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We study the asymptotic behaviour of highly oscillating periodic nonlinear functionals of
the form F:(u) = fQ f(%, Du(z)) dz. We characterize their variational limit under the
hypotheses that there exists ¢ such that the region where f(z,£) < c(1+ |€|P) does not
hold for all matrices £ is composed of well-separated sets, and the condition f(z,&) > [£[P
for all matrices £ is verified on a connected open set with Lipschitz boundary.

1. Introduction

In this paper we study the asymptotic behaviour of sequences of highly oscillat-
ing functionals which model various kinds of phenomena in media with a fine mi-
crostructure. We shall focus our analysis on different types of degenerate structures.
As examples we can think of cellular frameworks of composite elastic and rigid ma-
terials, condenser with conducting or insulating small impurities, porous media or
materials with holes, the torsion problem for a bar with small cavities, and so on.
Many of these problems can be formulated by introducing suitable energy function-
als of the form

F.(u) = /Q f(; Du(x)) dz,

where () is an open subset of the euclidean space R™, u is a function belonging
to some space X () of R™-valued functions, € represents the microscopic scale of
the media, and f is an energy density characterizing the behaviour of the material
at this lower scale. The problem of homogenization of the sequence (F.) consists
in determining, usually by a limit procedure, a simpler “homogeneous” functional,

Fo(u):/ﬂfhom(Du(l'))dIC,



which describes the overall behaviour of the medium described by F. at a mi-
croscopic level. Another interesting issue is to find conditions that guarantee the
non-degeneracy of this limit functional. In the case dealt with in this paper, we wish
to ensure that the domain of F{, is a Sobolev space; this condition translates into
requiring that the homogenized energy density fjon, verify the so-called standard
growth condition

c1lél? < from(§) < ca(1+ [€17)

with p > 1 (here ¢ is a n X m matrix). We shall show that this condition can be

fulfilled even when the function f satisfies quite general growth assumption, with

large zones of various types of degeneracy. We shall require that the function f is

periodic and satisfies:

(i) there exists ¢ such that the region where f(z,¢) < ¢(1+ |£]P) does not hold for
all matrices £ is composed of well-separated sets;

(ii) the condition f(x,&) > |£|P for all matrices £ is verified on a connected open
set with Lipschitz boundary.

Condition (i) must be imposed to avoid a “rigid” behaviour of the function from ,
while (ii) prevents a “weakening” of the structure in the limit.

Let us remark that conditions (i) and (ii) allow a variety of different behaviours
for the function f. In particular, we may have the so-called “stiff” inclusions
modeled by a function of the form

(0 ife=0
ﬂQO—{+m it 40,

for z in a region composed of well-separated components, and at the same time we
can have a “soft” behaviour, or holes (in this case f(z,&) = 0), provided that the
complementary set of the ‘void’ region contains a connected periodic domain. The
function f may also exhibit intermediate behaviours and satisfy globally a growth
condition of the form

i€t < f(§) < ca1 +5]7)

with p; <p < ps.

The main result of the paper is Theorem 3.1 where we show that, under some
technical assumptions, hypotheses (i) and (ii) yield the existence of a function from ,
given by an appropriate “asymptotic formula”, satisfying the desired growth con-
dition, such that the functional Fj describes the limit of the functionals F. in a
variational sense. In order to study this behaviour we make use of the theory of
De Giorgi’s I'-convergence (see [16] [28], [3]). Since our problems do not fit the
usual framework of functionals defined in Sobolev spaces, we adapt the localization
method of I'-convergence by proving a “fundamental estimate” for the sequence F;
(see Proposition 3.3) that generalizes the method described in [16] Section 18 (see
also [17]), taking into account the geometrical properties outlined in conditions (i)



and (ii) in an essential way. Our result extends the previous ones on non convex
media obtained by Braides [6] and Miiller [24], in the case of functionals defined on
vector-valued functions and satisfying standard growth conditions, and by Braides
and Chiado Piat [9], in the case of functionals verifying (ii) and a standard growth
condition from above. Some results on convex functionals verifying (i) and (ii)
have been obtained in [27] by duality methods (see also Acerbi, Percivale [2], Mor-
tola, Profeti [23], Braides [5]). The corresponding Euler operators in domains with
holes have been studied in detail by many authors, including Tartar, Cioranescu,
Khrushlov, Saint Jean Paulin and others (see references).

The paper is organized as follows. In Section 2 we recall the notation, and make
precise the requirements (i) and (ii) on the function f outlined above. Section 3 is
devoted to the statement and proof of Theorem 3.1 following the scheme of the direct
methods of I'-convergence, and taking care in highlighting correspondences and
differences with the existing theory. The main steps in the proof are Proposition 3.3
(the fundamental estimate for I'-convergence), and Proposition 3.6 (the asymptotic
formula for the homogenization). In Section 4 we apply the T'-convergence results
to obtain convergence of minima for certain Neumann and Dirichlet boundary value
problems. Section 5 contains an example showing how the choice of the space X ()
may influence the form of f,,,. Finally in Section 6 a further example is exhibited
of a polyconvex integrand f for which fj,, is not polyconvex.

2. Notations and preliminaries

Let n and m be two fixed positive integers. By M™*" we denote the space of
m x n real matrices; if £ € M™*™ and x € R" then &x € R™ is defined by the
usual product between matrices and vectors. W1P(Q) = W1P(Q; R™) is the usual
Sobolev space (of R™-valued functions), and LP(2) = LP(Q2; R™). The family of
all bounded open subsets of R™ is denoted by A. A set £ C R"™ is said to be
periodic if E+e; = F for every i = 1,...,n, where (e;) is the canonical basis of
R"; a function f : R™ — R is said to be periodic if f(xz + e;) = f(z) for every
i=1,...,n, and for every x € E. A function g : R™ — R is t-periodic if the
function x + g(%) is periodic. Let A be an open set and B CC A; we say that a
function ¢ is a cut-off function between B and A if ¢ € C(A) and p =1 in B.

