (3.3) in the weak topology of H}(2) (see Remarks 1.3
and 1.8), so that, by (ii),

lim j(x,uAh)d)\—/ j(x,0)d\ = / (2, uy,) dX — /j(:c,())d)\.

Q Q Q Q

h—oo
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Hence, by (1.6), in order to exhibit the relaxation J of J, it is enough to relax the
functional
J4d(x,0)dN, if A(A) €T,
(3.5) Jo(A) =
400, otherwise.
Since the solution w, of (3.3) is zero q.e. in 2\ 4, (Lemma 1.5), to conclude the proof

it is enough to show that the relaxation Jo of Jy coincides with the functional
(3.6) jo(p) = inf {/ Jj(z,0)d\: B e B(Q2), A, C B, \(B) € T} i
B

By Theorem 2.1, Jy is v%-lower semicontinuous. Since Jy(ua) < Jo(A) for every open
set A C Q, by definition of J, we have Jo < Jo.

Suppose that, for every pu € Mo(Q) with Jo(p) < +oo and for every Borel set B
containing A, with A\(B) € T, we are able to find a sequence {4} of open subsets of
Q) such that M\(A4y) € T, {ua,} yX-converges to u, and

lim j(a:,O)d)\:/j(x,O)d)\.
h— o0 Ay B

Then by (1.6) we get

h—oo

Taking the infimum over all admissible B we obtain Jo () < Jo(x), and hence Jo(p) =

Jo(w)-
In order to construct the sequence {Ap} we shall require that the set B is open.

As shown in the following lemma, this condition is not restrictive for a large class of

measures in Mg(§2).

Lemma 3.4. Let g, A, and G be as in Theorem 2.1 and let T = [m, M| C [0, \(Q)].
Then

(3.7) G(p) = inf {/ gd\ :Bopen, A, C B, \(B) € T}
B
for every measure p € Mo(2) such that A\(A,) < M.

Proof. Let p € Mg(2) with A(A,) < M. Let us denote by H(u) the right-hand
side of (3.7). It is enough to prove that G(u) > H(u), since the opposite inequality is
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trivial. Since A(A,) < M, X is nonatomic, and T is an interval, G(u) coincides with the
infimum taken over all Borel sets B such that A\(B) € T', A, C B, and A\(B) > A(4,).

Given one of these sets B, we shall exhibit a sequence {A,} of open subsets of 2,
with A(Ay) = A(B) and A, C Ay, such that

h—o0

(3.8) lim gdA :/gd)\.
Ap B

Since H(pu) < fAh g d\, taking the limit as h — oo we obtain

(3.9) H(p) < /B gdx,

and taking the infimum with respect to B we get H(p) < G(u). It remains to construct
the sequence Aj,. Since A is bounded, we can find a sequence {Up} of open subsets
of Q2 such that A, C U, for every h € N, and A(Up\A4,) < 1/h. Moreover for every
h € N there exists an open set Bj, 2 B such that A\(B,\B) < 1/h. It is not restrictive
to suppose Uy C By, since one can always replace By, with B U Uy, and

AM(Br UUR\B) < A(Bp\B) + AUn\B) < A(By\B) + A(Up\A,) < 2/h.

Thus, for h large enough, A(Uy) < A(A,)+1/h < AX(B) < X(B), so that, by Lemma 1.1
we can find an open set Ay such that U, C A, C By, and A(A) = A(B). Moreover we
have that A, C Uj, C A and

/ gd)\:/gdA—/ gd)\+/ gdX.
Ap B B\Ah Ah\B

Since A(Ap) = A(B), we have A(B\Ap) = AM(Ap\B) < A(Bp\B) < 1/h. Then, as
g € Li(9), (3.8) follows from the absolute continuity of the integral. L]

Lemma 3.5. Let A and T be as in Theorem 3.1, and let p € My(Q). Then for every
open set B containing A, , with \(B) € T, there exists a sequence {Ap} of open subsets
of B, with A\(B\ Ap) = 0, such that the sequence {ua, } % -converges to .

Proof. Applying Proposition 1.10 with ) replaced by B, it is possible to find a se-
quence {An} of open subsets of B with A(B\A;) = 0, such that the sequence {p4, }
vF -converges to p in B, i.e., replacing Q by B in Definition 1.7, the sequence {wy} of

the solutions to the problems

(310) Lwh =1 in Ah y wp = 0 on 8Ah s
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extended to zero outside A;, weakly converges in H}(B) to the solution w in the sense
of (1.4) of the problem

(3.11) Lw+pw =1 in B, w e Hy(B)N L (B)

extended to zero outside B. Since A, C B, the solution w, of (1.5) in Q equals zero
q.e. on Q\B, so that w, € Hj(B) N L2(B) and satisfies (3.11). As Aj, C B, this shows
that {u4,} ~*-converges to p in . L]

We are now in a position to prove (3.4) for every p € My(2) such that A\(A4,) < M.

Proposition 3.6. Let j, A\, and T be as in Theorem 3.1 and let Jo be the functional
defined in (3.6). Then Jo(u) = Jo(u) for every p € Mo(Q) with MN(A,) < M.

