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Abstract

We introduce a Kac’s type walk whose rate of binary collisions preserves the total momentum
but not the kinetic energy. In the limit of large number of particles we describe the dynamics
in terms of empirical measure and flow, proving the corresponding large deviation principle.
The associated rate function has an explicit expression. As a byproduct of this analysis, we
provide a gradient flow formulation of the Boltzmann-Kac equation.
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1 Introduction

The statistics of rarefied gas is described, at the kinetic level, by the Boltzmann equation.
It has become paradigmatic since it encodes most of the conceptual and technical issues in
the description of the statistical properties for out of equilibrium systems. In the spatially
homogeneous case the Boltzmann equation reads

9 fi(v)dv = f/r(v’, v,; dv, duy) f; (V) f; (v)) dv’ dv),
(1.1)
— fi(v)dv //r(v, vg; dv', dv)) f; (vs) duy,
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where f(v)dv is the one-particle velocity distribution, v, vy (resp. v', v}) are the incom-
ing (resp. outgoing) velocities in the binary collision and r is the collision rate. In the
classical case the collision rate is concentrated on the set of velocities satisfying the con-
straints of momentum and energy conservation v + v, = v’ + v} and V]2 + v =
[v'|?+4|v, |2, and it satisfied the detailed balance condition M (dv) M (dv,)r (v, vy; dv’, dv)) =
M (dv' )M (dv))r @', v; dv, dv,), where M (dv) is the Maxwellian.

In the pioneering work [13], Kac derived (1.1) from a stochastic model of N particles,
interacting via binary collisions satisfying the conservation of the energy. This result can
be seen as the law of large number for the empirical measure of the microscopic dynamics.
In particular, Kac’s result established the validity of the Stosszahlansatz. We refer to [19]
for further developments and references. The analysis of the corresponding fluctuations,
in the central limit regime, has been carried out in [20-22]. Regarding the large deviation
asymptotics, we point out that while the law of large numbers depends on the validity of the
Stosszahlansatz with probability converging to one as N — oo, the large deviation principle
requires that it holds with probability super-exponentially close to one for N large. It is
therefore a non trivial improvement of the Kac’s result. The first statement in this direction
has been obtained in [15], where a large deviation upper bound is proven. In [18] a large
deviation result has been derived for a stochastic model in the setting of one dimensional
spatially dependent Boltzmann equation with discrete velocities. A main issue behind the
proof of large deviation lower bound is to establish a law of large number for a perturbed
dynamics, proving in particular the uniqueness of the perturbed Boltzmann equation, which
in general fails.

Regarding the Newtonian dynamics, in view of the previous discussion, the validity of a
large deviation principle is a most challenging issue. The general structure of the rate function
associated to the Boltzmann equation for hard sphere is discussed in [7]. A derivation from
Newtonian dynamics is presented in [6], see also [S5] for a comparison of the rate function
derived in [6] with the one proposed in [7].

We focus on the large deviation principle for Kac-type spatially homogeneous models.
Beside the empirical density, it is convenient to introduce another observable, the empirical
flow, which records the incoming and outgoing velocities in the collisions, i.e., letting N
the number of particles, Ng¢;(dv, dv,, dv’, dv}) dr is the number of collisions in the time
window [¢, 7 + d] with incoming velocities in dv dv, and outgoing velocities in dv’ dv},. In
particular, the mass of the empirical flow is the normalized total number of collisions. The
empirical measure and flow are linked by the balance equation

3 fi(v)dv = /[%(dv’, dv}; dv, dv,) + ¢, (dv', dv); dvy, dv)
(1.2)

—g;(dv, dvy; dv’, dv;) — gy (dvy, dv; dv/, dv;)],

which expresses the conservation of the mass. The idea of considering the pair of observables
empirical measure and flow has been exploited in the context of Markov processes in [3,4,12].
In this setting the rate function relative to the pair empirical measure and flow has a closed
form, and it is equal to I(f,q) = Io(fo) + J(f, q), where Iyp(fp) takes into account the
fluctuations of the initial datum and the dynamical term J is given by

r dg, fi
It = | a {dq, log ~2 _ dg, +dg } (13)
0 dg/i
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where ¢/ (dv, dvy, dv/, dv)) = 1 £(v) f(vs) dv dver (v, v, dv', dv)). By projecting J on
the empirical density f(v)dv one recovers the variational expression for the rate function
obtained for the empirical measure in [7,15,18].

The rate function (1.3) has a simple interpretation in terms of Poisson point processes. Let
{Z"} be a sequence of Poisson random variables with parameters N A. By Stirling’s formula,
for N large

P(Z" = Nq) ~ exp{—NIq log(q/A) — q + A1}.

Therefore, for N large the statistics of the collisions in the Kac’s walk can be thought as
sampled from a Poisson point process with intensity Ng/, where now f and ¢ are related
by the balance equation (1.2).

Here we implement this program for a model of N particles, interacting via stochastic
binary collisions satisfying the conservation of the momentum, but not of the kinetic energy.
Such a model is relevant, as example, in the case of a molecular gas when the internal
degrees of freedom are disregarded. We do not assume a detailed balance condition and the
corresponding Boltzmann-Kac equation is of the form (1.1). We prove the large deviation
upper bound with the rate function introduced above. The proof of the matching lower
bound is achieved when ¢ has bounded second moment. From a technical viewpoint, the
advantage of momentum conservation with respect to energy conservation is the linearity of
the constraint, which allows to use convolution in the approximation argument for the lower
bound. We also derive the variational formula for the projection of the rate function on the
empirical measure.

In the context of i.i.d. Brownians, the connection between the large deviation rate function
and the gradient flow formulation of the heat equation is discussed in [1], see also [2,17] for
the case of i.i.d. reversible Markov chains. Here we derive a gradient flow formulation for the
Boltzmann-Kac equation from the large deviation rate function (1.3). On general grounds, a
gradient flow formulation of evolution equations is based on the choice of a pair of functions
in Legendre duality. In [10] it is shown how this pair can be chosen so that the Boltzmann-Kac
equation is the gradient flow of the entropy with respect to a suitable distance on the set of
probability measures. As we here show, the choice in [10] is not the one associated to the
large deviation rate function. Instead, analogously to [2], in the formulation here presented
the non-linear Dirichlet form associated to the Boltzmann-Kac equation plays the role of the
slope of the entropy.

2 Notation and Main Result
Kac Walk

For a Polish space X we denote by M (X) the set of positive Radon measures on X with
finite mass; we consider M (X) endowed with the weak* topology and the associated Borel

o -algebra.
Given N > 2, a configuration is defined by N velocities in R?. The configuration space
is therefore given by Xy := (RN . Elements of Ty are denoted by v = (Vi)k=1...N>

with vy € RY. The Kac walk that we here consider is the Markov processes on Xy whose
generator acts on continuous and bounded functions f: ¥y — R as

1
Inf = {_Z}Lf,-f
i,j
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where the sum is carried over the unordered pairs {i, j} C {1, .., N},i # j, and

Lijf (@)= / r(i, vy dv', [T ) - )],
Here

voifk=i
vl . . .
(Tij v)k = v, ifk=

vr otherwise.

and the collision rate r is a continuous function from RY x R? to M(R? x RY). Finally, the
scattering rate 1. R4 x R — R, is

A, vy) = /r(v, vg; dv', du)). 2.1)

We assume that r satisfies the following conditions in which we set ¥ := {v + v, =
v 4 vl) € (RY? x (RY)2,

Assumption 2.1 (i) Conservation of momentum. For each (v, vy) € R? x R? the measure
r(v, vy; ) is supported on the hyperplane {(v/, v,) € RY x R : v/ + ), = v + v,}.

