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Abstract - In this paper, we use I'-convergence techniques to study the following variational problem

SE(Q) := sup {5_2* F(u) dz : |Vul? de < e?, u=0on 8(2} ,
Q Q

where 0 < F(t) < [t|?7, with 2* = -2 and Q is a bounded domain of IR", n > 3. We obtain a I'-convergence

result, on which one can easily read the usual concentration phenomena arising in critical growth problems.

We extend the result to a non-homogeneous version of problem S(Q). Finally, a second order expansion

in I'-convergence permits to identify the concentration points of the maximizing sequences, also in some

non- homogeneous case.
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1. INTRODUCTION

In this paper we propose a description by I'-convergence of the asymptotic behaviour of problems of the type

(1.1) SE(Q) := sup {52* / F(u) dz : / |Vul? dz < e? , u=0on 8(2} ,
Q Q

when € — 07, where Q is a bounded domain of IR", n > 3, and F is a nonnegative upper semicontinuous
function bounded from above by Cr|t|?>" (Cr being a constant and 2* = 2n/(n—2) being the critical Sobolev

exponent). If F is a smooth function, the maximizers of (1.1) satisfy the Euler equation

{—Auzx\gf(u) in Q,

1.2
(12) u=20 on 0F,

where f = F' and )\, is a Lagrange multiplier, which tends to +o00, as ¢ — 07. After the fundamental paper
by Brezis and Nirenberg [5], many different variants of this problem have been studied by several authors
(for a wide bibliography see, for instance, [11]).

In the generality of problem (1.1) we can consider many interesting cases. For instance, considering

discontinuous F', one can recover also free boundary problems as that related to the volume functional, i.e.
SY(Q) == sup {52*|A\ . ACQ, capg(A) < 52} .

In the case F(t) = [t|*", the behaviour of the maximizing sequences of (1.1) has been characterized
by P.L.Lions in [17] by means of the Concentration Compactness Alternative. He proves that maximizing
sequences either concentrate at a single point or they are compact. In particular, when Q # IR™, one deduces
that only concentration is allowed. In a recent paper (see [14]), problem (1.1) for general F has been studied
by Flucher and Miiller. They prove a generalized version of the Concentration Compactness Alternative,
which permits to conclude that all maximizing sequences must concentrate at a single point. The approach
of Flucher and Miiller strongly relies on the Concentration Compactness Principle technique.

Another possible way to describe this asymptotic behaviour is through De Giorgi’s I'-convergence, which
is a natural notion of convergence of functionals implying convergence of extrema. The idea of I'-convergence
is to substitute a sequence {F.} by an effective “I'-limit” functional F which captures the relevant features
of the sequence {F.}; in particular, sequences of almost maximizers converge to a maximum point of F.
The description given by I'-convergence is, in a sense, more complete since the I'-limit F describes the
asymptotic behaviour of F.(u.) along all converging sequences {u. }. A key point is to specify in which sense
this convergence of sequences must be defined.

We study the I'-convergence of the following sequence of functionals
(1.3) Fo(u)=e=% /Q F(eu) dz .
By a simple scaling, problem (1.1) can be rewritten in terms of F. as follows
(1.4) sup{F.(u) : u € Hy(Q), Vullz20) < 1} .

The constraint on the gradient suggests to study all the sequences {u.} weakly converging in Hg () to some
function u. However a functional defined only in Hg () cannot capture the behaviour of F.(u.). Hence

we have to introduce the measure p which is the limit of [Vu.|? in the sense of measures. Thus the limit
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functional will be given by two terms: a first term depending on the limit u and a second one depending on u
which takes into account the singularities developed by the weak convergence of the gradients (see Theorem
3.1).

The I'-limit is then defined on H}(Q) x M(Q) and given by

+oo
F(u, 1) :FO/ Ju|? dm—l—SFZ,u? /2
Q

i=0
+oo
where p(Q) < 1, u > |Vul? and p = i + Zﬂidm is the decomposition of y is its non-atomic and atomic
i=0

part. From the form of the functional F we immediately deduce that maximizers have u = 0 and p = dy,,
which gives the concentration of the maximizing sequences (see Theorem 3.9). This will be done without
using the Concentration Compactness Principle of P.L. Lions.

In a second part of this paper, we study a non-homogeneous version of (1.4), maximizing the functional
(1.5) FAu)=¢% / A(z)F(eu) dx .
Q

As above, if F' is a smooth function, the corresponding maximization problem is related to the following

Euler equation

(1.6) {—Au = AA(x)f(u) i Q,

u=20 on 0},

where f = F’ and ). is a Lagrange multiplier, which tends to 400, as ¢ — 0F.

The approach of I'-convergence permits to reconstruct the limit functional of (1.5) using the homoge-
neous result (see Theorem 5.1). This can be done for a large class of coefficients A(z), provided they are not
too irregular; this includes, for instance, all piecewise continuous functions which are upper semicontinuous.
Moreover, the structure of the I'-limit immediately implies that the maximizing sequences must concentrate
at a single point among the maxima of A (see Theorem 5.3).

Finally, in the last part of the paper, we consider a second-order asymptotic expansion of the I'-
convergence, in order to identify the concentration points. In the homogeneous case, this result was es-
sentially obtained in [12] and [15], where it is proved that the maximizing sequences “prefer” to concentrate
in some particular points (the minima of the Robin function, i.e. the diagonal of the regular part of the
Green function of the domain), so that the choice of the concentration points depends on the geometry
of the domain. Here the Robin function plays the role of the renormalized energy introduced by Bethuel,
Brézis and Heléin in the context of Ginzburg-Landau functionals (see [3]). The role of the Robin function
in concentration problems involving the critical exponent was pointed out by Brézis and Peletier [6], Schoen
[19], Bahri [1] (see also [16], [18]). On the other hand, the relevance of the result in [12] and [15] is that
concentration at the critical points of the Robin function is a more general phenomenon. In fact, it is not re-
stricted to integrands whose leading term is the critical power (for a complete review of these phenomena see
[11] and the references therein). We interpret the result of [12] and [15] in terms of I'-convergence, in order to
apply it to the z-dependent case. Indeed, although the influence of the Robin function on the location of the
concentration points is weaker than any kind of inhomogeneity A(x), nevertheless, when the set of maxima
of A is not a singleton, the geometry of 2 still plays a role in the choice of the concentration points. This

can be seen by means of a second-order expansion. More precisely, we prove that the maximizing sequences
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concentrates at the minima of the Robin function among the maximizers of A. This result will be proved
under a “flatness” assumption around the maxima of A (see Theorem 6.8, Example 6.6 and Remark 6.7),
that simply assures that the optimal profile for the maximizing sequences is not modified by the presence of

the coefficient.
2. NOTATION AND KNOWN RESULTS

The set Q will be always a bounded open subset of IR", with n > 3. We denote by € the closure of 2 and by
09 the boundary of Q. Given z € IR" and r > 0, the set B,(x) C IR" denotes the ball of radius r centered
in z.

