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Abstract

In this paper, we define the concept of first eigenvalue for a class of
fully nonlinear operators modelled on the p-Laplacian operator but not in
divergence form. This can be done through the Maximum principle as in [2].
Existence of a first eigenfunction and estimates are given.

Résumé

Dans cet article nous définissons la notion de premi ‘ere valeur pro-
pre pour des opérateurs completement non linéaires sur le modele
du p-Laplacien, mais non sous forme de divergence. L’argument
utilise le principe du maximum dans l‘esprit de [2]. L’existence
d’une premiere fonction propre et d’estimations afférentes sont
données.

1 Introduction

Let Lu = tr(A(z)D?u) where A(x) is a positive definite matrix satisfying mI <
A(x) < MI for some positive constants m and M. If Q is a bounded smooth
domain of RY, it is well known that there exists A such that:

e There exists a positive function ¢ satisfying

Lo+Xp=0 inQ
p=0 on 0f).

Furthermore ) is the smallest eigenvalue of —L and hence :



e For any A < X and for any f € LY () there exists a unique u such that

Lu+Xu=f in(Q
u=>0 on 0f).

(see [15]).

Let us recall that L + X\ satisfies the mazimum principle in €2 if any solution
of Lu + Au < 0 in © which is positive on the boundary of € is positive in .

The first eigenvalue of —L in ) is characterized by the fact that it is the supre-
mum of the value A such that L 4+ ) satisfies the maximum principle in Q. (See
Protter and Weinberger when L is the Laplacian and Berestycki, Nirenberg and
Varadhan [2] for general second order operators in general domains.)

On the other hand if Lu := Ayu := div(|Vu|P~2Vu) the value

- Vulr
)\:infifQI i

Jo lul?
has been called the first eigenvalue for —A, even though strictly speaking it is not
(see e.g. [1, 21]). All the same X has the required properties of the eigenvalue:

e There exists a positive function ¢ satisfying

App+ APt =0 inQ
p=0 on 0f2.

e For any A < X and for any f € LP(2) there exists a unique u such that

Apu+ANufP?u=f inQ
u=>0 on 0f2.

It is important to remark that the higher order term and the zero order term are
homogeneous of the same degree and that the definition of A is related to the
variational nature of the p-Laplacian.

In this paper we introduce a notion of first eigenvalue for fully nonlinear opera-
tors which are non variational but homogeneous. Following Berestycki, Nirenberg
and Varadhan [2] this so called eigenvalue will be defined through the mazimum
principle but it will have the feature of the “eigenvalue” of —A,,.

Indeed we consider fully nonlinear elliptic operators Lu := F(Vu, D?u) which
may be singular or degenerate (as the p-Laplacian) that satisfy
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(F1) F(tp, pX) = [t|*uF(p, X), ¥t € R, p € RT, a > —1

(F2) a|p|*trN < F(p, M + N) — F(p, M) < A|p|*trN for 0 < a < A, « > —1 and
N > 0.

The class of operators satisfying (F1) and (F2) is large and includes
F(Vu, D*u) = |Vu|*M, a(D*u)
where o > —1 and M, 4 is one of the Pucci operators.
F(Vu, D*u) = Ayu

with & = p+ 1. In [3] many examples of operators satisfying (H2) are given.

Of course the right notion of solution in this context will be that of viscosity
solution (see [9]) suitably adapted to our contest. Let us remark that even if u is
C?, when a < 0 F(Vu, D?u) is not define for Vu = 0.

Before going into details, let us mention that a certain number of interesting
papers have appeared that treat viscosity solutions for equations involving the p-
Laplacian. In fact in [18, 19] Juutinen, Lindqvist and Manfredi opened the way to
this topic. We would like to emphasize that in those papers the point of view is
really on the p-Laplacian and the variational structure of the p-Laplacian is used.
This is not the case here since the operators we consider are fully nonlinear.

The first key ingredient is the following:

Theorem 1.1 Suppose that Q is a bounded open piecewise C* domain of RY.
Suppose that for X € R there erists a function v > 0 such that F(Vv,D?v) +
M\t <0 in Q. Then, for T < )\, every viscosity solution of

F(Vo,D?%) + 7|o|% > 0 in Q
o <0 on 0f)

satisfies o < 0 in Q.

When 7 < 0 this result was obtained in [3] for the operators considered here,
of course for a large class of elliptic operators see [9] and the references therein.
It is well known that to prove maximum principles or comparison principles for
viscosity solutions one needs to double the variables and consider the function
¥(z,y) = u(z) —v(y) + é(x, y) where ¢ is an appropriate C? function (see [9]). On
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the other hand here instead of considering a difference of sub and super solutions
we consider the ratio of v and sigma.
This theorem allows us to define

A=sup{A€R, T ¢>0 inQ, F(Vep, D*¢)+ A\p*T < 0 in the viscosity sense }.

In other words if we denote by I,(u) = |u|®u, X is the supremum of the value A
such that F' 4+ A, satisfies the maximum principle in 2. The main aim of this

paper is to convince the reader that it is correct to call X the first eigenvalue of —F
in €.

Clearly the set
E={0eR, 3¢6>0 inQ, F(Vo,D*¢) + A¢*"" <0 in the viscosity sense }
is an interval; in fact it is an interval which is bounded from above since

Proposition 1.2 Suppose that R is the radius of the largest ball contained in the
bounded set 2. Then, there exists some constant C' which depends only on N and
«, such that

- C

A < Rat+2°

The value A has the following features that justify the name of eigenvalue:

Theorem 1.3 There exists ¢ a continuous positive viscosity solution of

F(V¢,D*¢) + X\p*T1 =0 in Q
p=0 on 0f2.

Furthermore

Theorem 1.4 For A < X if f < 0 in Q and bounded then there exists a unique u
nonnegative viscosity solution of

F(Vu,D*u) + Mt =f inQ (1.1)
u=>0 on 0f). ’

Let us notice that in order to prove the Theorems 1.3 and 1.4 we need to obtain
some estimates which are interesting in their own right:



Theorem 1.5 Suppose that f is a bounded function in Q then if u is a bounded
nonnegative viscosity solution of F(Vu, D*u) = f in Q, it is Holder continuous:

u(z) = uly)| < Mz —y|".