(ii) Collisional symmetry. For each (v,vy) € R? x R? the scattering kernel satisfies
r(v, v dv/, dv)) = r(vs, v; dV/, dv)) = (v, vy; dvy, dv').

(iii) Non degeneracy of the scattering kernel. There exists a density B: ¥ — R such that
r(v, vy, dv', dv)) = B(v, vy, w') dw’, where w’ = (v/ —v.,)/+/2. Moreover, there exists
co > 0 such that B(v, vy, w') > ¢ exp{—co |w’|?}.

(iv) Gaussian tails. There exists C < +o00,n > 0, y € [0, 2) such that for any v, v, € R4

/dw’ B, vs, w)e"' < C(1 + v = va]").

(v) Point-wise bound. There exists a constant C < oo such that B(v, vy, w') <
CeCUvP+lusP+w' )

We remark that we do not assume balance conditions. Observe that item (iv) implies
A, v5) < C(+ v —vy]”). (2.2)

An example of a scattering kernel meeting the above conditions is B (v, v, w') = (1 + |v —
v*|)e_‘w/‘2.

We denote by (v(7));>0 the Markov process generated by Zy. Let Xy o = {v €
Ty: N7! dDivk = O} be the subset of configurations with zero average velocity, that it
is invariant by the dynamics in view of the conservation of the momentum. By the positivity
of the collision rate (see Assumption 2.1, item (iii)), the Kac walk is ergodic when restricted
to Xy ,0. We shall consider the Kac’s walk restricted to Xy 0.

Fix hereafter 7 > 0. Given a probability v on Xy o we denote by ]P’f,v the law of the Kac
walk on the time interval [0, T]. Observe that PY is a probability on the Skorokhod space
D([0,T]; ¥n,0). As usual if v = §, for some v € X o, the corresponding law is simply
denoted by IP’,I,V .
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Empirical Measure and Flow

We denote by Z2(R?) the set of probability measures on R¢ with zero mean. We consider
20(R?%) as a closed subset of the space of probability measure with finite mean equipped
with the W) Wasserstein distance. Then Zo(R¢) endowed with the relative topology is a
Polish space. The empirical measure is the map 7V : ¥ N0 = P (R?) defined by

1 N
N e
(@) = ?:1: 8y, 2.3)

Let D([0, T1; Zo(R?)) the set of P(R¢)-valued c4dldg paths endowed with the Sko-
rokhod topology and the corresponding Borel o-algebra. With a slight abuse of notation
we denote also by N the map from D([O, Tl; EN,O) to D([O, Tl; ﬁo(Rd)) defined by

Nw) =2V @), €0, TI.

We denote by .# the (closed) subset of M([0, T'] x (R%)2 x (]Rd)z) given by the measures

Q that satisfy

0(dt; dv, dvy, dv/, dv)) = Q(dt; duy, dv, dv/, dv)) = Q(dt; dv, dvy, dul, dv').

The empirical flow is the map oN: D([O, T1; ZN,O) — ./ defined by

o (v)(F) = Z N AR TS TGRS NUTC A MVTCALD) B e X0
t]}k>l
where F: [0, T] x (R)? x (R%)? — R satisfies F(t; v, v, v/, v}) = F(t; vy, v, V', V)) =
F(t; v, vy, v}, V), and F is continuous and bounded, while (1',( J k=1 are the jump times of
the pair (v;, v;). Finally, v; (t—) = limg, v; (s).
For each v € Xy o with PY probability one the pair (7", Q") satisfies the following

balance equation that express the conservation of probability. For each ¢: [0, T] x R — R
bounded, continuous, and continuously differentiable with respect to time

T
¥ (pr) — 7 (po) — f de N (3:0)
0 (2.5)

+ f OV (dr; dv, dv., dv/, V) [ (V) + 1 (v) — b (V) — 3 (W))] =

In view of the conservation of the momentum, the measure QN (dt; -) is supported on the
hyperplane 7.

The Rate Function

Let . be the (closed) subset of D([O, T1: Po(RY )) x ./ given by elements (7, Q) that
satisfies the balance equation

T
7 (pr) — 7m0 (P0) — / dt (0, )
0 (2.6)

+ / 0(dr; dv, dv,., dv', dv))[¢ (V) + ¢ (V) — $ (V) — ¢, (W))] =
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10 Page 6 of 27 G. Basile

for each ¢ : [0, T] x RY — R continuous, bounded and continuously differentiable in
t, with bounded derivative. We consider . endowed with the relative topology and the
corresponding Borel o -algebra.

For r € D([0, T]; 25(R)) let Q™ be the measure defined by

1
07 (dt; dv, duy, dv', dv),) == Edl 77 (dv) 7, (dvy) 7 (v, vy; AV, dv)) 2.7
and observe that Q7 (dt, -) is supported on 7.

Definition 2.2 Let ., be the subset of . given by the elements (;r, Q) that satisfy the
following conditions:

() 7 € C(10, TT; Zp(RD));
(i) sup;eo.7) 7 (¢) < 400, where £ (v) = |v]?;

(i) Q0 < Q7.

Observe that by item (iv) of Assumption 2.1, condition (ii) implies that if (7, Q) € S
then Q7 is a finite measure. Moreover, by choosing positive functions ¢ not depending on ¢
in the balance equation (2.6) and neglecting the loss term we obtain

t
71(6) < 70(d) +2 / / 0(ds, dv, dv., dv/, dv))g ().
0

Since Q « Q7 and, by Assumption 2.1, item (iii), the marginal on v’ of Q7 is absolutely
continuous with respect to the Lebesgue measure, we deduce that 7y <« dv implies 7; < dv,
forany ¢t > 0. As aconsequence, also Q is absolutely continuous with respect to the Lebesgue
measure on [0, T] x V.

The dynamical rate function J : .¥ — [0, +00] is defined by

«[ 40 do do .
(T, Q) = /dQ [dQ” 8 G0 _(dQ” ~1)] i 0 € A .

+00 otherwise.

In order to obtain a large deviation principle, chaotic initial conditions are not sufficient
but we need that the empirical measure at time zero satisfies a large deviation principle.
Referring to [8] for a discussion on entropically chaotic initial conditions, we next provide
an example of a class of allowed initial data.

Assumption 2.3 Given m € ZH(R?) set uV¥ = m®" and choose as initial distribution of
the Kac’s walk the probability on Ty ¢ given by vV = u™ (- | > i vi =0). We assume that
m is absolutely continuous with respect to the Lebesgue measure and still denote by m its
density. We furthermore assume that there exists y > 0 such that

(i) [dvm(v)exply|v|*} < +o0;
(ii) the Fourier transform of m (v) exp{y|v|?} is in L' (R%);
@iii) m(v) > yexp{—%lvlz}.

Given two probabilities 1, u» € Zo(R?), the relative entropy H (w2 |p1) is defined as

H(uzlpy) = fd,ul,olog p, where duy = p dpg, understanding that H (ua|p1) = oo if
W2 is not absolutely continuous with respect to 1.
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Large Deviations for Kac-Like Walks Page70f27 10

Denoting by 7 the set of paths (7, Q) € . such that
f Q(dr; dv, dus, dv’, dv))|v + v ] < +o0, (2.9)

and letting /: . — [0, +00] be the functional defined by
I(z, Q) := H(mo|m) + J (7, Q), (2.10)

the large deviation principle for the Kac’s walk is stated as follows.