We denote by M(€) the set of all nonnegative Borel measures on © of bounded total variation. The
space M(£2) can be identified with the nonnegative elements of the topological dual space of C°(Q). We say
that a sequence {uy} C M(Q) weakly* converges to a measure u € M(Q), if and only if

(2.1) /ﬁvj} dpp, — /51/) du for every v € C°(Q)

and we write pp, — u w*-M(Q).
As usual, for p > 1, LP(Q2) denotes the Lebesgue space, as well as H} () denotes the Sobolev space,
while D1?(IR") is defined as the closure of C2°(IR™) with respect to the norm [[Vo||p2(gn).

We denote by 2* the Sobolev critical exponent, i.e. 2* = 2n/(n — 2). We recall the well-known Sobolev
inequality
lull o) < $*IVullLe@)  Vu€ Hy(Q),

where S* is the so-called Sobolev constant, i.e. the best possible constant for which the previous inequality
holds.
Throughout this paper, the letter C' denotes a strictly positive constant, independent of the parameters

of the problem, whose value may vary each time.
In [14], Flucher and Miiller studied the following problem

(2.2) sup {62* F(eu) dz = uwe Hy(Q), ||[Vulr2q) < 1} = SFQ)  ase—o0"
Q

(1)  F:IR—[0,400) is an upper semicontinuous function ,

(2.3) .
(i) 0< F(t)<Cplt|* , F#0 in the L'-sense .
In the sequel we will also assume that the following limit exists

F(t)

t—o0+ 12"

(2.4) = F

A function that clearly satisfies (2.3) and (2.4) is the critical power integrand, i.e. F(t) = |t|>", which
is an important starting point to understand the properties of this problem. Another important example to

highlight the geometrical aspect of this problem is given by the so called volume problem
(2.5) SY(Q) := sup {5_2*|{5u > 1} : u€ Hy(Q), |Vullpzq) < 1} ,
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corresponding to the choice F'(t) = x (> 1}(15). It is easy to see that this problem can be equivalently written

as
SY = max{|A| : ACQ, capy(A) <%},
where capg(A) denotes the harmonic capacity of the set A C Q with respect to €2, defined for any open set
A by
capg(A) = inf {/ |Vul> de : uw e H}(), u>1ae. on A}
Q

and then extended by approximation to any subset of €. It is well known that, for any subset A of Q with
finite capacity, there exists a function u € H}(Q), satisfying the constraint « > 1 on A in a suitable sense,

such that [, [Vu|? dz = cap(A). This function is called the capacitary potential of A in Q.

Using a scaling argument, in [14, Lemma 2| the following lemma is proved.

Lemma 2.1. Let St := SF(IR"). For every domain Q C IR"
1. SF(Q) < ST for every e > 0;
2. SF(Q) — St fore — 0F;
3. FyS* < ST
4. the following Generalized Sobolev Inequality holds

/ F(u) do < S7|VulZog — Yue HYQ) .
Q

Note that, in particular, if F(t) = [t|*", we have SF(Q) = S¥ = S* for every £ > 0.

Flucher and Miiller also proved a generalized version of the Concentration Compactness Alternative of
P.L. Lions, which permits to obtain the following result, concerning the asymptotic behaviour and the profile

of sequences of extremals.

Theorem 2.2. (see [1{, Theorem 3]) If {u.} satisfies |Vuc| <1 and e=% Jo Fleus) do — S¥ as e — 0%,

then a subsequence of {u.} concentrates at a single point xg € Q, i.e.

F(eu,
|V/u’€|2 - 51307 (52* ) — SF(SIO
weakly® in the sense of measures. If in addition
F(t
max(Fy, Ft) < S¥/s*, where FY :=limsup |t|(2*) ,
[t|—+o0

then there exists a sequence x. — o such that a subsequence of the rescaled functions

2
we (y) == ue (xa +en—2 y)

tends to an extremal for S¥, i.e. we — w strongly in D*2(IR"™), |[Vw| 12q) = 1, and [, F(w) dz = S*.
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It is our purpose to study problem (2.2) from the point of view of I'-convergence, introduced by E.
De Giorgi. More precisely, this problem will be studied using the notion of I'"-convergence, which is a
variational convergence that assures the convergence of maxima. This convergence is defined symmetrically
with respect to the well-known notion of I'"-convergence, usually adopted in the framework of variational

minimum problems (see Definition 2.4 below). For every ¢ > 0, we define the functional

for every u € Hg (), such that [, [Vu|* dz < 1.

In order to apply I'-convergence we have to study the behaviour of the sequence {F.(uc)}, for any given
sequence {u. } satisfying the constraint ||Vu.||z2(q) < 1. This implies, up to a subsequence, that there exists
pu € M(Q) such that |Vuc|?> = p w*-M(Q) and, by Sobolev Embedding Theorem, there exists u € H} ()
such that u. — u w-L?" (Q). Moreover, u(Q) < 1.

By the lower semicontinuity of the L?-norm, it is easy to see that p > |Vu|?. Hence, we can always
decompose p as follows

+o00
p=|Vul’ + i+ Y b,
i=0
where [ is non atomic, y; € [0,1], z; € Q, z; # x; for i # j. A subtle application of the Sobolev inequality

permits to prove that
(2.6) w=|Vul* + = ue — ustrongly in L? (Q)

(see [17], Lemma I.1 and Remark 1.3). Hence, in general, one can deduce that u. — wu strongly in
LE,(Q\ {w: : i€ I}).

This suggests the natural setting for the limit functional, which is the space X (), i.e. the subspace of
HE(2) x M(RQ), defined by

X(Q) = {(up) € HY(Q) x M©) = p2 V>, p(@) <1} .

For the sake of simplicity, in the sequel, we will write X, instead of X (£2), if no confusion is possible. We

endow X with a topology 7, defined by

(s 1) 5> (u, 1) — {Us —u w-L*(Q)

pe = p w-M(Q)

Using the capacitary potentials, we can prove that every pair (u, ) € X can be obtained as a 7-limit of a
sequence of pairs (ue, |Vue|?), with u. € HE(Q). This is shown in the following proposition, which clarifies

that X is the smallest space where we have to set our problem.

Proposition 2.3. Let (u,u) € X, then there exists a sequence {u.} C H}(Q) such that, for every e > 0,
Jo IVue|? de <1 and (uc,|Vue|?) 5 (u, ), when e — 0.
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Proof. Clearly, without loss of generality, we may assume u(€2) < 1. The main point is to approximate
pairs of the type (0, ) € X. This can be done for instance using the construction in [8]: for every £ > 0, let
us cover € with a grid of cubes Q% with side length e and such that {Q% N Q} is a partition of Q. The idea
is to choose in any cube Q¢ a suitable capacitary potential u’ € Hg(Q% N Q) such that

|1l e = p@in®).
Moreover, the capacitary potentials can be chosen in a way that the sequence u. = ), ul, where ul are
extended to zero outside Q% N Q, converges strongly to zero in L?(€) and then weakly in L¥ (Q),as e — 0F.
Finally, it is not difficult to prove that |Vu|? — p w*-M(Q).

