A variational model for dislocations in the line tension limit
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Abstract

We study the interaction of a singularly perturbed multiwell energy (with an anisotropic nonlocal
regularizing term of H'/2 type) and a pinning condition. This functional arises in a phase field
model for dislocations which was recently proposed by Koslowski, Cuitifio and Ortiz but is also
of broader mathematical interest. In the context of the dislocation model we identify the I'-limit
of the energy in all scaling regimes for the number N, of obstacles. The most interesting regime
is N. =~ |In¢|/e, where ¢ is a nondimensional length scale related to the size of the crystal lattice.
In this case the limiting model is of line tension type. One important feature of our model is
that the set of energy wells is periodic and hence not compact. A key ingredient in the proof
is thus a compactness estimate (up to a single translation) for finite energy sequences, which
generalizes earlier results of Alberti, Bouchitté and Seppecher for the two-well problem with an
H'/? regularization.
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1 Introduction

We study the functional

Fuw) =1 /Q W) ds+ [ Kyfe —ylute) —u(o) oy

subject to the pinning condition

u=0 on B(x!,Re) =Bk, fori=1,...,N..
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Here Q = (—1/2,1/2)? is the unit square, W is one-periodic, non-negative and vanishes exactly on
the integers Z, a typical choice being

W (u) = dist? (u, Z), (3)

and the nonlocal part of the energy behaves like the H'/2 norm, i.e., K, (z) ~ |z|~3. The parameter
v is Poisson’s ratio, see (6) below. The points z play the role of pinning centres and we will later
assume that they are well-separated and sufficiently uniformly distributed, see (16) and (15) below.
Finally € > 0 is a small parameter and we study the limit as ¢ — 0 (after suitable rescaling).

The above functional with the choice (3) has recently been proposed by Koslowski, Cuitino and
Ortiz as a phase-field model for dislocations. In this setting ¢ is the ratio of the spacing of the lattice
planes and the size of the physical domain under consideration. In this context our main achievement
is that we identify the relevant scaling regimes for the number of obstacles N. and the corresponding
I-limits of the (suitably scaled) energy E.. Specifically if N. ~ ¢~ !|loge| we show that the limit of
E./(eN;) is the so called line-tension limit, i.e., the limit functional is defined on the space BV (Q;Z),
and is given by

/ y(n) dH! + / D, (u, Br) da,
Su Q

where S, is the jump set of w, with normal n, v(n) is an (anisotropic) line energy density, and
D, (u, Br) represents the limiting contribution of the obstacles B%_ (see Theorem 10 below for a
precise statement). If N. < e~1|log¢| the line energy contribution dominates, only constant functions
u = a, with a € Z, are admissible in the limit and their energy is given by D, (a, Bg). If N. > 71| log¢]|
then the line energy becomes negligible, finite energy sequences may only converge weakly and the
limit energy is given by the convex envelope fQ D}*(u, Bg) dx, where u may now take values in R,
see Corollary 11 below for a precise statement.

From a more general mathematical point of view, the problem we consider combines two features
which have been very extensively studied in the last years. The first one is the interaction of singularly
perturbed multiwell energies and higher order regularisations. Beginning with the work of Modica and
Mortola [15, 16] a large body of work has concentrated on multiwell energies with a compact set of
energy minimizing states and a local regularization given by the Dirichlet integral (see, e.g., [14, 9, 7, 5]
and the extensive list of references therein).

The more delicate case of a regularizing term which corresponds to the H'/2 norm and which
requires a logarithmic rescaling was studied by Alberti, Bouchitté and Seppecher [3]. For nonlocal
terms with general anisotropic, but regular, kernels see [2, 1].

The second feature is the interaction of a pinning condition like (2) and Dirichlet-type energies.
Since the work of Marchenko and Kruslov [13] and of Cioranescu and Murat [4] this interaction has
attracted a lot of attention (see for instance [6] for many further references). Roughly speaking, a
general theme of this large body of work is that for well separated obstacles the limiting problem has
no constraint like (2) but involves an extra energy contribution of the form [ a(z)|u|? dz where a(z)
can be viewed as a local 'capacity density’ (and where the appropriate notion of ’capacity’ is related
to the Dirichlet-type energy in the orginal functional). Of course a may be singular or degenerate and
instead of a(z)dz one may obtain more general measures which are no longer absolutely continuous
with respect to the Lebesgue measure.

Our problem combines both features. We show that the contributions of the singular perturbation
(leading to a line energy) and of the pinning constraint are essentially additive. The interaction
of pinning and the multiwell structure is reflected in the structure of the limiting pinning energy
/. 0 D, (u, Bg) dx which is no longer a quadratic expression in u.

Compared with most previous work on singularly perturbed multiwell problems our problem in-
volves an important additional difficulty. The set of wells, i.e., the zero set of W is no longer compact.
Hence it is not clear that sequences with finite (rescaled) energy are bounded in L!. One crucial
ingredient in our analysis is a uniform L? estimate (up to translation by integers) for sequences for
which the rescaled energy E./|loge| is bounded (see Theorems 12 and 13 below).

Our main result will be stated in terms of I'-convergence and we have therefore focused on the
main part of the energy functional. In order to study nontrivial minimizers one should add a suitable
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loading term, which can be easily done, see the end of Subsection 1.2 for further discussion.

1.1 A quick review of the phase field theory of Koslowski, Cuitino and
Ortiz

Here we briefly discuss the interpretation of the different terms in (1) and the pinning condition. We
refer to [10] for a detailed discussion of the model and to [8] for a discussion of the non-dimensional
version of the energy (1). The setting is that of continuum crystal elasticity, with small strains.
Consider the displacement field U : R3 — R? of an infinite elastic crystal. A specific assumption of
the model in [10] is that one allows crystal slip only along the single plane 3 = 0. Moreover one
assumes that only a single slip system is active, i.e., the jump [U] of the displacement U across the
slip plane is of the form

[U](x1,x2,0) = u(x1, z2)be, (4)

where b = |b| is the length of the Burgers vector b of the active slip system and e = b/b its direction.
We choose coordinates such that e is the first coordinate direction. Given u, the associated elastic
energy is obtained by minimizing the usual linear elastic energy away from the slip plane, i.e., by
minimizing

A
/ ple(U)]? + 5 ltr e(U)? daydadas, (5)
R3\{x3=0}

where e(U) = 2(VU + VUT) is the symmetrized displacement gradient. The constants y and A are
the elastic moduli which satisfy p > 0 and 3\ + 2x > 0. We now suppose that u : R?> — R is periodic
with periodic cell @ = (—1/2,1/2)? so that u can be viewed as a function on the torus T2. Then the
elastic energy per period is obtained by minimizing

A
/ wle(@))? + S |tre(U)| daydzodas .
T2xR 2

over all U : T? x R — R? which satisfy (4). This minimization can be carried out by considering the
Fourier series of u

u(z) = a(k)e™*,  ak) = u(z)e * T dg
@ = 3 atete aw) = [ ule

ke(2nZ)?

and this yields
[1b? ~01\ 2
Eelastic(u) = T Z ml/(k)|u(k)| )

ke(27Z)?
where 12 12
1
JE) =24+ —— 2L k= (ky, k), 6
and where v € (—1,1/2) is Poisson’s ratio which is given by v := m
In real space we have
pb®
Bawie() =" [ [ Kow = y)lute) - u(w)P dady, @
T2 J7T7?

and the kernel K, is given by the Fourier series with coefficients —im,, (k).

Now we turn to the local contribution in E.. If u is a (constant) integer then the jump [U] is a
lattice vector and hence the crystal lattice is not perturbed in the immediate neighbourhood of the
slip plane. If u is not an integer there is an additional distorsion of the lattice near the slip plane and

in the Peierls-Nabarro theory one models this by an extra energy contribution

EPeierls (u) = W(U) dSL‘,

T2
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where W is a one-periodic, non-negative function which vanishes exactly on Z. If one fixes a specific
form of W, e.g., W(u) = Adist?(u, Z), or W = £ sin®(7u) one can relate the coefficent A to the shear
modulus g and the properties of the crystal lattice by considering very small shear deformations.
This line of reasoning leads to the expression A = ub?/(2d), where d is the distance between two
neighbouring slip planes.

Dividing the sum of Epgierts and Eejastic by 1b?/2 we arrive to the energy E. in (1) with W given
by (3) and ¢ = d. Thus ¢ is proportional to the lattice spacing. If one starts more generally from
the situation where u is periodic with periodic cell (—1/2,1/2)? and rescales to the unit cell one finds
similarly that ¢ = d/l. Instead of periodic boundary conditions for w one can also consider other
boundary conditions, see also the next subsection.

The regions B}és represent obstacles (e.g., inclusions of another material) which restrain slip. The
condition (2) represents the limiting case of infinitely strong obstacles which permit no slip at all.
One can also consider obstacles of finite strength where slip is only possible under sufficiently strong
loading. In this case one drops the condition (2) and instead adds an additional term

1 x—x
Eobstacle - 2%: / )\081/1( c )|’LL| dx (8)
to the energy (see Section 4.3 of [10], and the Appendix of [8] for further details). In [8] we have shown
(in the dilute limit) that the consideration of obstacles of finite strength leads to a I-limit which has
exactly the same form as for infinitely strong obstacles. The difference is that now the limiting pinning
energy density D, (a, Br) no longer has quadratic growth in a, but only grows linear in a, the limiting
slope being related to the effective strength.
Finally one can easily include a forcing term

— S¢udx
TZ

in the energy, where S¢ is the resolved shear stress. In view of the results in Section 3 a natural scaling

assumption on the applied force is

1

N S — S in LQ(TQ).

In this case the corresponding I'-limit simply contains the additional term — sz Sudzx. If S < eN*®
then the applied force disappears in the limit. If S° > eN® then the applied force dominates in the
limit. In the case e N < |loge| there can still be an interesting interaction between the applied force
an the line tension term in the limit, at least if the total applied force fT2 S¢ dx vanishes or converges
to zero sufficiently fast as e — 0.