Theorem 2.4 Let vV as in Assumption 2.3. Then for each closed C C .5, respectively each
open A C .7,

1 N N AN :
ngnooﬁlogIF’UN((n , 0 )eC)S—lréf I,

1
lim — logPY ((x", Q") € A) > — inf 1.
N*)OON v Aﬂy;

The proof of the upper bound does not rely on item (iii) of Assumption 2.1. In particular it
holds also when the collision rate conserves the energy. Likewise, item (iii) in Assumption
2.3 is used only in the proof of the lower bound. We also remark that, if we replace item (iii)
in Assumption 2.1 by the condition [ dw’B(v, vy, WV PHYPT < (1 4 [u — vy]?), or
the collision 7 has non degenerate density on (R¢)*, the lower bound holds in the whole ..
As we show in Proposition 5.1, the projection of / on the empirical measure coincides with
the variational expression in [15,18].

3 Upper Bound

The upper bound is achieved by an established pattern in large deviation theory. We first
prove the exponential tightness, which allows us to reduce to compacts. By an exponential
tilting of the measure, we prove an upper bounds for open balls and finally we use a mini-max
argument to conclude.

Proposition 3.1 (Exponential tightness) There exists a sequence of compacts Ky C . such
that for any N

Piv (™. Q") ¢ Ki) < e

By standard compactness criteria (Banach-Alaoglu, Prokhorov and Ascoli-Arzela theorems),
the proof follows from the bounds in the next three lemmata.

Lemma3.2 Let ¢: R? — [0, 4+00) be the function ¢ (v) = |v|?. Then

B
lim Tim —1 IF’N( N >z):— . 3.1
ZJTMNiIEMN 08w tes[lol,pT]NI ©= > G-b
Lemma 3.3
lim  Tm — logPV (QN(l) > z) = —0 (3.2)
{—>+o00o N—>+00 N v ’ ’
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10 Page 80f 27 G. Basile

Lemma 3.4 Foreache > 0 and ¢: R? — R continuous and bounded

1
lim im - logP", ( sup 17N (@) — 7N ()| > g) — 0.  (33)
810 N>+oo N LA I l0.T] Hji—s|<8 ’

Lemmata 3.2 and 3.4 imply that if the large deviation upper bound rate function is finite
then SUpP;e[0,7] m:(¢) < oo and T € C([0, T], ﬂo(Rd)), i.e. w meets the conditions in
items (i), (ii) in Definition 2.2.

To deal with the initial conditions, as detailed in Assumption 2.3, we need the following
elementary statement whose proof is omitted.

Lemma 3.5 Pick ¢ € C(R?) such that m(e?) < +o0, and let mg be the probability on R4
defined by my(dv) = m(dv)e¢(“)/m(e¢). Then

¢
N ( NaN@)) _ o\ N In(0)
oV (M) = (m(e?)) o (34)

where f$ and fy are the densities of N~1/2 > ;i Vi with v; i.i.d. with law mg and m respec-
tively.

Proof of Lemma 3.2 Given y > 0 to be chosen later, let W(v) =y Y, |vg |2 and set
t
M = exp [W(w) — W(vo) —f dse™¥ Zye¥ ).
0

By e.g. [14, App. 1, Prop. 7.3], MY is a positive super martingale, in particular for any
bounded stopping time T and any vy € Xy o ]EUNO [Mg’] < 1. By simple computations, in
view of Assumption 2.1, item (iv), we can choose y > 0 such that there exists a constant ¢
such that for any N > 1

sup e*q'.,%ve‘l'(v) <c¢N.
vVEXNO

Set 7 ;= inf{t > 0: 7N ({) > ¢} A T, then
-1
IP{)VN< S[BlpT] rr,N(g“) > E) = IP’{}VN (‘[[ < T) = E\I)VN (M;Iz (Mgz) ][rz<T)
1€|0,

< EiVN (M;[; exp{ —y N+ V(vg) + chg})
< expl-N (e 1) [ @ exply 3 1),
k

To complete the proof we show that Assumption 2.3 implies that, possibly by redefining
y > 0, there exists a constant ¢ such that for any N

/duNeV Yi el < geN (3.5)

In order to prove this bound, we apply Lemma 3.5 with ¢ (v) = y |v|> 4+« - v, where « € R?
is chosen so that m, is centered. Observing that with vN -probability one 7N (y [v|2 4+« -v) =
ya N ([v]?), we get

¢
/vaeV il = (m(e¢))N 7fN(O)
Sn(0)
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By Assumption 2.3, the densities f ;f,’ and fy satisfy the local central limit theorem, see e.g.

[11, Ch. XV.5, Thm. 2]). In particular - log {(0) and - log fi (0) vanish as N — +oo.
The proof or (3.5) is thus achieved. ]

Proof of Lemma 3.3 Given £, h > 0, set By j, := {(, Q) : sup, m;(¢) < h, Q(1) > £}, with
£(v) = |v|%. In view of the previous lemma, it is enough to show that for each & > 0

lim lim llog]P’ (( ,oM) e Be,h> = —o0.

t—ooN—>oco N

Recall that the scattering rate A has been defined in (2.1). Given a bounded measurable
function F: [0, 7] x R* — R such that F(t; v, vs, V', 0)) = F(t; v, 0,0, 0)) =
F(t; v, vg, v}, V), let

A (0,00 = | r(v, vy dv/, dolyel GUosvhe), (3.6)
*

Denoting by Qﬁ;’t] the restriction of the measure Q" on [0, 7], and setting A(v) = A(v, v),
AF (@, v) = AT (1;v,v), v € RY, the process

Nf =exp [N (0P - %/Olds [7¥ @7 ("~ )+ %T[SN(AF -n))} 6o

isa ]P’,’,V positive super-martingale foreach v € Xy o, seee.g. [14, App. 1, Prop. 2.6]. Choosing
F =y, with y a positive constant, for each £ > 0

PN, ((nN, oV) e B@,,,) —EY, (N; (D)1, , (2", QN))
< exp{—yNE + (¢ — )NC(1 + 2T},

where in last inequality we have used (2.2). ]

Proof of Lemma 3.4 In view of the balance equation (2.6) and Lemma 3.2, it is enough to
show that for any 4 > 0 there exists a function c: (0, 1) — Ry with ¢(§) 1 +ocoasé | 0
such that, for any ¢ > 0

PyN( Sllp Q[; f+5](1) > g, sup m; (é-) < I’l) *NC((S).
r€l0. 1€[0.7]

with £ (v) = |v|?. By a straightforward inclusion of events, the previous bound follows from

1 B
5o ]P’UN<Q”+5(1)>8 sup n,N(g“)fh) < o Ne®),
€[0.7—5] €07

Consider the super-martingale (3.7) with F = y I; ;45), ¥ > 0. Using the same argument
of the previous lemma and (2.2) we deduce

]P)f)VN(QU e (D) > &, es[upT] M) < h) < exp{ N[ye—68(" —1C(1 + 2h)]}.

The proof is concluded by choosing y = log(1/4). O
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10 Page 10 of 27 G. Basile

Upper Bound on Compacts

Given a bounded continuous function ¢ on R¢ we define the probability measure mg on R4
by mg(dv) = m(dv)e? /m(e?) and we set )y = mjf’N . Moreover, recall the definition (3.6)
of AF.