To recover the general case, it is enough to decompose (u,p) as (0,4 + >, p;id,) and (u,|Vul?), to

consider an approximation (u.,|V.|?) of (0,71 + >, uids,), and hence to set u. = u + .. U]

Let us now recall the notion of I'*-convergence, introduced in [9]. For more details see [7] and [4].

Definition 2.4. We shall say that the sequence {F.} T'"-converges to a functional F : X — [0, 4+0o0), as
e — 0T, if for every (u,p) € X the following two conditions are satisfied

(i) for all sequences {u.}, with u, — u in w-L? (Q) and |Vue|> = p in w*-M(Q), we have

F(u, p) > limsup F (ue) ;

e—0

(ii) there exists a sequence {1}, with %, — u in w-L? (Q) and |Vi.|?> — p in w*-M(Q), such that

F(u,p) <lim iglf Fe(ue) .

We will write

Flu, ) = (0% lim 7. ) ()

A sequence as in (i¢) will be called an optimal or recovery sequence.

As already pointed out, this variational convergence is a proper tool to study the convergence of maxi-
mizers; in fact it is easy to check that the I't-convergence of {F.} to F implies the convergence of maximizing
sequences to maximizers of F and also the convergence of maxima. More precisely, if F. F—t F and {u.}
is a sequence of maximizers of F. (i.e. F.(uc) = SF(Q), or more generally, F.(u.) = S¥(Q)(1 + o(1)) for
e — 01), up to a subsequence, u. — u in w-L* (Q) and |Vu.|? = p in w*-M(Q), where (u, ) € X and it
is a maximizer of F; moreover,

SE(Q) — max F .
X(9)

Note that, by Lemma 2.1, it follows that max F = S¥.

Finally, since the 7-topology is metrizable on X, it is well known that there always exists a functional
+
F : X — [0,400) such that, up to a subsequence, F;, 5

3. THE I''-CONVERGENCE RESULT

In the present section, we will prove the existence of the I'"-limit of the sequence {F.} and we will characterize
it.
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As already said, in [14] Flucher and Miiller prove a generalized version of the Concentration Compactness
Alternative of P.L. Lions for the sequence {e~2" F(eu.)}, where u. — u in w-HE (£2), from which they deduce

the concentration of the sequences of extremals. Among other things, they prove that if |[Vu.|? — p =
—+oo

|Vul? + 1 + Z pidz, in w*-M(Q) then
i=0
+oo
(3.1) e ¥ Fleus) ~v =g+ Z V0, w*-M(Q)
i=0
and
(3.2) v; < SFM?*/z and g< Folu* ae inQ.

This suggests the structure we may expect for the limit functional, as shown in the following I't-convergence
result.

Properties (3.1) and (3.2), together with Lemma 2.1, are the only two results that we borrow from [14],
in order to prove the I'-convergence Theorem. They are proved by Flucher and Miiller (in [14], Lemma ...,

part 1), using a localized version of the Sobolev inequality and represent a starting point for their analysis.
Theorem 3.1. There exists the I'T-limit F of the sequence of functionals {F.} and
Flup) = Fo [ JuP do 5372
2 i=0
for every (u,u) € X.

Remark 3.2. As a consequence of the previous theorem, we obtain that (3.2) is optimal. Indeed, by the
definition of I'*-convergence, for any pair (u,u) € X, there exists a sequence {u.} C H{(f2) such that
(te, |Vu5\2) - (u, p) and

“+ o0
5—2*/F(5u5)—>F0/ * de+ 873" i
Q Q

i=0
+oo
where p = |Vul? + i + Z 1i05,. This together with (3.1) and (3.2) implies that actually
i=0
too .
e Fleus) = Folul* + 873" i %6, w-M(@).
=0

To prove Theorem 3.1, we have to verify (i) and (i4) of Definition 2.4. The crucial point will be the
construction of the sequence {u.} in (i7) of Definition 2.4. The basic idea consists in obtaining a sort of
localization of the functional, which actually is not a local functional. More precisely, we will prove that
every pair (u,p) € X can be decomposed into the sum of two pairs (u, |Vu|? + &) and (0, >, 1;6,,), which
can be approximated disjointly. This decomposition is essential in the proof of the theorem, since on pairs
of the first type the sequence {F.} is continuous, while on pairs of the second type the functionals F, are

local and their limit can be explicitly computed on each single Dirac mass (see Proposition 3.7).
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In spite of a bit heavier notation, in the sequel, it will be useful to extend the functional F. to the whole

space X (keeping the same symbol), in the following way:

5’2*/ F(eu) dx if (u,p) € X and p = |[Vul?
fs(uaﬂ) = Q :

0 otherwise in X
Moreover, we need to introduce also the functionals defined by
Ft(u,p) = sup {lim sup Fe (e, fte) where (u., pe) = (u,,u)}
e—0
and
F~(u, pr) = sup {limi(r)lffg(ug,ua) where (u., pe) = (u,p)} ,
£—

for every (u,pu) € X. They are usually called the I't-lim sup and the I'"-lim inf of {F.} respectively. Note
that = < F*. Moreover, we can rewrite (i) and (ii) of Definition 2.4 in terms of the I'"-limsup and
I'*-liminf, i.e.
(i) F=F* and (i) F<F,
and this easily implies that, the I'"-limit F exists if and only if 7/~ = F* and, in this case, F = F~ = FT.
We point out that, when it is necessary in the context, we will add the dependence on the space in the

notation used for the functionals (for instance, it will be used F¢(ue, pe; Q) instead of Fe(ue, pe) and so on).

For the sake of simplicity, we also set
f(u,,u):FO/|u\2 dx—|—SFZu? /2
Q i=0

With this notation, Theorem 3.1 states that there exists the I'"-limit F of the sequence {F.} and F = F.

Since F~ < FT always holds true, in order to obtain this result it is enough to prove that
(3.3) Fr<F<F .

By (3.1) and (3.2), it is easy to obtain the first inequality, as stated in the following proposition.

Proposition 3.3. For every (u,u) € X, we have

+oo
F(u, ) :Fo/ ul> dx—i—SFZu? /2> lim sup F (ue, pe)
2 i=0 e=0

for every sequence {(ue, pue)} C X such that (ue, pe) — (u, ).

The remaining part of this section will be devoted to obtain the second inequality of (3.3), i.e. F~ > F.
In order to do this, we firstly prove the theorem in the case (u, ) = (u,|Vu|? + i) (see Proposition 3.4 and
Corollary 3.5) and in the case (u,p) = (0, ; nidz,) (see Proposition 3.7 and Proposition 3.8), disjointly.
Finally, the result will be achieved unifying these two cases using a technical lemma in the following section

(see Lemma 4.1).
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Proposition 3.4. Let (u,p) € X be such that p = |Vu|?> + fi; then

F(uy ) = Fo / fuf?" de,
Q

i.e. F(u,p) = F(u, ).