1.2 Possible generalizations

For the rest of this paper we consider the functional (1) with the specific choice W (u) = dist®(u, Z),
the specific periodic kernel (7) discussed in the previous subsection and the hard pinning condition
(2). Many of the results can, however, easily be extended to a more general setting. We briefly discuss
some possible generalizations, roughly in the order of increasing difficulty.

e More general local functions W . The results can easily be extended to general periodic continuous
functions W which are minimized exactly on Z. For the crucial compactness result one can
even allow certain nonperiodic W as long as their minimizers remain discrete and W does not
degenerate too much near £oo. As discussed in Remark 8 below the limiting energy does not
depend on W but just on the spacing of its zeroes.

o Other boundary conditions, other kernels K. The results can be extended to other boundary
conditions (for a sufficiently smooth bounded domain 2 C R?). The corresponding three-
dimensional elastic energy in the cylinder QxR has the same singular behaviour as in the periodic
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case. For Neumann (natural) boundary conditions one obtains the expression [, [, K (z,y)|u(x)—
u(y)|? dvdy where the kernel K (z,y) is smooth and behaves asymptotically for y — z as K,
ie., K(x,y) =~ K,(x —y). One can also consider abstract kernels K (z,y) as long as they behave
like L(z — y) for y — x, where L is a positive function which is homogeneous of degree —3 and
sufficiently smooth on the unit sphere.

o General dimensions. We focus on the case n = 2 because it arises naturally in the dislocation
model which motivated this work. The results can, however, easily be extended to general dimen-
sions, using a kernel which behaves like the kernel of the H'/? norm, i.e., K(z,y) = |z —y| "~ '.
In this case the compactness result gives an estimate in L™ (=1 (for n > 2). The case n = 1
was studied by Kurzke [11]. In this case the optimal estimate is in the Orlicz space el.

o Soft pinning. As discussed in the previous subsection one can replace the "hard’ pinning condition
(2) by a penalty term (8). For the subcritical scaling this is discussed in the appendix of [8] and
the argument can be extended to the general setting.

e Different obstacles and varying obstacle densities. It is not necessary to assume that the ob-
stacles have all the same size Re (or the same strength in the case of soft obstacles). Instead
one can consider obstacles of varying size B; = B(z;, R;e). Also the density of obstacles need
not be constant. In this case we expect that the penalty term due to pinning is of the form
A(z)D, (u(x), By) where A(x) represents the local 'capacity density’ (appropriately scaled with
N.). This is briefly discussed in Remark 13 in [8]. Such extensions are well known in the context
of competition between pinning and a local Dirichlet energy. To identify the precise assumptions
for such a result to hold in the present context, including a suitable weakening of the condition
on equipartition, will require some technical work.

1.3 Outline

In Section 2 we briefly review some known results, in particular the properties of the periodic kernel
K, and its relation with a similar —3 homogeneous kernel I',,, the convergence result in the dilute case
N, < C/e and the definition of the dislocation capacity D, (a, Br), and finally the results of Alberti,
Bouchitté and Seppecher for the competition between a two-well energy and the H'/2 norm under
logarithmic rescaling, leading to a line tension limit.

In Section 3 we describe our main results. To emphasize the underlying mathematical structure
we state them separately for the functional with and without pinning. The next three sections are
devoted to the proof of the result in the critical scaling regime. The central compactness estimate is
discussed in Section 4 and the lower and upper bound are discussed in Sections 5 and 6, respectively.
In the last section we sketch how the result can be extended to the sub- and supercritical scaling.
While the argument in the subcritical scaling is a straightforward extension of the results in the dilute
case [8] using the compactness estimate, the lower bound in the supercritical case requires some care.
We no longer have compactness but we can still show that the oscillation of u is small on a scale which
is large compared to the typical spacing of the pinning sites and this suffices to conclude.

2 Review of some known results

2.1 Properties of the anisotropic kernel

Here we review some properties of the nonlocal term in the energy, see [10, 8] for further details and
proofs. We start from the expression

/ K, ( — o) [u(x) — u(y)|? da dy,
T2xT?
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for the (suitably normalized) elastic energy introduced above. The Fourier coefficients of the kernel

K, are given by
k3 1 k? 9
Vk € (2nZ
(|k+1u|k|) € (2n2)"

where —1 < v < 1 is Poisson’s ratio. Since the Fourier coefficents of K, (t) are bounded from above
and below by a multiple of |k| the kernel is equivalent to the H2-kernel, i.e.,

2
S g 2y S /szTa = Ylu(z) —u(y)"dzdy < [u] ;g 7o 9)

where [u] denotes the H2 (T?2) seminorm defined by

H3(T2)

[ S | ] o (10)

H2(T%) ke(2rZ)?

In real space this seminorm can be written as

I
m\»-A
»ﬂ
w

L jup? / K(x — y)Ju(x) — u(y)|? dz dy (1)

2 T2 ><T2
where the kernel K (t) is defined by K (k) = —1|k| and satisfies the following properties:
i) K(t) ~ |t|=2 as [t] — 0;
ii) K(t) is periodic, i.e., is defined in T?2.

The kernel K, (t) also satisfies properties i) and ii). For small ¢ the term K, (t) is well approximated
by the homogeneous and positive kernel

1 t3
r,(t) = Fe T (u +1-— 3u|t|22) : (12)

which is the inverse Fourier transform of — <\>\| + 1= \/\AI) The following precise relation between

K, and T',, can be easily established by the P01sson summation formula.
Proposition 1 There exists a constant C > 0 such that
() - K (1) < C
on {t € R? : |t;] < 3/4}. Moreover K, is positive.
Remark 2 By Proposition 1 using the homogeneity of I',, we deduce that for every § > 0

lim e3 K, (et) = T, (1)
e—0

uniformly on {t € R? : |t| < §}.

Remark 3 The results proved here and in [8] can be extended to more general kernels K(z) which
are bounded from above and below by |2|=® and which satisfy the counterpart of Proposition 1 with
a —3 homogeneous kernel I which is sufficiently smooth on the unit sphere.

Since []H 3 18 a trace seminorm we can deduce a Poincaré type inequality for functions in 2 (T2)
(see [8], Proposition 3).
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Proposition 4 There exists a constant Cy such that for every u € H%(T2), withu =0 on E C T?,
we have

1
/Tz |u|2dx < Cy (1 + Cap(Ex{O})> Miﬁ(ﬂ) , (13)

where Cap(E x {0}) denote the harmonic capacity of E x {0} as a subset of R3.

Remark 5 Let Q = (—%, %)2 Any H%(Q) function can be extended by reflection to a periodic
function on the square @5 of size 2. Applying the above inequality we get that there exists a constant
(' such that

) | u(e) ~u()P
/Q'“' =G (HCap(Ex{on)/ oyt (14)

2.2 Subcritical density of obstacles and the dislocation capacity

In [8] we studied the I'-convergence of the variational model described in the introduction for the

dilute case, i.e., in the regime eN. &~ 1 (we will see in Corollary 11 below that the results actually

hold as long as eN. < |loge|). We will always assume that the obstacles B%_ in (2) are uniformly

distributed and well separated in the following sense. Let Z. be the index set which parametrizes the
1

pinning centres z’. For every subset E of (—%,1)? we denote by Z.(E) := {i € Z. : 2! € E} the

indices corresponding to the pinning centres in F and we require the following.
o (Uniform distribution) There exists a constant L > 0 such that
[#(Z-(Q) — Ne|Q'l < L (15)
for every open square Q' C (—3, )%

o (Separation) there exist 5 € (0,1) and g9 > 0 such that
dist(z%, z7) > 6¢” (16)

ere

for every 4,j € Z., i # j, and for every ¢ € (0, &p).

In [8] we proved that there exists a function D, (a, Bg), which is defined for integers a, such that
the following result holds.

Theorem 6 Assume eN. — A and that the discs BY_ are uniformly distributed and well separated.
Then the functional F.(u) := E.(u)/Nege, i.e.,

1 1
s 2 2 . 1 2
N2 T2dlbt (u,Z)dx + N.e Tzlx(;gx —yu(z) —uly)|*dedy if ue Hz2 (T) ,
Fe(u) = u=20 on |J; Bp.
400 otherwise,,

I'-converges, with respect to the strong L? topology, to the functional

D, (u, Bg) if u = const. € Z,
Flu) = (17)

+o00 otherwise.

The limit D, (u, Br) can be characterized by means of the following cell-problem formula
Dy(a,B) = inf] [ dist®(¢,Z)dx + // T (2 — 9)lC(x) — C(y) dady - (18)
R? R2xR2

(=aon By, C€ L4(R2)}.
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Here the condition ¢ € L*(R?) ensures that ¢ decays to zero at infinity at least in an average sense.
The choice of L* is natural in view of the critical embedding H'/? — L*. More generally for every
integer a and for every open bounded set €2 we can define a set function that we call the H 3 -dislocation
capacity of an open set E with respect to £ at the integer level a € Z, as follows

Dy(a, B, Q) = inf{/Rz dist?(C, Z) dm—i—//R2 Iy (o = 3)[C(w) = )P dedy (19)

(=aonkFE, CzOonRQ\Q}7

where E is an open subset of Q. In (18) and (19) the infimum is attained and the minimum is called
the H?2 -dislocation capacitary potential of E.

In [8] we proved that D, (a,-) (and D,(a,-,2)) is actually a Choquet capacity and moreover it is
quadratic in a, as a goes to infinity. More precisely, for every bounded open set E there exist two
constants, Cy and Cs, such that

C1a* < D,(a, E) < Cy(a® + 2d%/%) + Coa, Va € Z (20)

(see [8], Proposition 8). Another fact which is crucial in using D, (a, Bg) as a cell-problem formula in
the study of the asymptotic behaviour of F. is the following convergence property

lim D,(a,E,Br)= D,(a, FE). (21)

T—o00

2.3 The H'Y? regularisation and logarithmic rescaling

Alberti, Bouchitté and Seppecher studied the functional E. (without the pinning condition) for a
two-well potential W and the H'/2 nonlocal energy.

Theorem 7 ([3]) The functional

1 1 — 2
7/ dist?(u, {0,1}) dz + [u(z) “(39” dedy ifue H(Q),
Jo(u) = |10g5‘5 Q |10g€‘ QxQ ‘x - y| (22)
+00 otherwise
T'-converges (with respect to the strong topology in L) to the functional
4Perg({u = 0}) if u e BV(Q,{0,1}),
J(u) = (23)

400 otherwise,,
where Perg({u = 0}) denotes the perimeter of the set {u = 0} relative to the set Q.