Proof. Let us fix p € Mo(2) such that A(A4,) < M. As pointed out in Remark 3.3,
it is enough to show that Jo(u) < Jo(u). Let us consider an open set B, containing
A, , with A(B) € T'. By Lemma 3.5 there exists a sequence {4} of open subsets of B,
with A(Ay) = A(B), such that {u4,} v%-converges to p. Thus, as in Remark 3.3, we
obtain Jo(u) < [ 5 J(x,0)d\. Taking the infimum over all admissible open sets B, by
Lemma 3.4 applied to g(z) = j(x,0), we obtain Jo(u) < Jo(). 0

In order to extend the equality Jo(u) = Jo(u) to every pu € Mo(2), we need the

following lemma.

Lemma 3.7. Let {Ap} and {A,} be two sequences of quasi open subsets of Q such
that A, C A, for every h and cap(/[h\Ah,Q) — 0. Let wy, and w;, be the solutions
of problem (1.5) with p = pa, and p=pz . If {wp} and {wWp} converge weakly to w

and w, then w=w q.e. in §.

Proof. Since Aj C Ay, by Lemma 1.4 we have wy, < Wy, q.e. in €2 for every h € N, and
then w < w q.e. in §2. Let us prove the opposite inequality. To this aim, following the
ideas of Stampacchia (see [24]), for every subset E of 2 we denote with K the set of
all functions v € HJ(Q) such that v > 1 qg.e. in E and, if K is nonempty, we consider

the unique solution z of the variational inequality

ZGKE,
(Lzyv—2) >0 Vv e Kg.
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The function z is called the L—capacitary potential of F in  and the L—capacity of
E in Q is defined by cap®(E,Q) = (Lz, z). We set cap®(E,Q) = 400 if Kg = Q. It is

easy to see that
(Lz,v) =0 Vi€ H}(Q), withy =0 q.e. in E.

Moreover, by the maximum principle, one can check that z = 1 q.e. in E. Finally
cap(E,Q) < ccap(FE, Q) so that, by hypothesis, CapL(ffh\Ah,Q) — 0. Then by the
ellipticity assumption on L the sequence {z,} of the L-capacitary potentials of the sets
Ap\ A}, in Q converges to zero strongly in H}(Q). Let ¢ be a positive constant such
that wy, < ¢ q.e. in Q) for every h € N. We claim that for every h € N

(3.12) wp, < wp + czp g.e. in .

As zp =1 qee. in A\Ap, wy, >0, and @y, = 0 q.e. in Q\ Ay, (3.12) is trivially satisfied
in Q\Ay,. Since (Lzp,1) = 0 for every ¢ € HA(Q) with ¥ = 0 q.e. in A, \ Ay, in

particular, we have
(3.13) <L(ﬂ)h — Wh — czh),¢> =0

for every v € H}()) with ¢ =0 q.e. in Q\Aj,. Taking in (3.13) ¥ = (W, —wp —cz2p)™,
by the ellipticity assumption on L, we obtain that (w, —wp —czp)t = 0 qg.e. in Q,
which proves (3.12). 0

Proof of Theorem 3.1. By Remark 3.3 it is enough to characterize the relaxation of the
functional Jy defined by (3.5). By Proposition 3.6 Jo(u) = Jo(p) for every p € Mo(Q)
with A(A,) < M. Let us consider now a measure pu € Mo(2) with \(4,) = M. Let
Al, be the measure on €2 defined by (A, )(B) = A(A, N B). Since M > 0, there
exists a point = € Supp)\|AH, that is A(B(x,r) N A,) > 0 for every r > 0. Setting
By = B(z,1/h), Ay = Ay \Bp, and pp = p+ pop, we have that A, C Aj, and
A(A,,) < M. By Lemma 3.7 applied to Aj, = A,,, the sequence {u} +%-converges to

A

p. Thus by the % -lower semicontinuity of J, we have
Jo(p) < lihm inf Jo(pn) -

As M(A,,) < M, by Proposition 3.6 Jo(un) = jo(uh) for every h € N. Moreover,
since A,, C A, and \(A,) = M, we have Jy(up,) < fAu j(z,0)d\ = Jo(p) for every h.

Therefore

Jo(p) < lim inf Jo(un) < Jo(p),

and hence Jo(p) = Jo(u) for every pu € Mo(£). L]
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Remark 3.8. If T'= {0} and X is the Lebesgue measure, then the functional Jy defined
in (3.5) takes the form

0, if A=0,
400, otherwise.

(3.14) Jo(A) = {
Thus its relaxation J, is the functional defined by

T _ 07 1f m= e,
(3.15) Jo(p) = {+oo, otherwise.

It turns out that Jo coincides with the functional Jy defined in (3.6). Indeed Jy is finite
and, more precisely, takes the value zero, only for 1 € M(2) with A(4,) = 0. It is well
known that every quasi open set with Lebesgue measure zero has capacity zero, so that
A(A,) =0 if and only if p = pg.