In [17], among other results, Ishii and Lions prove Holder and Lipschitz esti-
mates for a class of second order elliptic operators that do not include the operators
considered here but the proof of Theorem 1.5 is inspired by [17].We also obtain lo-
cal Lipschitz regularity using the Holder regularity of the solution. See also [7] for
Holder’s regularity for solution of degenerate elliptic operators.

In the case @ = 0 Holder’s regularity is proved by Caffarelli Cabré with a
different proof that requires Harnack and Alexandrov-Bakelman-Pucci estimates.

After the completion of this work we learned that the eigenvalue problem for
Pucci’s operators has already been treated; this would correspond to the case a = 0
here. An initial work concerning the radial case was completed by Felmer and
Quaas [13] then Quaas treated the case of general domains [23]. Later the work
was completed by Busca, Esteban and Quaas in [5]. In this interesting paper they
denote by p] the eigenvalue here denote ), but they also define

py =sup{p, I <0in Q: M7, (¥) + up > 0}.

This could be done in our case as well but we have limited ourselves to positive
solutions. On the other hand, a priori estimates for M;’ 4 have been given in
[6] that allow them to take solution in W>". These estimates are not known for
singular operators. They also consider interesting bifurcation problems.

Let us mention some open problems:

e Simplicity of the eigenfunction. The first eigenfunction ¢ is simple for
linear second order elliptic operators, for the Pucci’s operators and for the
p-Laplacian, it would be interesting to know if this is true also in the case
treated here i.e. suppose that ¢ > 0 is another eigenfunction does this imply
that there exists t € IRT such that ¢ = t¢?

e Fredholm alternative By the definition of A if f < 0 in {2 then there are
no positive solutions of

F(Vu,D*u) + AMul*+1=f inQ
u=2>0 on Of).

Is it still true if f < 07 are there solutions that change sign?



e )\ is isolated. Suppose that A + e\ > \. Is it possible to prove that there
exists a solution of (1.1) if ¢ is sufficiently small?

In the next section we state the precise hypothesis on the fully non linear
operator F' and we give the notion of “viscosity solution” adapted to the operators
considered here. In the third section we prove the maximum principle (Theorem
3.3) and a comparison principle. In the fourth section we give global Holder and
local Lipschitz estimates for the solutions. Finally in the last section we prove
different existence results including that of a first eigenfunction. Some properties
of the distance function are proved in the appendix.

Acknowledgment: This work was completed while I. Birindelli was visiting
the University of Cergy-Pontoise with the support of the Laboratoire d’Analyse,
geometrie et Modelisationa and of CNR-~ Short term program 2004, she would like
to thank both institutions.

2 Preliminaries

Let a be some real number, & > —1, and let F' be a fully nonlinear and singular
or degenerate operator

F(Vu, D*u)

where F': RN — {0} x S, S is the set of symmetric matrix in IRY, and we consider
the following hypothesis

(H1) F(tp, pX) = |t|*uF(p,X), Vt € R, p € RT, @ > —1 and F(p,X) <
F(p,Y) for any p # 0, and X <Y.

In most of the paper the operator satisfies also the following hypothesis

(H2) a|p|*trN < F(p, M + N) — F(p, M) < Alp|*trN for 0 <a < A, o > —1
and N > 0.

When only (H1) is required it will be stated explicitly.
Let us recall that (H2) implies

p|* M (M) > F(p, M) > |p|*M, 4(M),

where, if e; are the eigenvalues of M



MIA(M) :aZei—i-AZei and

e; <0 e; >0
M;A(M):AE ei-l-ag e
e; <0 e;>0

are the Pucci operators (see e.g. [6]).

Remark 2.1 Let us observe that if F' satisfies (H2), G(p, X) = —F(p, —X) satis-
fies (H2). With this remark, defining

A~ =sup{p,3 ¢ <0 ,F(Vo,D’¢) + p|g|*¢ > 0}

and observing that 5\__ = MG) one gets symmetrical results to those enclosed in the
sequel for the value .

We need first to extend the definitions employed in [3]. Let us recall first the
definition of viscosity continuous sub or super solutions for operators that satisfy
(H2) and hence may be singular when Vu = 0.

It is well known that in dealing with viscosity respectively sub and super solu-
tions one works with

u*(z) = limsup u(y)
yly—a|<r
and
uy(z) = liminf u(y).
yily—az|<r
It is easy to see that u, < u < uw* and u* is uppersemicontinuous (USC) u, is
lowersemicontinuous (LSC). See e.g. [9, 16].

Definition 2.2 Let Q be an open set in RN, then v bounded on Q is called a
viscosity super-solution of F(Vv, D*v) = g(z,v) if for all zg € Q,

-Either there exists an open ball B(xy,d), § > 0 in Q on which v is constant
and equal to ¢ then g(x,c) >0

-Or Vo € C%(Q), such that v, — ¢ has a local minimum on xy and V(zy) # 0,
one has

F(Vo(xo), D*p(20)) < g(xo, vs(w0))- (2.2)
Of course u is a viscosity sub-solution if for all ¢ € €,
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-Either there ezists a ball B(zg,9), 6 > 0 on which u is constant and equal to c
then g(x,c) <0,
-Or Yo € C%(R), such that u* — ¢ has a strict local mazimum on zy and

V(xg) #0, one has
F(Ve(xo), D*¢(0)) 2 g(o, u*(z0))- (2.3)

See e.g. [8] and [11] for similar definition of viscosity solution for equations with
singular operators.
For convenience we recall the definition of semi-jets given e.g. in [9]

@) = {(p,X) € RN xS, u(z) < u(@) + (p,z — ) +

+ %(X(ac — %),z —Z)) +o(jz — z|*)}

and

J7u@) = {(p,X) € RN xS, u(x) >u(®) + (p,z —7) +

+ %(X(ac — %),z —I)) + o(|z — Z|*}.

In the definition of viscosity solutions the test functions can be substituted by
the elements of the semi-jets in the sense that if (p, X) € J> u(Z) then ¢(x) =
u(Z)+ (p,z — )+ 35(X(z — ),z — Z)) is a test function for a super solution u at Z
and similarly if (g, Y) € J>*u(Z) then o(z) = w(Z)+{g,z—2)+ (Y (r—2),2— 1))

2
is a test function for a sub solution u at 7.