Lemma 3.6 Forany (¢, F) € Cp(RY) x Cp(RT x (IR‘I)2 X (Rd)z) such that mg is centered
and F (t; v, vy, V', V) = F(t; vy, v, V', V) = F(t; v, vy, V), V), and any measurable subset
BcCcYy

I l .
Jim - log Pl ((rY. 0M) € B) = - Lt Ty r (. O). (3.8)
where
1 T
Iy p(, Q) i= 7o(¢) — log (m(e?)) + Q(F) — 3 /0 dtm @m (W —x). (3.9

Proof Consider the perturbed initial distribution N = Mg (-] Zi v; = 0). Recalling the

definition of the super-martingale N,F in (3.7), we write

P, ((nN, oN) e B) = /df)N dvt

dvN

Recalling that A (v) := A(v, v), and using Lemma 3.5, we get

P, ((nN, oMy e B)

EY (NF(N)) ' 15, o))

¢
< sup e NT® fn(0) (m(eqa))NefN{Q(F)f% T dt @ W =)+ 4w (AT - )1}
(7.0)eB fn(0)

N (¢)
N [ e INO) F N AN
B NET ,
N((m<e¢>)N o e ))

¢ )
< sup e_N”O(@ifN(O) (m(e¢))Ne_N{Q(F)_% OTd’”@”’(AF_WF%TC}Ef;VN(Ng)
(7,0)eB fn(0)

where in the last inequality we used (2.2). The statement is achieved by observing that
EgN (N? ) < 1, and noting that by the local central limit theorem both % log fg (0) and
% log fn(0) vanish as N — +o0.

Recall that H (-|m) denotes the relative entropy and let J be the functional defined in (2.8).
Proposition 3.7 (Variational characterization of the rate functional) For any pair (7, Q) €
7 satisfying (i) and (ii) in Definition 2.2

H (zolm) = sup {o(9) — log (m(e"))].
¢
LT (3.10)
J(m, Q) = sup{Q(F) - Ef dtm; @ (W — x)}.
F 0

In the first formula the supremum is carried out over the continuous and bounded ¢ : R¢ — R
such that the probability my (as defined in Lemma 3.5) is centered. In the second formula the
supremum is carried out over all continuous and bounded F - [0, T] x (R9)? x (R?)? - R
such that F(t; v, vy, V', v),) = F(£; vy, v, V', v},) = F(£; v, vy, V), V).
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Large Deviations for Kac-Like Walks Page110f27 10

Since the set of 7 satisfying the condition in Definition 2.2, items (i), (ii), is a closed subset
of D([0, T]; Zy(R%)), the previous characterization of the rate functional readily implies
the lower semicontinuity of /; moreover, if sup{Q(F) — % fOT dr m @ my(AF — 1)} < 400
then Q0 < Q7,i.e., (7, Q) € Y.

Proof The first statement follows from the variational characterization of the relative entropy
and the observation that since g is centered it is enough to consider ¢ satisfying the stated
constraint.

To prove the second statement, recall the definition of O in (2.7) and observe that

Lt F F
5/0 dt 7 @ 7,0 —,\)=Q”(e —1).

This implies that if supp [Q(F) — % fOT dt m, @ my(WF — A)] is finite, then Q is absolutely
continuous with respect to Q7.
The proof is now completed by a direct computation, see Lemma 4.4 in [3]. O

Proof of Theorem 2.4: upper bound By the exponential tightness in Proposition 3.1, to prove
the upper bound it is enough to show the statement for compacts. By Lemma 3.6 and a mini-
max argument, see e.g. [14, App.2, Lemma 3.2], the upper bound holds with the functional

I(m, Q) = sup Iy r(n, Q).
¢, F

Finally, by Proposition 3.7, I=1. O

4 Lower Bound

In order to obtain the large deviation lower bound, given (7, Q) we need to produce a
perturbation of the dynamics such that the law of large number for (zV, Q%) is (7, Q).
While the compactness of (7", Q") follows from the arguments of the previous section, in
order to identify the limit point we need uniqueness of the perturbed Boltzmann-Kac equation
that we are able to prove only if the perturbed scattering rate is bounded. Therefore, we shall
first prove the lower bound for open neighborhoods of “nice” (r, Q), and then use a density
argument, that will be completed with the restriction that Q has bounded second moment.

Perturbed Kac Walks

We start by the following law of large numbers for a class of perturbed Kac’s walks. Consider
perturbed time-dependent collision rates 7, with density B, i.e.
(v, vy dv', dv) = By (v, vy; w') duw’, 4.1)

which we assume to meet condition (iv) in Assumption 2.1 uniformly for ¢ € [0, T'], and
to satisfy the following extra condition. There exists C < +oo such that for any ¢, v, v, €
[0, T] x (RY)?

Li(v,vy) = /f,(u, vy dv’, du)) < C. (4.2)

Given a probability v on Xy o we denote by I@’C’ the law of the perturbed Kac walk with
initial datum v.
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Lemma4.1 Fixasequence ofinitial conditions vV as in Assumption2.3.As N — oo, the pair
7N, ON) converges, in PC’N probability, to (f dv, g dt dv dv, dw’), where q; (v, vy, W) =

%f,(v)f;(v*)f?,(v, vy, w) and [ € C([O, T]; L' (Rd)) is the unique solution to the per-
turbed Kac’s equation

o fr(v) = /dv* dw’ [E(UI, U;; w)f,(v/)f,(v;) - Bt(v, Ux; w/)ft(v)ft(v*)],
fo() = dv s

4.3)

v+u* v = vty

+ [, v = 5 — “’7/2, andw = ”:/%*.Here we understand that (4.3) holds

by integrattng against continuous, bounded test functions which are continuous differentiable
in time.

where v’ =

Proof Observe that the large deviation upper bound proven in the previous section holds also
for the perturbed Kac’s walk. The exponential tightness implies that the sequence {]P’N
@, oM~} is precompact in Zy(). Moreover, by the large deviation upper bound,
any cluster point P of this sequence satisfies P({(r, 0): I(, Q) = 0}) = 1 where the
rate function / is defined as I in (2.8), (2.10), with the rate r replaced by the perturbed
rate 7. Since i(T[ Q) < +oo we get (w, Q) € Yy, in particular 7;(dv) = f;(v)dv and
Q(dt dv, dv,, dv', dv)) = q,(v Vg, W )dt dv dv, dw’ for some densities f and g. Then
I(n Q) = 0 implies Q = Q” where Q’r is defined as in (2.7) with r replaced by 7. The
balance equation (2.6) thus amounts to the weak formulation of (4.3).

It remains to show that f € C([0, T']; L! (Rd)) and that the solution to (4.3) is unique.
Choosing test functions independent of time and integrating (4.3) we deduce that for each
t € [0, T] and Lebesgue almost every v it actually holds

fi(w) = fo(v)

t
+ / ds / dv, dw' [Bs (v, vl w) £ (0) f5(0)) — By (v, vas w') f5(0) fi (v)].
0
“4.4)

Since A is bounded, it is now straightforward to show that f € C([0, T']; LY(R%)). Indeed,
letting C be the constant in (4.2), from (4.4) we get || f; — fsllL, <2C(t —s) for0 < s <
t < T. Finally, using again (4.2), uniqueness is achieved by applying Gronwall’s lemma to
4.4). O

The collection of “nice” (7, Q) is specified as follows.

Definition 4.2 Let . be the collection of elements (7, Q) € Y whose densities (f, ¢q) are
such that

q: (v, vy w')
ess SUPI’U’U*"’/i}I(U);(v ) < 400, 4.5)
*

and

qr(v, v w) e
esssup,,vﬁv*/dw’m(znlwl < o0, (4.6)

for some n > 0.
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Given (7, Q) € .7, denote by 7 the time dependent perturbed rate whose density is
defined by

2q:(v, vy W)
fi () fi(vs)

that meets the condition (iv) in Assumption 2.1 uniformly for r € [0, T'] and the extra
assumption (4.2).

The next statement provides the large deviation lower bound for neighborhood of elements
in.~.

