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Abstract. We consider a gas of independent Brownian particles on a bounded in-
terval in contact with two particle reservoirs at the endpoints. Due to the Brownian
nature of the particles, infinitely many particles enter and leave the system in each
time interval. Nonetheless, the dynamics can be constructed as a Markov process
with continuous paths on a suitable state space. If Ao and A, are the chemical
potentials of the boundary reservoirs, the stationary distribution (reversible if and
only if A\g = A1) is a Poisson point process with intensity given by the linear inter-
polation between A\g and A;. We then analyze the empirical flow that it is defined
by counting, in a time interval [0,¢], the net number of particles crossing a given
point x. In the stationary regime we identify its statistics and show that it is given,
apart an x dependent correction that is bounded for large ¢, by the difference of
two independent Poisson processes with parameters Ag and Ap.

1. Introduction

Stationary non-equilibrium states, that describe a steady flow thought some sys-
tem, are the simplest examples of non-equilibrium phenomena. The prototypical
example is the case of an iron rod whose endpoints are thermostated at two dif-
ferent temperatures. For these systems the paradigm of statistical mechanics, i.e.
the Boltzman-Gibbs formula, is not applicable and an analysis of the dynamics is

Received by the editors June 5th, 2017; accepted February 24th, 2019.

2010 Mathematics Subject Classification. 60K35, 60J70, 82B21.

Key words and phrases. Continuum particles systems, Poisson point processes, Currents.
This work has been supported by the PRIN 20155PAWZB “Large Scale Random Structures”.

361


http://alea.impa.br/english/index_v16.htm
https://doi.org/10.30757/ALEA.v16-13
http://www.mat.uniroma1.it/people/bertini/ama/
http://www.mat.uniroma1.it/~posta

362 L. Bertini and G. Posta

required to construct the relevant statical ensambles. In the last years, consider-
able progress on stationary non-equilibrium states has been achieved by considering
as basic model stochastic lattice gases, that consist on a collection of interacting
random walks on the lattice, while the reservoirs are modeled by birth and death
processes on the boundary sites. The analysis of such boundary driven models has
revealed a few different features with respect to the their equilibrium, i.e. reversible,
counterpart such as the presence of long range correlations in the stationary mea-
sure even at high temperature and the occurrence of dynamical phase transitions
that can be spotted by analyzing the large deviation properties of the empirical
current. We refer to Bertini et al. (2015) and to Mallick (2015) for reviews on these
topics.

The present purpose is the construction of boundary driven models for particles
living on the continuum and not on the lattice, the main issue being the modeling
of the boundary reservoirs. If we consider Brownian motion as basic reference for
the bulk dynamics, the boundary reservoirs need to inject Brownian particles on
the system and accordingly each particle entering the system immediately leaves it.
Nonetheless, it should be possible to define, possibly through a limiting procedure,
a suitable model of the reservoirs in which, out of the infinitely many entrances on
a given time interval, the number of particles that managed to move away from the
boundary at least by € > 0 is finite with probability one.

We here pursue the above program in the simple case of independent particles in
the interval (0, 1), the resulting process is referred to as the boundary driven Brow-
nian gas. For interacting Brownian motions, the model of the boundary reservoirs
should be analogous to the one here introduced. We present several alternative
constructions of the boundary driven Brownian gas. We define directly the dynam-
ics as a Markov process by specifying explicitly its transition function, we provide
a construction from the excursion process of a single Brownian motion on (0, 1),
and give a graphical construction of its restriction to the sub-intervals [a,1 — a],
0 < a < 1/2 with a Poissonian law of the entrance times. We finally obtain this
process by considering the limit of n independent sticky Brownian motions on [0, 1]
with stickiness parameter of order 1/n. From the last convergence we deduce in
particular the continuity of the paths of the boundary driven Brownian gas.

Since there is no interaction among the particles, the invariant measure of the
boundary driven Brownian gas is simply a Poisson point process on (0,1). More
precisely, letting Ay and \; being the chemical potentials of the boundary reservoirs,
the stationary distribution (reversible if and only if A\g = A1) is a Poisson point
process with intensity given by the linear interpolation between Ay and A;.

For stochastic lattice gases, a relevant dynamical observable is the empirical
flow that is defined by counting, in a time interval [0, ¢], the net number of particles
crossing a given bond. In order to define the empirical flow for the boundary driven
Brownian gas, given = € (0,1) and € > 0 we first count the total net number of
crossing of the interval (z — e,z + €) in the time interval [0,¢]. The empirical flow
at x is then defined by taking the limit € — 0. In the stationary regime we identify
its statistics and show that it is given, apart an x dependent correction that is
bounded for large ¢, by the difference of two independent Poisson processes with
parameters \g and A;. A similar result in the context of stochastic lattice gases is
proven in Ferrari and Fontes (1994).
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The construction boundary driven Brownian gas presents some technical issues.
In order to have a well defined dynamics with finitely many particles on each com-
pact subset of (0, 1), the set of allowed configurations needs to be properly chosen.
The natural topology on such state space is not Polish and additional analysis is
required. Moreover, the boundary driven Brownian gas is not a Feller process and
the regularity of its paths has to be properly investigated. As outlined above, we
deduce the continuity of the paths by considering the limit of independent sticky
Brownian motions, however the lack of the Feller property has to be circumvented
in order to identify the finite dimensional distributions.

Although not here discussed the boundary driven Brownian gas could be ob-
tained by considering the Poisson limit of boundary driven lattice gases. Consider
for instance the symmetric zero range process on {0,..., N} where particles are
created at the site 0 (resp. N) with rate A\g/N (resp. A1/N). By considering a
sequence of initial configurations with bounded number of particles and performing
the diffusive rescaling of space/time, it should be possible to show that in the limit
N — 400 the process converges to the boundary driven Brownian gas.

The dynamics of infinitely many stochastic particle has a long and rich history,
dating back to Dobrusin (1956). The ergodic properties of independent particles
have been early discussed in Shiga and Takahashi (1973/74). More recently, an
approach based on Dirichlet forms has been introduced in Albeverio et al. (1998)
and successively extensively developed. We also mention Hiraba (1996), where
a model with immigration is considered. The case of Brownian hard spheres is
analyzed in Fradon et al. (2000) and in Tanemura (1996).

2. Construction and basic properties

A configuration of the system is given by specifying the positions of all the
particles. Regarding these particles as indistinguishable, we identify a configuration
with the integer valued measure on (0,1) obtained by giving unit mass at the
position of each particle. To construct the dynamics, we need to specify a suitable
temperedness condition on the set of allowed configurations.

We denote by Ck(0,1) the set of continuous function on (0,1) with compact
support. As usual, Cy(0,1) is the closure in the uniform norm of Ck(0,1). We
identify C(0,1) with the functions in C[0, 1] that vanish at the endpoints. Letting
m € Cp(0,1) be the function m(x) := z(1—=), we define Q as the set of Z; U{+o0}-
valued (Radon) measures w on (0, 1) satisfying w(m) < +oo. In particular, an
element w € Q can be written as w = ), 05, for some x1,x9,--- € (0,1) such that
> m(xr) < +oo. Hence w can be identified with the finite or infinite multi-subset
[z1,22,...] of (0,1). We sometimes use this identification by writing z € w when
w({z}) > 0. The number of particles in the configuration w is |w| := w(0,1) €
Z U {+oo}.

We consider €2 endowed with the weakest topology such that the map w +—
w(me) is continuous for any ¢ € Cy(0,1). Referring to Appendix A for topological
amenities, we here note that for each £ € Ry, the set Ky := {w € Q: w(m) < ¢}
is compact and the relative topology on Ky is Polish, see Lemma A.1. Finally,
we consider §2 also as a measurable space by endowing it with the Borel o-algebra
B(Q).

The dynamics will be defined, as a Markov process, by describing explicitly
the transition function. We start with the case in which particles do not enter the
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system. To this end, we let {Pg}me(oﬁl) be the Markov family of a Brownian motion
on (0,1) with absorption at the endpoints. We denote by p?(x,dy) the associated
transition function and define the hitting time 7, := inf{t > 0: X(t) = a}, a €
[0,1]. Set 7 := 79 A 7y and observe that m(z) = E% (7).

Given w € Q, let P?(w,-) be the law at time ¢ > 0 of independent identical par-
ticles starting from w and performing Brownian motions on (0, 1) with absorption
at the endpoints. As we will show in Lemma 2.1 below, P?: Q x B(Q) — [0,1],
t > 0 is a time homogeneous transition function.