3 Maximum principle and comparison results

As we pointed out in the introduction, we want to generalize the concept of eigen-
value for the Dirichlet problem in a bounded domain 2 associated to the operator
L(u) = F(Vu, D?u) satisfying (H2) . It will be defined following the main ideas
introduced in [2] for uniformly elliptic operators.

In the introduction we have defined the eigenvalue A. In view of the definition
given in the previous section the correct definition of the set E becomes

E={\eR, 3¢, ¢,>0inQ, F(Vo,D*¢)+ A ¢*"" <0 in the viscosity sense }.
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Throughout the paper we shall denote

A=supF.

Remark 3.1 Of course E is non empty, since 0 obviously belongs to E. Moreover,
if \€ E, every N < X is also in E.

The next proposition proves that A € IR*. In the last section we shall prove that
A plays the role of the first eigenvalue.

Proposition 3.2 Suppose that R is the radius of the largest ball contained in 2 and
suppose that F' satisfies (H2). Then, there exists some constant C' which depends
only on a, A, N and «, such that

- C

A < Roa+2°

This proposition is a consequence of the maximum principle stated in the following
Theorem and Lemma 3.5 below.

Theorem 3.3 Suppose that 2 is a bounded open piecewise Ct domain of RY.
Suppose that T < X and that F satisfies (H1), then every viscosity solution of

F(Vo,D%) + 1lo|*¢ >0 in Q
<0 on 0N)

satisfies o < 0 in ).

Remark: In this theorem we don’t require F to satisfy (H2), but only (H1).
An immediate consequence of Theorem 3.3 is

Corollary 3.4 Suppose that F satisfy (H2). If A < X and F(—p,—X) = —F(p, X)
then every solution of

(3.4)

F(V6, D) + Ng°¢ =0 in Q
¢=0 on 02

which is zero on the boundary, is identically zero.
Let A\t ={) e R, 3¢, ¢, >0inQ, [Vo|* M ,(D*¢)+A*"" < 0 in the viscosity sense },
then for any A < A\t the solution of (3.4) is zero.
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Proof: In the first case, both ¢ and —¢ are solutions of the equation and this
implies that they are both negative. In the general case the hypothesis on F' implies
that ¢ is a subsolution of

[V3|* M 4(D*¢) + Alg|*¢ > 0 in Q, (3.5)
and hence ¢ < 0. On the other hand ¢ is a supersolution of
[V3|* M 4(D*¢) + A|g|*¢ < 0in Q,

and therefore —¢ is a supersolution (3.5) and —¢ is also negative. This conclude
the proof.

Lemma 3.5 Suppose that Q2 = B(0, R), and let ¢ = g—ﬁ and

Let F satisfy (H2). Then there exists some constant C which depends only on a,
A, N and « such that

—F(Vo, D%) C
O—a+1 — Ra+2

sup
z€B(0,R)

Proof of Proposition 3.2. Suppose that Theorem 3.3 and Lemma 3.5 hold. Without
loss of generality we can suppose that B(0, R) C Q. We shall prove that

- —F(Vo, D?

A< sup —( (11 ) =T,

z€B(0,R) o
by Lemma 3.5 this ends the proof.
Suppose by contradiction that 7 < A and let u = ¢ for |z| < R and 0 elsewhere.

Then one would have

F(Vu, D*u) + 7|u|*u > 0 in Q.

Indeed, for |z| < R, u is a solution by the definition of 7, for |z| > R the
definition of viscosity solution gives the result immediately and for |z| = R all the
test functions have zero gradient and so they don’t need to be tested. Now since
u = 0 on 052, this would imply by Theorem 3.3 that v < 0 in 2, a contradiction
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with the definition of o which is positive inside the ball. This ends the proof of
Proposition 3.2.

Proof of Lemma 3.5 :
Let g(r) = o(|z]). The computation of ¢'(r) gives ¢'(r) = 7?7t — r9 1 R? and

g"(r) = (2¢ — 1)r*** — (¢ — 1)r'°R".

1

1

Clearly ¢’ < 0 while ¢” < 0 for r < (4=~ )" and positive elsewhere. Hence by
Yy g g 2q—1

condition (H2) and using the fact that for radial functions the eigenvalues of the
!/

Hessian are 2 with multiplicity N-1 and ¢” (see [10]),
T

N -1

F(Vo,D%) < |¢g'[*M{ , = |g']° [ag"(r) + a(

or

N
F(Vo,D%) < |¢° M, = Ig° [Ag"(” el
In both cases

F(Vo,D%) < |g'|*r72(Byr? — ByRY)

with either By = a(N +2¢q — 2) and By = a(N + ¢ —2) or
By =A(2g—1)+a(n—1) and B, = A(g— 1) + a(IN — 1). Hence one gets:

F(Vo, D?%) < rdle+tl)—a=2(_pB rd 4 By RY)

0—a+1 = (Rq _ ,r.q)a—l—Q
Let
(—Bqu + BgRq)
p(r) = —
(Rq — 7"1) +

since q = 3—13 one has that

F(Vo, D%)

— < sup ¢(r).

It is easy to see that sup ¢(r) = 5.
This ends the proof of Lemma 3.5.
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Proof of Theorem 3.3. We assume that 7 < A. Then taking A such that
T < X < A, there exists v, a viscosity sub solution of

F(Vv, D*v) + \o't®* <0 in Q,
with v, > 0 in €. Suppose that o is a viscosity solution of
F(Vo,D%) +1lo|*¢ >0 in Q,

and ¢ < 0 on 9€2. We need to prove that o < 0 in €). It is sufficient to prove that
0* < 0. Using the definition of viscosity solutions one can assume without loss of

generality that 0 € USC(2) and v € LSC(£2) and hence drop the stars.

Let us suppose by contradiction that % has a positive supremum inside ).
For some ¢ > 2 let us consider the function

PR A
vil@y) v(y) qv(y)| y

which is uppersemicontinuous. Then 1); also has a positive supremum achieved in
some couple of points (z;,y;) € Q. One easily has that (z;,y;) — (7,%), T € Q
which is a supremum for ¢. One can also prove that j|z; —y;|? — 0, and that Z is
a continuity point for o. For that aim remark that

o(x;) = La; =yl _ o(@)

v(y;) — u(@)

and using the lowersemicontinuity of v on T together with lim %|xj — yj|? = 0 one
gets
liminfo(z;) > o(7).