Bi(v, vy, w') = , A7

Proposition 4.3 Ler (7, Q) € . Assume that 1o satisfies items (i), (ii) in Assumption 2.3,
and suppose wo(dv) = e®m(dv) /m(e¢) for some ¢ bounded and continuous. Moreover,
denote by ¥N = 770®N (-1 >_; vi = 0) the corresponding probability on Xy o. Then

| BN N
Jim (BN EN) =10, 0.
We premise the following lemma.
Lemma4.4 Set £ (v) = |v|? and F(t,v, vy, w') = F(w') = 1 + |w'|%, then
sup I~E1~,N( sup nfv(g)) < 400,
N 1€[0,T]
sup IE;N(QN(I:")z) < 400.
N
Proof We write

oo
Esv( sup ntN(g)):/ dePyn( sup 7N () > ¢).
1€[0,7] 0 1€[0,7]

The first bound in the statement is achieved by observing that Lemma 3.2 holds also for the
perturbed chain.
In order to prove the second bound, let

~ _ 1 t - _
MY = Qf\(;,z](F) -V Z/ ds /dw’ By (vi, vj, w)F(w"),
i.y°
that it is a fP;,N martingale, with predictable quadratic variation
- 1 4 ~ _
MMy, = T Z/(; ds /dw’ By (vi, vj, w)F(w").
{i.j}

In view of (4.7) and (4.6) in Definition 4.2, the random variable (A7I Nyris uniformly bounded
in N. This completes the proof. O

Proof of Proposition 4.3 We first prove that

lim iH(ﬁ’ﬁv”) = H(mo|m). (4.8)
N—oo N
By Lemma 3.5,
1 . 1 fn(0)
—H(UN|vN) =pV nN(d)) —logm(e¢)—|——log ,
N @) N o)
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where, by the local central limit theorem, the last term on the right hand side vanishes as
N — 400. As a corollary of Lemma 4.1 we deduce that 7V converges in 1 -probability to
1o. Hence, in view of assumptions on ¢, we deduce

. 1 ~N| N ®
lim — H@" |v") = mo(¢p) — logm(e?) = H (rp|m).
N—oo N
We now show that
T 1 o
Jim - H (PR IPGY) = J (7, Q). (4.9)

In view of the assumptions on 7; the super-martingale defined in (3.7) with F; = log(~dF, /dr)
is actually a martingale and its value at time 7 is the Radon-Nykodim derivative of IF’éVN with

respect to IP’{.)VN. Since Af =X, and Af(v) =, v) = Ay,
l@NPN_IE N _lT N NG o iN~_
NH( VIPSY) =Eqn ( QY (F) 5 de [7)¥ @ 7" (i B+ (A N)]).
0

By definition of .¥’

24 (v, vy, w) 2
ca .
£ fr() fi (V) B(v, vy, w') < CI+wl)

where we used Assumption 2.1, item (iii). _
Now observe that, by Lemma 4.1, (7", Q") converges to (, Q) in IP’Q'N probability.

FIZIO

Moreover, Lemma 4.4 provides sufficient conditions for the uniform integrability of QN (F)
and of fOTdt 7N ® 7N ()). Finally, by the boundedness of %; and the absolutely continuity of
7T; We obtain

— 1 ~N N 1 T F
Jim - H(EN PY) = 0(F) - Efo drr @7 (" =2 = I, 0).
Recalling (2.10), the statement follows from (4.8) and (4.9). ]

By general results, see e.g. [16], the previous proposition implies the following lower
bound statement.

Corollary 4.5 Let vV be as in Assumption 2.3 and set

(7, Q) if(r,Q) e s

+00 otherwise.

I(m, Q)= {

Then the sequence {P{}VN o (N, oN )’l} satisfies a large deviations lower bound with rate

function I.

Approximating Paths with Bounded Rate Function

Recall that the set . has been defined in (2.9).

Theorem 4.6 Fo~r eacAh (m, Q) € 7 such that I(w, Q) < +00 there exists a sequence
{(Tn, On)} C 7 NS satisfying (wn, On) — (7w, Q) and I (7wy, On) — 1(7, O).

The lower bound in Theorem 2.4 follows directly from Corollary 4.5 and the above
theorem. In order to prove it, we premise the following lemma.
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Lemma4.7 Let (w, Q) € 7 be such that I(m, Q) < 4o00. Denote by (f, q) the densities
of (m, Q). Moreover; set o := B(v, vy, w')/g(w’) and ® := log ( 24, vy, w)

T flagy ) Where g is
the standard Gaussian density on R?. Then

(i) / Q(dr; dv, dvy, dv/, dv) (Jvf* + [vsl* + [V')? + [V,]%) < +oc.
(it) I(m, Q) = H(molm) + Q(®) — Q(logo) — Q(1) + Q" (1).

Proof We start by proving
/ Q(dt; dv, dvs, dv', dv)) " — v;|2 < +00. (4.10)
By Assumption 2.1, item (iv), there exists n > 0 such that
/ Q™ (dt; dv, dv,, dv’, dv) exp{n|v’ — v.|*} < +o0.

Recall that I (7, Q) = H(mg|m) + J (7, Q), where J is defined in (2.8). By the variational
representation of J in Proposition 3.7, for any F bounded and continuous

T
O(F) < %/ di 7 ® 1 G.F = 1) + I (. Q).
0

By a truncation argument, we can choose F = n|v' — v, |2, and thus deduce (4.10).
Let £, (v) = |v|*> A n. By using the continuity equation we get

77 () — m0(n) = / 40[6 () + £ (V) — £a @) — Ca(v].
By item (ii) in Definition 2.2, (2.9), and (4.10), taking the limit » — oo we deduce
/ Q(dt; dv, dvy, dv’, dv)) (Jv]* + |vs]?) < +o0.

which, together with the conservation of the momentum, implies the statement (i).
In view of Assumption 2.1, items (iii) and (v), the statement (ii) follows from (i). ]

Proof of Theorem 4.6 Observe that by the lower semicontinuity of 7, for any sequence
(7w, On) — (, Q) wehavelim, I(,, Q,) > I(, Q). The converse inequality is achieved
by combining steps 1 and 2 below and a standard diagonal argument.
Step 1 - Convolution. Since /(, Q) < 400, there exist (f, g) such that dz; = f;(v)dv
and dQ = ¢; (v, vy, w') d dv dv, dw’ where w = (v — v4)/+/2.

Given 0 < § < 1, let gs be the Gaussian kernel on R4 with variance § and define

£y = / dut g5(v — ) i ()
(v, v, w') = [du dus dz’ gs(v — u)gs (v — us)gs(w' — 2)qr (u, uy, 7).

We now show that the pair (f?, ¢%) satisfies the balance equation. Given a test function ¢
and denoting by * the convolution

T T
/ dt/dv dv, dw’ g% (v, ve, W)y (V) :/ dt/dv dv, dw’ g; (v, vy, w)gs * ¢r (V).
0 0
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One can repeat the same argument with ¢ (v) replaced by ¢(v.). Moreover, since
2s(0)gs () gs(w') = gs(v)gs(v.)gs(w), where w = (v — v4)/+/2, it holds also when
¢ (v) is replaced by ¢ (v'), ¢ (v},). Using the balance equation for the pair (f, ¢) with the test
function gs % ¢ we deduce that (f%, ¢°) satisfies the balance equation.

Now we show that

limsup I(f?,¢%) < I(x, Q). 4.11)
§—0

To this end, we use the decomposition provided by item (ii) of Lemma (4.7). We start
by observing that, in view of (2.2) and sup, m;({) < +o0, {(v) = [v]?, by dominated
convergence

l/dt dvdvs f2 () 2 (0)r (v, v2) = Q7 (1).

lim
§5—02
Analogously, since | loga| < C(|v|> + |v|? + |w’|?), in view of Lemma 4.7, item (i)

gin}]/dt dvdv, dw’ g (v, ve, w") (1 +loga (v, vi, w")) < O(1) + Q(log o).