To describe the entrance of particles we need an auxiliary Poisson point process
that we next introduce. Given a positive Radon measure p on (0,1) such that
p(m) < 400, we denote by II, the law of a Poisson point process with intensity
measure p (see e.g. Fristedt and Gray, 1997 Chapter 29). Since II,(w(m)) =
p(m) < +o0o we can regard II, as a probability on Q. Given X := (Ao, A1) € R%,
that will play the role of the chemical potentials of the boundary reservoirs, and
t > 0 we define the Radon measure on (0,1)

g (dz) == NP0 < t) + MPYUry < t)]da. (2.1)

The time homogeneous transition function P; of the boundary driven Brownian
gas is defined by the following procedure. Given w € Q and t > 0 the law of w(t)
is obtained by summing two independent variables, the first sampled according to
P?(w, ) the second according to IL,x. In other words, we let P;: Q x B(€2) — [0, 1],

t > 0 be defined by
5= [[ 2 (d) P2 (w, dip). (2.2)
771+?72€B

Lemma 2.1. For each A € Ri the family Py, t > 0 is a time homogeneous transi-
tion function on (Q, B(2)).

Remark 2.2. We observe that P; is not Feller. Let indeed w,, := nél/n, then w,, —
0 but Py(wn,-) does not converge to P;(0,-). Considering in fact n independent
Brownian motions with absorption starting at the point 1/n, at time ¢ > 0 at least
one reaches (1/4,3/4) with probability uniformly bounded away from 0.

Proof of Lemma 2.1: Plainly, Py(w,-) = d,. Moreover, by Lemma A.4, for each
t>0and w € Q, P(w,-) is a probability measure on (€2, B(Q2)). Furthermore by
Lemma B.1, for each B € B(Q) the map Ry x Q5 (t,w) — P;(w, B) is Borel.

It remains to show that P, satisfies the Chapman-Kolmogorov equation

Piii(w,B) = /Ps(mdn)Pt(mB) t,s >0, weQ, BeB((Q).
By Lemma A.3 it is enough to show that for each ¥ € Ck(0,1), and s,¢ >0

[ Petesdmen [ [ . dnpitn. ac)e <. (2.3)

By definition, the left hand side of (2.3) is

/ L, (dn) / 0 (w, diga) 1))

= exp {/’Lb-‘rt }/Pb+t w, dnz)e “72(1/))
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while its right hand side is

/Hug (dm)/PsO(w,dnz)/ (d<1)/ O(ny 4 g, dCy) e ®)
= exp {1 (" — 1)} / > (dm) / 0 (w, dnz) / P (n1 + 2, dGa)e™ ).

In view of the product structure of P we get

/Pto(m + 12, dGo) e’ ¥) :/Pf(m,d@l)e“?l(w/Pto(n%dgm)ei@z(w).

Using the Chapman-Kolmogorov equation for P (this follows easily from its prod-
uct structure and the Chapman-Kolmogorov equation for pY)

/Pso(w7d772)/Pt0(7727dC22) iCa2(¥ /Ps+t (w, dnz)e™ ).

By the previous identities, the proof of (2.3) is completed once we show that

/ I, (dy) / O (i, dCor)eie1 ) = exp [, (6% — 1) — 2 (€™ — 1)} (24)

The product structure of P? and standard properties of Poisson processes yield

/ IL,,» (dny) / (o)’ @) = exp { / 2 (d) / PR, dy) () — 1) }.

Thus (2.4) is implied by

/ 1 (), ) = iy, — i (2.5)
We write
(. dy) = P(ro < )30(dy) + PUm < )61 (dy) + (z9)dy,  (2.6)

and observe that ¢ is a symmetric function on (0, 1)2.
[ a0 =20 [ dr P < )afeg) + 0 [ de P < s)afle.)

o [ dP2m < s)abyn) + M1 [ dePEAn < s)all,a).
By the strong Markov property of absorbed Brownian motion, for y € (0,1):

P)(10 < s+1) =P)(r0 <)+ /deS(To < 5)a; (y, )

Pg(ﬁ <s+t)= Pg(ﬁ <t)+ /de‘;(ﬁ < 5)g? (y, z),

and (2.5) follows.
|

Lemma 2.1 yields the existence of a Markov family with transition function P;.
This however does not give any regularity of the paths. As we next state the paths
of the boundary driven Brownian gas are continuous. The proof will be achieved
by considering the Poissonian limit of independent sticky Brownian motions and it
is deferred to Section 4.

Theorem 2.3. Given A € R2, there exists a Markov family {P, }weo on C(R4, Q)
with transition function Py.
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In the rest of this section we discuss some basic properties of P,,. We start by
describing its stationary measure. To this end, we premise few more definitions.
Set M) := Ao(1 — z) + Mz, € (0,1) and let {Q%},e(0,1) be the Markov family
of diffusions on (0, 1) with absorption at the endpoints, drift (log 5\)/ and diffusion
coefficient one. We denote by ¢ (, dy) the associated time homogeneous transition
function. Given w € Q, let Q?(w, -) be the law at time ¢ > 0 of independent particles
starting from w and evolving according to Q.

Let also 1, t € R, the measure on (0,1) defined by

vMdz) == Mz)Po(r < t) da.
Finally, let Q:(w,+), t > 0, w € Q be the family of probabilities on Q defined by

- / / T, () Q2 (w, di). (2.7)
m+n2€B

As in Lemma 2.1, Q; is a time homogeneous transition function on (2, 5()).

Proposition 2.4. The distribution II5 of a Poisson point process with intensity
Nz)dz is the unique stationary distribution for the Markov family {P,}uecq and
for each initial datum w € Q the law of w(t) converges to II5. The probability 15 is
reversible if and only if \g = A\1. Furthermore, letting Ty, t > 0, be the semigroup
on L?(Q;115) associated to the family {Py,}weq then its adjoint T} is the semigroup
associated to the Markov family with transition function Q¢ given by (2.7).

Proof: Fix w € Q. By the representation (2.2), w(t) = n1(¢) + n2(t) where ny(t) is
a Poisson point process with intensity ) as in (2.1) and the distribution of 1y (t)
is given by P?(w, ). Since

w m
/Powdn =Y Pir<t)< ZEO = (2.8)

TEW wEw

v

n2(t) — 0 in probability as t — +oo. Moreover, since u; — A(x)dz, 0 (t) converges
in law to II5. This implies that II5 is the unique stationary distribution.
It remains to show that for each f,g € L*(Q,II5) and t > 0,

5 (9 Tef) = U5 (f T7 g).

By linearity and density, it suffices to consider the case in which f(w) = exp{iw(¢)}
and g(w) = exp{iw(y)} for some ¢, € Ck(0,1). That is

//H;\(dw)Pt(w,dn)ei“’(wei"(@ = //H;\(dw)Qt(w,dn)eiw(¢)ei"(w). (2.9)

By the very definition (2.2) and standard properties of Poisson point process, the
left hand side of (2.9) is equal to

exp {pid (e~ 1) — / Na)dz + / / A(@)de pf (z, dy) )90,

while, by (2.7), the right side is equal to

exp{ //\ da:+/ MNx)dz g0 (x, dy) ¢ W(y)}
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Hence, (2.9) is achieved by showing that

/ / 2)dz P2z, dy) @) o)
(2.10)
Vi ( w) Z¢ / )\ dxgt x,dy) e i6() it (y

and
i (1) = (). (2.11)
Simple computations shows that the transition function g? of the Markov family
QU satisfies
(

g¢ (z, dy) = o) ? Py (z, dy),

>l
~—

so that (2.10) follows straightforwardly.

To prove (2.11), since it trivially holds for ¢ = 0, it suffices to show that
412(1) — v}(1)] = 0. By using that PO(r < t) = P(rg < t) + PY(my < t)
and that PY(7; < t) solves the heat equation, an integration by parts and the
symmetry P2 (7o < t) = PY__(7y <t) yield the claim. O

The next statement confirms the heuristic picture of the boundary driven Brow-
nian gas of infinitely many particles entering and leaving the system in each time
interval. On the other hand, at any fixed positive time there are only finitely many
particles in the system.

Proposition 2.5. Let w € Q and t > 0. Then P, (lw(t)] < +00) = 1 while
Py (3UD,cio g | (5)] < +00) = 0.

Proof: Observe that the map Q > w +— |w| € Z; U {+o0} is Borel as pointwise
limit of continuous maps. The first statement follows from the stronger property
E,(Jw(t)]) < 4o00. In fact, by the very definitions (2.1) and (2.2),

w(m)

Bl = [ Wil + [ Psdnlal = 2o+ 20 + <2,

where we used (2.8).
The proof of the second statement is split in few steps.
Step 1. If t > 0 then Py(Jw(s)| =0, Vs € [0,¢]) = 0.