The set K will be a fixed subset of R™. We suppose that (i +K)N(j+K) =0
for all 4,5 € Z™, i # j; more precisely, we denote by 1 > 0 a positive number
verifying the following property:

(2.1) dist(i + K,j+ K)>3n Vi,jeZ'i+j.

We will consider the periodic set E = Z"™ + K, and we will denote the set {x €
R : dist(z, K) < n} by K, and the set Z" + K,, by E,,.



Remark 2.1. It is easy to see that assumption (2.1) implies that the set K is

contained in the union of a finite number of cubes of the type i + [0,1]™, i € Z™,

and in particular that its diameter is finite.
Consider now a Borel function f(z,&): R™ x M™*"™ — [0, +0c0| such that:

(i) f(-,€) is periodic;

(ii) there exists a periodic, connected open set U with Lipschitz boundary such
that [P < f(z,€), 1 <p < 400, for every £ € M™*" and z € U;

(iii) 0< f(z,8) < c(1+]€P), 1 < p < +o0, for every £ € M™*™ and z € [0,1]"\ E;

(iv) there exists a Borel function a: R™ x M™*™ — [0, 400], convex in the second
variable, such that

a(z,§) < f(z,§) < c(1+a(z,6))

for every x € R™ and £ € M™*";

(v) there exists a positive constant « such that a(z,2§) < aa(z,§) for every £ €
M™*" and x € R"\ F;

(vi) there exists a constant b > 0 such that f(z,0) <b for every z € E.

For every bounded open subset © of R™, we will denote by X(Q2) a fixed
subspace of WH1(Q), with C*(Q) C X () C WhH1(Q) N LP(Q), such that for every
u € X(Q) and ¢ € C}(Q) we have up € X(Q). It is understood that the meaning
of the notation “X” does not change with Q, i.e. if v € X(Q2), and Q' C Q, then
the restriction ujg belongs to X (€'). Moreover, we will denote by W (]0,1[")
the closure in W11 (R") of the set of periodic C! functions and we will consider
the space X;Der(]ov 1[71) = Xioe(R") N W]olé}'(]ov 1[71)

In the sequel we will study the limit behaviour of the following family of func-
tionals (F.)s>o defined in L} (R") x A by

{fﬂf(i,Du)dx Vu € X (),
(2.2) Fo(u,Q) =

400 otherwise.

In order to deal with such functionals it is convenient to use the following
notion of variational convergence introduced by De Giorgi. For a comprehensive
introduction to the theory of I'-convergence we refer to the book by Attouch [3]
and to the recent book by Dal Maso [16].

Definition 2.2. (De Giorgi & Franzoni [18]) Let (M, T) be a metric space (through-
out the paper we consider always L topologies), and let (F;);c; be a family of real
functions defined on M, I C]0,+oo[ with 0 € I. Then, for 2o € M, we define

(2.3) I(7)-lim iglf Fi(zp) = inf{lim ié’lf Fy(x;) @ xi>x0},



and
(2.4) I'(7)-limsup Fj(x0) = inf{limsup F(x;) : x;—x0};

1—0 i—0
if these two quantities coincide, their common value will be called the I'-limit of
the family (F;) in xg, and will be denoted by T'(7)- hn(l) F;(zo). It is easy to check
that the following statements are equivalent:

1) 1=T(r)- lim F.(xo);

2) for every sequence of positive numbers (gp,) converging to 0 there exists a
subsequence (ep, ) for which we have

I =T(1)- klingo F.,, (z0);

3) for every sequence of positive numbers (gp,) converging to 0 we have

a) for every sequence (zp) converging to xg

L < liminf F, (a);

b) there exists a sequence (zp,) converging to xg such that
[ > limsup F;, (zp).
h—o0

In the notation for functionals of the form (2.2) we write I'(LP)-limp,_,o0 F, (u, A)
(and similar); it is understood that the limit is performed with respect to the
topology LP(A).
Remark 2.3. The I'-upper and lower limits defined above are 7-lower semicon-
tinuous functions.

The importance of the I'-convergence in the calculus of variations is clearly
described by the following theorem about the convergence of minimum problems
(see also Section 4).

Theorem 2.4. (De Giorgi & Franzoni [18]) Let us suppose that the T'-limit
I‘(T)—}ig(l) Fi(z) = Fo(x) exists for every x € M . If there exists a T-compact subset
K of M such that ijr\l4f F;, = i%f F; for all i, then we have 11211 iJI\14f F;, = mjvi[n Fy.

In the sequel we will use the following homogenization result, which can be
obtained as a particular case of [9] Theorem 1.4 (see also [1]).