By the convexity of the map [0, +00)? 3 (a, b) — alog(a/b) and Jensen’s inequality

2¢8 (v, v*, w)

) £ (v gr1hs(w’)

/dt dv dv, dw’ ¢’ (v, v¥, w') log = 0(®P).

By Lemma 4.7, item (i),

!
lim /df dvdv, dw’ ¢ (v, v*, w) log grs(w)
0 g1(w")

Gathering the above statements we deduce

limsup J (f%, ¢°) < J(, Q).
§—0

To conclude the proof of (4.11) it remains to show that

lim sup H (f§lm) < H(folm). (4.12)

§—0

By item (iii) in Assumption 2.3, since fj has bounded second moment, we have
1
Hfgm) = [ f1oe 75+ [ ftog

The bound (4.12) follows by using item (iii) in Assumption 2.3 and Jensen’s inequality.
Step 2 - Truncation of the flux. Given a pair (f, ¢) that satisfies the balance equation, we

denote by q,(i),i =1,..., 4 the marginal of ¢, respectively on v, v, v', v,. Then qt(l) = qt(z),

qt@) = q,(4), and the balance equation reads

anfr=2(a" —a").

In the sequel we assume (f, g) such that I(f,q) < 400, f strictly positive on compacts
uniformly in time, and q,(3) e L'([0, T1; Lz(]Rd )). Observe that pair (f 8 q‘s) constructed in
Step 1 meets the above conditions. Indeed, by item (ii) in Definition 2.2, for each compact
subset K € R? and § € (0, 1), there exists cx s > 0 such that, for any ¢ € [0, T'] we have
infyex g5 * fir = ck.s. Moreover, by Young inequality, fOT dt ||q,5’(3)||L2 <csQ(1).
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Given £ > 0, set 2, the subset of 7" given by
Qe = ((Vow,w) o [V wl’ + w'? < €3),
and define (f¢, %) by

G" = (g A D1g,
} ' T (4.13)
f,‘=fo+2( / ds (qf'<3>—qfv<“)+ / ds (q?)—qf’“))) Tjy<c.

0 0

Set (¢, ¢%) = ce(f*, ¢*) where

T
c[l =1+ 2/ ds/ dv <q§3) - t}f’@)
0 [vl<e

Observe that

t T
[[as(at o)+ [ o -22)
0 0
! 3 £,(1 r 3 4,3
=/0 ds (q.ﬁ)—qs’”)Jr/ ds (49 - g).
t

The previous identity implies thatif |v| < £, then f,‘Z > ¢y fy, whileif [v| > £, then ff = c¢ fo-
In particular, for any ¢, f > 0, and f ff = 1. Observe that by construction the pair (£, ¢*)
satisfies the balance equation and it is an element of S (see definition 4.2), since ¢* is bounded
and compactly supported and f is strictly positive on compacts, uniformly in time. Moreover,

(fﬁ, qe) converges to (f, q).
Now we prove that

(4.14)

im 1(f%q¢" <I1(f,q).
L— 400
We start by proving that
im H(f§|m) < H(folm). (4.15)
{——+00
By definition
f§ =cefo+ (1 —coht

- ¢
where it = % where

T
h=2 (/0 ds (q§3) — C}f’e))) Iy <e.

Since ¢, — 1, by the convexity of H (-|m) it is enough to show
(1 —c)H (h*|m) — 0.

Observe that

_ 1
(1 — co)H (h*|m) :c@/h‘f logh® + (1 — ¢¢) log . c Jrc@/hZ log —.
—Cy m

Since, by assumption on ¢, h’ € L? and it converges to zero point-wise, using item (iii)
of Assumption 2.3, we deduce (4.15) by dominated convergence.
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It remains to show that
im J(f'qY < J(f. 9. (4.16)
{— 400

Recalling the scattering rate A defined in (2.1), we rewrite

J(f'q )—/ dt/ dv dv, dw’ {q log —qt + f[f*B}
Q

f‘ff‘Z

Since fq| log(2q/ff«B)| < +o0, using the bound f* > ¢, f for |v| < ¢, by dominated
convergence

T
2q

lim / dt/ dvdv, dw’ ¢’ lo /dt/dvdv dw’ ¢ lo

b Jo O Jg, T gffff i gff*

Recalling (2.2), item (i) in Lemma 4.7 implies the uniform integrability of A with respect to
ft ff, hence

lim 7/ dt/ dv dv, dw’ fzf*B— / dt/dvdv*ff* 4.17)
t—o0 2 Q
which concludes the proof of (4.16). ]

Example of (7, Q) € .¥7° \ . with Finite Rate Function

In Theorem 2.4 the upper and lower bounds match only for (7, Q) € .#. Here we provide
an example of (7, Q) € ¥\ . with finite cost.
Fix T > 1. Recalling that g is the standard Gaussian density on R?, consider the pair

(f>q) given by

1
! Ag(v)g(v*)w, tel0,1)
‘It(U, Vx, w/) = 5 ] /
Trpr o s@- v)/V2)gw'), t e[l Tl
*

-1 _ / 1
where A™! = [dw w7 and

Fiw) = (1-=1g)+th), te][O0,1),
T ) te(l,T],

where

/ ’ 1
h(v) ZA/dv dw' g(Uhle 4 W )g(Utve — W
* ( 2 ﬁ) ( 2 ﬁ)1+(|v—v*|/@d+3

1
1+ (V2 — ul)d+3’

For t € [1,T], g, is invariant with respect to (v, vy, v, v}) — (V/, v}, v, vy). Hence, by
construction, the pair (77, Q) whose densities are (f, ¢) satisfies the balance equation (2.6).
Moreover, (7, Q) € .Y and (7, Q) ¢ .. We next show that I(m, Q) < +o0. By item (iii)
in Assumption 2.3, H(g|m) < +0o0 and, by construction, Q(1) and Q™ (1) are both finite.

=2dA/du g(\@u)
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We observe that, since f;(v) > (1 —t)g(v), t € [0, 1], by item (iii) in Assumption 2.1

2g: (v, vy, w')
fi () fi(v) B(v, vy, w')

1
/ dr / dv dvy dw’ g; (v, vy, w') log
0
1 ecolw'?
log ,
1+ |w'|4+3 (14 [w'[93) (1 — 1)2g(v)g(vi)co

which is finite. Moreover, for t € [1, T]

A 1
< 5/ dt/dv dv. dw’ g(v)g(v)
0

"1 24, (v, vy, W)
q:(v, vy, w') log J1() fi (v) B(v, vy, w')

1 1
=< Emg((v - v*)/ﬁ)g(w/)

2(( — v) /N2 g(wyecol'”
(1+ [0+ vl g (0 — 1) V2R W) (ve)eo

Since there exists C such that h(v) > C

log

m, we deduce

24 (v, vy, W) -
fr() fi (V) B(v, vy, w')

T
/ dtfdv dv, dw’ g; (v, vy, w') log +00.
1

The previous bounds imply / (7, Q) < +00.

5 Projection on the Empirical Measure

In this section we analyze the large deviation asymptotics of the empirical measure only. By
contraction principle, the corresponding rate function is obtained by projecting the joint rate
function /. Regarding the upper bound, we prove that this projection corresponds to the rate
function in [7,15,18]. For the lower bound, we identify the projection of I only for suitable
7.

Let I;: D([0, T1; 2(R9)) — [0, +00] be defined by I1 () = H(mg|m) + J1(;r), when
7 meets conditions (i) and (ii) in Definition 2.2, and /; (;r) = 400 otherwise. Here

T _
Ji() =sgp{m(¢r) — mo(¢o) — fo dr 7 (3r¢) — Q™ (V¢ — 1)}, (5.1)

where Vo = ¢ (v') + ¢ (v,) — ¢ (v) — ¢ (vs) and the supremum is carried over the functions
¢: [0, T]x RY — R continuous, bounded and continuously differentiable in  with bounded
derivative.