Let us observe that the map Q 3 w — w(m?) € R is continuous and |w| = 0 if
and only if w(m?) = 0. Since the evaluation map C([0, +0); ) 3 w — w(s) € Q
is continuous, the condition s € [0,¢] can be replaced by s € [0,¢] N Q. Denote by
Q., the set of points in [0, ] of the form k/n, for some k& € N. Then by the Markov
property and (2.2)

Po(lw(s)] = 0, Vs € [0,]) = lim_Bo(fu(s)| = 0. Vs € Qu)

_ ) . . [nt]
S n

— : _ A

As simple to check, limgo /sp)(0,1) > 0 which concludes the proof of this step.
Step 2. Let n1,m2 be two independent processes with distribution P,, with pa-
rameter \‘, i = 1,2. Then the distribution of the process n; + n2 is Py, 1, with
parameter A' 4+ \2.
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The proof amounts to a straightforward computation that is omitted.
Step 3. If 0 < a < band w € Q, then P, (s € [a,b]: |w(s)| >0) =1.

By Step 2, the process starting from 0 is stochastically dominated, in the sense
of Radon measures, by the one starting from w. Thus, by Step 1, if ¢ > 0 then
P,(3s € [0,¢]: |w(s)] > 0) = 1. By the Markov property

IP’W< sup |w(s)| > 0) = /Pa(w,dn)]P’n< sup |w(s)| > 0) =1
s€la,b] s€[0,b—al
Conclusion. If t > 0 and ¢ € N, then Py, (sup,¢jo 4 [w(s)] > €) = 1.

In view of Step 2 it suffices to consider the case w = 0. Again by Step 2 the
process with law Py and parameter A can be realized as the sum of ¢ independent
and identically distributed processes w®, k = 1,...,¢, with law Py and parameter
A/{. Denote by Z the collection of intervals in [0, ¢] with rational endpoints. In view
of Step 3, with probability one for each [a,b] € Z there exists s € [a, ] such that
|wk(s)| > 1. We next observe that for each w € C([0, +00); Q) the set {t: |[w(t)| > 0}
is an open subset of [0,+00). Indeed, its complement is the zero level set of the
continuous map t — w(t) (m?).

By the previous observations, on a set of probability one there exist s; € [0,¢]
such that |w'(s1)] > 1 and I; € Z, s; € I; such that [w!(s)| > 1 for all s € I;.
Next, again with probability one, there exist sy € I; such that |w?(s2)| > 1 and
I, € I, 55 € Iy C I such that |w!(s) + w?(s)] > 2 for all s € I,. By iterating this
procedure we conclude the proof. (I

3. Other constructions and empirical flow

In this section we present two alternative constructions of the boundary driven
Brownian gas. We then define, by a suitable limiting procedure, the empirical flow
that counts the net amount of particles crossing a given point and describe explicitly
its statistics.

3.1. Construction from the excursion process. A positive excursion of the Brownian
motion is the part of the path B(¢), t € [t1,t2] such that B(t;) = B(t2) = 0 and
B(t) > 0 for ¢t € (t1,t2). The excursion process describes the statistics of such
excursions; the Brownian motion can be recovered from it by gluing, according
to the local time, different excursions, see e.g. §5.15 of Varadhan (2007). As
we next show, the boundary driven Brownian gas can be naturally realized from
the excursion process of a single Brownian motion. Since we consider the boundary
driven Brownian gas on a bounded interval, we need first to introduce the excursion
process for a Brownian motion with absorption at the end points. We remark
however that had we considered the boundary driven Brownian gas on the positive
half line, we would have only needed the excursion process of a standard Brownian
motion.

The excursion process for a Brownian motion on [0, 1] with absorption at the
end-points is defined as follows. Let p be the o-finite measure on (0, +00) defined
by

1 1
o(dl) = Eﬁ? gPg(r cdl) = 1€i£ gP‘f_e(r € dl).
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Let also P%¢ be the law of a right excursion from 0 of length ¢ and P be the law
of a left excursion from 1 of length /¢, that is,

0.6 _1; 0(. |+ — 1,6 _ 1; O (=
P lslﬁ)l P (|T=1¢) P lelﬁ)lplis( |T=12).
To define the excursion process we define the sets
€0 := {(6,X).£ € (0,400), X € C([0,4):[0,1))
X(0) = 0,X(0) € {0,1}, X (1) € (0,1), ¢ € (0,0)}

and

& = {(e,X),e € (0,+00), X € C([0,4];[0,1]) :
X(0)=1,X(¢) € {0,1}, X(t) € (0,1),t € (o,f)}.

The excursion process, for the Brownian motion with absorption at the end-points is

given by two independent Poisson point processes {(SJ, 6], X )}jeN on [0, +00) X &;

with intensity measures (X\;/2)ds p(df)dP™*, i =0, 1.

Given Q > w = Y, 04, let B) be |w| independent Brownian motions on [0, 1]
with absorption at the end-points starting from zy, k = 1,..., |w|. Let finally ((¢),
t > 0 be the process defined by

=Y dpmum+ Y Ox0(t—s9) + > Ox1(t-s1)s (3.1)
k j:OSt—s?ﬁé? j:OSt—s]l.Sejl.

that we regard as a random measure on (0, 1) understanding that if € {0,1} then
0, gives no weight to the right hand side of (3.1).

Theorem 3.1. The law of the process  is P, .

Proof: By standard properties of Poisson processes, ¢ is Markovian. We next
identify its transition function by showing that for each t > 0 and w € 2

() "2 Py(w, ) (3.2)

where the right hand side is defined in (2.2). In view of the independence, (2.1),
standard properties of the Poisson process, and Lemma A.3 it is enough to show
that for each ¢ € Ck(0,1)

1
/ ds / p(AlJEO [ X 1] = / dw PO(1o < 1) [ — 1]
t 0
1
/ ds/ p(ADEM [ X (=) ] :/ deP{(ry < t)[e® —1].
t

0

We prove the first equation. By a change of variables it is equivalent to

+oo
%/t p(dO)PY (X (t) € dx) = %PO (1o < t)dax. (3.3)

We next observe that for any € € (0,1)

PY(X(t) € dx) = /+°<> PY(r € dOPY(X (t) € dx|T = ¥).
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Therefore

el0

/+00 o(dO)PY(X (t) € dz) = lim éPg(X(t) € dx).

As in (2.6), let ¢¥ be the density of the absolutely continuous part of the transition
probability of the Brownian motion with absorption at the endpoints. The proof
of (3.3) is achieved by showing

(T() < t), t>0.

This identity can be checked by comparing the explicit expression for the right hand
side of (2.1.4) (1) in Borodin and Salminen (2002) with the representation of the
left hand side obtained by the image method. O

3.2. Graphical construction. Since in any time interval infinitely many particles
enters from the reservoirs, a full graphical construction of the boundary driven
Brownian gas does not appear feasible. It is however possible to provide a graphical
construction for the restriction of the process to the interval [a,1 —a] C (0,1). We
next discuss such graphical construction for the stationary process only.

Let N° = {o0}rez and N' = {0} }rez be two independent Poisson point pro-
cesses on R with intensity Ao/(2a) and A;/(2a) respectively. At each time in
o) € N° (respectively 02 € N') we let {Bg(t)}tzag (respectively {B,ﬁ(t)}tzg}c)
be a Brownian motion on (0,1) with absorption at the endpoints and initial da-
tum BY(cy) = a (respectively B}(c}) = 1 —a). All these Brownian motions are
independent and independent from the Poisson point processes. We define

w“(t) = Z (532(0 =+ Z 63]1@)7 t € R. (34)

. 50 Lol
k: o)<t k:op<t

By standard properties of Poisson processes, sup,cg |w®(t)] < +oo a.s. The law
of w® is denoted by P* that we consider as a probability on C(R, ). Let also Q¢
be the set of integer valued Radon mesures on [a,1 — a] and observe that Q% is
naturally embedded in €.

Theorem 3.2. Fix )\ € Rﬁ_ and let Py, be the stationary process associated to the
Markov family {P}weq. The restrictions of P* and Py to C(R, Q%) coincide.

We notice that this graphical construction implies a Burke type theorem for
the boundary driven Brownian gas, see Ferrari and Fontes (1994), for a discussion
about Burke theorem in the context of interacting particles systems on the lattice.
For instance, in the reversible case Ao = Ay, Theorem 3.2 implies the following
statement. Under the stationary process, the distribution of the times of last visit
of the point a € (0,1/2) is a Poisson point process of parameter \o/(2a).