Assume for the moment that z; # y; for j large enough. Take j large enough
in order that

“\14+a
o(xj)l“La 2 30(37)
4
e ' (@) (A =1
I o< 0@ *A—T1
q“ll“] y]| — 4A

Using ¢,(z,y) < ¢,(z;,y;), one gets that
o(@)o(1;) — o) (o(xj) ~ s, - w) <o)ll-ur @9
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We now define _
J
Bi = o(z;) — §|33j -y

and then after some simple calculation (3.6) becomes

(0@ + ) — olz) — gl — y; | (25 — yj-2)) v(y;) +

- (v<y ) = vlyy) — s — 47 — yj.y>”(§;)) 5 (3.7)

J J ) _
< v(y;) <§|37j +a—y —yl? - 5|l"j —y;|7 = jlzj — y,? 2(%’ —yj,fb“—y)) .

We define the functions

U(z) = (o(z + z;) — o(z;) — jlz; — y| % (z; — yj.2)) v(y;)
and

V@):_(wy+w)—Mw)—ﬂ%—ymﬂmﬁ_wyﬂ%?>@

then (3.7) can be written:
Ux) +V(y) < (z,9)A(z,y)
with
D. —D,
A = ju(y; ( J J )
and

_ - (¢ —2)
Dj =277q|w; — ;|7 <I+ Ix-_y-|2(xj_yj)®(mj_yj) '
J J

Then using theorem 3.2’ in [9] one gets that there exist X, and Y; such that

. _ X;
<J|$j—yj\q Yz —y5), —~ ) € J>to(x;)

U(yj)
and ( ) v
. B v(y;) =Y _
<J|$j—yj|q (x; —y;) By; ,5—]’) e J> u(y;)

with, for some € > 0.
X, 0 9
< .
(O Yj)_A-l—sA
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In particular
X;+Y; <0.

We can conclude using the fact that v and o are respectively a super and a sub
solution and the properties of F'. Precisely we have obtained

a . - X;
—ro(z;)" < F(jla; — y;l? 2(963'—?/]'),0(;,))
J
< F(ila; — 517 (a; - vy), L)
B v(y;)
[t . o(y;) —Y;
U(yj)1+a (| J Jl (] ]) ﬂ] BJ)

< SABTY = = Ao(ay) - 5\%’ — 5]

This gives a contradiction, indeed by passing to the limit the inequality becomes

—70tH(Z) < — Aot (7).

It remains to prove that z; # y; for j large enough. If one assumes that z; = y;
one has

o(e;) > o(a) = |a; — af’
and .
ju(z;)|z; — x|
qo(z;)
In that case one uses Lemma 2.2 in [3] to get a contradiction. This ends the proof
of Theorem 3.3.

v(z) > v(e;) -

Let us recall that in [3] for A = 0 we give a comparison principle for continuous
viscosity solutions. It is not difficult to see that it can be extended to bounded
viscosity solutions. We now prove a further extension adapted to our context.

Theorem 3.6 Suppose that A < X\, f < 0, f is upper semicontinuous and g is
lower semicontinuous with f < g and

- etther f < —c <0 1w Q,

- or g(Z) > 0 on every point T such that f(z) = 0.
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Suppose that there exist v nonnegative viscosity sub solution of
F(Vu, D*u) + 't = f

and o nonnegative viscosity super solution of
F(Vo,D%0) + Xo'™™ > g

satisfying o < v on 0.
Then o < wv in (.

As a consequence one has

Corollary 3.7 Suppose that A\ < ), there exists at most one nonnegative viscosity
solution of

F(Vv,D*v) + '™ = f in Q
v=>0 on 0f)

for f <0 and continuous.

Proof of Theorem 8.6 First using the strict maximum principle (see [4] ) one
gets that F'(Vv, D*>v) < 0 v > 0, and since v is not identically zero, v, > 0 in Q.
Without loss of generality one can assume that o and v are respectively USC and
LSC.

Suppose by contradiction that ¢ > v somewhere in 2. The supremum of the
function £ on 02 is less than 1, then its supremum is achieved inside €. Let z be

a point sﬁ}ch that
o) _ 0 o@)
v(T)  geq v(2)

Doing exactly the same construction as in the proof of Theorem 3.3 we similarly
get :

1<

. _ X
9(x;) = Ao ()™ < F(jlzy -y (@5 — yy), v(y]]_))
gite : 2 v(y;) =Y,
< WF(JM —y|* (w5 — y;) /Bjj ,ﬁ—jj)
gite
< =BT+ Wf(yj)-
J
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Passing to the limit we obtain

@) < (2N j, 59

Either f(Z) = 0 and g(z) > 0. but this contradicts (3.8) or f(Z) < 0, and then
(3.8) becomes

0< @ [1 -(23) ] < 5@ - 9(@) <0

also a contradiction.
This conclude the proof.

4 Holder and Lipschitz regularity

In all this section we assume that F satisfies (H2) and Q is a C? bounded domain.
Suppose that u is a viscosity solution of

u=0 on 0. (4.9)

{ F(Vu,D?u)=f in{
Theorem 4.1 Let f be a bounded function in Q. Let u be a non negative viscosity
solution of (4.9) with Q a C* domain. Then for any v € (0,1), there ezists C > 0,
such that
u(z) —u(y)| < Clz —y[.

Using the result of Theorem 4.1, one obtains the following stronger result :

Theorem 4.2 Let u be a non negative viscosity solution of equation (4.9), then u
is locally Lipschitz continuous when f is bounded.

Proof of Theorem 4.1: The proof relies on ideas used to prove Holder and
Lipschitz estimates in [17].

First we will prove that u is Holder near the boundary using the regularity of
the boundary and of the distance function near the boundary.

Let d(z) be the function d(z,09) = inf{|z — y|, for y € 002}.
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Claim: 36 > 0, there exist M, > 0, 1 > v > 0 and 7 such that u(z) < M,d(x)”
ford(z) <6 .
In order to prove the claim we need to show that g(z) = d(x)” is a super solution
of (4.9) in
Qs ={z € Q,d(z,00) < 6}.