Proposition 5.1 For any w € D([0, T1; Zo(R%))
iléf I(m, Q) = I1 (). (5.2)

Moreover, if 7w is such that the supremum in (5.1) is achieved, then

inf 1z, 0) = 1 (7). (5.3)

Proof Recalling Proposition 3.7, the proof of (5.2) is achieved by choosing F = V¢ in
(3.10). To prove the second statement, we first note that if the supremum is achieved at some
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¢, then for any ¥ continuous, bounded and continuously differentiable in ¢ with bounded
derivative

T _
w7 (Yr) — 7o(o) — /0 dr 7, () = 0p(F9), dQy = dQ7e"?,

Recalling (2.8), by choosing Q@ = Qg, a direct computation implies infg J(7, Q) <
J(m, Qp) = Ji (7). o

6 Gradient Flow Formulation of the Boltzmann-Kac Equation

Assuming the detailed balance condition, here we derive the gradient flow formulation of
the Boltzmann-Kac equation (1.1) associated to the large deviation rate function (1.3). We
remark that such formulation is logically independent of the validity of the large deviation
principle.

Let M be the standard Maxwellian on R?. In this section we assume that the collision rate
r satisfies the following detailed balance condition

M (dv)M (dv,)r (v, ve; dv', dvl) = M(dV' )M (dv))r (v, v; dv, dvy). 6.1)

This implies that the Kac walk on X is reversible with respect to the product measure
l—[llcvz1 M (dvg). We still consider the Kac walk restricted to Xy o, then the corresponding
reversible measure is the product measure ]—[,](V:] M (dv) conditioned to N1, v = 0,
that is a Gaussian measure on Xy 0.

In this section we express the empirical measure and flow in terms of their densities with
respect to Maxwellians.

Let H: Zy(RY) — [0, +00] be the relative entropy with respect to M, i.e. H(w) :=
H(w|M). For 1 € P5(R%) with bounded second moment, define the non linear Dirichlet
form D: Zy(R?) — [0, +00] as the lower semicontinuous map defined by

D) i=sup | / 7 ()7 (U )r (0, v, Ao, do))(1 = #WITOD=IO00) | (6.2)
¢

where the supremum is carried out over the continuous and bounded functions ¢ : R? — R.
Note that D(r) is well defined in view of (2.2). To illustrate this definition, consider the
Markov generator £ acting on functions & : R? x R? — R as

LEW, vy) = /r(v, vy dv/, dv;)[é(v’, v,) — E(v, v*)].

By the detailed balance condition, £ is reversible with respect to the product measure
M (dv) M (dv,). The variational representation (6.2) thus corresponds to the Donsker-
Varadhan functional &, that it is defined on the probabilities on R? x R? by

£(TT) = sup{ - /l'l(dv, du*)eféﬁeé},
s

where the supremum is carried out over the continuous and bounded functions & : RY x
R? — R. Then D() = E( x 7), observe indeed, as proven in Lemma 6.2 below, that
for product measures I1 we can restrict the class test functions £ to functions of the form

E(v, vs) = (V) + P (vy).
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On the set of functions G: R? x R? x R? x R? — R, let Y be the involution defined by
(YG) (v, vi, V', V) := G(V', v}, v, vy). Recalling the definition of Q7 in (2.7), we define
the kinematic term as the lower semicontinuous functional R on the pairs (7, Q) satisfying
conditions (i) and (ii) in Definition 2.2

Rir. Q) = sup o) - o7 ([eF —1]e ! + [ —1]re)). 63

where the supremum is carried out over the bounded and continuous F,o«: [0, T] x
(}Rd)2 X (}Rd)2 — Rsatisfying F (¢, v, vy, v/, V) = F(t, vy, v, V', V) = F(, v, vs, v}, V'),
a(t, v, v, V', V) = alt, v, v, V', V) = alt, v, vy, v, V'), and inf ¢ > 0.

The main result of this section provides, when the detailed balance condition (6.1) holds,
a gradient flow formulation of the Boltzmann-Kac equation. Recall that the functionals J
and / have been introduced in (2.8) and (2.10) and that 7 is the set of paths (7, Q) € S
that satisfy (2.9).

Theorem 6.1 Assume that H(my) < +00. For each (7, Q) € 5%

1 1 [T 1
J(m, Q) = E[H(nr) — H(mo)] + 5/0 dt D(my) + ER(”’ 0). (6.4)

In particular, when the scattering rate A is bounded, I (rr, Q) = 0 if and only if 1o = m and
T
H(wr) +/ dt D(m;) + R(mw, Q) < H(m). (6.5)
0

We start by the following characterization of the Dirichlet form D and the kinematic term
‘R in which we recall that V is the hyperplane of (R)? x (RY)? defined by v+ v, = v 4V
and 7 (v, vy; duy, dv)) = o (v, v, w)M (dw') where w’ = (v — v,)/v/2.

Lemma 6.2 Let v € Py(RY) be such that w(dv) = h(v)M(dv), 7(¢) < 400, L(v) = |v]?,
and D(mr) < +00. Then

\/h(v)h(v*)h(v’)h(v[k) o, vy, w) e L (V, M(dv)M(dv*)M(dw’)) (6.6)
and

D(r) = /M(dv)M(dv*)M(dw’) h()h(vy)o (v, v, w')
6.7)

- /M(dv)M(dv*)M(dw’) \/h(v)h(v*)h(v’)h(v;) o (v, vy, w).

Moreover, set dm; = h,dM, dQ = dr p,(V,w, w)YMAV)M(dw)M(dw'), and
r(v, ve; dv/, dv)) = a(Vs w, w)M(dw') where V. = (v + V)/NV2 w = (v —vy)/V2,
and w = (v — v.)/~/2. Then, if R(w, Q) < 400,

R(w, Q) = 2/dtM(dV)M(dw)M(dw’)

x [p (V, w, w') log 2pV, w, w) 6.8)
t SR )k by Wk W) & (V w, w') '

1
= pu(Vow,w) 4+ 3V @k 0Ok Wk W) 5V w, w].
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Proof We first note that

2

D(r) = % /M(dv)M(dv*) r (v, vy dv/, dv;)[\/h(v/)h(v[k) — \/h(v)h(v*)] (6.9)

Indeed, by standard arguments, see e.g. [14, App. 1, Thm. 10.2], D(xr) is bounded above by
the right hand side in the previous displayed formula. The converse inequality is obtained by
choosing as test function a sequence of continuous and bounded ¢" that converges to % logh.