Proof of Theorem 5.2: By Lemma A.5 it is enough to show that the finite dimen-
sional distributions of the restriction to C(R,Q%) of P* and P, coincide. By
Lemma A.3 it is enough to show that for each ¢; < --- < t, and each ¥1,...,%, :
(0,1) = R, bounded mesurable and vanishing on (0,1) \ [a,1 — a],

B [exp {13 wt))}] = B [exn {132t}

Jj=
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To keep combinatorics simple we discuss only the case n = 2. By standard
properties of Poisson point processes,

log E* [eiw(tl)(wl)ﬂw(ta)(W)}
X[ (8 0 0 , 4
= % [/ dt // ptlit(a, dxl)ptzftl (xhde)(elwl(l’l)-‘rlwz(wz) _ 1)
+/ dt/pgrt(a,dmg)(ewzwz) — 1)]
ty
M " 0 0 i1 (1) +itha (w2)
+ % dt [ [ pg_,(1—a,dz1)pl, _, (z1,dz2)(e -1)

to
—I—/ dt/pgrt(l - a,dxg)(e“/’?(“) - 1)}
ty

Recall (2.6) and observe that (1/2) [;dt ¢} (z,y) is the Green function of the Dirich-
let Laplacian on (0, 1), i.e.

|ty = {““ “y o<y (3.5)

0 2(1l—z)y ifz>y.
By writing
et (1) +ivha(z2) _ | (eiwl(xl) _ 1) (eiwz(xz) _ 1) 4 eiil@) 1 4 piva(z2) _q (3.6)

and using that ™5 — 1 vanishes on (0,1) \ (a,1 — a) together with the Chapman-
Kolmogorov equation for {p?};>¢ and (3.5), few computations yield

log [emtl)wl)m(tg)wz)}
_ / dz M) { 1) 4+ 2@ g (e 1) / dy gy, (@) (2 ~ 1) |

where we recall that A(z) = A\g(1 — x) + A;x. Observe in particular that the right
hand side does not depend on a.
On the other hand, by using (2.2)

En, | exp {iw(t) () +iw(t2) ()}
- /// Hf\(dm)Hug,tl (dna1) Py _y, (1, dnjog) €' (1 (01 T2 ($2)Fm22(02))
= exp {,ui‘rtl(eiw2 -1+ //dxl X(ml)p?rtl(xl,dxg) [ewl(“)Jriw?(“) — 1]}
whence, using again (3.6),
log By [exp {iw(tl)(wl) + iw(tg)(?h)H

— [ iw ;(x){ewl(x) e @ gy (i@ 1) / dyal, o (,y)(@V>® — 1)}

+ R(1)2)
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where
R(v2) 1=#?27t1(€w2 -1) - /dxj\(x)(ew?(w) — 1)

+ //dﬂh day Mx1)qf, (21, 29) (€"2(72) — 1),
It remains to show that R(13) = 0. Recalling (2.1), set
u(t,z) == NP2 < t) + NP1 < 1) — \(z)
and
olta) = [yl pAlw)

By using ¢7 (2, y) = ¢f (y,2), we get

R(¢2) = /dx [u(ty — t1,x) + v(ts — t1,2)] (2 —1).

As simple to check, the function w := u + v solves the heat equation on the in-
terval (0,1) with Dirichlet boundary conditions at the endpoints and initial datum
w(0,z) = 0. Hence w = 0. O

3.3. Empirical flow. Given a point x € (0,1) and a time interval [0,¢], we would
like to define the (integrated) empirical flow at z as the difference between the
number of particles that in the time interval [0, ¢] have crossed z from left to right
and the ones that crossed from right to left. Due to the Brownian nature of the
paths, the above naive definition is not feasible and some care is needed. Instead of
the point = we shall consider the small interval (z — e,z +¢) and count the number
of left /right, respectively right/left, crossing of this interval. We then take the limit
¢ — 0 obtaining a well defined real process J*(t) whose law will be identified for
the stationary process. For t large, J*(¢) essentially behave as the difference of two
independent Poisson processes of parameters A\g/2 and A\;/2.

Given z € (0,1) and 0 < ¢ < z A (1 — z) we define the real process JZ(t),
t > 0, according to the following algorithm. We need three collections of tokens
respectively labelled ®, ©, and @, together an integer valued counter.

The counter is initialized at 0 and to each particle starting in (z —e,2 + ¢) is
given a O-token (the crossings of these particles will not be accounted for).

At x — ¢ there is a ©-booth operating with the following directives, applying to
each particle crossing = — e:

- particles having no token are given a ©-token,

- particles having either ®-token or a ©-token are ignored,

- particles having a ®-token are deprived of their token, given a &-token,
and the counter is decreased by one.

Analogously, at = + ¢ there is a ®-booth operating with the following directives,
applying to each particle crossing x + €:

- particles having no token are given a @-token,

- particles having either ®-token or a @-token are ignored,

- particles having a ©-token are deprived of their token, given a @-token,
and the counter is increased by one.
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We then define JZ(t) as the value of the counter at time ¢. By standard properties
of Brownian motion, this defines a.s. a real process JZ.

The next result identifies the limiting law of JZ as ¢ — 0. We refer to Ferrari
and Fontes (1994) for a similar result in the context of interacting particles system
on the lattice.

Theorem 3.3. Let the path w = w(t) be sampled according to the stationary process
Pry and fiv x € (0,1). There exists real process J* such that, with probability one,
for any T >0

lim sup |JZ(t)— J*(t)| =0. (3.7)
€=0,ci0,77
Moreover,
Jo 1A 01 N0 4 pe (3.8)

where N°* and N1© are independent Poisson processes of parameter \o/2 and A1 /2,
while R*(t) = Y*(t)—Y*(0) where Y* is a stationary process satisfying the following
bound. There exist constants c,ly > 0 depending on A such that for any x € (0,1),
t>0, and £ > ¥y

P, (|Y*(t)] > €) < exp{—c(}. (3.9
Proof: Pick a € (0,1/2) such that (z —e,2 +¢) CC (a,1 — a). We realize the
stationary process w in the strip (a,1 — a) according to the graphical construction
discussed in Section 3.2. Recalling (3.4), for s € [0, ], we write

1

1
W)=Y 2 = (X dmewt X ne).
=0

=0 k: oigs k: aigo k: 0<cr;"c§s

where {00} ez, {0} }rez are two independent Poisson point processes with param-
eters A\o/(2a), A\1/(2a) and BY respectively B} are independent Brownian motions
on [0, 1] with absorption at the end-points starting at time o0 at a respectively o},
at 1—a. Asin Section 3.2, the law of w® is denoted by P?*. Observe that the process
JZ can be obtained from w® only.

By the very definition of JZ(¢), a straightforward tokens bookkeeping yields

1
JEt) =Y |{k: 0} <0,B(0) € (0,z —€), Bi(t) € (x +¢,1]}]
=0

=Y |{k: 0} 0,B4(0) € (z+¢,1), Bi(t) € 0,2 — )}
=0

+|{k:0p €(0,t), BY(t) € (z +¢,1]}]
— |{k: o €(0,t), Bi(t) € [0,z — &) }|.
By taking the limit ¢ — 0 we get (3.7) with

770 = 3 [{k o} < 0, BL(0) € (0,2), BL(t) € (2,1]})]
=0

> |{k: 0} <0,Bi(0) € (x,1), Bi(t) € [0,2) }|
=0

+|{k: o} € (0,t), BY(t) € (z,1]}| = |[{k : o € (0,8), BL(t) € [0,2)}].
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We now mark the points of {Ug}kez according to the absorption end-point of
the Brownian motion started at time o0. Namely, we denote by {09’} ez the
starting times of the Brownian motions eventually absorbed at 0 and by {o9!}1cz
the starting times of the Brownian motions eventually absorbed at 1. These marks
are inherited by the Brownian motions starting at the times {Jg}kez which will be
denoted by {BY} ez and {B! }kez. Then {o2°},cz and {00 }1cz are independent
Poisson point processes of parameters (1 —a)Xo/(2a) and \g/2, while BYY, B! are
independent Brownian motions on [0, 1] with absorption at the end-points started
at time 0", 09! in a conditioned to be absorbed at 0, 1 respectively. The analogous
definitions and notation is used for the Poisson point processes {0} }rez and the
corresponding Brownian motions

We now set N (t) := [{k: oQ' € [0,1]}],

=|{k: 0% €0,]}| and
ZZ({k ol < 0,BY(0) € (0,2), BY (1) € (x,1]}]
=0 j=0
—|{k: 0¥ <0, Bij(()) € (2,1), BY (1) € [0,2)}])
+|{k: o}’ € 0,4, BY (z,1)}] - ]{k::ak € [O,t],Bk (t) € (0,2)}|
— |{k: o}t €]0,¢], BY! () 0,2)}H + [{k: 03’ € [0,4], B°(t) € (z,1)}].
Then (3.8) holds. It remains to analyze R*. Set

Yoo (t) i= [{k: 02° < £, BY(1) € (2,1)}|
Y3 (8) o= |{k: o' <1, BYM(t) € (0,2)}|
Yio(0) = [{k: 0l® <, B(1) € (2,1)}|
Y5 (8) = |{k: of' <1, BE(t) € (0,2)}].