It is well known (see [12, 14, 20]), that d is C* on (5 for § small enough since
0 is C%. Furthermore the C? norm of d is bounded. Then for § small enough and
d(z) <4,

F(Vg,D?%g) < y'ted0@t=a=2)(y 1 4 ¢d(2)|D?d(1)|o) < —€ < 0

for some constant ¢ which depends on a and A and some constant £ > 0 which
depends on v, N, a and 0f).
We now define M, such that

M,5" > sup u and M,;"* > %
INsNQ €

By the comparison principle (Theorem 3.6) u* < M,d(x,09)" in s and the
claim is proved.

We now prove Holder’s regularity inside (2.
We construct a function ¢ as follows: Let M, and v be as in the Claim, M =

sup(M,, Z22%) and ®(z) = M(ja]").

We shall consider

As = {(x,y) € QQ? |‘T - y‘ < 5}
Claim 2 For any (z,y) € A
u(2) — ui(y) < (z —y) (4.10)

If the Claim 2 holds this completes the proof, indeed taking r = y we would
get that u* = u, and then v is continuous. Therefore going back to (4.10)

2supu
I

u(z) —u(y) < lz =y,

for (z,y) € As which is equivalent to the local Holder continuity.

Let us check first that (4.10) holds on dA;s. On that set,
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- either |z — y| = § and then u*(x) — u,(y) < M§7 since M7 > 2supu,
-or (z,y) € (02 x ). In that case, for (z,y) € (2 x 02) we have just proved
that
u*(z) < Myd” < My — z|”.

Now we consider interior points. Suppose by contradiction that u*(z) — us(y) >
®(z — y) for some (x,y) € As. Then there exists (Z,y) such that

u*(Z) — ul(y) — ©(Z — §) = sup(u™(z) — ui(y) — B(z —y)) > 0.
Clearly  # 3. Then using Ishii’s Lemma there exists X and Y such that
(YM(z - g)lz — g *, X) € J* u*(2)

(YM(z — )|z — g7, =Y) € J> u.(y)

X 0 < B -B
0O Y, -\ -B B
and B = D*®(z — ).

In particular tr(X +Y) < 0. We need a more precise estimate, as in [17]. For
that aim let :

with

(T-7y®z—7)
7 — g
Remarking that X +Y < 4B, one easily sees that tr(X +Y) < tr(P(X +7Y)) <

4tr(PB). But tr(PB) = yM(y — 1)|z — ]2 < 0, hence

0<P:= <.

[tr(X +Y)| > 4yM(1 —y)lz —g|" % (4.11)

Furthermore by Lemma III.1 of [17] there exists a universal constant C' such
that . .
(X1 Y[ < CO(ltr(X +Y)| + | B2 [tr(X +Y)[?).

Now we can use the fact that u is both a sub and a super solution of (4.9) and
applying (H2) condition

f(z) F(Vy®, X)
a|V@|%tr(X +Y)+ F(V,®,tr(-Y))
f@) + [V 2*tr(X +Y).

IANIAIA
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Which implies, using (4.11),

a|Vo@|*4yM(1 - 7)|z — g < f(5) - f(2).
Recalling that |V,®| = yM|z — y|"~" the previous inequality becomes:

aMT (L = ) — gD <9 (112
Using M > Q(S:;—f“) and |Z — gy| < § one obtains

a(2sup u) T4yt (1 = 7)67 0D < 9| f|o.

This is clearly false for 6 small enough and it concludes the proof.

Proof of Theorem 4.2. The proof proceeds similarly to the proof given by Ishii and
Lions in [17] but here we shall use the fact that we already know that u is Holder
continuous.

We assume without loss of generality that in hypothesis (H2) a = A = 1.

Let p be an increasing function such that p(0) = 0, and p(r) > r, let I(r) =
for ds Os @da, let us note that since u > 0 for r > 0

I(r) < rl'(r)

Let 7o be such that I(rg) = £, M such that Mrq > 4sup |u|. Let also 6 > 0 be
given, K = ", and z be such that d(z, 9) > 24.
We define ¢(z,y) = ®(z —y) + L|z — 2|F where ®(z) = M (K|z| — (K |z|)), and

A, ={(r,y) e R¥ xR, |z — y| < §, |z — 2| < 6}.

We shall now choose all the constants above.
Choosing k such that k > — where 7 is such that v €]0, 1] and
2y

[u(r) —u(y)| < clz -y,

for some constant ¢ which depends on u and 7.
Choosing M and L such that M > 28:% and L = c6F7, using the Hélder
continuity of u, one has

u(z) —u(y) < ¢(z,y)
on 0A,.
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Suppose by contradiction that for some points Z, 3 one has

u(z) — u(y) > ¢(7,9)-

Clearly z # y. Note that
Lz — 2|f < ¢z — 7.

Proceeding as in the previous proof, there exist X, Y such that

(MK((z —9)|z—g/7' Q1 - U'(K|z — §|)) + kL|z — 2" *(Z — 2), X) € J>Tu(z)
and

.’f—g ! = = o 2,7u—
22T UK - ), -Y ) € I uly)

The matrices X and Y satisfy

(1)< )

(¢

with B = D?p(z,y) and

= kL|z — 2*~2 <1+(k—2)(f_z®‘f‘z)>.

|z — 2

Let us note that X + Y — L < 4B and then

tr(X +Y — L) < 4tr(PB)
with

This allows to have :

MK p(K|z — 7))
|z — ]

Furthermore, as in the previous proof, one has

tr(X +Y — L) > > MK?.

Y| < C(|BI2[tr(X +Y = L)|? + [tr(X + Y — L)|).
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Let us note that

Bl= g
and that
oW r—=y o,
Vep(z) = MK (1 —l'(K\w—y\))‘j 7 + kL|Z — 2" (z — 2).

We can now use
Lz — 2" = (L|7 — 2/*)F LF < (c6")F (0" F)F = O0(6") = o(K)
so that for K large enough

MK
2MK > |Vyp| > o
Then, using the fact that u is both a sub and a super solution, there exist some

universal constants ¢, ¢, c3, such that

- 1 ~o1
(MEK)*tr(X+Y = L) < o(MK)*'L|z - z|k_lﬁ(|tT(X +Y - L)|2) +
Tr—y|2
+ (MK)*L|Z — 2[F ttr(X + Y — L) + f(§) — f(Z) +
+ o|MK|*L|z — z|*2.