Proof. Let us take {(uc, )} € X such that yu. = |Vu.|? and (uc,pe) — (u,p). Since the atomic part of
p is zero, by (2.6), ue — u strongly in L? (). Let us take a subsequence, still denoted by {(ue, )}, such
that {u.} converges to u a.e. in 2 and lim ir+1f Felte, pe) = lim+ Fe(ue, pe). By (2.3), we have

0 e—0

£—

F(eu.)
e?”

(3.4) < Cplus|* .

Let us fix x € Q such that u.(z) — u(z). If u(z) = 0, by (3.4) it follows that also =2 F(cu(x)) — 0 =
Folu(z)[?"; if u(z) # 0, then for e sufficiently small, also u.(z) # 0, hence

F(eus(z))  Fl(euc(x))

ue ()" — Folu(@)”

e (elue(x))*
Hence, we have that e 2" F(eu.) — Fylu|>" a.e. in Q. Then, by Lebesgue Convergence Theorem, we obtain
(3.5) lim Fo(ue, pe) = FO/ lu* dz = F(u, )

e—0t Q
which concludes the proof. L]

Corollary 3.5. Let (u, ) € X with i = |Vu|?>+ . Then, there exists the T -limit F and F(u, ) = F(u, ).

Proof. It follows from Proposition 3.4 and Proposition 3.3. U]

In order to study the case of a purely atomic measure, we preliminarily need the following lemma.

Lemma 3.6. For every (u,pu) € X, we have

Flu,p) < SF
and the equality holds if and only if (u, p) = (0,04, ), for some zo € Q.

Proof. Using the Sobolev inequality, Lemma 2.1, and the convexity of t2°/2, we obtain

+oo

Flup) = Fo [ [u* o+ 57y i/
Q i=0
2% /2 too
< FpS* (/ |Vu|? dz) +SFZ,U,? /2
Q

i=0

2°/2 400
</ |Vul? dm) + Z,uf /21
Q i=0
—+oo
<sF </ |Vul® da + Zlh’) < STu@) <57
Q i=0

10
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In particular for any zg € Q, .7?(0, 8z,) = ST. For all the remaining pairs, inequality (3.6) is strict. Indeed,
let (u,p) € X, with g = |Vul? + g+ Y, 1105, If p = [, the inequality is trivially strict, since u = 0 and
Flu,p) = 0 < SF. If [Vul? # 0, since Q is bounded, the Sobolev inequality is strict and the inequality
in (3.6), too. Finally if w = 0 and p = 1+ Y, 105, there exists at least one coefficient y; € (0,1), which

/2 < i, and again inequality (3.6) is strict. 0

T
implies p;
Proposition 3.7. For every open set ' C Q, for every x € QO and for every (u, pn) € X with (u, n) = (0,d;),
there exists the U -limit of the sequence {F.} restricted to Q' in (0,6,) and the equality

(F+_ lim f5> (0,6, ) =8  vzed

e—0*t

holds.

Proof. Let us fix ' C Q and let 5, — 0 as h — +oo. By the compactness property of I'*-convergence, there
b
exists a subsequence, still denoted by {e5,}, and a functional F : X (') — [0, +00), such that F, (-;€') 5

F(;). Moreover, by Lemma 2.1, we have that

sup F., = SE () — SF = max F,

X(Q) X ()

when h — 400, while by Proposition 3.3 and Lemma 3.6, it follows that f(u,,u;ﬁ/) < .7-"+(u,,u;§/) <
Flu, ,u;ﬁ/) < ST if (u, ) # (0,0%), for any T € Q'. Hence, there exists T € §) such that F(0, oz; ﬁ/) = SF.

Now, let us consider the countable family of spheres B,.(¢) C €', centered in ¢ € Q™ N Q' with radii
r € Q. By a diagonalization procedure, we may find a subsequence, still denoted by {e,}, and a functional,
still denoted by F, such that F;, (-; B.(q)) = F(; B.(q)), for every r € Q and every ¢ € Q" N, and
Fe, (59 r ]—'(~;§/). Reasoning as above, for every sphere B,.(q) we may find a point 24 € B,(q) which
satisfies

F(0,6,2; Br(q)) = ¥ .

Letting r — 0T, it follows that 9 — ¢ and hence by the upper semicontinuity of the I'*-limit we have

ST = lim F(0,6,5; Br(q)) < limsup]—'(O,ézg;ﬁl) < .7-'(0,6,1;5/)

r—0+ r—0+
which implies that
F0,6:Q)=58"  vgeQ'nq .
Using the density of Q™ N in Q0 and the upper semicontinuity of the I'*-limit, we obtain that, for every
z€Q and every pair (u, 1) = (0,0,),
F(0,6,;Q) = SF .
Since this is independent of the choice of the sequence, it follows that, for every (u,u) = (0,9, ), with z € ﬁ’,
there exists the I'"-limit F and F(0, 5:5;6/) = F(0, 593;@/) =S¥,

Finally, this holds for every open set ' C €, and this concludes the proof. ]
N

Proposition 3.8. Let (u,p) € X be such that w =0 and p = Zﬂi(sri- Then there exists the T'T -limit F
i=0

and F(u, p) = F(u, p).

11
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Proof. Let us assume now that N =1, i.e. u = uodz, + 10z, with po, 1 € (0,1) and pg + p3 < 1. The
general case N > 1, being analogous.

Set By, (z;)NQ =V;, for i = 0,1, with dist(Vp, V1) > 0. By Proposition 3.7, for ¢ = 0,1, we may choose
a sequence (ul, it) € X (V) such that i = [Vull?, (ul, ui) = (0,3,,) and

lim inf 7 (ul, pi; Vi) > F(0,8,,;V,;) = ST,

e—0t
more precisely,
F 7
(3.7) lim @dazzsﬂ i=0,1.
e—0t V; [3)

Let us define u. = /frou’ e T N T and p. = |[Vu.|?. Clearly,

A'VU&P dx = /LO/V |VU(3/LTOE|2 dx +/J1/V |Vu}/;715|2 dr < po + 1 < 1
0 1

hence, (ue, pe) € X(€); moreover,

Fleue
Fe(te, pie; 2) :/ @ dx
o €

_ Mg*m/ F(ey/nou’ itoE) d+ lﬁ*m/ F(S\/“Tui/ﬁs) e
v (Vo) no(m%e)*
and the by (3.7) we have
dim F(ue e ) = 57 (42 44 1%) = F 0. podey + ey Q).
The theorem is then accomplished. ]

Besides for a technical lemma (see Lemma 4.1) proved in the following section, we are now in a position

to prove Theorem 3.1.