Recalling (2.2), the proof of (6.6) is achieved by expanding the square on the right hand
side of (6.9) and using the detailed balance condition. The representation (6.7) now follows
directly by (6.9). Finally, by (6.6) and using that Q(1) < 400, the representation (6.8) is
achieved by a direct computation. O

Proof of Theorem 6.1 Recalling that .7 has been introduced in (4.2), we show that (6.4)
holds for (7, Q) € .. We write m,(dv) = h,(v)M(dvv), Q(dz; dv, dvy, dv/, dv)) =
pr(V,w,w)dtM@V)M[Aw)M (dw’), r(v, vy dv', dvl) = &6(V; w, w)M(dw’) where
V=wW+v)/V2,w = (v—v)/v2,and w = (v — v;)/\/i. Setting W (a, b) =
alog(a/b) — (a — b), by (2.8)

J(m, Q) = /dtM(dV)M(dw)M(dw’) U(p(V,w,w), %ht(v)hz(v*)é(V, w, w").
We observe that for each a > 0,

W(a,b) = W(@,b) + log % (a—a)+ W(a,a)

and use this decomposition with a = %\/h,(v)h,(v*)h,(v’)h,(v;) o(V;w, w'). We deduce
J(m, Q) = Ji(w, Q) + Ja(w, Q) + J3(7, Q)

where, by using the detailed balance condition & (V, w, w') =& (V, w’, w),

Ji(m, Q) = %/dtM(dV)M(dw)M(dw’)

Ve (W) (V)
e ()he (vy)
— Vhi ) ()b W) (V)G (Vi w, w') + by (0)h (06 (Vs w, w’)]

x [\/h,(v)ht(v*)h,(v/)h,(v;)é(V, w, w') log

= %/dtM(dV)M(dw)M(dw/)

X [ @ )3 (V. w0, ') = g Wy )b Wk WD (Vs w, w)]

1 T
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Again by the detained balance condition and the balance equation (2.6),

J(r, Q) = /dzM(dV)M(dw)M(dw/)

» [log Vi () he (V%)
W hi () he (V)

= fdtM(dV)M(dw)M(dw’) pe(V, w, w’) log

(v w,w) — %\/ht<v)ht<v*)hf<v'>ht(vi)é(v; w,uw))]

Vhi )R (V%)

Vhi (WA (vs)
= %[H(m) ~ M)
Finally,
Js(m, Q) = /dtM(dV)M(dw)M(dw’)
2p(V,w,w')

Vow, w)l
<[y ) log Vhe Wi ks @) (V)G (Vi w, w')

1
—p(V,w,w') + Ex/hz(v)hz(U*)ht(v’)hz(v;)é(V; w, w’)]

= %R(ﬂ, Q)

that concludes the proof of (6.4) when (7, Q) € S .
In particular, we have shown that for (r, Q) € S it holds

H(mr) < H(mo) + J (7, Q) (6.10)

By Theorem 4.6 and the lower-semicontinuity of the relative entropy we then get the previous
bound for any path (7, Q) € 3‘; hence H(rrr) < +00 when H (o) and J (7, Q) are bounded.

Fix (7, Q) € 7. To prove that (6.4) holds for (;r, Q), we will construct a sequence
INS 5> (", Q") — (i, Q) such that

@J(n", 0" < J(m Q)

lim H(wg) < H(mwo),  limH(xg) < H(xwr),
n n

o r (6.11)
lim/ dtD(n,")f/ dt D(;)
nJo 0

@R(ﬂ”, Q") < R(w, Q).

Observe in fact that the converse inequalities follows from the lower-semicontinuity of J,
H, D, and R.

Let (", Q") be the sequence constructed in the proof of Theorem 4.6, so that the first
inequality in (6.11) holds. The proof of the others is achieved in two steps.
Step 1 - Convolution. Let (/% ¢%) be the sequence constructed in Step 1 in the proof of
Theorem 4.6, and let (hs, ps) such that 7%(dv) = f%(v)dv = h®(v)M(dv) and dQ° =
dtq? (v, v, w') dv dvy dw’ = dt pd(V, w, w)M (V)M (dw)M (dw).

We observe that proof of the second line in (6.11) is achieved by the same argument in
Step 1 of Theorem 4.6. We now show that

T T
m/ dtD(nf)s/ dt D(my). (6.12)
5 Jo 0
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We use the representation of D provided by Lemma 6.2. By (2.2) and item (ii) in Definition
2.2 we deduce

T
lim f dr / M (dv)M (dv,) M (dw' )il (0)h (v,)0 (v, v, W)
—vJo

T
:/ dt/M(dv)M(dv*)M(dw/)ht(v)h,(v*)o(v,v*, w).
0

On the other hand, since hf — h; a.e., by Fatou’s lemma

T
lim — / dr / M (dv)M (dv,) M (dw) \/hf(v)hf(v*)h?(v’)hf(v;)o(v, Uy, w')
0

§—0

T
< —/ dt/M(dv)M(dv*)M(dw’) Vhih ()b (W) (V]) 0 (v, ve, W),
0

which concludes the proof of (6.12). Observe that the lower semicontinuity of D actually
implies fOT dt D(r)) — fOT dt D(m,), so that by Lemma 6.2

T
(Slin%) dr / M (dv)M (dvy) M (dw") \/hf ()AL ()RS WAL (V) o (v, vy, W)
—-vJo

(6.13)
T
= / dt /M(dv)M(dv*)M(dw’) \/h,(v)ht(v*)h,(v/)ht(v;) o (v, vy, w).
0
We conclude the step by showing that
lim R(7’, 0°) < R(x, Q). (6.14)

By the representation provided by (6.8) and Lemma 4.7

R(m, Q) =0(®) + Q(P") —20Q(ogo) —20(1)
+/dtM(dv)M(dv*)M(dw’)\/hz(v)hz(v*)hz(v’)hz(v;)a(v, v, w'),

_ 2q(v,v4,w") ’_ 2q(v,v4,w")
where @ = log 7770 5oy » @ = 108 705 7l

We start by observing that Q‘S(l) — Q(1), then in view of (6.13) it is enough to show
that

2p3(V,w,w')

lim /dtM(dV)M(dw)M(dw’) Po(V, w, w)log

50 IO IR )R () 6 (Vs w, w)
2p:(V,w,w)

Vhi@h )k, )R W) & (V; w, w')

< /dtM(dV)M(dw)M(dw’) p:(V, w, w’) log
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Observe that
pr(V, w, w')
\/hf WAL ()RS RS (VL) 6 (V; w, w')
2} (v, vy, W)
FE) L) gis(w)
24 (v, v, W)
LN D815 (w)

gis(w)grys(w’)
B(v, vy, w')?

/dtM(dV)M(dw)M(dw’) pf(V, w, w') log

1
=5 /dl dv dv, dw’ qts(v, vy, w') log

1
+ 5 /dt dv dv, dw’qt‘;(v, vy, w') log

1
+ 5 /dt dv dv, dw’qf(v, vy, w') log

The proof is achieved by the same argument in Step 1 of Theorem 4.6.
Step 2 - Truncation of the flux. As in the Theorem 4.6 we now assume f strictly positive
on compacts uniformly in time and q,(3) e L'([0, T]; L3(R?)). We denote by (f ¢ qe) the
sequence constructed in Step 2 in the proof of Theorem 4.6.

By the argument in Step 2 of Theorem 4.6, lim, H(né) = H (o), we now show that

@H(ﬁ) < H(mr). (6.15)

Recalling (4.13) we write

T
fh=eesr e ([ aofal® = 307) B
0

T
cofr +2Cz/ ds[g) — g M) if vl < ¢
0
ce fo if [v] > £.

Set
. T
ff= CzazIfT + 2(/0 ds [qs(l) - éf’(l)])][mge}

where 1/a¢ = c¢ + 1/c, — 1. Observe that f% is a probability density. Since 0 < csa; < 1,
by using (6.10) and applying the argument leading to (4.15), we deduce that lim, H(ffi) <
H(fr) and lim |H(f£) — H(ff)| = 0. This completes the proof of (6.15).

By the representation of D provided by Lemma 6.2, using (4.17) and Fatou’s lemma we
conclude that

T T
@/ dt D(r}) < / dt D(my). (6.16)
0 0
It remains to show that
@R(n@, 04 < R(m, Q). (6.17)

This is achieved by using the representation (6.8) and the argument in Step 2 of Theorem
4.6.

To prove the second statement of the theorem, observe that if /(z, Q) = O then 7 has
bounded second moment, Q = Q, and H (;r|m) = 0. Therefore 7y = m and, when A is
bounded, (7, Q™) € .7. By (6.4), the inequality (6.5) amounts to J (;r, Q™) < 0. ]
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