We shall now prove that for K large enough this is absurd by obtaining the following
estimates :

[K1] Llz — 2"~ = O(8"?) = o(K?)
o [ Vagp|*Htr (X +¥ - L)

N[ =

[K2] L|z - 7 < o(1)|Vop|*ltr(X +Y — L)
-y
or equivalently
|z — 2" 2\1 2
[K3] LT@\% o(1)|Vap|(K%)z = o(1) K*.




IN N

[
20 0

We have obtained

Veol®tr(X +Y — L -
Vel |r(2+ )| < |Vaploltr(X +Y — L)

< 2sup|f|+0(1)|Vap|®[tr(X +Y — L)| + o(1)|Va|* +
+o()K|tr(X +Y — L)|2|V,0|®
< |Vepl*[tr(X +Y — L)| + o(1) K*| V4|

CKa+2

which is a contradiction for K large.
We have proved that for all z such that d(z,02) > 2§ and for y such that
lz—y| <6

< 2supM|x—y|'

u(z) —u(y) <

The local Lipschitz continuity is proved.

To 5

5 Existence results

5.1 The case A < \

In this subsection we shall prove the esistence of solutions via Perron’s method by
constructing explicitely a positive super solution.

Theorem 5.1 Suppose that f is bounded and f <0 on Q. Then, for A < X there
exists u a nonnegative viscosity solution of

F(Vu,D*u) + Au*=f inQ
u=20 on 0f).

Furthermore u is unique.

To prove this theorem, we need the two following propositions
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Proposition 5.2 Suppose that f is bounded, f < 0 and A € IR. Suppose that there
exists v1 > 0 and ve > 0 respectively sub solution and super solution of

(5.13)

F(Vv,D*v) + \w't* = f in Q
v=20 on 02

with vi < ve. Then there exists a viscosity solution v of (5.13), such that v; < v <
vy. Moreover if f < 0 inside ) the solution is unique.

Proposition 5.3 For any f bounded and non positive in S, there exists a unique
viscosity solution w of

(5.14)

F(Vw,D*w)=f inQ
w=20 on 0f).

Of course w is nonnegative by the maximum principle and Hélder continuous.

By Proposition 5.2, Proposition 5.3 will be proved if we construct a sub and
super solution for (5.14). Since the null function is clearly a sub solution, it is suffi-
cient to construct a viscosity solution u of F/(Vu, D*u) < —1 which is positive and
zero on the boundary, then multiplying by the right constant we get the required
super solution of (5.14).

In the next lemma we construct such a super solution:.

Lemma 5.4 Let Q be a bounded C? domain in RY. Let d(z) = d(x,08) be the
distance to the boundary. Then there exist k € N, v € (0,1), and 8 > 0 such that

@) =8 (1~ )

s a viscosity super solution of
F(Vu, D*u) < —1.

The proof of this lemma is postponed to the appendix together with some
properties of the distance function, while the proof of Proposition 5.2 is at the end
of this section.

Proof of Theorem 5.1
For A < 0, one can apply directly Proposition 5.2, since 0 is a sub solution for
(5.6) and the solution constructed in Proposition 5.3 is a super solution.
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We now treat the case A > 0.
We define the sequence u,, = T} (0) where T (u) is defined as the unique viscosity
solution of

Tf(u) =0 on 0S.

Proposition 5.3 implies that Tu is well defined.
By the comparison principle and the maximum principle for F' in [3], u, is
increasing and nonnegative. We want to prove that it is bounded. Suppose not,

{ F(VTs(u), D*T¢(u)) = f — Aurt®  in Q

then w,, := Iu?lloo satisfies
ul-l-a f
F(Vw D?w +)\( n ) = )
(Vitnn, Do) + A\ 1 e ) =
Furthermore
1+a 1+a
U, U, f f
F(Vwy1, D*w +/\w1+a=/\< ntl ___n >+ > .
(Vetna, Domia)$ 20t = A 1 1 ™ a9 ) a2 = T 20
Clearly
Y B B PV
[Unt1 5@ ung |3 [Untalade| — | [3de
. u1+a
SlnC@OSWSl.

We can now apply the Holder estimates in the previous section and this implies
that the sequence w, is relatively compact in C(£2).
Extracting a subsequence from (w,) and passing to the limit one gets in par-
ticular
F(Vw, D*w) + Aw't* > 0.

Moreover w = 0 on the boundary .

We are in the hypothesis that A < X hence we can apply the maximum principle
and conclude that w < 0. We have reached a contradiction since w > 0 and
|w|e = 1.

We have obtained that the sequence u,, must be bounded. Since it is increasing
and bounded it converges and the convergence is uniform on Q, by the Hélder
estimates. Using the properties of uniform limit of viscosity solutions one gets that
the limit u is a nonnegative solution of

F(Vu, D*u) + Mu't® = f.
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Proof of Proposition 5.2 : The proof relies on the Perron’s method applied to
viscosity solution by Ishii (see [16]).
Let us define

v =sup{v; < u < g, u is a viscosity sub solution of (5.13)}.

We want to prove first that v* a sub solution. Let u, be an increasing sequence of
sub solutions, v; < u, < v, u, converging to v.

Suppose first that v is equal to a constant C on a ball B(z,r). Since C' > 0, it
is a sub solution.

We now treat the points where v is not locally constant. Suppose by contradic-
tion that Z and ¢ are such that V(z) # 0 and

(v —=p)(z) < (v —p)(T) =0,
and that there exists r > 0 with

F(Vg, D*0)(@) + Ap(z) ™ < f(z) — .
Let § be small enough that for |z — y| < ¢, the following inequalities hold

|F(V, D*p)(y) — F(Ve, D*p) ()] <

bl

=3

()T — p(2)H < —

©)

One can assume that the supremum of v* — ¢
as > 0 with

n 7 is strict, so that there exists

sup (v — ) < —ay.
=220

Finally take N large enough in order that by the simple convergence of wu, (%)
toward v(Z) one has

then

sup (u, — 9)(z) > e
jo—3/<6 —/26 lo—2/26



Furthermore the supremum is achieved inside B(Z, d), on some z,. Then one has

f(@) =1 > F(Ve,D*0)(z) + Ap(z)'

F(V, D*¢)(xn) + Ap(z,)* —
3r

flon) =5 2 f@) -

AVARRAV]

r
2

AV

a contradiction.
We now prove that v, is a super solution. If not there would exist z € 2, > 0
and ¢ € C*(B(z,r), with Vo(z) # 0, satisfying

0= (vx — 9)(T) < (s — ¥)(2)
on B(Z,r) such that
F(V, D?0)(Z) + \p(T)1+* > f(T).