Remark 8 We have stated the result for the special two-well energy dist?(u, {0,1}) to emphasize the
similarities and differences with the choice (3). The result in [3] is proved for a general local energy W
with W(0) = W (1) = 0, W > 0 otherwise and W (u) > c|u|? — C. Interestingly, and in contrast to the
situation with regularizing energy of Dirichlet type [15, 16, 14], the I'-limit does not depend on the
shape of W, but just on the position of its zeros. This is an effect of the logarithmic rescaling. In fact
in the proof of the upper bound in the verification of the I'-limit one has a large amount of freedom.
The precise choice of the transition profile by which one approximates a jump does not matter, as
long as the length scale of the transition is chosen correctly. We will also exploit this fact in Section 6.

Comparing the above result with Theorem 6 it is natural to conjecture that the critical scaling
regime for the number of obstacles N. which leads to an interaction of the line energy in the result
above and the pinning energy discussed earlier is given by N. ~ £ !|loge|. This is what we will
establish in the next section. As a byproduct we also obtain the limiting energy functionals in the
subcritical regime N, < ¢~ !|loge| and in the supercritical regime N, > ¢~ !|loge|.
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3 Main results

We establish compactness and T'-convergence results for the energy functionals E.(u), both with and
without the pinning condition. We first describe the behaviour of the functionals I, (u) = E.(u)/|loge|,
thus extending the results of [3] to energies with infinitely many wells (and to an anisotropic kernel).

Theorem 9 The functional

1 1
T d t2 Z d - KV _ _ 2 d d
|10g 5|5 T2 . (u, ) T |10g 5| / T2 % T2 (Z‘ y)|u(m) u(y)l ray
Ia(u) = qu c H%(TQ) , (24)
oo otherwise ,

I'-converges (with respect to the strong topology of L*(T?)) to the functional

/s y()|lulldH'  if ue BV(T?,Z),

I(u) = (25)

400 otherwise ,

where n denotes the normal on the jump set S, of u, where [u] denotes the jump of u across Sy in
direction n and where the anisotropic line energy density ~y(n) is defined, for any n € St, by

~v(n) := 2/ T, (x)dH" = 2;111(1) 52/ K, (z)dH?, (26)
z-n=1 - z-n=30
with T, given by (12). More precisely

i) Every sequence {uc} such that sup, I.(u.) < oo is bounded in L?(T?), up to a translation, and is
pre-compact in L4(T?) for every q < 2. Every cluster point u of the translated sequence belongs
to BV (T?,Z) and satisfies

/ |Du| < Climinf I, (u.) .
T2 e—0

ii) Bvery sequence {u.} strongly converging in L*(T?) to some function u satisfies

limi(l)lf I (ue) > I(u) .

iii) For every u € BV (T?,Z) there exists a sequence {u.} which converges strongly to u in L?(T?)
such that
HH(I) I (ue) = I(u).
E—

The proof of the result above will be obtained as a consequence of a compactness theorem (Theo-
rem 12 in Section 4) a lower bound given in Section 5 (Theorem 17), and an upper bound proved in
Section 6 (Theorem 24).

The asymptotic analysis for the functional with the pinning condition in the critical scaling N, =
e~ ! loge| is summarized in the following theorem.

Theorem 10 Assume N.e/|loge| — A, 0 < A < 0o, and that the discs Bb, are uniformly distributed
and well separated. Then the functional

7 =i 2
_ dist“(u,Z)der + ——— K, (x—y)|u(x) —uly)|” dxdy
e st o [ K-t - )

if we H2(T?),and u=0 on |J, Bk.,

400 otherwise,,
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['-converges (with respect to the strong topology of L*(T?)) to the functional

/ y(n)|[u]|dH' + A | D,(u,Br)dr  ifu€ BV(T? Z),
F(u) = Su T

400 otherwise .
More precisely

i) Every sequence {u.} such that sup, F.(u.) < oo is bounded in L*(T?) and is pre-compact in
L4(T?), for every q < 2. Every cluster point u belongs to BV (T?,Z) and satisfies

/ |Du| < Climinf I, (u.) .
T2 e—0

ii) Every sequence {u.} strongly converging in L*(T?) to some function u satisfies

lim iglf F.(uc) > F(u).
E—

iii) For every u € BV (T?,Z) there exists a sequence {u.} which converges strongly to u in L? such
that
lin% F.(u:) = F(u).
E—

Theorem 10 follows from the compactness result obtained in Section 4 (Proposition 16) and the
lower and the upper bounds obtained in Section 5 (Theorem 21) and Section 6 (Theorem 27), respec-
tively.

Finally we extend the result to the subcritical and supercritical scaling, which correspond to A =0
and A = oo, respectively. If we consider the rescaling E./(N.¢), then formally the limit is given by
dividing (28) by A. Thus for A = 0 we expect the line energy to dominate, leading to the constraint
u = const, while for A = oo the line energy becomes negligible so we can no longer expect compactness
in L' and the limiting energy density functional has to be replaced by its relaxation, given by the
convex hull D¥*(u, Br). More precisely

w— D**(u, Bg) is the convex hull of the function D, where
D(u) = D, (u, Bg), ifueZ, D(u) = 400 otherwise. (29)

Corollary 11 Assume that the discs Bl are uniformly distributed and well separated. Consider the
functional

1 .2 1 / 2
—_— dist“(u, Z) dr + K, (zx—y)|u(xr) —u dx d
Ltz der = [ [ K= ) - uw)P dedy
Felu) = if we H2(T?),and u=0 on |J, Bk., (30)
400 otherwise.

(i) If N° — oo and eN./|loge| — 0 then F. I'-converges (with respect to the strong topology in
L?(T?)) to the functional

D, (a, Bg) dx fu=a, a €,
F(u) = (31)

400 otherwise.

(ii) If eN./|loge| — oo then F. T'-converges (with respect to the weak topology in L*(T?)) to the
functional

Fu)= [ Di*(u, Bg)da. (32)

T2
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The proof of Corollary 11 follows closely that of Theorems 9 and 10. In Section 7 we sketch the
necessary modifications in the argument. The main difficulty is that in the supercritical case one no
longer has L' compactness. Nonetheless we will show that on a scale which is large compared to
the typical particle separation 1/v/N. the L? oscillation of a finite energy sequence u. can still be
controlled. This will allow us to locally estimate the energy from below essentially in the same way as
in the presence of strong convergence.

4 Compactness
In this section we establish the following compactness result.
Theorem 12 Let {u.} be such that

limi(l)lf I (u:) < 400,

E—

then there exists a sequence of integers {a.} such that the sequence {u. — a.} is bounded in L? and
relatively compact in L1(Q), for every q < 2. Every cluster point u of {u. —a.} belongs to BV (T?,Z)
and satisfies

/ |Du| < Climiglf I (ue) . (33)
Q -

The main difference with the result of Alberti, Bouchitté and Seppecher [3] is that the local part
of the energy dist? (u, Z) is not coercive. Hence the crucial point of the proof consists in the derivation
of a uniform L? bound on u. (up to a translation). Pointwise convergence can then be deduced from
[3] by a truncation argument.

4.1 The L*-bound

Theorem 13 Let Q = (—%, %)2 Given M > 0 and g > 0 there exists a constant C(M,eo) such that

the following holds. Suppose that 0 < € < gg,
I (us) < M, (34)

and that [{ue > 0} > 1|Q| and |{u. < 1}| > 1|Q|. Then
/ luc|? de < C(M, eq).
Q

Remarks

1. The bound is optimal, since the embedding of BV into L? is optimal. Indeed if I.(u.) < M
would imply a uniform L} . bound for p > 2 then, by Theorem 9, every function in BV (Q,Z)
would be LY. (Q), which is false.

loc

2. If one considers the analogue of the functional I. in n dimensions (n > 2), with kernel K(z) ~
|z|_(”+1) the argument below gives an L»-T bound, which is again optimal. For n = 1 Kurzke
[11] showed that the optimal bound corresponds to the Orliz space el.

3. Kurzke [12] recently found a different proof of Theorem 12 based on slicing and his one-
dimensional result [11].

4. The proof does not use the periodicity of K, the lower bound K, (x—y) > c|lz—y| =2 is sufficient.
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The idea of the proof of Theorem 12 is simple. From Theorem 9 we expect that I.(u.) behaves
asymptotically similar to the BV seminorm. Comparing the super- level sets {u. > k} and {u. > k—1}
we thus expect that the perimeter of {u. > k} is controlled by I.(Tk_1uc), where Ty_qu. is given
by us V (k — 1) Ak, i.e., the truncation at levels £k — 1 and k. In combination with the isoperimetric
inequality we would get |[{ue > k}|2 < CI.(Tj_1ue), and from this the assertion would already follow
(see (53) and (54) below).

Unfortunately I. does not really control the perimeter of the level sets uniformly in e. Instead we
will establish directly a bound for the level sets A} := {u. > k+ 1 — o} of the form

|A5[? < CI(Tyue) (35)

for a fixed o € (0, %) To prove this we first replace the singular kernel by a regular kernel and drop the
logarithmic rescaling. Then we bound the singular kernel # from below by a dyadic sum of scaled

regular kernels and with a covering argument we get an estimate like (35) at least if |A%| is not too
small, see (50) below.
If | A% | is very small then a scaling argument shows that the term dist®(u., Z) becomes negligible

and we directly use the embedding of H 3 in L* and conclude after a short calculation.
We begin with the relevant estimates for the regular kernels.

Proposition 14 Fiz ¢ € CZ(B1(0)), with [ ¢(z)dz =1 and ¢ > 0 in B1(0). For every A € (0,1)
there exists a constant c(\) such that for every subset A of Q with A < |A] <1 — X we have

Ys(A, Q) = ;/A/Q\A os(x — ) dzda’ > c(\) ¥ ie(0,1), (36)

where p5(z) = 53¢ (£).