Theorem 2.5. Let U be a periodic, connected, open subset of R™ with Lipschitz
boundary. Let 1 < p < +oo and, for every € >0, let F, : L (R")x A — [0,+0o0],
be the functional defined by

[y F(Z, Du(z))de if ue WH(A) N LP(A)

+o0 otherwise,



where f(x,&) = [€|P for every © € U and § € M™*™  and f(z,§) = 0 for every
x € R"\U. Then there exist a constant k1 > 0 depending only on U,n,p, and a
continuous function fy: M™*"™ — R with

ki€l < fo(€) < |U N0, [ [€fP

for all £ € M™*™ | such that, setting Fy : LY

loc

(R") x A — [0, +00],
[ fo(Du(z))dx if u e WHP(A)

FO(U7 A) =
400 otherwise,

loc

we have Fy(u, A) = T'(LP)- liH?(l) F.(u,A) for every A€ A and every u € L} (R"™).
E—

Moreover, the function foy verifies
fo(6) = min / Du(z) + €Pde = we Whr(0,11" )
10,1["\U

for every £ € M,
Finally, let us consider, for every € > 0 and ¢ € Z"™, the operator R defined
on W,2°(R™) by

loc

Ri@(@) = (1= 0(2 =) +6(E =) ul)dy,

eit+e K,
where ¢ is a fixed cut-off function between K and K, such that |Dy| < %

Remark 2.6. The operator R acts over a function v in the following way

Rf(n)(w)=][ wy)dy iz ecitek,
Ei-‘rEKn

in particular RS (u) is constant on ei + K, and

R (u)(x) = u(zx) if dist(x,ei +eK) > en.

Thus we define the operator
R (u)(x) if dist(z,ei4+eK) <en, i € Z"

u(x) otherwise.



Remark 2.7. If u e I/VllocOo (R™) it is easy to see that for every bounded open set
Q

2
[DR ul| o (0) < o S v = fipere, W) Ayl oo civerc,) + 11Dl e ()
Moreover, denoting by d = diam K,,, we have

e = o ere, W) AYl Lo eiverc,) < ess- up u s nfu < edl| Dull o).
thus we obtain 5
||DREU||L00(Q) < (;d-ﬁ- 1)||D’U,||LOO(Q) .

In the sequel we will denote R! and R} simply by R and R;.

Finally we recall that a continuous function ¢ : M™*" — R is called quasi-
convez if for every £ € M™*" A € A, and u € C§(A) we have

Alp(€) < /A (€ + Du)da.

This is a well-known necessary and sufficient condition for the lower semicontinuity
of functionals defined on Sobolev spaces (see Ball [4], Morrey [22])

3. The Homogenization Theorem

In this section we will study the I'(LP)-limit of the family of functionals defined
in (2.2).

Theorem 3.1. Let E be the set defined above, verifying the assumption (2.1).
Let f(z,£):R™ x M™*™ — [0, 4+00] be a Borel function satisfying (i)—(vi), and, for
every € > 0, let F.: LY (R™) x A — [0,400] be the functional defined in (2.2).
Then there exist two positive constants ki and ko, and a quasiconvex function

fhom: Mmx — [07 +OO] , with

(3.1) k1l€]P < from(§) < ka1 + [€]7)

for all £ € M™*™ | such that, defining Fy: LY

loc

(R") x A — [0, +00] by

Jo from(Du(x)) da Yu € WP (Q),
(3'2) Fo(u,Q) =
100 otherwise,

we have
Fo(u,Q) = F(Lp)—lir% F.(u,Q)
E—



for every Q € A and every u € LP(Q)). Moreover, the function from verifies the
following homogenization formula
from(§) = lim iinf{/ f(z, &+ Du)dz : uGXT}
T—~+oco Tn ]07’1"[71, ¢
where X5T ={ue X(]0,T[") : u=R(&x)—&x in a neighbourhood of 0]0,T["}.

To prove Theorem 3.1 it is not possible to apply directly the homogenization
theorems as in [6] and [24]. Indeed the integrand of the functional

{ Jo [z, Du) dx if u e X(Q),
F(u,) =

+00 otherwise

does not verify the so called standard growth conditions

1P < fz,§) < (1 +[E7)

in all the space. However the region where the growth condition from above is
violated, thanks to assumption (2.1), is composed of well-isolated domains.

Definition 3.2. A family (F.).~¢ of non negative functionals satisfies uniformly
the fundamental estimate as € — 0 if, for every A, B, A’ bounded open sets such
that A" CC A, and for every o > 0 there exist two constants M, > 0 and &, > 0
such that for any u € X(A), v € X(B), and € < &,, there exists a cut-off function
¢ between A’ and A, such that

F.(¢pu+(1—9¢)v, A'UB) < (1+0)(F.(u, A)+F.-(v, B))+M, lu—vPdz+o.
(AUB)\ A/

This definition is similar to the one given in [16], Definition 18.2, and permits,
as well as in [16] (see also [17]), to obtain results of regularity, as set functions, for
the T'(LP)-liminf and the T'(L?)-limsup of the family (F:)c>0.-

Proposition 3.3. The family (F.)eso of functionals defined by (2.2) satisfies
uniformly the fundamental estimate as € — 0. Proof. We fix the sets A, A’, and
B, with A’ cC A, and 0 > 0. Let A” be an open set such that A’ cCc A” CC A.
Given N € N that we will fix later, let us consider the open set

dist(A’,aA”)l}

A= {x o dist(z, A") < 3N

forevery I =1,...,3N, and, forevery k =0,..., N—1, let ) be a cut-off function
between the sets Aspy; and Asgio such that |Deg| < 4N. Now we can fix &,
such that

1
o’d PN
5 <3N



where d denotes the diameter of the set K, that, by assumption (2.1), is finite (see
Remark 2.1). Since dist(A;, 0A;+1) = 3%\,, if, for some 7 € Z™ and € < ¢,, ei +eK
intersects A;, it does not intersect R™\ A;;1. Then the functions ¢ = Rpy,
0 <k <N —1, are cut-off functions between the sets Az and A1) -
We will show that, for every v € X(A) and v € X(B) it is possible to prove
the fundamental estimate choosing the cut-off function between this finite family
(¢x)k=0,..., N—1. Thus, fixed v € X(A) and v € X(B), for every k=0,...,N —1
we have
(3.3)