We prove first that ¢(Z) < v2(Z). If not one would have p(Z) = v,(Z) = v2(Z)
and then

(v2 = @) (2) = (ve = ©) (@) = (vx — 9)(7) = (v2 — ¢)(2) =0,
hence since vy is a super solution and ¢ is a test function for v, on z,
F(V, D*p)(z) + Mp(z) ™ < f(2),

a contradiction. Then ¢(Z) < vy(Z). We construct now a sub solution which is
greater than v and less than vs.
Let € > 0 be such that

F(Vg, D*)(7) + Ap(2)' " > f(2) +e.

Let § be such that for |z —Z| < ¢

|F(Vo,D*0)(z) — F(Vo,D%0)(Z)| + | f(z) — f(Z)| + Alp(z)'+* — (z)'1?] <

&
4
Then -

F(Vip, D*¢)(x) + X' (2) > f(x) + 7.
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One can assume that
(v — ) (@) > |z — 3"
We take 7 < 6* and such that 0 < r < infj,_z<s(v2(x) — ¢(z)) and define

w = sup(p(x) +7,v,)

w is LSC as the supremum of two LSC functions.

One has w(z) = ¢(z) +r, and w = v for r < |z — Z| < 4.

w is a sub solution, since when w = ¢ + r one can use ¢ + r as a test function,
and since p(z) > 0,

F(V, D%p)(x) + Alp(e) +1)'* > (F(Vip, D%0) + A" ) (@) > [ + 2.

Elsewhere w = v, hence it is a sub solution. Moreover w > v, w # v and w < g.
This contradicts the fact that v is the supremum of the sub solutions. Using Holder
regularity we get that v is Holder and hence v* = v,.

5.2 The case A = \.

Theorem 5.5 Let L be as in the previous section. Then, there exists ¢ > 0 in §2
such that ¢ is a viscosity solution of

F(V¢,D%¢) + Ap't* =0 in Q

¢=0 on 0f2.
Moreover ¢ is y-Hélder continuous for all v €0, 1] and locally Lipschitz.
Proof of Theorem 5.5

Let A\, be an increasing sequence which converges to . Let u, be a nonnegative
viscosity solution of

F(Vug, D?*uy) + Mult® = -1 in Q
U, =0 on 0f).

By Theorem 5.1 the sequence u,, is well defined. We shall prove that u,, is not
bounded. Indeed suppose by contradiction that it is. Then, by Holder’s estimate,
one has that a subsequence, still denoted u,, tends uniformly to a nonnegative
continuous function u which is a viscosity solution of

F(Vu, D*u) + 't = —1.
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This contradicts the definition of . Indeed v > 0 and one can choose & small
enough that B
F(Vu, D*u) + (A +e)u'™* < -1+ eu't* < 0.

We have obtained that the sequence |u,|s — +00. Then defining w,, = et
one has
f

‘un|1—|—a

F(Vwy, D*wy,) + Awlt® =

and then extracting as previously a subsequence which converges uniformly, one
gets that there exists w, |w|, = 1 and

F(Vw, D*w) + Aw'™® = 0.

The boundary condition is given by the uniform convergence. Clearly w is Holder
and locally Lipschitz continuous.

6 Appendix: Properties of the distance function.

In all this section € is a bounded C? domain in IRY. For completeness sake we
shall study the regularity of the distance function at points x € {2 for which the
distance to the boundary is achieved by one single point of the boundary. See e.g.
[12, 14, 20] for other interesting results on the distance function.

We shall denote the elements of Q by (2/,2y) € RY~! x IR. Without loss of
generality we can suppose that (0,0) € 92 and that z, = (0,d) € R ' x R is at
the distance d to 02 and that (0, 0) is the unique point of 02 at which the distance
is achieved.

Always without loss of generality we can suppose that there exist a neighbor-
hood V of (0,0) € RY , r > 0 and a function a € C3(B'(0,r)) (the ball of center 0
and radius r in RY~1) such that

NV ={(z,a(z"), ' € B'(0,r)}.

And we can suppose that the unit interior normal to 02 at (0,0) is ey, which
implies that Va(0) = 0. In the rest of the section we shall consider this setting.

Lemma 6.1 In the above hypothesis
1
D?a(0) < 8I,

(where I denotes the N — 1 dimensional matriz identity, in the sense of positivity
of symmetric matrices.)
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Proposition 6.2 In the same hypothesis there exists a neighborhood Vy of (0,0)
in 0Q x IR on a neighborhood V of x, such that Vx € V| there exists one and only
oney € Vy such that

|z —y| = d(x,090).

Moreover the map x — y(x) is C* in this neighborhood.

Proof of Lemma 6.1
Since (0,0) is the unique point on the N — 1 surface xy = a(z’), at which the
distance is achieved, we get for |2/| < r

(0 —2',d— a(z")|* > d° (6.15)
Using .
a(z') = 5(D%a(0)a', 2") + o([z*),

(6.15) implies that
|2'|> — d(D?a(0).2', 2") > C|2'|* + o(|z[?).
This gives the required result.

Proof of Proposition 6.2.
We define a map on a neighborhood of (0, d) as follows

U:B0,r)x(d—%d+%) — Q
) — (y—t— —t ).
1) — W=t a(y) + L)
We want to prove that this map is invertible around (0, d), since

D?a(y) < (1/d)1.