Proof. Fix A\. Assume by contradiction that there exists a sequence of sets {A;} such that

A< |4 <1=A (37)
and a sequence {d}, such that
Jim_ 5, (Ax, @) = 0. (38)

We may assume that J; converges to some 0 and the characteristic function x4, (x) of Ay converges
to 0(x) weak™ in L™ as k — oo. If § # 0, then from (38) we get

O(x)(1—0(z"))ps(x — 2')dzdz’ = 0.
QxQ

This implies either § = 0 a.e. in @ or # = 1 a.e. in Q, which is impossible, since (37) implies
A< fQ O(x)dx <1— M\ If 6 =0, we can rewrite 7s, (4x) as follows

1 1
e / / po (@ — ') dode’ = = / / o (7 — 2 xae () — xar (&) dr de’
ok Ja, Jo\ay, 200 Jq Jo

1 1 . 1
= ﬁ/ / @5, (x — aj/)|XAk () — xa, (x')|2 dx dx’ + ﬁ/ dlStQ(XAk, {0,1})dz =: §(I)5k (xA.)
kJjQJQ kJQ

The asymptotics of the functional ®5 has been studied by Alberti and Bellettini in [1]. By their
compactness result we get that there exists a set A with finite perimeter such that, up to a subsequence,
the sequence y 4, strongly converges to x4 in L'. Moreover applying [1], Theorem 1.4, we obtain that
there exists a positive constant C' such that

likm inf 5, (Ag, Q) > CPerg(A).

By (38) we get Perg(A) = 0, but this again contradicts (37). O
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Lemma 15 Let Q = (—%, %)2 There exist two constants C and Cy such that for every A C Q and
B C Q with AN B =10 and |A| < 5 the following inequality holds (with E := Q\ (AU B))
Ca|A|
5 dvdy > C1]A| % log . (39)
/ / Jo—yl? |E|
Proof. Let Q' denote the concentric subsquare (—%, é)2. We first prove the interior estimate
1 ~ 1 52 |A M QI|
——dxdy > C1|]ANQ'|? log ———"— 40
INA=" anel ) 1)

and then derive the global estimate (39) by a reflection and extension argument

We first establish the counterpart of (36) for the singular kernel iE t|3, i.e., we prove that if A C Q

satisfies
A<A <12,
then there exists a constants ¢(\) and C'(\) such that
1 c(N)
———dxdy > C(\)log ——, (41)
/A /B |z —yf? 2|E|

¢()) being the constant given by Proposition 14. Clearly we may assume that |E| = |Q\(AUB)
Since AU BU E = @, by Proposition 14 it is easy to see that

— > paseva - .
5/ / os(z —y)drdy > c(\) — 5 2 as long as ey <di<1 (42)

We will get (41) by estimating the singular kernel with a dyadic sum of regular kernels. Take m € IN
such that 27™ < % < 27+ hence m > log(c(A\)/2|E|)/log 2. Then take

§; =27 fori=0,...m
By the definition of s and taking into account that ps(x —y) =0 if |z — y| > J, we have

1 1

- Vz,y € Q.
FEAR FTTEG

More generally we claim that there exists a constant C', depending on ¢, such that
1 1
T 20D <vslr—y) (43)
e 2O,

for all z, y € Q. Suppose first that |z — y| < d,,. Then

1 ~ 1 8
D geslr—y) Sswpe) 55 < Tswps < Clz—y™.
i=0 ¢ i=0 l m
Now suppose 0;,+1 < |z — y| < d;, for some iy €0,...,m — 1. Then
m io+1
1 64 1
3 Lnte— i oS & < Boupp)L < Clo -yl
0; 7 53
=0 i=0 l 20

and this finishes the proof of (43). Thus (41) follows from (43) and (42).
If |A| > 5 then (41) immediately gives (39). We may thus assume |A| < ¢ and we prove (40) by
a covering argument By scaling (41) we get that for every » > 0 and for every A C @ such that

< <1-2A,
Q|
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we have

c(\)r?
s dzdy > C(\)rlog -2 44
/AmQT/BnQT vz Crloe g g 4

where @, denotes a square of size r.
We claim that for almost every € AN Q’ there exists a square Q.. () centered in z and of size
r, such that

1_|ANQu () _3
47 [Qr, (2)| 4
Indeed on the one hand a.e. z € AN Q’ has density 1 and on the other hand
AnQ@I_ o 1
@ @)
£ 1ANQ.(2)]

2
0n (2] with respect to r we get (45). By the Besicovitch Covering Theorem

IA

(45)

By the continuity o
we obtain a family of disjoint squares Q.,(x;), ¢ € I, satisfying (45) such that

S ort = 1Qn ()| = dANQ,

iel iel
where ¢ is a universal constant. We consider a subfamily J corresponding to squares where |E| has
sufficiently low density,

U ENQu@)| 2 |E|
= I: - - . 4
si={ie el (46)
‘We have
E T 1
Sre=Y - ezaang|- o3 N0 015 fang). (47)
ieJ el i¢J iZJ | ‘

By (44) and (46) we get

1
dedy > E/ / ——dxdy
// |z —y[3 = JanQ., @) /BNG., (@) yl3
r? CN‘AHQ|
> S Crlog— i .
> 2 Crs yEa g Z’" 4[E]
ieJ o ieJ

Together with (47) this yields the interior estimate (40).

To establish the full estimate (39) we extend A to (—2,2)? by reflection along the lines 1 = +1

)?
and 25 = +3. Consider the maps 7_1 : (—3,34) — (=5,—-3) and m : (—3,2) — (%,2) given by
m_1(s) := —1 — s and mi(s) := 1 — s, respectively, and set mo(s) 1= s, m;;(21,22) = (mi(z1), 7 (22))

and

A= | U U U (B

and Q = (—32,2)2. Note that |m;(s) — m;(¢)] > |t — s| for all 4,5 € {~1,0,1} and all s,t € (—3,1).

1
/~/~ |z —yl3 drdy
dx dy
,],kl——l// |7TU *ﬂ'kl( )|
1
1 _— . 4
° /A/B|x7y|3dmdy )

IN
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On the other hand the interior estimate (40) yields, after the rescaling (z,y) — (3z, 3y)

ColA|

ColANQl 5 i
2 = G|AIM*) .

1 ~ -
//ﬁda:dyZC’ﬂAﬁQ\l/zln
a5 e =yl

Together with (48) this implies (39), with C; = 8%6'1 and Cy = %6’2. O

Proof of Theorem 13. Fix o € (0, i) and k € Z. Denote by Aj, and Bj, the following two super
and sub-level sets

t={x€eQ:u.>k+1-0} and Bi={r€Q: u.<k+o}.

We will give the proof in several steps. Assume first that u. > 0. The idea is to get an estimate for
the super-level sets of the following type

oo

S 4t <c,

k=0

in order to deduce the L? estimate.
Step 1. Let a < % Then there exists a constant C depending on o, M and €y such that for all k > 1

/ K, (e — y)dedy > C|loge|| A3} | (50)
% Y B

whenever |AS|2 > &,

To see this denote by Ef the set {z € @ : k+0 < u. < k+1—0}. By (34) we deduce that
|Ef| < 2{e|loge|. Thus we may assume |Ef| < e3*. By Lemma 15 and the fact that K, (t) > C/|t|?,
we get

1 0262(1
Ky(e —y)dedy > C1|A|* log —55
i /B;

which gives (50).
Step 2. Let a be as in Step 1 and assume that |Ai|% <e®. Let~ € (1,2). Then there exists a positive
constant C' (depending on «, v, M and €g) such that

C

Az < —— .

(51)
Indeed by the Sobolev inequality and the fact that [{u. < 1}| > 1|Q|, we have
1
[(ue = 1) llzs@) < Cllue = 1)4] 3 < C(Jlogelle(ue))? .
Thus by Holder’s inequality we get

A5 (k- 0) < /Auug—lmdx

€
k

IN

3 3 1
[ ARl (ue = D llLa@) < CLAR]T ([ logelLe(ue)) =

Hence

1 1 1
[Aj [ < Cm(\ log e| I (uc))? .
Since |A$]7 < e and since 5’1(%7%” log £|*/? remains bounded for £ < g¢ this implies that

N

EHERYe (I(uc))

1
(k—0a)
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and (51) follows by raising the last inequality to the power ~.
Step 3. There exists a positive constant C (depending on M and e¢) such that

Z EHER (52)

This is a consequence of Step 1 and Step 2. Fix a € (0,1/3) and v € (1,2). If |A5|2 > £*, then we
apply Step 1 and we get .
AR |? < CL(Thue)

where Tyu. = (ue V k) A (k4 1). If |A5]2 < %, then we apply Step 2. Thus we get

Z |AZ|% < CZ (M +I€(TkuE)> < C(1+ I (ue))
k=1

and this gives (52).
Step 4. We conclude the proof by noting that for any decreasing sequence ay, of positive numbers we
have

We apply this inequality with a, = |A5_,| and use Step 3 to deduce that

/ Hue >t} dt < S kl{ue > k= 1} < 3 kAZ_,| < C. (54)
0 k=1 k=1
Hence -
/ |u€|2dx:/ 2t{ue > t}|dt < C.
{u5>0} 0
The theorem follows by arguing in a similar way for the negative part of u.. O

4.2 Compactness

Proof of Theorem 12. We may assume that [{u. > 0}| > 1|Q| and [{u. < 1}| > 3|Q), since
otherwise we may replace {u.} with {u. — a.}, where

0. = maxfa € Z : |{u5—a>0}|Z%|Q|}. (55)

Furthermore we may suppose that I.(u.) < C; and by passage to a subsequence lim inf._,q I (u:) =
lime g I (ue).

Theorem 13 shows that wu. is uniformly bounded in L?*(T?). Hence there exists u € L?(T?) such
that, up to extraction of a subsequence,

u. —u  in L*(T?). (56)

To obtain strong convergence in L' we consider again the truncation operator T,u = (uVa) A (a+ 1),
for all a € Z. Clearly by (9)

1 1
Toge| ([Ta 5]22(@ + - / dist?(T,ue, {a,a + 1}) dw) <21 (Tyue) <2I.(u:) <C.
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By [3], Theorem 4.7, (see also [2]) we have that, up to extraction of a subsequence, for every a € Z,
there exists an L' function u, € BV (Q,{a,a + 1}) such that

Toue — ug in L'(T?%) (57)

and
/Tz | Dug| < Cliggf I (Thue) . (58)

Now consider M € IN and the truncation operator TMu = (u vV —M) A M. By (57) there exists
uM € BV(T?,Z) such that
Ty, — o™ in LYT?).