Observe that these processes are independent and, as simple to check, stationary.
A straightforward computation shows that

R*(t) = [Ygo(t) — Y50 (0)] — Y51 (8) — Ygi(0)] + [Y15(t) — Y15(0)] — [¥15(2) — Y11(0)],
so that, by setting Y = Y00 — Y01 — Y10 4 Y11 it holds R*(¢) = Y*(¢) — Y*(0).
The bound (3.9) is finally derived by computing the exponential moments of Y;%(t),
i,7 € {0,1} and using the exponential Chebyshev inequality. O

4. Poissonian limit of sticky Brownian motions

In this section we obtain the boundary driven Brownian gas by considering the
Poissonian limit of independent sticky Brownian motions on the interval [0,1]. As
a byproduct of this convergence, we deduce the continuity of the paths stated in
Theorem 2.3.

4.1. Two-sided sticky Brownian motion. We here introduce the two-sided sticky
Brownian motion on the interval [0,1]. Although its construction is analogous
to the one of the sticky Brownian motion on [0,400), see e.g. Varadhan (2007),
we outline the general strategy and provide the details that are relevant for our
purposes.

We start by introducing the Skorokhod problem on the interval [0,1]. Given
a function v € C10,400) such that u(0) € [0,1] a triple of continuous functions
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(v,ag,a1), where 0 < v < 1 and ag, a; are increasing solves the Skorokhod problem
on the interval [0,1] if and only if v = u + ag — a1, ap(0) = a1(0) = 0, and the
measure da; is carried on the set {t : v(t) =i}, i =0, 1.

As shown in Kruk et al. (2007) there exists a unique solution to this problem given
by v = I'(u), a; = A;(u) where the maps I' and A; are explicitly constructed, i =
1,0. Moreover, these maps are continuous in the uniform topology and progressively
measurable namely, the values of v and «a; at time ¢ depend only on the values of u
at the times [0, ¢].

The Brownian motion on the interval [0, 1] with elastic reflection at the endpoints
and initial condition y € [0,1] can then be defined as Y = I'(B) where B is a
standard Brownian motion on R starting from y.

Given 0 = (09,61) € (0, +00)?, following Varadhan (2007) we define the contin-
uous strictly increasing process

1 1
a(t):t+—a0(t)+—a1(t), t>0
0o 01

and denote by o~ its inverse. The two sided 0-sticky Brownian motion on [0,1]
with initial condition x € [0, 1] is then defined by X (¢) = Y (¢~ 1(¢)), t > 0, where Y
is the Brownian motion on the interval [0, 1] with elastic reflection on the endpoints
and initial condition x.

Arguing as in Varadhan (2007), an application of It6’s formula shows that for
each f € C?[0,1]

MI(t) = F(X(#) = £(X(0))

= [ s[5 086 10 (5D + 00 O110) (X(0)) =017/ (1)1) (X()
(4.1)

is a continuous martingale with quadratic variation

(MA)(t) = /0 ds /(X ()L 0.0) (X (5)). (4.2)

By using (4.1), routine manipulations yield that X is a Feller process on the
state space [0, 1] with generator £ given by Lf = f”/2 on the domain

D(L) = {f € C?[0,1]: 260, f'(0) = £"(0), 201 f'(1) = —f"(1)}.

We denote by PY the law of a two-sided 6-sticky Brownian motion started at z €
[0,1]. Observe that in the limit # — 0 this process converges to the Brownian
motion in [0, 1] with absorption at the endpoints, so that the notation is consistent
with Section 2.

The resolvent equation for £ has the form of a Sturm-Liouville problem on the
interval [0,1] so that it is possible to obtain an explicit expression for the resolvent
kernel ry,

(o, dy) = 49N+ R(@)oi(dy) =<y (4.3)
gy, 2)dy + g5(2)do(dy) = >y
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where
ga(z,y) = 2W 1 (20) ch(V2Az) + V2X sh(\/ﬁx))
X (291 ch(V2X(1 — y)) + V2Ash(V2A(1 — y)))
(z) = 2w (290 ch(vV2Xz) + V2X sh(\/ﬂx))
gl(z) = 2w 1 (291 ch(V2X(1 — z)) + V2Xsh(V2X(1 — x)))
in which

W = 4\(6p + 61) ch V2 + 2V2\(2006; + \) sh V2.

According to (4.3), the transition function of a two-sided 6-sticky Brownian
motion can be written as

pe(z,dy) = q:(z,y)dy + q; (2)d0(dy) + ¢f (x)51(dy),

where the Laplace transform of g, ¢¥, and ¢} are gy, ¢%, and g3, respectively.
We conclude this subsection with two technical lemmata.

Lemma 4.1. Given T > 0 there exists C > 0 such that for any t € [0,T] and
6 € (0, +00)?

sup [q¢(0,y) — 260P) (10 < )| < C|10]|

yE(O,l) (4 4)
sup |qi(1,y) — 201 Py(r < )] < C0]J*.
y€(0,1)
Moreover, for b € {0,1},
L—pe(b,{0}) <Cl0]  pe(b, {1 —b}) < C9]. (4.5)

Proof: We start by proving the first bound in (4.4). By an explicit computation

_ 25h(v2X(1 - )
87909’\(0’3»‘0:0 N Ash V2

0
87919’\(0"”‘ =0.

0=0
We now claim that there exists a constant C' such that for any A € C with R(A) =1
and 6 € (0, +00)%:

cl6|?
= e

B
gx(0,y) — GOa—eogA(O,y)’

sup
y€(0,1)
By Eq. 2.2.4 (1) of Borodin and Salminen (2002), sh(v2A(1—y))/(Ash v/2)) is the
Laplace transform of P (g <t). The statement follows.
To prove (4.6), by an explicit computation, recalling (4.3),

o (4.6)

0
g)\(oal - y) - 9087609)\(07 1- y)‘

40 [0V Aeh(yv2N) - (\/50091 ¥ (6o + 1)V cth(\/ﬁ)) sh(y\/ﬁ)]
- X312 $h(V2X) [V2(20001 + VA) + 20 + 61) cth(V2)| '

0=0
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By using that for R(A) = 1 we have v2XA = /|| +1 + isgn(S(A)/|A| — 1,
| cth(v/2))] is bounded, and

ch(yv2))

sh(yv/2X)
sup ‘ ‘ sup ‘7‘ <
ye,) | sh(vV2X) T yeo.n ! sh(v2A)
for some C' > 0 independent of \, a straightforward computation yields (4.6).
The second bound in (4.4) is obtained by symmetry. To prove (4.5) it is enough
to show that there exists a constant C' such that for any A € C with ®(\) =1 and
0 € (0, +00)2:

)

1 _ clel clell
) - - < 20)] < . 4.7
gk( ) A= |)\|3/27 ‘g)\( )’ = |)\‘3/2 ( )
This follows by direct computations. ([

Lemma 4.2. Given T >0 and ¢ € Co(0,1) or ¢ = 1(g,1) there exists C > 0 such
that for any t € [0,T] and 6 € (0, +00)?
sup | EZ[0(X(1)] - Eo[(X(#))]] < Cl6].
z€(0,1)
Proof: Since ¥(0) = ¢(1) = 0 and the two-sided 6-sticky Brownian motion coin-

cides with the Brownian motion with absorption at the boundary until the processes
reaches the boundary,

ES [¢(X(1)] - EY [w(X(1)] = Ef [(X(#)),7 < t].
By the strong Markov property and Lemma 4.1,

B [p(x (1), 7 < 1] < /0 PO (r & ds, X(r) = 0) B [[o(X(t - 9))]]

+ / PO(r € ds, X(r) = 1) B! [|o(X(t - 5))[] < Cllo 6]l

which completes the proof. [

4.2. Convergence to the boundary driven Brownian gas. Given n € N, we introduce
the empirical measure as the map m,: [0,1]™ — Q defined by

n
Tn(T1y. oo, Tp) 1= Z&;k,
k=1

where we understand that if x; € {0,1} then it gives no weight to the right hand
side. For T' > 0, with a slight abuse of notation, we denote by 7, also the map from
C([0,T; [0, 1]7) to C((0, T]; ) defined by 7o (w1, . ., 20)(£) = 7 (21(£), ..., 20 (£)),
te€0,7).