F.(¢ru+ (1= ¢p)v, A" UB) = F.(u,(A"UB) N Asp)) + Fo(v, B\ Az41))+

+F(¢pu+ (1= ¢p)v, BN (Agyry \ Ask)) < Fe(u, A) + F(v, B)+
+F€(¢ku + (1 — qbk)u BN (Ag(k+1) \ng)) .
Now we want to estimate the last term that we denote by Ir. Let Sy = BN
(iv)

(As(k+1) \ Asi). By construction we have D¢y, =0 on eE and by assumption
we obtain

F8(¢ku + (1 - qﬁk)v, Sk N €E) = /S f(g, o Du + (1 — ¢k)DU) dr <
rNeE

(3.4) <cf @+ Do+ - oa( Do)ds <
SkNeE € €
< ¢|Sg NeE| + cF.(u, Sy Nek) + cF.(v,S; NeE) .
Moreover by (iv) and (v) we have
(35)F5(¢ku + (1 — gbk)v, Sk \ EE)
<c[ (ralEDoutu =)+ 6uDut (1~ 6)Du)) da
Sk\eE €

Sk \ eE| + ¢ /S . ®fa(Z Doglu— ) + dxa(%, Du) + (1~ g)a(L, Do)l dr

IN

IN

e+ c%)|5k \ eB| + %ch(u, S\ eB) + C%FE(U, Sk \ eE)

+E Dol [ ju- oo,
2 Sk\EE
where in the last inequality we have used that, by (iii) and (iv), a(z, &) < c(1+ [€]P)
for every £ € M™*™ and x € [0,1]™\ E. Since |[|[Dyy||L~ < 4N by Remark 2.7 we
obtain Do}~ < [AN(2d+1)]P. Taking M, = *§[AN(2d +1)]7, by (3.4) and

(3.5) we get
1 = c «
i < — < — S)A\A
56 O<I£I%1]I\}_II/€ < 2 I, < N(1+02)|A \ A |+
+1+ 9 (F(u, A) + F.(v, B)) + M, lu — vlPdz .

N (AUB)\(A’UE)



Thus, choosing N such that max{c(1+c$§)|A” \ZI|, (1+5)c} <oN, by (3.3) and
(3.6) we obtain that there exists k, 0 < k < N — 1, such that the fundamental
estimate holds with ¢, as cut-off function. ]

Now let us fix a sequence (gp,), and denote F,, by Fj,. We will consider the
I'(L?)-limsup and the I'(L?)-liminf of the sequence Fj, as defined by (2.4) and (2.3),
that will be denoted by F” and F’ respectively. A first important step to prove
the homogenization theorem is to check the growth conditions for F”/ and F’.

Proposition 3.4. There exist two constants k1 > 0 and ko > 0 such that

k1/ \DufPdz < F'(u,Q) < F'(1,Q) < kg/(1+ \Dul?) dz
Q Q

for every bounded open set Q and every u € WHP(£).

Proof. In order to estimate F’ from below, let us consider the sequence of func-
tionals FP: LY (R™) x A — [0, 4oc] defined by

loc
Jo J(&, Du)dz if u e WL1(Q) N LP(Q),
F)(u,Q) =
400 otherwise,

with f(z,£) = [£[P for every € U and § € M™*" and f(z,§) = 0 for every
z € R"\U and & € M"™*™. Since by (ii) U is a periodic connected open set with
Lipschitz boundary, by Theorem 2.5 we have that there exists a constant k; > 0
such that

(3.7) k1/ |DulPdz < F(Lp)-li}ILnF,?(u,Q)
Q

for every u € WHP(Q). Since, by (ii), F(u,) < Fy(u,Q) for every open set
and every u € LP(2), we have that I'(LP)-limj, FY < F’ and then by (3.7) we
obtain the estimate from below.

Now let us prove the estimate from above. Let us fix a bounded open set 2 and
let us consider a piecewise affine function . We can write v = ijl(§j~x+bj)xAj ,
where {; € M™ ™ b; € R™, (A,) is a finite family of measurable disjoint subset
of © such that (J; A; = @ and x 4, denotes the characteristic function of the set
Aj. For every h € N let up, = R (u). Since Duy, =0 on ¢, E and Du =¢; ae.
in A;, by the growth condition (iii) and by Remark 2.7 we get

RO ;/A S Dun) o < c;/&_m DunlP) dz <

2
38) < e A1+ 1Dunllfuy ) de < e A;|(1+ (;d+1)p|§j|p) dw <
i i

gcgdﬂ” |A;](1+1&5]P dacgcngrlp 1+ |DulP) dz .
7 ! ! "
- Q
J



Then taking the limsup as h — oo we obtain

F'(u,Q) < limsup/ f(i,Duh)d:c < kg/(1+|Du|p) dzx ,
Q €hn Q

h—o0

where ky = c(%d + 1)p, so that we have proved the growth condition from above
for every piecewise affine function v and every open bounded set 2. Finally, for
any u € WHP(Q), there exists a sequence (uy) of piecewise affine functions, that
converges strongly to u in WP(Q). Thus, by lower-semicontinuity of F” we have

F"(u, Q) < liminf F”(up, Q) < liminfkg/(1+|Duh|p)dx = kg/(1+|Du|p)d:r.
Q Q

h—oo h—oo

This concludes the proof. ]

Theorem 3.5. For every sequence (gy,) that converges to zero, there exists a sub-
sequence (ep, ) such that, for every bounded open set §), there exists the I'(LP) -limit
Fo(+,8) of Fp,(-,Q). Moreover there exists a quasiconvex function p: M™*™ — R

such that
Jo ¢(Du) da if u e WhHp(Q),

FO(U,Q) = {

+00 otherwise.