On the set {|uc| > M} we have |u.| < |uc|?/M. Thus weak lower semi-continuity of the L' norm and
the L? bound yield

e—0

C
|u™ — ul| g1 2y < liminf N1 TMu, — e g2y < liminf2/ lue|dx < —.
e=0 {lue|>M} M

Now u. —u = u. — TMu, + TMy, — u™ + «™ — y and thus

. 2C
limsup [[ue — ul g1 2y < — .
e—0

M

Since M was arbitrary this shows that u. — u in L'(7?) (and hence in all L9(T?), for ¢ < 2) and
thus u, = T,u. It is easy to verify that

Z/ K, (x —9)|Toue(z) — Tyue(y)|* de dy < K, (z —y)|u:(x) — uc(y)|* de dy.
acz’ Y QXA QxQ

Hence (58) yields (33), after summation over a.

4.3 The effect of the pinning

Theorem 12 gives compactness up to translation by integers of any sequence {u.} which satisfies
liminf, o I:(u.) < oco. If in addition u. is also subject to the pinning condition, this eliminates
the translation invariance of the problem and yields, via a Poincaré inequality, an L? bound and
compactness of the sequence u..

Proposition 16 Let u. such that
hmiglf F.(ue) < 400,
E—

then u. is bounded in L*(T?) and relatively compact in LI(T?), for every q < 2. Every cluster point
u belongs to BV (T?,Z) and satisfies

/T2 |Du| < CligrliélfFE(uE) . (59)

Proof. In view of (9), we may assume without loss of generality that

2

[UE]H%(TZ’) < C|loge|. (60)
By Theorem 12 we know that for every e there exists an integer number a. such that {u. — a.} is
bounded in L?(T?), relatively compact in LI(T?), for ¢ < 2, and every cluster point satisfies (59). In
order to conclude it is enough to have an L? bound for {u.} which yields that the sequence {a.} is
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(L+1)e
[log el

given by (15)). With a little abuse of notation we denote by an the squares of a lattice on () of size
approximately p.. Applying the Poincaré inequality (14), scaled to the square Q{;E, we get

2 Pe 2
/j fuelde < Ce (1 T Cap(({ue = 0} N Q) % {0})> et ap.) (61)

Pe

bounded. This can be obtained through the Poincaré inequality. Fix p. = (L is the constant

By our choice of p. and assumption (15) we have
1< #(Z(Q))) <2L+1

and thus Cap(({u. =0} N Q%E) x {0}) > C’'Re. Taking the sum over all j in (61) and using (60) we
get

2 < Pe 2 < Pe <
e 03 Cun (14 o) el y o < Coe (14 i) gl <

which concludes the proof. O

5 Lower bound

Theorem 17 Let {u.} be a sequence such that liminf._,o I (u:) < +00. Assume that {u.} converges
strongly in L*(T?) to some function u. Then u € BV (T?,Z) and

/;mv (UI;Z') | Dul :/S y(n) [ulldH" < liminf L. (u.), (62)

u

where the anisotropic line energy density y(n) is defined by (26)

The proof of Theorem 17 is based on a blow-up argument. Let n € S* and denote by Q™ a square
centered at 0, with size 1 and parallel to n. We now estimate from below the energy of a function
on Q™ which is close to the characteristic function of the half plane {n -z > 0}. We denote the latter
function by ug = X{n.e>0}-

Lemma 18 Fiz 0 < § < % and % < a < 1. Then there exist o9 > 0 and €9 > 0 such that for every
n € S, for every e € (0,e0) and for every u € L*(Q) satisfying

/ﬂ o — ufl| dz < 6 (63)
and
/ dist?(u, Z) dx < &* (64)
we have
[ Ee=lute) ~utaPasdy = 2(n)a(1 — 5 logel (65)

where y(n) is defined by (26).

Proof. After rotation we can easily restrict our analysis to the case n = ey, in which the square Q"
reduces to @ = (—3, )% It then suffices to prove the statement with y(n) = y(e1) and we write from
now ug instead of ug'. By scaling we may also assume that y(e;) = 2. Since T', is homogeneous of
degree —3 we have then

1
Il(zy) ::/I‘,,(xl,xg)dxg = . (66)
R Ty
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We also assume that 0 < u < 1 (otherwise we truncate the function by 0 and 1). Let us consider the
following sub and super-level sets

A:{u<g} and B:{u>1—g}.

Lo - plule) —u)Pdsdy 22 (1-2) [ [ e - asay.
QxQ AJB

Hence it is sufficient to show that

ALFy(m—y)dxdy2a<1—g>|1oge|. (67)

Using the change of variables, y = = + z, we get

/A/Bfu(x—y)dxdy:/m Ly(-2) </Aﬁ(Bz)dx> dz::/R2 I,(2)|AN(B - 2)|dz. (68)

Let 1 < 0 < o. By (64) we know that for £y small enough the set E = Q \ (AU B) satisfies

Then

|E| <. (69)

If the function w is independent of xs and FE is a simple strip, then |[A N (B — z)| > 23 — ¢ and
the result can be obtained from (68) by an explicit computation. In general these conditions are not
satisfied, but the idea is that they are approximatively satisfied. In order to deal with the general
case let us estimate the difference between yp and the characteristic function of {x; > 0}, i.e., ug. If
x1 >0 and x € A, then |u — ug| > % Thus

Ixp —uol =|xB -1 <xEg+ x4 < xE+2lu—1ug| forz >0.
Similarly, if z1 < 0 and z € B, then |u — ug| = |u| > ;. Hence
IxB —uo| = |xB| < 2|u—wug| forx; <O0.
Combining the previous estimates we get
IXB — ol < XE + 2|u — uol in Q. (70)
Now consider a concentric subsquare Q' of @, i.e., Q' = p@ with p < 1. By (69) we have
[ANQ+[BNQ'| = Q] —¢” (71)

Suppose that z satisfies |z|. = max(|z1], |22]) < (1—p)/2 and z; > 0. Since |(B—2)NQ'| = |BN(Q'+2)|,
we have

(B—2)nQ'|—|BNQ'| = /Q Xdef/ xB dx
/+Z !’

/ uodx—/ uodx—/ IxB — uo| dx
Q'+ / (Q+2)6@/

> /121—/ IxB — uo| dz,
U

v

where U is the annular region U = (p + |2]|00)@ \ (p — |72]00)@ and (Q' + 2)AQ’ C U. Together with
(71) this yields

m(z) :=]AN (B — 2)|

Y]

[AN(B-2)NQ=[ANQ+(B-2)NnQ-|Q (72)

pzl—s"—/ IxB — uo| dz .
U

v
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We now must choose p and U properly in order to obtain a sufficiently large bound for the right
hand side of (72). We fix d3 > 0 and py = 1 — d2 and we cover Q \ po@ by annular regions of thickness
2|2| 00, i-€., we take p; = po+2i|2|oo, Ui = piQ\pi—1@Q, withi =1, ...,k and k < 62/4|z|cc < k+1 < 2k.
We apply (72) with p = p; and U = U;, we sum all the inequalities for ¢ from 1 to k, we divide by k
and we get

1
m(z) > z1pp — &7 — E/ |xB — ug|dzx .
Q
This, together with (69), (70) and (63) yields

8
m(z) > (1 —d2)z1 — e — 6—|z|oo(2(50 +¢e%),
2

whenever |z| < d2/2. We now assume & < 2§y and choose d; = 21/5y. This gives

m(z) > (1 —2v/60)z — % — 161/ 00|2lse, i |2]o0 < /B0 (73)
Then, in order to conclude from here together with (68) and to obtain (67), we must estimate the
following integrals:

1
I :/ €Ty (2)dz1dzg < 5”/ Fll,(zl) dz1 <1, (74)
{eo <z <1} €

o

where we used (66). Since |z|oe < 2|2| and [ (2] + 23) " 'dz2 = 7/|z1| we have
1

I = / |2|ooy(2) dz1 d2g < / < dz < Colloge|. (75)
{er<m<1} e |21

Finally, by the definition of I'} and the fact that T',(z) < C/z3, we get

do do C
I3 = / / 21T, (2)dzadzy > / 21T} (21) — = )dz (76)
5 {|z2|§60} o 50
)
> 1og;2 —C =o|loge| +logdy — C.

Thus by (73) - (76) we have

! M0 (2)dz > — [(1 D NZY A 16\/%12}

[loge| Jr2 |log e|
)

Y

(1-2/50)0 — C m“#

og o]

and this proves (67) if & — o, dg and g are chosen sufficiently small.

O

With the following lemma we prove that the measure p. defined on the product T2 x T? by

oA B) o= o [ Ko=) — e s dy (77)

converges weakly to a measure which is supported on the diagonal and which can be estimated from
below by a measure concentrated on the jump set of the limit function wu.

Lemma 19 Let u. be a sequence which converges strongly in L*(T?) to some function u € BV (T?,7Z)
and assume 0 < us < 1. Let p. be defined by (77) and let p be its weak*-limit (for a subsequence).
Then u is concentrated on the diagonal D = {(z,x) : = € T?}, i.e., p(E) =0 if END = ). Moreover
the measure X on T2 which is defined by

AA) = p({(z,2) = =€ A}), (78)
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satisfies

A>~(n)dH' LS, , (79)
where Sy is the jump set of u.
Proof. To prove that suppy C D it is enough to show that for any continuous nonnegative function

¢ :T? x T? — R with suppp N D = () we have [ pdu = 0. Let § = dist(suppyp, D) > 0. Since u. is
bounded by 1 we have

. 1
/’wmawdu - hm———f/]'qmawKxx—yw%w>—u4mewy
T2 e—0 |log €] T2 % T2

Thus p is concentrated on D. Hence we can define the measure A on T2 by
NA) = pl{(z,2) : @€ A}) = p(Ax A).
In order to conclude it is enough to show that for H'-a.e. o € S, we have

i int M@ g g, #e(@r(0) X @R (@0)) ~(n), (80)

r—0 r r—0 &£—0 T

where, with a little abuse of notation, Q7 denotes the square centered at xo, with size r, parallel to
the normal n on S, at zg.
For H'-a.e. g € S, we have

lin% |u(re + 20) = X{zn>0}| dz = 0.
T QIL

Fix such a zg € S,. We will proceed with a blow-up argument. Consider the sequence v. obtained
from u. by a rescaling, i.e., v.(z) = uc(ra + xp). By a change of variables we have