We are going to consider the empirical measure of n independent sticky Brownian
motions and consider the limit n — oo when the stickiness parameter 6§ = 6"
vanishes in such a way that nd™ = (ndf,n6}) — (Ao, A1) = A. In order to obtain
the convergence to the boundary driven Brownian gas the initial datum has to be
suitably prepared. Let w € Q be the initial datum for the boundary driven Brownian
gas and consider first the case in which w has finite mass so that w = 27321 0z, for
some A € N and z1,...,24 € (0,1). Then, the initial datum for the n independent
sticky Brownian motions is chosen as follows. The first A particles start at the
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points x1,...,x4, half of the remaining n — A start at 0, and the other half at 1.
In this situation, as the stickiness parameter is of order 1/n, the particles initially
in (0,1) will essentially perform a Brownian motion with absorption at the end-
points. On the other hand, again by the scaling of the stickiness parameter, out
of the approximately n/2 particles initially at the end-point {0} essentially only
a finite number will be able to move inside (0,1) by a strictly positive distance
independent of n. Together with the analogous mechanism at the end-point {1},
this will produce the effect of the boundary reservoirs in the limiting process.

We now describe how the initial state is prepared in the general situation in
which the mass of w is possibly unbounded. Given w € 2 and n € N let 2" =
2" (w) = (z7,...,2) € [0,1]™ be the following triangular array. Choose a sequence
an, | 0 such that A, = w(a,,1 —a,) = o(n). Define 2}, k = 1,..., A, so that
w = w(- N(ap,1—ay)) = Z,‘:‘;l Ogn. Define also z; =0, k = A, +1,..., Ap +
l[(n—A,)/2], and o} =1, k = A, + [(n — A4,)/2] +1,...,n. Observe that, as
simple to check, w"™ — w in .

The Poissonian limit of independent sticky Brownian motions is then stated in
the next theorem in which  is endowed with the topology introduced in Section 2
and C([0,T7];2) with the corresponding uniform topology.

Theorem 4.3. Given w € Q and n € N, set P% := ([[;_, Pﬁ%) om, ! where the
initial data ™ = x™(w) are as above and 0™ = (Ao/n, A1/n), Ao, A1 > 0. For each
T > 0 the sequence {P}, as probabilities on C([0,T];82), converges weakly to P,,,.

The proof of this theorem is accomplished by first proving tightness of {P"}, then
identifying its cluster points by showing that their finite dimensional distributions
are Markovian with transition function P;.

4.3. Tightness. Since 2 is not Polish, there are few technicalities in the proof
of the tightness. We shall apply the compact containment criterion discussed in
Jakubowski (1986). In order to apply Theorem 3.1 there, we observe that the fam-
ily of functions Q 3 w — w(1) € R, ¥ € C%(0, 1), separates the points in Q and it
is closed under addition. The tightness of the sequence {P"} is thus achieved once
we show that the following two conditions are met:

(i) there exists a sequence of compacts Ky, CC €2 such that
lim sup P}(3¢ € [0,T]: w(t) ¢ K¢) = 0;
=00 p

(ii) for each ¥ € C%(0,1) the sequence {P" o qul} is tight on C(]0,T7]), where
Xyt C([0,T; ) 3 w = w(®) € C([0,T]).
Recalling Lemma A.1, the following statement implies that condition (i) holds.

Lemma 4.4.
lim supIP’Z( sup w(t)(m) > 6) =0.
t=+oo te[0,T]
Proof: Let X be a two-sided sticky Brownian motion with parameter 6 = (6, 6;)
and initial datum z. By (4.1)
m(X(t)) = m(x)
t (4.8)

+ i ds [ = 1(0,1)(X(5)) + 00103 (X (s)) + 01113 (X (s))] + M(2),
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where M is a continuous square integrable martingale with quadratic variation

t
[M](t):/o dsm' (X (5))?10.1) (X (5)).
By considering n independent sticky Brownian motions, from (4.8) we deduce
w(t)(m) < w(0)(m) + 2n||6™||t + N(¢), P"-a.s. (4.9)

where N is a P’ continuous square integrable martingale with quadratic variation

- / dsw(s)((m')*1(0,1))-
0

By assumption, P”-a.s., w(0)(m) = m,(z™)(m), which is uniformly bounded. Since
n||0™|| = |||, it is therefore enough to show that

lim supP?( sup N(t)>{¢)=0. 4.10
l—+00 p <t€[0,T] ( ) ) ( )

By Doob’s inequality

Pg(tes[%pT]N(t) > () < ngg([N](T))

1 (4.11)
g@/ GHE [lw(t) EQZ/ dtPY (X (1) € (0,1)).
In view of Lemma 4.2 and recalling that 7 = inf {t >0: X(t) €10, 1}}
/O dtPY(X (1) € (0,1)) < /O dt [PO(X(t) € (0,1)) + C)0]]
< /O+Oodt PY(r > t) + CT|0| = EX(7) + CT||0|| = m(z) + CT| 6]
By plugging this bound into (4.11), the estimate (4.10) follows. O

By standard tightness criterion on C([0,T]), the following equicontinuity yields
condition (ii).

Lemma 4.5. For each ¢ € C%-(0,1) and e > 0
lim sup P™ ( sup |w(t)(¥) — w(s)(e)| > g) —0.

540 n |t—s|<6

Proof: By a simple inclusion of events, see Billingsley (1999) Thm. 8.3, it is enough
to show that for each € > 0

1

lim sup sup = IF’Z( sup |w(t) () — w(s) ()] > 5) =0. (4.12)
30 n sef0,7—5) O te]s,543]

Fix s € [0,T — 6] and let X be a two-sided 6-sticky Brownian motion. By (4.1)

1

P(X (1) — (X (s)) = 5/ dut)”(X (u)) + M>(t) (4.13)

where M*(t), t € [s,T] is a continuous square integrable martingale with quadratic
variation

M) (1) = / ! (X ().

S
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By considering n independent sticky Brownian motions, from (4.13) we deduce,
Pl-a.s.

s+0
swp [w(O)0) (@@ <5 [ dul@@)]+ s [NO] (@10
te[s,s+4] s t€[s,s+4]

where N*(t), t € [s,T] is a P! continuous square integrable martingale with qua-
dratic variation

N0 = [ dusw)((@)?)

Let K :=supp . To control the bounded variation term on the right hand side
of (4.14) we apply Chebyshev’s and Cauchy-Schwarz’s inequalities to deduce

Pﬂ[ﬂmwwwa<QW§mLMmemﬁ

We claim that
sup sup E"[w(t)(K)?] < 4o0. (4.15)
n  t€[0,T]

Together with the previous bound this yields
lim sup  sup 1]P”</S+6du |ew(w)(¥")] > s) =0
50 n s€[0,T—46] 5 ¥ s

To control the martingale part on the right hand side of (4.14), we apply the
BDG inequality (see e.g. Thm. IV.4.1 of Revuz and Yor, 1991) and Cauchy-Schwarz
inequality to deduce

Pi( sup [N*(1)] > ¢) < CEL(IN)(s +96)?)
t€[s,s+4]

s+d
<ColWL [ B ) ()?)
By using (4.15) we thus get
1

limsup sup =—P’( sup |N°(t)]>¢)=0.
610 n s€[0,T—4] o (tG[s,s+5]| ()| )

It remains to prove the claim (4.15). By a simple computation

n n 2 n

Ejy (w(t)(K)?) < {EL (w(t)(K)) } + Ef(w(t)(K)).

We conclude by observing that for some constant C' > 0 we have 1x < Cm and
taking the expectation of (4.9). O

4.4. Identification of the limit. We here conclude the proof of Theorem 4.3 by iden-
tifying the finite dimensional distributions, via their characteristic function (cfr.
Lemma A.3), of the cluster points of the sequence {P}. Recall that P, t > 0 is
the time homogeneous transition function defined in (2.2).