Proof. The proof of this theorem follows the arguments of well-known compactness
and integral representation results in I'-convergence.

Using the fundamental estimate defined in Definition 3.2, it is easy to see, as
in Proposition 18.3 of [16], that

F"(u,A"UB) < F"(u,A) + F"(u, B)

for every open sets A, A’ and B, with A’ CC A, and for every v € L} (R").

loc
Then by Theorem 16.9 and Proposition 18.6 of [16] there exists a subsequence (g, )
and a functional Fy: L} (R") x A — [0, 400], such that, for every open set Q and
we L} (R"),

T'(LP)- kli_)n;thk(u,Q) = Fy(u, Q).

Notice that in Proposition 18.6 of [16] it is required, for the sake of simplicity, that
there exists a non-negative increasing functional G: L} (R") x A — [0,+o0c] such
that Fj < G for every h € N, but to obtain the result it is sufficient to know that
F"” < G. We have this growth condition by Proposition 3.4. From Theorem 18.5 of
[16] we have that for every u € L} (R™) the set function Fy(u,-) is the restriction
to A of a Borel measure. Moreover we have:

(a) for every Q € A, and every u € WhP(Q)

kzl/ |DulPdx < Fy(u,) < kg/(1+|Du|p) dx
Q Q



(by Proposition 3.4);

(b) Fy is local: ie., Fo(u,Q) = Fo(u,), whenever Q € A and u = v a.e. on {2
(by the local character of the I'-convergence);

(c) for every Q € A, the functional Fy(-,Q) is LP-lower semicontinuous (by Re-
mark 2.3);

(d) Fo(u+c,Q) = Fo(u,Q), for every Q € A, v € LP(2), and ¢ € R (since all the
functionals F. satisfy the same condition);

(e) Fo(u,Q) =+o0 if ue L (R")\W'P(Q) (again by Proposition 3.4).

By (a)—(e) and the fact that Fy(u,-) is a measure, we can apply well-known in-

tegral representation theorems (see for instance Theorem 4.3.2 of [10], see also

Theorem 20.1 of [16]) and obtain the existence of a quasiconvex function ¢: R™ x

M™*™ — [0, 400] such that

Jo (@, Du(x)) da if u e WhHr(Q),
Fo(u,Q) =

400 otherwise,

for every Q € A. Finally, by condition (d), it can be easily proven that the function
¢ can be chosen independent of the variable z (see [21]). U]

The proof of Theorem 3.1 will be completed if we show that the function ¢ is
independent of the sequence (ep, ). To this aim let us introduce the function from
as in the following proposition.

Proposition 3.6. For every £ € M™*"™ there exists the limit

T—oo TM

(39 fuom(© = Jim L int{ /]O’T[n flw,&+ Duydr : ue XT},

where XST ={v e X(]0,T[") : v=R(&x)— &z in aneighbourhood of 0]0,T["}
and from(§) = (&) for every & € M™*™.

Proof. Let us fix £ € M™*" and define for T > 0
9, (&) :inf{/ f(z, &+ Du)dzx : uEXg}.
jo, [

Let ufp e X §T be a function that satisfies

1
(3.10) [ S € D < 0,©) %

In the rest of the proof we will denote by [¢] the integral part of ¢ € R. Then we
extend u$. to the function v5 defined in [0, [T + 1]]" by

R(&x) — & if x € [0,[T + 1]]"\[0,T)™,

us.(x) if x € [0,77",



and then we extend it to a function defined on all R™, that we always denote vg,

by [T + 1]-periodicity. Since the function v () = e, v%(ﬁ) converges to zero as
k

. p
k—o0in Lj .

B < T 3 n 1 ¢
Fo(&2,]0,1[") < hknig.}thk (v +&-2,]0,1[") < MAO7[T+1] [n [z, é+Dvy)dx.

(R™), by LP-lower semicontinuity and by periodicity, we get

By definition of v%, by (3.10) and by the growth condition (iii) for f, we have that

1, T 1 T4 1 — 1"
Fo(&,]0,1[") < ﬁ(m(%(f) + f)) +c(1+ |f|p)[[T_]mL
Taking the limit as 7' — +o00 we get
(3.11) Pl€) = FolEw,10,11") < liminf - g,(6).

Vice versa by definition of T'(L?)-convergence, there exists a sequence (uy) of func-
tions of X(]0,1[™), converging to &-x in LP(]0,1[™), such that

(3.12) Fo(&,J0,1") = lim P, (w10, 1[%)

We can use the fundamental estimate to modify the functions w; on a neighbour-
hood on 9]0,1[™. Let us fix a compact set C of ]0,1[", a set A’ such that
C c A cclo,1™, o > 0, and choose in the fundamental estimate (see Defini-
tion 3.2) B =10,1["\C, A =10,1[", u = ug, and v = vy = R« ({-x). Then for
every k big enough there exists a cut-off function ¢ € C3(]0,1[™), between A’ and
A, such that, if we define wy = ¢rur + (1 — ¢x)vE, we have

Fy, (wr,]0,1[") < (14 0)(Fp, (ux,]0,1[™)
+ P (0,10, 1[\C)) + MJ/ g — vp P+ 0
aar

Let us denote T}, = ﬁ Since (uy — vg) converges to zero in LP(]0,1[™), taking
k

the limit as k — +o00, using the definition of g, and vy, by (3.12) and (3.8), we
get

Fo(f-l‘,](), 1[n) 2

lim sup Fy,, (wg, 0, 1[*) — lim sup Fp,, (vg,]0,1[*\C)) >
1+0 k— 00 k—o0o

o .
o limsup T (&) — k2|10, 1["\C|(1 + [¢]7) -

By the arbitrariness of C' and o we obtain

, 1
e(§) = h]znjgp 77 9 ).