Fel Qo) x Q2aa) = [ [ Krlw — y)loa(o) — velo)Pde dy.
QY *QT

where K7 (t) = r®K,(rt). From Proposition 1 and the homogeneity of T, we get
1
pe@2an) % @) = [ || Tyle—loete) ~ vy + o(1). (81)
IxQT

as 1 goes to zero. The idea is to use Lemma 18 with the function v.. Fix 0 < § < % and % <a<l
and let g > 0 and g9 > 0 be the constants given by Lemma 18. For r > 0 small enough we have

1]
/ |U(TI + IO) - X{w‘n>0}| dr < 50 .
Q

n
Fix such an r. There exists an g such that for every € < gg

1 5
=y Jue (2) — u(e)|de < 2.
We then get

/ |ve(x) — X{x'n>0}‘ dx < / |ve () — u(ra + )| dz +/ |lu(re + xo) — X{;c~n>0}| <dg.
QY QY QY
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Since v, also satisfies (64) (after a possible reduction of £¢9) Lemma 18 yields

g L, Do = lee(o) el dy 2 51 ). (52)
Thus by (81) we get

M@ (o)) = liminf e (Q7' (o) X Q7 (x0)) = ry(n)ar(1 = 6) + o(r).
Dividing by r and taking the limit r — 0 we get (80) since a € (3,1) and § > 0 were arbitrary. O

Proof of Theorem 17. By the compactness result (Theorem 12) we can deduce that u € BV (T2, Z).
We obtain the result by Lemma 19 using a truncation argument. Let j € Z and let us consider the
truncations Tju. = (u: V j) A (j + 1). Clearly each truncation T;u. converges to Tju and, up to a
translation, it satisfies the assumptions of Lemma 19. Thus we have that for any j € Z

liminf —— / DTy (@) — Tyue(y)|Pda dy > / ~(n) dH" | (83)
|10g€\ T2><T2

e—0 Stju

Note that |uc(z) — uc(y)[* > 3 ez [Tjue(x) — Tjuc(y)? for every x,y € T?, that UjezStu = Su
H'-a.e., and that |[u](z)] = 3,z |[Tjul(x)| H'-a.e. z € S,,. Hence, by (83), we have

liminf —— / ue () — ue(y)|>dx dy 84
mist o [ Ko=)~ ueto) (34)
> liminf —— / NTjue(z) — Tiue 2dx d

minf o [ [ K= )T w) = Tyue ) e dy
>Z /S n) dH! = /S Al [ull(z) dH (2),

which concludes the proof.

O

Remark 20 Reasoning as in the proof above we conclude that for any sequence u. converging to u
in L! and satisfying I.(u.) < C, and for every continuous non-negative function ¢ on T? x T? we get

e—0

tmint o [ [ @) e = @) —u@)Pdrdy > [ ol o) ul@) i @)

u

and thus A > v(n)|[u]|H!L_S,, where A(A) = u({(z,z) : = € A}) and p is the weak*-limit of the
measures 1. defined in (77). Moreover it is easy to see that if u. is also bounded in L2, y is concentrated
on the diagonal D, i.e., A(4) = u(A x A).

Combining Theorem 17 and the results proved in [8] we now establish the following lower bound
for the I'-limit of the functional F.

Theorem 21 Assume that N.c/|loge| — A and that the discs Bl are uniformly distributed and well
separated. Let ue be a sequence such that iminf._ g F.(ue) < +00. Assume that ue converges strongly
in LY(T?) to some function u, then u € BV (T?,Z) and

[5 A +A [ Do Br)do < limipt P(ue), (85)

where y(n) is defined by (26) and D, (-, Bgr) is defined by (18).

The proof uses the following two lemmas proved in [8].
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Lemma 22 Given R : Ry — Ry, with R(e) — oo as € — 0, there exists a function w : Ry x Ry —
Ry, with w(e,d) — 0 as (g,6) — (0,0), such that the following statement holds. Let a € Z. If
(e H%(BR(E)) satisfies

][ [ —aldx <6 (86)
Br(e)
and ( =0 on Bpg, then
dist2(C, Z) dx+// K*(x — 9)|C(x) — )2 dwdy > Dy(a, Br) — w(e,d), (87)
Br(e) BRr(e) XBr(e)

where K¢(t) = 3K, (et).

Lemma 23 There exists a positive constant C such that for every 0 < p < p the following inequality
holds

C
< — 1
]i|u|dx_]g|udx+\/ﬁ[u]m(35) (88)

for allu € H%(Bﬁ).

Proof of Theorem 21. The proof is based on a blow-up argument like the proof of Theorem 17.
Let . be the measure defined in (77), let 1 be its weak*-limit, let A be defined by (78) and let 7). be
the following measure

ne(A) =

dist?(ug, Z) dx . 89
o [ st Z)da (39)

Since 7. is bounded, it converges weakly™ up to a subsequence. Let 1 be its weak* limit. The main
step is now to prove that

A+n>AD,(u(z), Bg)dz, (90)
i.e., that for a.e. z € T? we have

i Jim i He(@r (@) X @r(2)) + 1:(Qr (2))
R [ex

> AD, (u(x), Br). (91)

Let us fix a € Z and xg be a Lebesgue point of u with u(zp) = a. In order to simplify the notation
assume that g = 0. The proof of (91) follows using Lemmas 22 and 23 and the same strategy of the
proof of the lower bound in [8] taking into account that here the domain is @, and the regime for
the obstacles is different, i.e., N, ~ |loge|/e. We repeat the argument here for the convenience of the
reader. N
Consider on @, a lattice of squares, denoted by ()5, of size approximatively 1/v/N.. Let Q5 be
concentric squares of three times the size. Since each point is contained at most in 9 of the squares

Q5 we have
Z// Juc(@ 3( Ol drdy < Clloge| ~
€><Q8 |x—y|

and

Z/A lue — aldz < w,|Qr| + 9|Jue — ul|L1
i 7

where w, — 0 as r — 0. Let § > 0. Then there exist a set of indices J°(Q,) such that #(J°(Q.)) >
(1 —0)N.|Q,| and a constant Cy such that

// |u€ 3(y)| d.f['dy < C@g
EXQE |x - y|
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and
][ lue — aldz < Cy (wr + ||“€_“||L1)

for all j € 7°(Q,). Let 0 < § < 1. By applying Lemma 23 with p = 7, with 1 < 3 <1, and p =

, VN’
for each z; € Q5 we also have
][ |ue —aldx <6 if e <ep(0,0,r) and r < rg(f). (92)
i

o8
Then by Lemma 22 applied with R(g) = £~ we get (after the scaling X — x/¢)

3

pe(Bls x Bly) +n.(Bly) > (D,(a, Br) — w(e,d)), ife<eo(,0,7)

|loge|

for any i such that z% € Q;. Since the points x% are assumed to be well separated (see (16)), the balls
B!, are disjoint and summation over all i yields

pe(Qr X Q) +1:(Qr) >

fm S #(IAQ9)| (Du(a, Br) — wle,0)) -

J€T=(Qr)
The uniform distribution of the obstacles (see condition (15)) implies that

D HTAQ)) = #TAQ)) - D H#TAQ)) = #(ZT(Q) — D (NQS|+ L)
JET(Qr) JE€IT=(Qr) JE€T(Qr)

= BT(Q) — (L+ DR G ETQD).
Since #({j : j & T5(@0)}) < No|Q,10, by (15) we get

eN|Qr| (1 —6(L +1))
|log €|
AlQr[ (1 =0(L+1))(Dy(a, Br) —w(e,6)) +o(1)

/’[’E(QT X Qr) + ns(Qr) > (Dl/(avBR) - w(Ea 5))

v

as € goes to zero. Taking the limits ¢ — 0, then r — 0, then § — 0 and finally § — 0, we obtain (91).
Now we conclude easily by (91) and Lemma 19 together with Remark 20 that

A+n>AD,(u(x), Bg) dzx and A > y(n)|[u]|[H' LS, .
Since the two measures D, (u(z), Br) dzr and v(n)|[u]|H_S, are mutually singular, we get
A+n > AD, (u(z), Bg) dz + y(n)|[u][H' LS,

and this concludes the proof.

6 Upper bound

In this section we establish an upper bound for the I'-limit of I. and F.. This concludes the proof of
the I'-convergence result in the critical scaling (see Theorems 9 and 10).

Theorem 24 For every uw € BV (T?,Z) there exists a sequence {u.} converging to u in L*(T?) such
that
timsup 1. (uc) < [ 9(n)ulfdH

e—0 Su
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Proof. By a standard density argument, we can restrict our analysis to the case of u € BV (T?,Z) N
L (T?) such that S, is polygonal, with a finite number of sides, and |[u]| = 1 H!-a.e. on S,. We
also choose a fundamental domain @ of the torus such that |Du|(0Q) = 0. We construct u. simply
mollifying u at the scale €.

Fix p € C°(B1(0)), ¢ > 0 and [@dz =1, and set

Ue = Qg % U where o (z) = %p (g) .

Since u. = u outside an e-neighbourhood of S,, we clearly have that
1
- / dist?(u., Z) dz < C'. (93)
£ Ja

The conclusion follows if we prove that

tim (@ x @) = iy o [ [ Koo —luete) —wePardy = [ aiare, o1

where the measure p. is defined as in (77). We first prove that the total variation of p. is bounded.
Let A be an open subset of ) and denote by d(A) the diameter of A. Using the change of variables
z =1y —x we get

C 1
(AxA) < —— — c — ue(z)Pdz dz .
petx s o [ o e+ @i (95)

Let us denote now by Nj the §-neighbourhood of S,. Since u € BV(Q,Z) and S, is polygonal (with
a finite number of sides) we have

N5 N A| < Cd(A)o (96)

and, by the definition of u., we easily deduce that u. is constant on Bs(z) if * &€ N5, .. Thus, using
that u is bounded by a constant M, we get

1
/ —3/ |ue(x + 2) — u(x)|*dr dz
2e<|z|<d(A) 12> Ja

IN

4M2/ L N5, N Aldz
2

e<|z|<d(A) |2]3

1
Cd(A)/ 5 dz < Cd(A)[loge|.
2e<|z|<d(A) |2]

IN

On the other hand we have that |Du.| < C/e and hence

1 2 1 Els
— s — U, dedz < 3 N2e N A|—-d
/z<25 |Z|3/A|u (@ +2) ~ue(w)de de C/z<2€ |Z|3|N2 n4 g2 :
1
< Cd(A)/ <o,
|z|<2e |Z|E
By (95) we get
4e(A X A) < Cd(4) + o(1) (97)

as ¢ tends to zero. In particular u. is bounded and thus, up to a subsequence, converges weakly* to
a measure p. Since u. is bounded in L*°, Remark 20 implies that p is concentrated on the diagonal.
As above, we define the measure A\(A) := p(A x A). By the definition of wu. it is easy to check
that suppA C S,. Moreover, taking the limit ¢ — 0 in (97) we get a similar estimate for A, i.e.,
A(A) < Cd(A). Taking the Radon-Nikodym derivative of A with respect to H!, we deduce that

A CH'LS,. (98)
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We conclude the proof if we prove that for H'-a.e. zg € S,
(B,
L A(B, (a0)

r—0 2r

<7v(n). (99)

Indeed, this together with the lower bound implies (94). The latter inequality can be obtained by an
explicit calculation. Let us assume, for the sake of simplicity, that g = 0 and that the normal n of
Sy at zg is eq, i.e., S, is locally contained in {z; = 0}. Moreover it is not restrictive to assume that
u(r) = X{z,>0} if © € By.. Then

x1

ue(x) = w(?), with  9(t) = /{ - p(z)dz ifxeB,.