Proposition 4.6. For each r € N, 0 < t; < --- < t, < T, and ¢1,...,0, €
Ck(0,1)

lim Ez (eizgzl W(th)(wh)) - / : / H Pth—th—l (77h—1, dnh)einh(wh)a (416)
h=1

n—-+oo

where we understand that to =0 and ny = w.
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We start with the case r = 1.
Lemma 4.7. For each t € [0,T] and ¢ € Cy(0,1)

n—-+oo

lim E7 [eiw(t)(w)] = /Pt(w,dn) ), (4.17)

Proof: For t = 0 the statement follows directly from the construction of the trian-
gular array z”. For t > 0 we write

ﬁ Ei; [ (X(N] = (Eg" [ew(x(t»DL%J (E‘in [ew(x(m]y%]
k=1
A, ‘ (4.18)
x [T S, [0,
k=1

Since A,, = o(n) we have n=!|(n — A,,)/2| — 1/2. Hence, by applying Lemma 4.1,

: o e\ o [pvex) _ 1\
lim (EO [el ]) = lim (1—|—EO [e —1])

n—-+oo n—-+oo

1
= exp {)\o/ dz PO (o < 1) (e @) — 1)}
0

For the same reasons,

n—Ap 1
lim (Ei)n [ew(x(t))])[ = = exp{)\l/ dzPo(r < t) (e — 1)}

n—-+o0o 0

Recalling (2.2), to complete the proof it remains to show

An
HETOOIHEZE [ew(X(t))] - 1;[ E° [6“#(X(t))]. (4.19)

In order to prove (4.19), we set
Rp = Y, [¢¥(XO)] _ RO, [(W(XO)] = BT [#(X0) _ 1] _EQ, [#(X®) _ ]
Tk Tk Tk Tk
and observe, as follows from Lemma 4.2, that for each ¢t > 0 there exists a constant C'
independent of n and k such that |R}| < C/n. Since A,, = o(n) and w” = ‘;;1 Ozp s
it is therefore enough to show
: 0 [ (X 0 [ ip(X
HETOO H E? [e ¥( (t))] = H E? [e U( (t))]’
TEW™ rEw

which is implied by

‘ 1 1
DOIEL [V ]| < 3TPUr > ) < 5 Y ENT) = Jw(m) < oo

TEW TEW TEW

]

Remark 4.8. The argument in the above proof actually implies the following uni-
form statement that will be used in the sequel. Let £ > 0, ¢ € Cy(0,1), and &, | 0.
Then

n n

[]ES [ ®] - /Pt(zém,dn) eiW)’ — 0, (4.20)

k=1 k=1

lim sup
n—=+0 ye By
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where

B

3

= {x €[0,1]": [{k: zx € (0,1)}] < ¢,

1 n 1 n
“\{k: 2 =0} — =| <en, —||[{k:ar=1 —f‘<n}.
n‘|{k zy, = 0} 2‘75 n’|{ o =1} - 5| <¢

As usual, we understand that if 2 € {0,1} then it gives no weight to the sum on
the second term in (4.20).

The proof of Proposition 4.6 is achieved by induction on r. The recursive step
is the content of the next lemma.

Lemma 4.9. Assume that the conclusion of Proposition /.0 holds for some r € N
then it holds for r + 1.

Proof: The proof is essentially follows from the Markov property of the sticky
Brownian motions and Lemma 4.7. Since the transition function P; is not Feller,
there is however a continuity issue that will be handled by a suitable approximation.
We first show that, with probability close to one for n large, the configuration
of the sticky Brownian motions at some positive time meets the conditions on the
initial datum in Remark 4.8. More precisely, letting P" := []}_, ng be the law
of the n independent sticky Brownian motions, we shall prove the two following
bounds.
(i) For each t € (0,T]

lim supP" (Y ox € Bi) =0,  Bli={weQilw|<e)  (421)
k=1

l—~+o00 pn
(ii) There exists a sequence &, — 0 such that for each t € [0, T
: n 2 _
Jim P (X(t) ¢ Bsn) =0, (4.22)

where
n 1 n 1 n
B? = {xG[O,l] :ﬁ‘\{k:xk:0}|—§‘§5, E’\{k:uzlﬂ—ﬂgs}.

To prove (i) we observe that by Lemma 4.2 there exists a constant C' > 0 such
that

n

/dP"|{k: Xp(t) € (0, 1)} =D PL(X(1) € (0,1))

k=1

k=1 k=1
1 1
0 _ - n
< i ,;,1 E,.(1)+C= , kil m(zy) + C,

which is uniformly bounded in n. We conclude by Chebyshev’s inequality.
To prove (ii), it is enough to show that

n—-+oo

lim P"(‘ 21{,,}()@@)) - g‘ > n5n> —0, be{01). (4.23)
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We consider only the case b = 0 and write

’ Z 10y (Xk(t)) —
k=1

A, Antl(n—An)/2] ne A m
<Y1+ Y G - |+ |5 -5

k=1 k=A,+1
+ ) > 1{0}(Xk(t))‘

k=A,+|(n—A,)/2]+1

A Ap+[(n—A4,)/2] n
<A, + [TW + ‘ Z (1103 (Xk(t)) — 1)‘ + ‘ Z 1{0}(Xk(t))‘-
k=An+1 k=Apn+[(n—An)/2]+1

By setting €, = 9(A4,, + 1)/(2n), since A,, + [A, /2] < ne, /3, it is enough to show
that
An+[(n—An)/2]

nHTmPn< k:;H (Lo (Xk(t)) — 1)’ > n—;") =0
ngr}»loo Pn( Zn: 1{0}(Xk(t))‘ > %) =0.

k=An+|(n—An)/2]+1

Since z}f =0for k=A,+1,..., A, +[(n—A4,)/2] and 2} =1 for k= A, + |(n—
An)/2] +1,...,n, these bounds follow by Lemma 4.1 and a routine application of
the quadratic Chebyshev’s inequality.

By the Markov property and the bounds (4.21), (4.22), to prove the statement
it is enough to show that

lim  lim [ dP"e! 2=t T X OO by (7, (X (2,))) 152 (X (E))

£—+o0o n—+o0
" et (X (Erpr —tr
% | I EX" [ +1(X (1 —tr))

r+1

/ /HPth s (s digp) €O

By remark 4.8 and again (4.21), (4.22) this follows from

lim lim dPmet 2h=1 T (X (tr))($n)

£—+00 n—+00

X 1p1 (mn (X (tr))) / Py, it (o (X (tr)), d77r+1)6im+1(wr+1)

= lim lim E”[ixizlw(th)(d)h)

{—~+00 n—>+00

(4.24)

X 131 /Ptr+1 ty d77 +1) r41(bre)

r+1

/ /Hpth b (M1, dp )€™ 9m).
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Let P, . be the approximation of P, defined in (B.1). By Lemma B.1, (4.24) holds
once we show

hm hm E:LJ [ei E;=1 w(th)(wh) /Pt7»+17tr,-,€ (W(tr>, dnr+1)eiﬁr+1('¢'T+1)

e—0n—-+o0

r+1 (425)

h=1

Since the map Q > w — [ P, (w,dn)e™¥) € C is continuous, by the tightness of
the marginal of {P%} at the times ¢1,...,¢, and the recursive assumption which
identifies the cluster points of this law we can take the limit for n — +oo above.

Finally taking the limit £ — 0 and using again Lemma B.1 we conclude the proof
of (4.25). |

Appendix A. Topological complements

For completeness, we discuss some details on the state space £ both as topolog-
ical and measurable space. Recalling that 2 has been endowed with the weakest
topology such that the map w — w(ma) is continuous for any ¢ € Cy(0,1), a basis
of this topology is the given by (see Megginson, 1998 Proposition 2.4.1) by the
subsets of © of the form {w € Q: w(m¢1) € Ay, ...,w(mey,) € Ay}, where n € N,
¢; € Cy(0,1), and A; are open subsets of R. As follows by Proposition 2.4.8 of
Megginson (1998) this topology is completely regular.

Lemma A.1. A set K C Q is precompact if and only if sup,cx w(m) < +oc.
Moreover, for each £ € Ry the set Ky := {w € Q: w(m) < £} is compact and the
relative topology on Ky is Polish.

Proof: We first show that for each £ € Ry the set K; := {w € Q: w(m) < £} is
compact and the relative topology on K is Polish. Let ¥ = {4} be a countable
dense subset of Cy(0,1) and set

1
A m) = 3 o (LA () — n(mas). (A1)
k
We next prove that d is a distance on Ky inducing the relative topology. To this
end, it is enough to show that given any open set A C Ky and w € A there exists a
d-ball centered in w and contained in A. From the very definition of the topology,
A is of the form

A= U{n € K¢: n(mey) € Un,...,n(me,) € Uy}

where n € N, ¢; € Cy(0,1), and U; are open subsets of R. If w € A then
w € Nie{n € K¢: n(m¢;) € U;} for some n € N, ¢;, and U;. Letting 6, :=
dist(w(me;), US) we now choose ;) € W such that || — ¢illec < 04/¢ and
0<p< 2k /0 i =1,....n. Thenw € {n € K;:d(n,w) < p} C {n €
Ky n(m@) S Ul}

To show that Ky is separable it is enough to consider the collection of w € K
which charges only rational points of (0, 1).