Proof of Theorem 3.1. In view of Proposition 3.3 it remains to prove that F~ > F. Let (u,p) € X. By

the technical Lemma 4.1 in the next section, we may assume that

N N
p=IVul’ + i+ > pide,, p(Q) <1 and dist <supp(IUI + 1), U{fcz—}> >0.
i=0 i=0
N
Set ut = |Vul? +z and p? = p— put = Zuiéwi; let A; and A be two open subsets of €2, such that
i=0

supp(|u| + 1) C Ay, supp(p?) C Ay and A; N Ay = (). Since u € HE (A1), by Corollary 3.5 (with 2 replaced
by A1), we obtain that there exists a sequence {(ul,ul)} such that ul € H} (A1), pl = |Vull?, p2(Q) <1
for e sufficiently small, (ul,pl) 5 (u, u') and

F(eul . . ~
(ng) dzx = Fo/ lul? dx = Fo/ lul? dx = F(u,pt) .
Ay Q

. 11y _ 1
(38) 51412’)1+ fa(us?ﬂs) _61i>r(r)l+ Aq g2

12
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Moreover, by Proposition 3.8, there exists another sequence {(uZ, u2)} such that u? € H}(As), p? = |Vu2|?,
p2(2) < 1 for e sufficiently small, (u2, u2) = (0, %) and

(3.9) lim M dx:SFiv:ug*ﬂ:}:(O ©?)
’ e0t Jyu, ¥ " ’ '

Let us define u. = ul+u? and p. = pl+p2. Clearly, since the supports of ul and u? are disjoint, u. € H}(Q),

pe = |Vue? = |Vul? + |[Vu2|2. Moreover
pe@) = [ VUl dot [ (V62 do @)+ 2@ = @) < 1

and g (Q) < 1 for ¢ small enough. Finally, by (3.8) and (3.9), it follows that

F € F 1 F 2
ff(umﬂa):/ @ dx = % dr + % da
o € A, € A, €

N
—>F0/ lu|* da:—ﬁ—SFZMf /2 = Fu,p) .
Q =0
This proves (i) of Definition 2.4 and, jointly with Proposition 3.3, concludes the proof of the theorem. []J

As a consequence of the I'"-convergence result, we easily obtain the following concentration theorem.

Theorem 3.9. Let {(ue, pe)} C X, with p. = |Vuc|?, be a mazimizing sequence for F.. Then, for e — 0T,
it concentrates at a single point, i.e. (ue, pic) — (0,64,), with xg € Q. Moreover, for any zo € €, there exists

a mazrimizing sequence concentrating at xg.

Proof. By Theorem 3.1, the properties of ['*-convergence and Lemma 3.6, it follows that every maximizing
sequence {(u., pc)} must converge to a pair (0,6,,), with zo € Q and every pair (0,4,,) is a maximizer for
F. The statement follows immediately by Proposition 2.3. L]

4. TECHNICAL LEMMA

This section is devoted to a technical lemma which, in the proof of the I'"-convergence result, permitted to

restrict our attention to a subclass of pairs in X ().

Lemma 4.1.  Assume that F~(u,p) > F(u, p) for every pair (u,p) € X, satisfying the following three

conditions
(i) n(@) < 1;
N

(it) p=|Vul> + G+ pida,;
1=0

(111) dist (supp(|u| + 1), U{ml}> > 0.

=0
Then F~(u, ) > F(u, p) for every pair (u, ) € X.

13
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Proof. We shall prove the lemma in three steps. Let us first consider an arbitrary pair (u, ) € X satisfying
N

(i) and (i), i.e. p = |Vul> + g+ Z,u,;dm and p(Q) < 1. We shall construct a sequence {(u,, o)}, 0 > 0,
=0
with the following properties:

N

(1) (ug,pto) € X and  pp = |Vug|* + i, + Zuiéﬁ ;
i=0

(2) pe() <1 for g small enough ;
N
(3) dist <supp<|ug| 7). U{xi}> >0
=0
(@) up—u L2 (@) and (ugpg) 5 (w0 ;
(5)  lim F(ugy, pp) = Flu, ) .
o0—0t

For every o > 0 and every i =0, ..., N, let us define V,(z;) = B,(x;) NQ and let us choose a cut-off function
}p € C®(R), such that 0 < ¢, <1, ¢, =0 in U;V, (), ¢p = 1 in Q\ U;Vau(z:), |Vebe| < 1/0. Thus we set

N
(g, o) = (U b, [V (u ¢g)| +p- ¢Q+ZM zi) “Q,|Vug‘ +U0+Zﬂz z;
=0 =0

Clearly, u, € H3(Q) and p, € M(Q) and dist (supp(\ug| + 1p), Ul{xl}) > p > 0. Moreover

/luquuﬁ dw<2/ ul** -0 for g— 0",

VQQ ml

and, for every ¢ € C°(Q),

|ﬁwdug—/ﬁwdu|s/§|w| )

y
<Z / [ o 0¥ 0P = v a3 L
<22/ | [Vl da:+22/29(x e

<22/22 NG d:c+2/29 L d”;/w o] di
<QZ/ | [Val? do + cg2 Z (/V%(m

9] Jul® [V,|? da:+2/ |1/)| dii

Vaol(xi) Vaol(z

2/2*
uf? de + Z/ || dip — 0,
Vaol(xi) _ Vao(x:)

where we used the Holder inequality, the absolute continuity of the integral and the fact that i is a non atomic
measure. This proves that u, — u strongly in L% (Q) and that p, — p in w*-M(Q), when ¢ — 0F; hence,
(g, ptp) — (u, 1) and, since p(Q) < 1, it follows that u, satisfies property (2). In particular (u,,u,) € X.
Finally, (5) follows directly by the definition of F and the strong L2 -convergence of u, to u. Hence, by

hypotheses, we have

F~ (g, o) = F(uyg, fto) Vo>0.

14
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Taking into account the upper semicontinuity of the I't-liminf, letting ¢ — 0" and using property (5), we

obtain

(4.1) F(uyp) > Fu,p) ¥V (u,p) € X satisfying () and (i) .

As a second step let us consider a pair (u, u) € X satisfying (7). For any N > 0, define (un, un) in the
following way
N
UN = U and uN:|Vu|2+ﬁ+Zm5Ii )
i=0

Clearly, (un,pun) € X and (un, uy) — (u, 1), when N — +oo. Hence by (4.1) we have

N
F (un,pn) > Flun, pn) = FO/ u|? dac—kSFz:/dLi2 /2 VYN >0.
Q i=0

Then taking into account the upper semicontinuity of the I't-lim inf and letting N — +o0, it follows

F~(u,p) > limsup F~ (un, py) > lim j-:(uN,uN) = f(u,,u) .
N—+oco N—+o0

Finally we recover the general case (u,p) € X considering for any § > 0, the sequence {(us, 1)} defined

as follows

—+oo
u u > i i
d = __# ___ 5.
s wmd o m= gy = Vel gy +; 1 +02"

us =

Clearly, (us, ps) € X, us(Q) < 1 and (ug, ps) — (u, i), when § — 0. Hence by the previous step

_ = K o SO 2* /2
F (u(s,ua)ZJ’:(ua,u(;)—W Q|U\ dﬂ?+m2ﬂi .