Hence v is smooth and decreasing and ¢(t) = 1if t < —1, ¢(t) = 0if t > 1. Set R = r/e. It follows
from Proposition 1 that

2 1 x— x1) — %dx s
5 /[ Ko =it~ wParay = 5z [T e =t —wtoPas g+ 0. 100

Now note that since I', (t) > 0 we have

1 2R
/ / ydasdyy = 5= | Tulen—yr2)2R - |zl dz
—2R
> _ i _ y(e1)
< [oo F,,(.Tl—yl,ZQ) dZQ—FV($1 —y1) = m

Thus using the fact that, for ¢t > 0, [¢(x1) — (21 + t)| is zero if 1 < —t — 1 or if 23 > 1 and is
bounded by Liptt if ¢ is small and by 1 if ¢ is big, we deduce that

11%//BRX£;($1/>|¢@1)w(yl)FdIdy <
2R R—t
= ’Y(el)/ 1 / (El (x1+t)|2d{1;1 dt

2R
7(61)/0 l/_t_l|1/}(901) (21 +1))? day dt

t2

1 2R
v(e1) (/O (t;2)(Lip¢t)2dt+/l (tz;z) dt)

< (en)(C +log(2R)) .
Since log(2R) = log(2r) + log 1, from (100) and (93) we finally get

)\(B (z0)) // 2
<l f —— — dx dy <
2r 1211_}1(1)1 |10g€| 27 B, ><B D)lue(w) ~ ue(w) dw dy < (er),

which concludes the proof.

1
mhﬁ(m) —h(y1)|* dzxy dyy

IA

IN

O

Remark 25 Note that in the construction of the optimal sequence for the I'-limit (Theorem 24) the
precise shape of the profile ¢ is irrelevant. It does not influence the logarithmic contribution of the
H? norm of ue but only the terms which are of order one.

Remark 26 Together with the lower bound (Theorem 17) and (93), we see that a sequence con-
structed by convolution as in the above proof is also optimal on any open subset A of Q and, up to a
subsequence, satisfies

ea0|log5| // y)|ue(z) — ue(y)| dxdy:/squ’Y(n)HquH .
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In particular we proved that the measure A defined in (78) satisfies
A=~v(n)dH'l_S,.

With the theorem below we will give the upper bound for the I'-convergence result stated in
Theorem 10.

Theorem 27 Assume that N.c/|loge| — A and that the discs Bl are uniformly distributed and well
separated. For every u € BV (T?,7Z) there exists a sequence {v.} converging to u in L*(T?) such that
ve € H2(T?), v. = 0 a.e. on U; B and

limsupFE(UE)S/S y(n)|[u]|dH* —|—/QAD,,(u,BR)dx. (101)

e—0

Proof. The general idea of the proof is to consider the optimal sequence obtained by convolution in
Theorem 24 and to modify it in order to let it satisfy the pinning condition using the H z-dislocation
capacitary potentials as cut-off functions, as we did for the dilute case in [8]. However the presence
of the non local term in the energy makes this argument more involved. In the proof we will always
assume that the fundamental domain @ for 7% is chosen such that |Du|(0Q) = 0.

Step 1. The statement of the theorem holds for any u constant, u = a € Z.

In this case the sequence v, can be constructed exactly as in [8] using the H z-dislocation capacitary
potentials (see Section 2.2 for the relevant definitions). We give here some details in order to fix some
notation for the following steps. Denote by (% the Hz2-dislocation capacitary potential of Br with
respect to B.a-1 at the level a, where o € (§+1 1) and 8 < 1 is given by (16). Then the sequence

ve = v¢ is defined by '
N Ty : i
V() = a— < . E> if x € U; Bla,

€

a otherwise.
By p2 and n¢ we denote the following measures

1
2(Ax B) = //K,,a:— v (z) — v2(y)|Pdx d 102
e B) = o [ [ Kula = plit(a) = oz )Pdody (102)
and
: dist(ve,Z) d. 1
n2(A) slog€|/ ist(v? (103)

by u® and n® we denote their weak*-limits (which exist up to extraction of a subsequence) and by \*
we denote the measure such that A*(A4) = u%(A x A). With this notation what we have to prove is
A" +n* < AD,(a,Br)dz.

Using the properties of the kernel K, (t) (see Proposition 1) and a rescaling argument we can easily
check that

€

pe(Bla x Blo) +n%(Bl.) < (D, (a, Br, Bea—1) + Ce**71). (104)

[log el

The choice of the exponent « is motivated by the following argument that will permit us to control
the non local term in the energy and to show that long range interactions are negligible, i.e.,

L
H(Q < @) (lo — 31 > ) < Cateo D (g1 + ) (105)

As a consequence, in view of (104) and (21), we get

HEQ X Q) +1A(@Q) < Y WE(Bla x Biu) +nf(Bla) + o(1) < AD,(a, Br) +o(1)
1.(Q)
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as € goes to zero. Once (105) is shown, Step 1 is finished (see [8] for more details).

It only remains to prove (105). Indeed we will prove the following more general statement which
will be useful later.

There exists a constant C > 0 with the following property. If {w.} and {z.} are two sequences in
Hz(Q) which are bounded in L™ by a constant M and satisfy we(z) = z-(z) = const. in Q \ U; Bla,
then for every r € [0, 1]

Le
[loge]

1 —_ —
TToge| //QMQ,- K, (z — y)|we(z) — 2 (y)|2dz dy < CM2eRo=F=D <|Q,.| + ) . (106)
le—y|>eh

To show (106) it is enough to use the properties of the kernel K, and the uniform distribution of
the obstacles (cf. (15)). We have

1
|log €|

//QQ Ky (z—y) |we(z) — z(y)|*dz dy

|z—y|>eh
1
g 2 [, X Kol =) ) =20 Py

1
< CM2#IE(QT)52Q/ T3 Ay
| log e Bi\B_s ly]
2a
< oppe Nel@rl + L) ¥ < OM2:2e=B-1) (10, | + _Le
[loge| e [loge|

Step 2. Let u € BV (T?,Z) N L*>(T?) , with S, polygonal with a finite number of sides. We will prove
that for every & > 0 there exists a sequence v0 converging to u strongly in L*>(T?) such that

e—0

lim sup F.(v9) S/S y(n)|[u]|dH* Jr/TQ(l —xn; ) Do (u(z), Br) + xn; |u(z)|>D, (1, Bg) dx, (107)

where x s, denotes the characteristic function of the d-neighbourhood of S,,.

By our choice of u there exist IV integer number a;, ¢ = 1, ..., N, and N polygons P; such that

N
u=Ya;xp,
=1

From Theorem 24 we find a sequence ., obtained by convolution, such that u. = u in Q \ Nz, where
N. denotes an e-neighbourhood of S,,, and

i 1 (Q x Q) =l o [ [ Ko = luc(o) — o) Pdwdy = [ (o)l

e—0 e=0 |loge| J Joxo .

We must modify u. in order to let it satisfy the pinning condition. Thus for any point x which is not
in Vs we modify u. exactly as in the previous step using the H z-dislocation capacitary potential. If
zl € Ns we modify u. by multiplying it by an appropriate cut-off function, namely the scaled H 3
dislocation capacitary potential at level 1. This permits in particular to achieve the pinning condition
in V. where u. is not constant. Precisely we define the function w‘g as follows

—2J ) )
a; — ¢ <x€x> if & € Bea(2)) with 2/ € P, \ N,

5 »
we(®) =\ 4y, (2) (1 - ()) if 2 € Beo (af) with 27 € N, e

ue () otherwise.
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Let us define again, as above, by . and 7. the following measures
~ 1
Reax B)i= o [ [ Ko - y)lul) - wd(y)Pdedy (109)
|loge| Ja /s
and

7, A : d t Z 110

and let us denote by /i and 7 their weak*-limits and by A the measure such that A(4) = fi(4 x A).
For the sake of simplicity we drop the dependence on § in the notation for the measures introduced
above. We shall prove that

A+ 71 < Al(L = x; (2)) D, (ule), Br) + xs (@) (@) 2D, (1, Br)ld + v(n) | [u]|(2)dH' LS, . (111)

This clearly implies the assertion of Step 2.
First we prove that A + g is absolutely continuous with respect to the Lebesgue measure outside
S,. Fix 29 € Q \ S,. Since for any a € Z and v € R we have that dist*(av, Z) < a2dist*(v, Z), by the

minimality of the H 3 -dislocation capacitary potentials it is easy to check that
D,(a, Bgr) < a?’D,(1, BR)
and for all z¢ € Q,.(z) we have

fie(Bio % Bia) +7e(Bla) < [u(zo)|* (pe(Bie x Bla) +n:(Bla))

where p! and n! have been defined in Step 1 (take a = 1). Thus in view of (106), applied also for

we = v and 2. = av}, we have

fie(Qr(20) x Qr(20)) + 1=(Qr(w0)) < Ju(@o)l* (12(Qr(20) x Qr(0)) + 0l (Qr(0))) + 0(1).