To prove compactness of Ky, we first observe that it is enough to show its sequen-
cial compactness. Let {w,} C K/ be a sequence. By considering the restriction
of w, to [6,1 — 6] C (0,1), using the compactness of Radon measures with uni-
formly bounded mass on [, 1 — d], and a diagonal argument, we can find a Radon
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measure w on (0,1) and a subsequence (not-relabeled) {w,} vaguely convergent to
w. Let my € Ck(0,1) be such that my 1 m. Then, by monotone convergence,
w(m) = limg w(myg) = limg lim, w,(my) < ¢. Hence w € . Finally by domi-
nated convergence wy,(me) — w(me) for each ¢ € Cy(0,1). Hence w, — w in the
topology of Kj.

To conclude the proof, we next show that if K C  is precompact then there
exists £ € R4 such that K C Ky,. We argue by contradiction assuming that there
exists a sequence {w,} C K such that w,(m) — +oo; we will then construct a
function ¢ € Cy(0,1) such that w,(m¢) — +oco. By precompactness of K, we
can assume w, — w for some w € Q. Let {a7}, k = 1,...,|wy,|, be such that
Wy = Zk 5_,,32. Then either lim  inf z} = 0 or lim,, sup, zp = 1. We assume
that the first alternative takes place and choose a subsequence of {z} }1 such that
% >z >z > ---. We now set oy, = Zk 27 and choose a subsequence such
that «,, T +oo. It is not difficult to show that we can pick h,, — oo such that
> k<h, Th = an/2 and zj; | 0. Finally, let qi) € Cy(0,1) be increasing on (0,1/2]
and such that ¢(z}, ) = \/1/a;,. Then, as m(x) > x/2 for x € (0,1/2],

’VL h
wn(md) > Y ma)op) > 53 wolaf) > £ olaf,) Y af
k k=1

k=1
which completes the proof. ([

l\J\H
»lk\H

Lemma A.2. Let C be the family of subsets of Q of the form
C={weQ:wl)=ni,...,wUy) =n},

for some k € N, n; € Z, and U; open subset of (0,1) such that U; CC (0,1).
Then C is m-system that generates the Borel o-algebra B(S2).

Proof: The family C is obviously closed for finite intersections. To show that ¢(C) C
B(£2) it is enough to show that for each U CC (0,1) open and n € N the set
{w € Q: w(U) = n} is Borel subset of Q. Let ¢, € Ck(0,1) such that ¢ T 1y.
Then

{wEQ:w(U)zn}zﬂU ﬂ {weQ:w(gn) € (n—L,n+ 1)} eBQ)
m k h>k

To prove the inclusion o(C) D B(f2), let us first prove that, given ¢ € N, the
set Ky = {w € Q: w(m) < £} belongs to o(C). To this end, we say that a
function ¢ : (0,1) — R is simple if it has the form ¢ = Zz 1 @ilpy, o, ) for some
n€N, a € R,and 0 < 1 < --- < x, < 1. Then it straightforward to show
that, for each simple function ¢, the map w — w(¢) is o(C)-measurable. Pick
now a sequence my of simple functions such that my 1 m. Then, by monotone
convergence, Ky = (), {w € Q: w(my) < £} € o(C).

By observing that an open set A C Q can be written as A = J,cn (AﬂKg) and
using Lemma A.1, to conclude the proof it is enough to show that the distance d in
(A1) is 0(C) x o(C) measurable. To this end given ¢ € ¥ and U € B(R) we show
that the set {w € Ky: w(my) € U} belongs to o(C). Pick a sequence ¢y, of simple
functions such that ¢g/m — ¢ uniformly in (0,1). In particular w(¢yr) — w(m))
uniformly for w € K. Then

{we K wimyp) e U} :U ﬂ {we K w(gn) eU} €0(C)

k h>k
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O

Lemma A.3. Let Py, Py be two probabilities on (2, B(2)) such that

/P1 (dw)e®) /P2 (dw)e ) Y e Cx(0,1).
Then P; =

Proof: In view of Lemma A.2, the proof is achieved by the argument in Theorem
§29.14 of Fristedt and Gray (1997). O

Lemma A.4. For each t > 0 and w € Q) there exists a unique probability PP (w, )
n (2, B(2)) such that

/P(wdn (v

Proof: As PY(w,-) = 8, we consider ¢ > 0. Let (zy)g=1,.. lwl € (0, 1)<l be such
that w = ", 0s,. Let @ be the product measure on = := [[,[0, 1] with marginals
p)(zk, ). Elements of = are denoted by y = (yx). Let us first prove that

Q(F) =1, F:={yeZ: y; €(0,1) for finitely many k} (A.3)

=11 /pt z,dy)e? ™ e Ck(0,1). (A.2)

TEW

Indeed,

22 QM € (0.1)) = 3PS, (X() € 0.1)) = 3PS, (7 > 1)
k
< YE (7) zm 4<+oo
k

and (A.3) follows by Borel-Cantelli lemma.

We now define the map 7: = — Q by 7(y) = >, 0. (- N (0,1)) if y € F and
m(y) = 01if y € F. Observe that 7 is B(Q2)-B(E) measurable since F' € B(Z) and
the map F' 5 y — 7(y) is a pointwise limit of continuos maps.

By setting P?(w,-) := Q o1, it satisfies (A.2) in view of (A.3) and the change
of variable formula. Uniqueness follows by Lemma A.3. O

Given T > 0 we let Qp := C([0,7];€2) be the set of the  valued continuous
functions. We consider Qr endowed with the compact-open (uniform) topology
and the corresponding Borel o-algebra B(Qr). Let Cr be the family of subsets of
Qr of the form

C= {w € Qr: w(ty) € By,...,w(ty) € Bk},
forsome k € N, 0<t; <--- <t <T,and B; € B(Q),i=1,... k.
Lemma A.5. The family Cr is w-system that generates the Borel o-algebra B(Q2r).

In particular, a probability on (Qr,B(Qr) is uniquely characterized by its finite
dimensional distributions.

Proof: Since € is a completely regular topological spaces with metrizable compacts,
the lemma follows from Corollary 2.6 of Jakubowski (1986) applied in the present
context of C([0,T7]; ) instead of D([0,T]; ). Note indeed that condition (2.13) in
Jakubowski (1986) follows from Lemma A.1. |
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Appendix B. Approximation of the semigroup

We here discuss the approximation of the semigroup P; used in Section 4.4.
Given € > 0 let x. € Ck(0,1) such that 0 < x. < 1, x.(x) =1, for x € (¢,1 — ¢).
For w € 2 we denote by w. the thinning of w obtained by erasing independently
each particle x € w with probability 1 — x.(z). In particular, |w.| < 400 and
suppw.: C supp x.. For w € Q and ¢ € R we define the probability P, .(w,-) on £,
as the mixture of P;(7,-) with n € Q sampled according to the law of the thinning
we, that is

Pro(w //MWGB (dn) P (w,dip),  BEBE),  (B)

where PO .(w,-) is the probability on € characterized by,

[ Pt < T] (xetw) [ 82 d)e® +1- @), v € Cil0,1)
rew
Lemma B.1. For each ¢ > 0, t > 0, and each f € C(Q) bounded, the map
w = Py o(w, f) is continuous. Furthermore P, .(w, f) converges ase — 0 to Py(w, f)
pointwise in w and uniformly for |w| < ¢, £ € N.

Proof: In view of (B.1) and dominated convergence it is enough to prove the state-
ment for the map w — P (w, f). Since p? is a Feller transition function, the
continuity of w +— PY_(w, f) readily follows from the definition. To prove the point-
wise convergence Pp_(w, f) — P (w, f), we observe that, as follows from (A.3),
lim hmP c(w,{n:nl > 0}) < Zliin P (w,{n:|n| >¢}) =0,
— 100

l—+4o0€e

which implies the tightness of the family {Pgs(w, )}e>0. Moreover, by a direct
computation, for each ¢ € C'k(0,1)

hm/ (w, dn)e") = H/ z, dy)e? W) = /Pto(w,dn)em(w).
TEW
By Prokhorov’s theorem (see e.g. Smoljanov and Fomin, 1976 §5, Thm. 2 for the
present setting of a completely regular topological space with metrizable compacts)
and Lemma A.3 we then conclude.
Finally, the uniform convergence PP, (w, f) = P(w, f) on |w| < ¢ follows from
the convergence of x. — 1(g,1) uniform on compact subsets of (0, 1). (]
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