1=0

Thus the conclusion follows taking into account the upper semicontinuity of the I'*-liminf and letting
§—0t. ]

5. THE NON HOMOGENEOUS CASE

In this section using the approach of the I'-convergence we will consider a non homogeneous version of the
sequence {F.}, i.e.
Fru)=e% / A(z)F(eu.) dx .
Q

As we saw in the previous section, the I't-limit of the sequence {F.} is not a local functional. Thus, its
non homogeneous version cannot be treated, as usual, simply by a localization argument, but it requires a
slightly more careful analysis (see Theorem 5.1).

To this purpose, we assume that A : Q@ — IR is a nonnegative function belonging to L*°(2), which

satisfies the following conditions

(H1) A(z) = lim (ess— sup A(y)) for every z € Q.
e=0F \ ' By(a)

(H2) for every x € Q, for every p > 0 and for every n > 0 the set B,(x)N{y € Q : A(y) > A(z) —n} contains

an open set.
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We say that a function satisfying (H1) is essentially upper semicontinuous. Note that property (H1)
implies also the usual upper semicontinuity. In particular, if A is continuous or piecewise continuos and
essentially upper semicontinuous, it clearly satisfies (H1) and (H2). Moreover, we emphasize that the
essential upper semicontinuity cannot be obtained from any measurable function satisfying (H2), simply

modifying it on a set of zero Lebesgue measure.

As in Sections 2 and 3, let us define the functionals 2 and Flix o [0, 4+00) as follows

Fi(u,p) =

i

5’2*/ A(x)F(eu) dx if (u, ) € X and p = |[Vul?
0 .
0

otherwise in X

Fup) =T lim FA(u,p) .

e—0*t

In the sequel we shall prove the I'-convergence and the concentration results in the non homogeneous

case.

Theorem 5.1. Let A € L>°(Q) satisfying (H1) and (H2) and F : R — [0, +00) as in (2.3) and (2.4). Then
there exists the T -limit of the sequence {FA}, denoted by fA, and

+oo
?A(u,p) = FO/ A(z)|u|? da + SFZA(xi)u? /2 V(u,p) € X .
@ i=0

Proof. Let us denote

+oo
FAusi) = Fo [ A@ul® do 7Y e 2
Q i=0

Let us first prove the I't-limsup inequality, i.e.

(5.1) - limsup F2 (u, p) < FA(u, ) Y(u,p) € X.

e—0t

For every € > 0, let (ue, pe) € X with p. = [Vuc|? be a sequence such that (uc, u.) — (u, ) € X. By (3.1)
and (3.2), it follows that

“+o0
F(eu.)
2 Vv f:9+;%‘5m

with g € LY() and 0 < g < Fplul*” a.e. in Q and v; < SFM?*/z. Hence, by (H1)

limsup/ﬂA(x)F(gus) dz < /QA(x) dv < FA(u, p)

e—0 52*
and this gives (5.1).

In order to prove the inequality

I'*-lim inf FA(u,p) > FAu, ) V(u,p) € X

e—0
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we proceed as follows. We fix (u,p) € X. Without loss of generality, we may assume that the atomic part
of p is given by a single Dirac mass f190s,, with xg € Q and o € [0,1]. The general case follows trivially.
By (H2), we have that for every z € Q, every p > 0 and every n > 0, we can find an open set 2 #» which
is contained in the interior of the set {y € Q@ : A(y) > A(x) —n} and such that there exists zf, € Qf with

dist(z, zp) < p, i.e. 2 — x as p — 0T for every choice of 1 > 0.

Fix z = o, for every n € IN, set p, = 1, = 1/n, and consider the corresponding set {2, := Qf* and
the point z, := zf € Q,, such that d(z,,x¢) < 1/n. Set p, = |Vul> + I + puod,,, . Since x, — xo, we have
that g, — g in w*-M(Q) as n — +oo and hence (u, j1,) — (u, ). By Theorem 3.1 and Remark 3.2, given
n € IN, there exists a sequence {(u?, u?)} C X, with u? = |Vu?|?, such that (u?, |Vu?|?) = (u, ™), when
e — 0T, and

() EEE R s R, M@
(5.2) n
o Fe(eu?) 2* o2t
(i4) e Folul strongly in Li, .(2\ {zn}) .
This implies
FAu, pul) = (/‘A_ ::52*]£\Q fux)ﬁxaug)dx-+e*2*/£ A(z)F(eul) dx

>e” /Q\Q A(x)F(eul) dx + [A(zg) — %]572* /Q F(eul) dz .

n

Passing to the liminf as ¢ — 07T, taking into account (5.2) and the lower semicontinuity of measures on open

sets, it follows

(0= Timinf 72) (u, 1) = Fy / Al de + [Alzo) — *] / [Folul® da+ ST g 1%6,,]
E— Q\ n

n n

_ 2" 1 ul2 de F 1o
—Fo</Q\QnA(l’)|U dz + [A(zo) n]/ﬂ |ul d>+5 [Alzo) = ~luo ™ -

n

Finally, letting n — o0, taking into account the upper semicontinuity of the I'*-lim inf and using the fact
that |€2,| — 0, we obtain

@umygﬂmmz%/Amme+ﬁmmﬁw.
E— Q

The theorem is then proved. L]

Remark 5.2. Clearly ?A(u,u) < (max A) ST and the equality is achieved at least when (u, ) = (0,d,,),

with 2 a maximizer of A in Q, i.e.

max ?A(u,u) = (max A) SF
(u,p)eX

Hence, if we define
SEA = sup {FA(u) : we Hy(Q), [Vulre) <1}

then, by Theorem 5.1 and the properties of I't-convergence, it follows that S — (max A) SF.

Finally, we have the following concentration result.

17
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Theorem 5.3. Let (uc, ) € X, with p. = |Vuc|?, be a mazimizing sequence for F2. Then, for ¢ — 0T,
it concentrates at a single point, which is a maximum of A in Q; i.e. (ue,p:) — (0,04,), with To among
the mazimum points of A in Q. Moreover, every mazimum point of A is the concentration point of some

Marimizing Sequence.

Proof. Note that, for every (u,u) € X, we have
(5.3) fA(u,u) < (max A) F(u, p) < (max A) S¥
and ?A(O, 8z,) = (max A) ST when g is a maximizer of A.

Assume, by contradiction, that there exists (u,u) € X such that (u, p) # (0,04,), with o a maximizer
for A, and ?A(u,u) = (max A) SF. Then, by (5.3), it follows that F(u,u) = S, and this implies, by
Theorem 3.1 and Lemma 3.6, that (u, x) = (0, d,,). By the hypothesis, zq is not a maximizer for A, hence

FA(0,6,,) = A(zo) ST < (max A) §F

which is a contradiction. The thesis is then accomplished. ]

6. ASYMPTOTIC EXPANSION

In [12], a second order expansion of SE with respect to ¢ is given. Namely, the authors prove that
(6.1) SE = gF <1 - %wgo ms%n’Tg €2 + 0(62)>
with the constant w., defined by

2(n

e F(wy)
2
(6.2) Woo = — o inf {lklg_il_rolf - K ()

dr {wk}GBF} ;

where K (r) is the fundamental solution of —A, B is the class of maximizing sequences for S consisting of
radial functions, and 7g, is the Robin function of €2, i.e. the leading term of the regular part of the Green’s
function of €, evaluated in every = € Q.