>

1
Then, by (3.11), we have that the limit klim 7 I, (&) exists, and
— 00 k

o1 NP |
(3.13) Jm 7 0, (€) = (€)= liminf 7 g6).

Since the last term of (3.13) does not depend on the choice of the sequence (gp,),

we conclude that the limit Tlim ﬁgT(é) exists and coincides with ¢(§). U



Remark 3.7. It is easy to see, following the arguments in the proof of Proposi-
tion 3.6, that the homogenization formula (3.9) is equivalent to

1
From(€) = Tlilréoinf{w/]o’T[n fe, €+ Du)de - ue Xper(]O,T[”)}

This formula reduces to
from (&) = inf{/] [ f(x, €+ Du)dx : u € Xper(}O,l[”)}
0,1["

when f(z,-) is convex (see [24], [21]).

4. Convergence of minima

In this section we study in brief the cases where it is possible to obtain the conver-
gence of the minima for problems with continuous perturbations and for Dirichlet
boundary values problems.

Let © be a Lipschitz bounded open subset of R™ and let us denote by A(f)
the family of all open subsets of 2. Let (g.) be a sequence of functions of LP(12)
converging to a function g strongly in LP(Q). Let Gy, G.: LP(2) x A(2) — [0, +00]
be the functionals defined by

Go(u,A) = Fulu, A) + / 9. — ulPda
A
and
Golu, A) = Folu, A) + / g — ulPdz
A

for every A € A(Q) and w € LP(Q2). Since for every sequence () and for every
sequence (uy) of functions in LP(Q2) converging strongly in LP(2) to a function wu,
we have

/ e, —uh|pdx—>/ lg — u|Pdx VA e A(Q),
A A

by the I'(L?)-convergence of F. to Fy we get
Go(-, A) = TI(LP)- lin%Gg(-,A)
E—

for every A € A(Q).
Suppose that there exists 1 < ¢ < +o00 such that

(4.1) €17 < a(z,€) Yz €]0,1["\U and € £ 0,



where a(+,) is the convex function given in the definition of f (condition (iv)).
In this case, by conditions (ii), (iii), and (iv), for every u € WH1(Q) N LP(Q), we
obtain

Ge(u,Q) = f(g,Du) d:p+/

QeU QNeU

> / |Du|qu+/ \Du|pdx+/ lge — ulPdz .
OeU QNeU Q

Since (g-) converges in LP(Q), we get

f(?Du)dx—l—/ lge — ulPdx >
€ Q

(4.2) [ullwrs@) < K(Ge(u,Q) +1),
where s = p A g and K is a positive constant independent of £ and w.

Proposition 4.1. If (4.1) holds and either ¢ > n or ¢ < n with ¢* g > D
then

1 f =

2 3 OO = iy o)

and the e -minimizing sequences for G. converge to the minimizers for Gy .

Proof. By definition of I'-convergence it follows immediately that

. o L) < '
(4.3) hr;lj(l)lp)y(lé)Ga(,Q) W@;?Q)GO( Q)

Let us prove the opposite inequality for the liminf. Since min Gq(-,§2) < +o0, by
(4.3) we may assume that there exists a positive constant M such that

(4.4) )glsfz Ge(, Q) <M

for every € > 0. Let u. € X(2) be such that G.(u,Q) < infx ) G:(-,Q) +¢. By
(4.2) and (4.4) we obtain that u. is uniformly bounded in W#(Q), where s = pAq.
Let (ue,) be a sequence contained in (u.). Thanks to our assumption on ¢, by

Rellich’s Theorem, we get that, up to a subsequence, (u.,) converges strongly in
LP() to some function wg. Then, by definition of I'(LP)-limit, we have

Go(up, ) < liminf G, (ue,,?) = liminf inf G, (-, ).

h—oo h—oo X ()

By (4.4) ug € WHP(Q) and, by (4.3) we can conclude that

Wiy G0l ) = Goluo,0) = Jimy fof G, 9). -



Similarly we will show how to study the limit of Dirichlet boundary value prob-
lems, when (4.1) is satisfied.

Let ¢ € W,oP(R™) and let (.) be a sequence of W,bP(R™) such that
(a) ¢ — ¢ in L (R™), as e — 0;

(8) there exists a function w(p) with w(p) — 0 as p — 0, such that

limsup F: (e, B) < w(|BJ)

e—0

for every open set B.

Remark 4.2. If ¢ € WH°(R"), a sequence . that satisfies () and (3) is given,
for instance, by ¢. = R¢(¢). Suppose that K is connected, let ¢ € Wl{)’cp(R”) and

let © be a bounded open set. If we set I, = {i € Z" : (i +¢cK,)NQ # O} and
Q ={zeR": dist(z,Q) < t} for t > 0, using Poincaré inequality, we obtain

| IRee—ipas < 3 [

i€l

<0y / DglPdz < <C|| Dol e
iel. git+e K,

) y)dy — o(2)[Pde <
HsKnlfﬂﬁKn@( )dy — o(x))|

where C' is a positive constant independent of ¢, €, and . Thus the sequence
v = R(p) satisfies assumption («). Moreover, since DR p(x) = Dp(z) if = &
Ui(eiteR,), DR%p(x) = 1DV (S, i ¢(y)dy—p(x))+ Dyt if @ € eite(K,\K),
and DR°¢(z) =0 if = € i + ¢K,,, always by Poincaré inequality we get

P
/ |DR () |Pdz < 2?(3 + 1)0/ |Dyl|Pdz,
Q nP Q

ed

and thus the sequence ¢. = R°(p) also verifies (3).
Let @, ®.: LY (R") x A — [0,+00] be the functionals defined by

loc

F.(u,Q) if u— . € Wy (Q),
e (u, ) =
400 otherwise
and
FO(U’Q) ifu_@e W()l’p(Q)v
‘1)0(11,, Q) =

400 otherwise.