For that aim we introduce

XI:y— Va’(y) -

(14 |Val|?)?
Xy = aly) + ———
N T vap)t
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and we prove that the Jacobian is non zero on (0,0). A simple computation gives

0X; Qi 10,500k
9y, (1+|Val): (14 |Va

2)%

for all 4,j € [1, N — 1], and

8XN o t(—a,ka,kj)
o =0T T s
9y; (1 +|Val?)>
8XZ _ Va
ot (1+ |Val?)2
0Xy 1

ot (1+]|Va]r)z

From this one gets using Va(0) = 0 that the Jacobian at zy = (0, d) has the value
of the determinant of the N — 1 dimensional matrix I — d(D?%a)(0). The previous
lemma implies that this determinant is strictly positive. Hence in a neighborhood
of (0,d) the map 9 : (y,t) — (X', Xu) is invertible by the local inversion theorem.

Precisely there exists a neighborhood V; of (0,d) such that for any z € V;
there exists a unique y = y(x) € B'(0,7) and a unique ¢ such that: d(z) =t =
|z — (y(z),a(y(x)))|. Clearly y(z) is differentiable and

Vy(zy) = (I — dD%a) .
This ends the proof .

Corollary 6.3 The distance d is C? around every point x on which the distance

s achieved in a unique point of the boundary . Moreover in our setting at x, the
eigenvalues of D*d are 0 and the eigenvalues of (D?*a)(I — dD?a)™".

Proof of Corollary 6.3. We still consider the geometry and the notations of the
proof of Proposition 6.2. It is easy to see that for z = (2, zy)

y(x) =2’ = (25 — aly(z)) Va(y(z)).

This will allow us to compute explicitly D?d. Indeed, one gets

Vy(z) =1 - (znx — a(y))D?a.Vy + (Va ® Va).Vy.
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Hence, in particular for z, = (0,d) with a(0) = 0 and Va(0) = 0 therefore
Vy(z,) = I — dD?*a.Vy(zy).
Recalling that

Vd(r) = (&'~ y(@), 7~ aly(2))
then
D)= 3 (17 TV ) - e o) @ (0 - (a)

where Vy.Va = a;y,,. Then if z, = (0,d), Va =0
D?*aVy 0 1
D2d(z,) = ( ovy 0 ) - T, @,
d

where D?a(y)Vy is the usual product of matrices in IR¥N~'. Clearly D?d(x,)z, = 0
so one of the eigenvalue is 0, while for any xz; = (z/,0) one has

D*aVya!
D2d(m0)x1 _ ( CLO Yyry ) )

Using the fact that Vy(x¢) = (I —dD?a(0))~! we get the result, choosing z/ as an
eigenvector of D?a. This conclude the proof.
For completeness sake let us recall that

Proposition 6.4 Suppose that x € ) is such that the distance d to 0S) is achieved
at least on two points. Then the set J>~d(z) = (.

Proof of Proposition 6.4.

Suppose that £ = 0 and let y; and y, be two distinct points in 9€2 such that
d(0,00) =d = |0 —y;| = |0 — yo|. It is sufficient to prove that J*>~d?(0) is empty.
Suppose that a and A are in IRY x SV such that for all z in a neighborhood of 0

d®+ax+' rAz < d(z,00)?

In particular this must be satisfied for all z = ty; and |t| < r small enough. This
implies in particular

& + t(a.y1) + t*(Ays, 1) < ‘1ﬁ§(|ty1 —u1l? Ity — ya?)

In particular one gets first
(@)t < —2d*t
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which implies a.y; = —2d? and secondly one has

(a-y1)t < =2(y1.92)t

which implies that (a.y;) = —2(y1.y2) = —2d?, a contradiction since y; # y, implies
that y;.ys # d°.

Proposition 6.5 Let Q be a bounded open C? domain in RY . Then for all constant
B < 0 there exists a function u which is a viscosity solution of

F(Vu,D?*u) < finQ
U =0 on 0f)

u = 0 on the boundary.

Proof of proposition 6.5 According to the previous proposition, it is enough to
consider a point  where d is achieved on only one point z,. Hence we can consider
that the setting is the one considered in the previous propositions.

Let K > diam$). Then d < K. Let v €]0,1[ and let k£ be large enough to be
chosen later. We construct the following function

1
ue) =1 Ty

Clearly u = 0 on the boundary, u is C? on the points where d is achieved on a
unique point. One has

kyd'1Vd
VT Ty
and
) kyd 2 ¢ ") D?
D2y = T3 a7 [(y=1—=(k+2—9)d")Vd® Vd+d(1+d")D].

We need to evaluate the eigenvalues of D?u. Using the fact that D?dVd = 0, we
obtain that

D*u.Vd = M(V —1—(k+2—7)d")Vd
' (1 + dv)k+2 ’
hence %(7 —1— (k+2—v)d") is a negative eigenvalue of D?u. While for
x; = (z},0) with z! being an eigenvector of D?d with corresponding eigenvalue \;

Eyd =l N

2 _
D u.xqy = (1+d7)k+11—d/\,~x1'
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Choosing \; to be the greatest eigenvalue of D?a(0), we obtain that

M+AD2u < kyd™

= (14 d)k+2 1—dx

[a(*y— 1—d"(k+2—7))+ AN —1) Al d(1+d7)}
and using that d(1+d?) < (1+ K?)K'7d"

A1
1—d\

M D < 14 g
aaDu< ——c—la(y—1)—=d" |a(k+2—-7) - AN - 1)

L ) (1+ KV)KH)] :

We choose k such that
A1
1—d\

Recalling that |Vd| = 1, that v € (0,1) and y(a+1) — (+2) < 0 we have obtained
that

alk+v—2)>2 (A(N -1) ‘ 1+ K7)K17) :

F(Vu,D%u) < |Vul*M] D%
(k,y)a+1d7(a+1)—(a+2) 1
(1+d7)a(k+1)+k+2 5(7

< 1= d'(k+2—7)) < B <0.

This conclude the proof.

Lemma 6.6 Let u be a positive bounded function inside 2, u = 0 on 0N2. Then,
for all z € 02 such that u is not locally constant around z, there exists C > 0 and
T € Q, such that (2C(z — z),—CI) € J> u(Z)

Proof

Suppose that C' > ( d?:‘g;z’i)z and consider

inf {u(z) + C|z — 2|’}
e
Let Z be a point on which the infimum is achieved. If Z € 02, this contradicts

the definition of C'. Moreover since u is not locally constant around z the infimum
cannot be achieved on z. Then one has for all z

u(z) > u(z) +20(z — &,2 — 7) — Clr — 7|2
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