Then taking the limit as £ goes to zero and using Step 1 we see that A+ 7 is absolutely continuous
with respect to the Lebesgue measure outside S, and satisfies (111) in A5\ S,. In the case xg € Q\ N
we shall prove that

MQr(20)) +71(Qr(20)) < ADy(u(x0), Br)|Q| + o(r?) (112)

as r goes to zero. This clearly follows as above by Step 1 and the fact that v, coincide with v¢ in a
neighbourhood of zg, where a = u(x¢). For r small enough

fie(Qr(20) X Qr(w0)) + 1 (Qr(w0)) = 1 (Qr(20) X Qr(0)) + 10" (Qr(20)) -

Thus outside Ny inequality (111) follows from Step 1.
Let now consider zg € S,,. We will prove that

lim sup AM@Qr(x0)) _:77(@7'($0)) < v (n)|[u](z0)| - (113)
It is easy to see that
im 1(@r(@0)) _ -
r—0 r

Indeed, using a change of variable and the definition of w?, in particular the fact that u. is constant
in Q\ N, for any r < §, we get

1e(@r(w0)) < N(Qr(0) NNZ) + 7 (Qr(0) \ NE)

2 1
Ce2r #IE(QT)52/ a?dist? (¢}, Z) dz < Aa®D, (1, Br)|Q,| + o(1),
B_a-1

<
~  elloge|  e|loge]
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as € goes to zero, where we denoted by a the maximum of |u| in @,. Thus in order to prove (113) it
is enough to show that

lim sup A @r(0)

st < (n)ul(zo)]- (114)

For r < & we have Q, C Njs. Since by definition w®(z) = u.(x)vl(x) in Ns, we have, for every
o >0,

Fe(Qr % Q) = s ogal) | Kete ek @uete) — k@) + @) - vl e dy

IN

(1+0) / Kol =)o) Plus(o) = (o) P dy
|log€| QrXQr

2),,1 1 2
" |10g5| ( >/Q,xQ, = Yue(y) "oz (x) — vz (y)|"da dy
<+ ol@x Q) sl (147 ) Q- x Q).

where in the last inequality we used the fact that v! is bounded by 1 and sup |uc| < sup |u|. Then
(114) follows by the above estimate, taking the limit as € goes to zero. Indeed, in view of Remark 26
and Step 1 we have

@ x Q)< o)t [ atllant+ (14 1) Asup .0, 5 9.
r e—0 T Jg,ns

After taking the limit as r goes to zero the estimate (114), and hence (111) and (113), follows by the
arbitrariness of o.

Step 3. In this step we conclude the proof. First we can obtain the upper bound in the theorem for
functions u € BV (T?,Z) N L>(T?,Z), with S, polygonal, with a finite number of sides by Step 2 and
a diagonalization argument.

By estimate (20) the map u +— [, Dy(u, Br)dz is continuous in L*(Q,Z). This implies that for

every u € BV(T?,Z) there exist approximations u* € BV (T? Z) N L>(T?,Z) with S,= polygonal
with a finite number sides such that u* — u in L? and F(u*) — F(u) as k — oo. O

7 The sub-critical and super-critical regimes

In this section we will briefly discuss the asymptotic behaviour of E.(u)/(N€) in the sub-critical and
in the super-critical regime. In the latter case we also assume N, < E%ﬁ, with 8 < 1, in oder to keep
the obstacles well separated (see condition (16)).

7.1 The sub-critical regime

In the case N. < |loge|/e the result can be deduced from Theorem 10. Indeed the compactness
result given in Theorem 12 implies compactness in L(T?), for ¢ < 2, of any sequence {u.} such that
EE(UE < C. Moreover every cluster point u € BV (T?,Z) of such a sequence must satisfy [,., [Du| =0
and “hence is a constant a € Z. Thus also in this case, as for the dilute case discussed in Theorem 6,
the effect of the pinning condition is weaker than the line tension and in a similar way one can deduce

that the I'-limit is given by

E(u) = D,(a, Br) if u = const. € Z,
400 otherwise.
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7.2 The super-critical regime

We now consider the case “Oaigs‘ < N, <K 82%3. It is easy to check that also in this case the Poincaré
inequality, as in Proposition 16, yields an L?(7T?) bound for all sequences with equibounded energy,
but in general we cannot expect more than weak convergence up to a subsequence.

The upper bound in the proof of Corollary 11 can be obtained for the class of piecewise constant
functions with integer values taking into account that in the super-critical scale the line tension effect
becomes negligible. This class is weakly dense in L?(T2,R) and then the general case follows by an
energy density argument.

The proof of the lower bound is more delicate. By a blow-up argument it is enough to understand
the case of a sequence {u.} converging to a real constant ¢ weakly in L?(T?). The idea in this case is
that even if the sequence converges only weakly, it oscillates at a larger scale than the average distance
between the obstacles. Then at this scale, we still can find an integer value to which we can apply
Lemma 22 and get a local lower bound for the energy.

Proposition 28 If u. — ¢ = const., with c € R, then

1
lim inf WEE(uE) > D}*(¢,Bg), (115)

e—0 €lVg
where D}*(-, Br) is the convex envelope of D, (-, Br) as defined in (18).

Proof. Step 1 (Selection of good pinning sites z' ). We may assume that %“:) < C. Thus for every

6 € (0,1) we can find a set of indices Z¢ and a constant C(#) such that #(Z¢) > (1 — )N, and for all
i € Z? the points z’ satisfy

% dist?(u., Z) da < C(0)e, (116)
B/i)5
/ / K, (2 — y)[us(z) — u(y) Pz dy < C(0)e (117)
Bfij xB;‘E
and
][ luc|?dzx < C(0), (118)
B}Ja

where B}, denotes the disc of radius p. = 1/y/N; and center x?.
Step 2 (Assignment of a value ¢t to each good pinning site). By the (scaling invariant) embedding of
Hz into L4, there exist constants ¢! such that

/7 lue — ¢ [*da < C[ug]z%(&, < ce?.

Pe

Thus

][ lue. — c|*dx < CN.e? — 0 (119)

and
][ lue — ct|dx < C’(N562)i —0.
B;E

By the interpolation inequality, given by Lemma 23, applied to u. — ci we have

1
][_ lus — ct|dx S]é |u5—cé|dx—|—0%—>07 (120)
: -

i
B Pe
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where # < 1 is chosen as in (16). From (119) we also deduce

][ o ue — cLPdr < C’(N562)% —0.

Pe

Together with (118) this yields
dl<c. (121)

Step 3 (Lower bound for each good pinning site). We claim that there exist integers a’ such that

sup |t —al| =0 (122)
i€T?
and
1 . .2 1 2 %
=N dist”(ue, Z) dx + - _ BKV(x — y)|ue(x) — ue(y)|*de dy > Dy (a,, Br) —o(1). (123)
o 6> B

To see this we consider the scaled function (! (x) = u. (2% + ex). Then (120) gives

m@=ﬁ ¢t — [ dz — 0 (124)
B-1

€

uniformly in 4 € Z, and the left hand side of (123) can be written as

Tg’::/
B.s

€

dist?(¢%, Z) d Ke(z —v)|Ci(z) — Ci(y)|Pdz dy .
lm(y)m+/é Sz — y)|Ci(x) — Ci(y)2da dy

_5-1XB_g_1

By (116) and (117) we know that T? is bounded. Moreover by (124) the set
{z € Bosmr : |G2(2) —cif < 2wi(e)}

has measure at least |B.s—1|/2. Hence since T is bounded we have

C
+
|Bsﬂfl|§

—0

dist(ct, Z) < wy(e)
This proves (122). In view of (124) we also get

Foog-ala—o.
B—1

€

Hence Lemma 22 and (121) yield ' '
T > D,(al, Bg) —o(1).

Summation of (123) over the good centers yields

§%E4%>zu—ﬂEQ%SEijaJh»+dn. (125)

i€T?

Step 4 (Relation between the values a’ assigned to the pinning sites and the weak limit ¢ of u.). By
(119) and (122) we see that u. is close to an (integer) constant on balls of radius ﬁ centered on
‘good’ pinning sites. We now show that u. is actually nearly constant on a slightly larger scale r..

This will allow us to exploit the uniform distribution of the pinning sites to conclude that |, o Ue dr ~
ﬁzg) Zz’ezg al. Since fQ ue dx — ¢ the proof is then easily finished.
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By assumption N. < e~2#. Thus there exists r. such that

1 1
Lre LK —5 . (126)
VN: T T ind
We assume that i is an integer and we cover @ by a lattice of squares Q{E of size r.. By Q{E we

denote the concentric squares of three times the size. Given 6 we can find a set of indices JY such
that #(7¢) > (1 — 0)rz2 and for all j € J? the squares Qi_ satisfy

//A Ky (z—y)|uc(z) — us(y)|2dm dy < C(G)aNJE, (127)
Q7. X Q7.

/A_ |u5|2dx < C(G)r? . (128)

Te

By the embedding of H 2 into L*, there exist constants AJ such that

][~. lue — Al|*dx < Ce?N2r? — 0.

Te

Now consider a good pinning site in a good square, i.e., ¢ € QT , 1€ Ig and j € Jf. Then by the
interpolation inequality (applied to u. — AZ) and (126)

][| Aﬂ|dx<]l\ A3|dx—|—CE2N76TE<Co()
i' Te N€4

Thus in view of (119) and (122) 4 '
lal — A7] < Co(1).
Since al € Z this shows that for good pinning sites in good squares a’ depends only on the square
J
Te "

. _1
Using the uniform distribution of % and the fact that r. > N. 2 as well as (118) we deduce that

#(T(QI)\T0)

N (129)

1 ~.
A d o oal —/~, u. dz| < C|Q7_|o(1) + C
i€T?, zieQl, Qre

Now we sum (129) over all j € JY. Let E. be the union of the squares QT , with j & J?. Then

|E:| < 0 and by the L? bound on u. we have IEE |lue| dzz < CO2. Combining this with (121) and (122)
we deduce after a short calculation that

lim lim E a = lim lim E a ug dz| =0
6—0—0 0—0e—0
619 EIQ

Together with (125) and the inequality

> ** > Kok
%ﬂ%ilﬂ%# EZI;D élféglﬂ%# ;D az, R) 2 D}’ (c, R)

this finishes the proof. O
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