This expansion together with a sharp estimate of [, F(euc)dx for any concentrating sequence {u.}
permits to identify the concentration point as the minimum of the Robin function.

The main idea, as usual in this framework, is to construct maximizing sequences by modifying the
ground states for S, i.e. the maximizers of the corresponding problem in JR". Thus, a crucial point is the

accurate study of the behaviour of these extremals, given in the following theorem.

Theorem 6.1. (sece, [13, Lemma 2]) Let w be an extremal for ST, then:
(i) either w >0 or w < 0;
(ii) there exists a ball By, (xo) (we may assume xo = 0) such that w is a radial function outside this ball;

(iii) if we assume that w > 0, then the function r — w(r) is strictly decreasing on (rg,+00) and

(6.3) w(r) =W (r)(1+0(72)) . w'(r) = WoK'(r)(1+ 0(r™?))
for r — 400, where ( ) Flw)
9 2n-—1 W) g -
We =S [ il

(i) w(r) < Cr?2=", F(w(r)) < Cr=2" and

/ |Vw|? do < CR*™ | / F(w) de <CR™™
R™\BR(0) R™\Br(0)

for every R > 0;

(v) if F is non-decreasing on R* and non-increasing on R~ , then B, (0) = {w = maxw}.

18
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Clearly, if w is an extremal for ST, then w2, < W2. In order to obtain (6.1), it is necessary to require

a further assumption on the integrand F'. Namely, the following condition
(6.4) 0 < Weo < 400

is assumed. In particular, it is verified by the volume functional (F(t) = X{>13(t)), while it is not in the
critical case F(t) = [t|*". Nevertheless, we can easily construct a function F with critical growth satisfying

(6.4), for instance

It|> ifo<t<1;
F(t) =3 2t|* ifl<t<?2;
|t]Z ift>2.

Assumption (6.4) has an influence on the behaviour of the sequences in BY'; in particular, in [12, Theorem
3], it is proved that it is equivalent to the fact that no sequences of B concentrates at 0 and there exists a

radial extremal for S¥.

Remark 6.2. Using the generalized version of the Concentration Compactness Alternative of P.L. Lions
(see Theorem 2.2), one can deduce that, among all extremals of ST, there exists one function, say w, with
optimal decay at +oo (i.e. (6.3) holds with W, replaced by w,). In fact, w can be obtained as the limit of

a compact sequence in B on which the infimum in (6.2) is attained, and this implies that

2 _ 2
wi, =W .

In this section, we shall interpret this result of asymptotic expansion in terms of I'T-convergence, in order
to extend it also to the non homogeneous case, taking advantage of the properties of I'*-convergence. This
will be done in Theorem 6.8, under some additional assumptions on the coefficient A. Those assumptions
may be not optimal. However, in the general case, the result is not always true, as shown in Example 6.6.

In order to avoid further difficulties, in the sequel we always assume that  is a regular bounded open
subset of IR"™, even if in [12], the authors consider the general case, with a suitable definition of the Green
and the Robin functions in the whole of Q.

It is well-known that the Green function with pole at zy of a regular bounded open set €2 is defined by
G5, (@) = K(j& — xo]) — H(z, zo)
where H is the solution of
AH(-,29) =0 in Q
H(-,x0) = K(]- —zol) on 0N
and the Robin function is defined by
Ta(z) = H(x,x) .

By its definition, the Robin function turns out to be continuous in 2. Moreover, since {2 is regular, 7q
diverges to +o0o approaching the boundary; hence, in particular, 7o always admits a minimum point in
Q. We recall that a minimum point of the Robin function on  is called a harmonic center of Q and the

harmonic radius rq is defined by the relation K (rq) = ming Zg. This, in particular, implies ro > 0.
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Let us now define the following functionals:

e / F(eu) dz — ST
0

if (u, 1) € X, p=|Vuf?,

He(u, p) = g2
SF
-—— otherwise in X |
€
. —n’jngoTQ(xo)SF if (u, ) = (0,04,) and xg €
H(u, p) = {
—00 otherwise in X .

Using this notation, the result proven in [12] reads as follows.

Theorem 6.3. Assume 0 < wo, < +00. There exists the T -limit of the sequence of functionals {H.} and
r- lllgl+ He (’U,, IU/) = ﬁ(”? /1’) V(’LL, M) €exX.
E—

The proof is essentially contained in [12]. Indeed, the first condition

() Y (wepe) > (wpr)  Hlu,p) 2 limsupHe (ue, pe)
follows by [12, Part 1 of Theorem 17], while the second one
(i1) 3 (e, 1) = (u,pt), s.t. H(u, p) < ligl_}glfHE(ﬂs,ﬁg)
can be obtained taking into account [12, Remark 21]. Nevertheless, in order to underline the structure of the

optimal sequences, we will sketch the proof of (i7), following the lines of Step 1 in the proof of [12, Theorem
17].

It is clearly enough to consider (u, u) = (0,04,), for any g € Q. Let r(xg) (simply r) be defined by the
relation K (r) = To(xo). Since Tq(xo) is finite, this implies 7 > 0. For every € > 0, define
(6.5) R.=¢ ooy and re=¢ "Ir.
Let w be a radial extremal for ST, with optimal decay, as in Remark 6.2. We define the comparison function
W. € H}(Bg.(0)) by We = w in B,_(0) and AW, = 0 in Bg_(0) \ B,_(0). It follows that
(6.6) / F(W.) dz > S —o(¢?) and HVWEH%Q(Q) <1+ wi To(zo)e® + o(e?)