The following counterexample shows that, for a general A\, the functional

- _Jo, if A(4,) =0,
Jo(p) = {—i—oo, otherwise,

does not coincide with the relaxation of the functional Jy when 7' = {0}.

Counterexample 3.9. Let {¢,} = Q2NQ" and let {r,} a sequence of positive number
such that cap(B(gn,r1),Q) < 1/2". Let V =, B(qn,7s) and let u be the function
in Hj(Q) such that u =1 q.e. in V and [, [Du|?dz = cap(V,€2). Let us consider the

measure )\ defined as

A(B) = L"(V N B)

for every B € B(2), where £" denotes the n—dimensional Lebesgue measure. Since for
every open subset A of Q with A # ) we have A(A) > 0, the functional J, defined
in (3.5) corresponding to this choice of \ takes the form (3.14) and its relaxation J is
given by (3.15). On the other hand, if we consider the quasi open set A = {z € Q :
u(z) < 1/2}, since u = 1 q.e. in V' we have cap(ANV,Q) = 0 and hence A\(A) = 0.
Finally A has positive Lebesgue measure, and then positive capacity, so that pa(A) =
0 # 400 = pug(A). Thus Jo(ua) =0, but Jo(ua) = +00.
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Remark 3.10. If T = [0, \(Q)], then by Remarks 2.2 and 3.3 the relaxed functional J

can be written as

j(:ﬂ,uu)d)\—/ j_(CL',O)d/\
Q\A,

The following example shows that for every fixed v € M(Q2) there exists a func-
tional J, as in Theorem 3.1, with f =1 and T = [0, A\(Q2)], such that v is the unique

minimum point of J,. If v # u4 for every open set A C Q, then the minimum problem

min J,(A)

A open
ACQ

has no solution. Indeed J,(A) > J,(ua) > J,(v) for every open set A C €2, and

inf J,(A)= min J,(u)=J,(v)

A open
AEQ HGM()(Q)

by Remark 1.12.

Example 3.11. Let wg be the solution of the Dirichlet problem
wo € Hy(Q), Lwy=1 in Q.

Then wy € L>*(f2) and w, < wy q.e. in © by the comparison principle (Lemma 1.4).
Let us fix v € My(Q2) and let g, € L*°(£2) be the function defined by

w, in A,,
gv =
3k in Q\A4,,

where k € R and k > [|wo]| Lo Let j,:22 x R — R be the function defined by

Jul@,s) =|s — gu (@) — k*.

Finally let f = 1, let A be the Lebesgue measure, and let 7" = [0, A\(2)]. Then the
functional defined by (3.1) is given by

JV<A>=[4<|wA—gV|2—k2>dx,
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for every open set A C Q. By Remark 3.10 the relaxation J,, of .J, takes the form

(3.16) () = / (e — g2 — K2) dar — /Q (62— k) du

A, AL
for every p € Mo(2). We want to prove that J,(u) > J,(v) = —k?X(4,) for every
w e Mo(R2) with u # v. By (3.16) we can write

J, (1) :/ (Jw,, —w,|? —k2)dm+/ (wi—6kwu+8k2) dx
A,NA, AN,

—/ (9k2—k2)_da:—/ (w? — k%) dx,
NALUA) AN,

Since w, =0 g.e. in A,\A4,, w, =0 qe. in A,\A4,, and 0 < w, <k g.e. in Q, we
have w? = [w, —w,|* q.e. in A \A,, —6kw, +8k*>0 q.e. in Q, and —(w) — k*)” =

w? — k% = |w, —w,|* — k% qe. in A,\A,. Hence

J, () > / |wu—wy|2d:c—k2)\(AuﬂAy)+/ lw, —w,|*dv
AuNA, AN,

+/ wy — wy |2 dar — K2A(A\A,) = / w, — wy[2 = K2A(A) |
AN, Q

This shows that J, (1) > J,(v) = —k?A(A,) for every p € Mo(Q). If J, () = J,(v),
then [, |w, — w,|? =0, hence w, = w, a.e. in §, and this implies © = v by Lemma 3.3
of [15].

In the following example, which is a particular case of the previous one, the function

Jj is continuous, and even C'*°(Q) if the coefficients of the operator L are C*°(£).

Example 3.12. Let wg, k, A, f, T be as in Example 3.9, let j(z,s) = |s— %w0|2—k2,
and let

J(A) = /Aqu _ %w0|2 ) da

be the corresponding functional defined for every open set A C 2. Then

(3.17) inf J(A) = —k*\Q),

A open
ACQ

where A is the Lebesgue measure, but the minimum in (3.17) is not achieved. To prove
this fact it is enough to notice that wy > 0 in € by the strong maximum principle, and

that ) )
Wo .
L(= —— =1 Q
(2w0)—|—2w0 in Q,
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hence fwy is the solution of (1.5) corresponding to the measure v = A/wy. Therefore

%wo = w,. As A, = ), using the notation of the Example 3.11 we have ¢, = %wo,

ju:

j, J, = J. Therefore J(u) > J(v) = —k?X(Q2) for every p € Mo(Q) with pu # v.

The conclusion follows from (3.16) and (3.17).
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