Proposition 4.3. If (4.1) holds and either ¢ < n with ¢* = nq—_”q >porq>n,
then

li inf ®.(-,Q) = in Pg(-,Q

lim nf, 20 Q) = min @o(-, )

and the €-minimizing sequences for ®. converge to the minimizers for ®g.
Proof. Let us prove that

4.5 limsup inf ®.(-,Q2) < min Pq(-,Q).
(45) PP Wiy 20 = ity ol )

Let ug € W'2(Q) such that ug—¢ € Wy (Q) and ®¢(ug, ) = min ®o(-, Q). Then
Do (ug, Q) = Fo(ug, ) and there exists a sequence (u.) converging to ug in LP(2)
such that Fy(ug, Q) = lim._,o F-(ue, Q). By the fundamental estimate, as in the
proof of Proposition 3.6, with v. = ., for every compact subset C of €2, we can
find a function w, such that w. — . € ng(Q) and

min g (up, Q) = 1iI%FE(uE,Q) >
£—

> lim sup F. (we, ) — limsup F. (¢, Q\C) — M, lu — p|Pdx.
140 -0 e—0 OC

Since F.(we, ) = @.(we, ), by condition (5) we get

min @ (ug, ) >

[ imsup W}gf(ﬂ) (-, 2) —o(|\C)),

and by the arbitrariness of C' and o we obtain (4.5). It remains to prove that, for
every sequence (gp,), we have

(4.6) llerili%fw}gf(m@sh( ) = Wiin Do (-, )

The estimate (4.6) follows using the same method of the proof of Proposition 4.1,
remarking that, since the boundary values of the £-minimizing sequence are the
restrictions of a converging sequence in W?(Q), to apply Rellich’s Theorem it is
sufficient to estimate uniformly the norm L*(Q2), with s = p A ¢, of the gradient of
the e-minimizing sequence. U]

5. Lavrentiev Phenomenon
With the following example we will show that the homogenized functional may

depend on the space X (£2), even though conditions (i)—(vi) guarantee a growth
condition for fp,.;, independent on the choice of X ().



Let 7 > 0 and K, =]r,2["U]3,1 —r[", p < n. We will show that at least if we
choose r small enough the homogenization formula gives two different results if we
take in the definition of the functional F(-,Q) the space X(Q) equal to C*(Q) or
WhP(Q). Let f:R™ x M™*"™ — [0, 4+00] be a function periodic in the first variable

such that

|€|P if x €10, 1["\ K,
fl@,&) =<0 ifexe K., £=0,
+00 ifre K, £#0.

Since f is convex, by Remark 3.7, the homogenization formula, in the two cases (one
with X (Q) = C*(Q) and the other one with X (Q) = WP(Q)), gives, respectively,

(@) = mt{ [ 4 DU w e W0.1), Du= € on K.}
and
o€ = ([ e+ DU@P e Ol 10,10, Du= € on Ko}

We want to choose 7 > 0 and £ € M™*" such that fZ, (&) < fi.,.(€). To this
aim, let us consider the functionals F! and F? defined by

per

'f]() 1" |£ + Du(x)\pdx ifue C, (]07 1[n)7 5 = —Du on K’I‘7
Frl(u’}oal[n) = 7
400 otherwise,

and

¢+ Du(x)|Pdx  if u € WLP(]0,1[?), € = —Du on K,

per

Jio,l["

+00 otherwise.

Ff(u,]o, 1[n> = {
Since F! and F? are increasing in 7, it is easy to see (Proposition 5.4 of [16]) that

F! T(LP)-converge to

f]O,l["

Fol (u,]O, l[n) _ equal to a constant a.e. on Ky,

&+ Du(x)|Pdx if u e WLr(0,1["), u+ & is

per

400 otherwise,
and that F? T'(LP)-converge to

f]o,l[” |€ + Du(x)|Pdz  if u e Wplé};(](), 1[™), ¢ = —Du on K,

FOQ(U’]O’ l[n) = {

+00 otherwise.

Let us consider the case where n =2, m =1, and £ = (—1,0).