Br.(0)

1

(see [12, Section 6]). Hence, set A. = 1 + w2 T (20)e® + 0(£2), sc = Ac " * and W.(|z|) = W.(2l). Then

Se

W. € H}(B,_g.(0)) C H:(Bg.(0)), HVWEHLQ(BRE (o)) < 1 and, by (6.6) and a change of variables, we get

(6.7) / PO do = / FOW.) dz > ST(1 — — w2 To(w0)e? + o(e2)) .
Br.(0) Bo.r. (0) n—2

Let U.(z) = Wg(s_%m) This is a radial function and hence there exists ¢. : [0,+00) — IR such that
Us = ¢ 0 Gy, where Gy denotes the Green’s function of B,.(0) with pole at zero. Thus we can define the
harmonic transplantation of U, with respect to (2 and zg as u, = ¢. o Ggo, where Gg}o is the Green’s function

of © with pole at zg (see [2]). This transformation preserves the Dirichlet integral and
(6.8) / Plu) dz > / F(U.) dx .
Q B,.(0)

By construction, the sequence of functions ., defined by %, = u./e, is such that (u.,|Vu.|?) € X and
(e, |Ve|?) = (0, 04,). Finally, by a change of variables and taking into account (6.7) and (6.8), we deduce

(i4).
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Remark 6.4. This procedure gives an almost explicit construction of an optimal sequence. Indeed u. =
g1 ((bs ) Ggo) and ¢. can be deduced by the definition of U, as follows. Since

w (g—§ %) if |x| < scer,
_2* |z
Us(z) = We (e . S) = _w(re) [s" 2K (|2]) — K (r)] if s.e7r < |2] < sor,
& e 1 K(r)—K(r)
0 if SETS ‘I| Sra

with v = W, at least in the interval (0, K (s.e7r) — K(r)), the function ¢. is piecewise affine. More
explicitly
0 if0<t<K(s.r)— K(r),

(6.9) ¢:(t) = w(re)
eI K(r) — K(r)

[s07%0 4 (s272 = 1)K ()] if K(ser) — K(r) <t < K(s.e7r) — K(r),

where, for ¢ — 0, K(s.r) — K(r) — 0 and K(s.e7r) — K(r) — +00.

This fact will be the crucial point in the proof of Theorem 6.8. Moreover, it permits to conclude that

the level sets of u., namely the level sets of the Green function, are “almost” circles.

Remark 6.5. Since the maximum of H is reached when z( is a minimum point of the Robin function 7gq,
as a consequence of Theorem 6.3 we obtain, in particular, that the maximizer sequences of F. concentrates

at a harmonic center of €.

As we saw in the previous section, the inhomogeneity of the functional ?A plays a strong role in the
choice of the concentrating points. Already at the first order, they have to be a maximum point of A. In
this section, we investigate if the geometry of the set 2 has an influence in the choice of the concentration
points among all the maximizers of A. In some cases, this fact will be highlighted by means of a second
order expansion, which will be deduced by Theorem 6.3.

The following example shows that, in general, the behaviour of the coefficient A(z) near its maximum
points could affect the order of the convergence of the optimal sequences and hence the order of the second

term in the asymptotic expansion in I'T-convergence of .7:54.

Example 6.6: Let A(x) =1 — |z|%, with a € (0,400), and Q = B1(0) C R™. Assume that

0 if t<1;
F(t):{1 ift>1.

Then
sup{F A (u, ) : (u,p) € X} = sup{s*Q*/ A(x) dx : B CQ, capg(B) <&} .
B

Since the functional is radially symmetric, by the properties of the capacity, it easily follows that

max{F2 (u, 1) ¢ (u,p) € X} = 5_2*/ A(z) da
B, (0)
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where B,_(0) is the optimal sequence for the volume functional and p. ~ X Hence,

1 . -2"|B,.(0)] — SV 1
- 72 / Alx) de — SV | = e | ps(z ) ~ —5rar / |z|¥ dx
¢ By (0) € € B, (0)
—92* 1% e —2" _ gV
= (8 BPZ(QON -5 ) _ €2€2* /p pn—1+a dp — (E BPEE(QO)l S ) _ CE 727:)t4;2a
0

which does not diverge if and only if a > n — 2.

In particular, if « > n — 2, the inhomogeneity does not change the optimal sequences. Then, the second

order expansion in I'N-convergence can be computed using the result in the homogeneous case.
In the case oo = n — 2, even though the order remains the same, the I'"-limit does not.

Finally, for a« < n — 2, the exact order of the second term in the asymptotic expansion will be strictly

less than two.

Remark 6.7. Let us note that in the example above the threshold for the exponent « is strictly related
with the behaviour of the integrand F at zero. Indeed, in a similar radial case (A(xz) = 1 — |z|%), one can

see that, if F(t) ~ [t|P, p > 2%, as t — 0, the dependence on z does not affect the optimal sequences if

2p(n—2)
o > p—2—2%"

Having in mind this example, we can prove a result similar to the one in Theorem 6.3, under some

additional hypothesis on the coefficient A. To this purpose, let us define the following functionals

5_2*/ A(x)F(eu) dx — (max A)S*
Q : _ 2
H?(U, /J) — £2 if (uvﬂ) € Xa n= |V’U,| )
F

—% otherwise in X ,
—a - w?_(max A)Tq(x0)S” if (u, ) = (0,8,,) and zp is a maximizer of A |
Ho(up)=4 n—2

—00 otherwise in X .

Theorem 6.8. Assume that A € L*°(Q)) satisfies conditions (H1) and (H2) of previous section. Assume
also that the set B={x € Q : A(x) = max A} is the closure of an open set. Then

- lim K ) =H (w ) V) € X

Proof. We have to prove that, for every (u, ) € X, it follows

(i) for all sequences (uc, utc) — (u, i), we have

H () > limsup M (ue, 1)

e—0

(ii) there exists a sequence (., fic) — (u, 1), such that
ﬁA(u, w) < lim i(glf HA (U, Jic) -
E—
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The inequality () is trivially satisfied (see Theorem 6.3).
In order to prove (ii), we proceed as follows. Let g be a point in the interior of B (i.e. A(z) = max A)

and { (e, fic)} be a sequence such that (., i) — (0,d,,) and

lim inf He (1, ic) > H(0, 0 ) -
By Remark 6.4, it is possible to choose
(6.10) U = e ¢ 0GY)

with ¢. the piecewise affine function defined in (6.9). Hence,

52*/9\3[14(96) — A(xo)]F (et dx 5—2*/914(330) F(eti.) da — (max A) S

H? (aav /75) = ) + o2

> —(max A) 2% / F(eu.) dx + (max A)He (e, fie) -
O\B

The thesis will be accomplished, if we prove that

lim ¢~ 27% F(eu.) de =0
e—0t O\B

To this purpose, let us fix A sufficiently large in such a way that T := {G?O > A} C B (which is possible
since {G§}, > A} C {K > A}). When ¢ is small enough, we have K (s.r) — K(r) < A < K(s.e7r) — K(r) and
by (6.10) we have

/ F(eu.) dx < / F(eue) dz
Q\B Q\Tx

< 052*/ [u.|?" do = C/ |6 (G)* da
Q\T)\ Q\T)\

. W o . .
<C (NP do < O ——7mmy | [s272A+ (5272 = DE () [Q\ Ta[e*
o\ 1 —¢g2/(n-1) € €
A
where we used (i77) of Theorem 6.1. This implies
g2 F(eti) do < Ce 27222 L0,

O\B
and concludes the proof of (i), when xg belongs to the interior of B.

If zq € OB \ 09, the thesis follows by the upper semicontinuity of the I'*-limit and the continuity of
the Robin function in the interior of Q. Finally, if xqg € B N 012, the Robin function diverges to +oo and
hence the inequality is trivially satisfied. This concludes the proof. L]

The previous theorem gives, in particular, that the maximizers of F4 concentrate in the minimum

points of the Robin function among the maximizers of A in .
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