Let up € WLP(]0,1[?) be the minimum point of Fg(-,]0,1[?). Let us consider a

per

function u; € WP(]0, £[x]3, 1[) such that

/ |€+Duy |Pdx = min{/ |€+Dv|Pdx : v =up on 9(]0, 1[><]1, 1[)}
10,3[x]3,1] 10,4[x]4,1] 2072
Consider the function vy (z1,z2) = %Ul(l'l,l‘g) — %ul(% — xl,% — x9). Since £ =
(=1,0) and Dug = (1,0) on Kjy, we can assume, by periodicity of uy and by
translation invariance of the functional Fy , that ug(z1,22) = 21 if 1 €]0, 5[ and
To =% or xy =1, up(0,22) = 1 if 25 €]3,1[, and ug(%,z2) = L1 if 25 €]1,1];
so that vy (z1,22) = 71 f% if o1 E}O,%[ and xo = % or xg = 1, v1(0,29) = i
if x5 €]1,1[, and v1(%,20) = —1 if 25 €]1,1[. Moreover, since |Dul? is strictly
convex and vy # w1, we have
(5.1)
/ |€ + Dvy|Pdx < 1/ |€ + Duy(z1, x2)|Pda+
10,4 [x14,1[ 2 Jj0.3004.11
1

by [ lerDula e
10,3[x13,1

:/ |§—|—Du1|pd:c§/ |€ + Dug|Pdx .
10,30x]5.1] 10,30x]5,1(
[) such

l.
41f

With a similar construction we can find a function v, € WhP(]3,1[x]0,
that ve(z1,22) = 21 —% if 1 6]%,1[ and 29 = 0 or zy3 = %, Ug(%,.’lﬁg
x9 €]0, %[, va(l, ) = —i if x9 €]0, %[, and

(5.2) / |€ + Dvg|Pdx < / |€ + Dug|Pdz .
13:1[x]0, 3

13.1[x10, 3]

)

Then if we consider the function
v1 in ]0, £[x]3, 1],

(%] in ]

1 —3 inl3, 1[5
We have that v € W,2(]0,1[*), Dv = —¢ on Ky, and, by (5.1) and (5.2),
F2(0,]0,11%) < F (0,10, 112) = min F} (u,10, 1)
so that min F? < min F} . Since, by Theorem 2.4,
rlil}%) inf FT1 = min FO1 and }E% inf FT2 = min FO2 ,
for r small enough, we have

and this concludes our example.



6. Loss of Polyconvexity after Homogenization

We recall that a function f:M™*™ — R is polyconvez if £ — f(£) can be written
as a convex function of all the minors of £ (see Morrey [22], Ball [4]). This condition
implies quasiconvexity, and has been widely used to model hyperelastic materials
(see Ball [4], Ciarlet [11], Giaquinta, Modica and Soucek [19]). The homogenization
of media with stiff inclusions allows us to exhibit simple examples underlining the
phenomenon of loss of polyconvexity induced by the process of averaging: we will
show that the homogenization of a composite material with two polyconvex phases
may be non-polyconvex. An analogous example with everywhere finite integrands
is dealt with in more detail in [8].

We take n = m = 2 and we define the two functions f;, fo as follows:

J1(8) = &1 — &a2fP + [E12|P + [Ea1 [P + ((511 - 1)+)p
(tt = max{t,0} is the positive part of t),

(1 —det€) if € =tI, with —1 <¢ <1,
f2(8) = {

+00 otherwise

(I is the identity matrix of M?*2?). The function f; is convex (hence polyconvex);
the function fy is polyconvex: it can be written as f2(§) = h(&,det&), where
h:R* x R — R is the convex function

1—r if ¢ = I, with —1 < ¢ < 1,
|

+00 otherwise.
If we take K as the ball of center 0 and radius 1/4, then we can define the function
f:R% x M?X2 — [0, +00] by

F2(6) if v € Z° + K,

(6.1) f@,§) =
f1(8) otherwise.

By Theorem 3.1 we obtain the following proposition.

Proposition 6.1. Let p > 1, let f, F. and Fy be defined by (6.1), (2.2). There
exists a function fpom verifying

k1|£|p_k2 S fhom(f) S k3(1+|£|p)a

for suitable positive constants k;, for all € € M?*? | such that, if Fy is the functional
defined by (3.2), then Fy = T'(LP)-lim._¢ F;.

Proof. It suffices to check that the hypotheses (i)—(vi) of Theorem 3.1 are satisfied

by the function f(x,&) = f(x,&)+C, where C is a suitable constant added to have



f > 0. This is easily done by taking E = Z? + K, b = 1 + C, and defining the
function a: R? x M?*2 — [0, +oc] in (iv) by

0 if € = 1, with —1 <t < 1,
a,(x’é'): { VJTEE,

+00 otherwise

and a(z,§) = |7 if z €]0,1["\E. Remark that condition (ii) is satisfied if we also
take C large enough to have f(z,£) > [£[P. L]

Proposition 6.2. Let 1 <p < 2. Then from is not polyconver.

Proof. We can repeat the argument of [8]: were fpom,m polyconvex then it should
be convex, since a polyconvex non-convex function must grow at least as |¢|? in
some direction (it is a convex non-constant function of det¢). Hence we have to
show that from is not convex. Since from(I) = from(—I) = 0, it suffices to
prove that fhom(0) > 0, that is Fy(0,]0,1[?) > 0. Now, by definition of I'-limit
we can find a sequence (g5) of positive numbers converging to 0, and a sequence
(up) of functions in X (]0, 1[?) converging to 0 in LP(Q) such that Fy(0,]0,1[?) =
limy, F., (un,]0,1[%). Since a(x,&) > c(|&11 — Ex2|P + €12 + €21]P) we deduce that
Auy, converge strongly to zero in W=12(]0, 1[2). It easy to see by elliptic regularity
(we refer for details to [8]) that we must have uj, — 0 strongly in W,(]0,1[?); in
particular |{z €]0,1[>: |Duy| > 1}| — 0. This convergence implies that

Y

lim F., (up,]0,1[*) > liminf £, (up,]0, 12N{|Duy| < 1}) >
h—o0 h—o0

%

lim inf £, (up, ]0, 120{|Dus| <1} Nep(Z? + K)) >

Y

1
5 Jim l(en(Z® + K))N[0,1]?| > 0,

and the proof is concluded. ]
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