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Abstract. We consider the viscous Burgers equation on a bounded interval with inhomoge-
neous Dirichlet boundary conditions. Following the variational framework introduced by Bertini et
al. [Comm. Pure Appl. Math., 64 (2011), pp. 649-696], we analyze a Lyapunov functional for such
an equation which gives the large deviations asymptotic of a stochastic interacting particles model
associated to the Burgers equation. We discuss the asymptotic behavior of this energy functional,
whose minimizer is given by the unique stationary solution, as the length of the interval diverges.
In particular, we focus on boundary data corresponding to a standing wave solution to the Burgers
equation in the whole line. In this case, the limiting functional has a one-parameter family of min-
imizers and we compute the sharp asymptotic cost corresponding to a given shift of the stationary
solution.
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1. Introduction. Consider the viscous Burgers equation on the interval (a, b) C
(—00, +00) with inhomogeneous Dirichlet boundary conditions at the endpoints,

u(t,a) =u_, u(t,b) =uy,

where u = u(t, x) satisfies 0 < v < 1, the flur f is the function defined by f(u) :=
u(l — u), and the boundary data satisfy 0 < u_ < uy < 1. If the interval (a,b) is
bounded, it is simple to show that there exists a unique stationary solution of the
(1.1) that can be computed explicitly. On the other hand, if we consider the case
(a,b) = (—00,4+00) and u_ + uy = 1, there exists a standing wave solution of the
Burgers equation on the whole line. Accordingly, in this case problem (1.1) admits
a one-parameter family of stationary solutions {@(*), z € R} which is obtained by
considering the translations of the standing wave @ satisfying lim, 1. @(z) = ug
and @(0) = 1/2. If we consider the case u_ + u4+ = 1 in the bounded symmetric
interval (a,b) = (—¢,¢) and denote by @, the unique stationary solution to (1.1), as ¢
diverges the sequence {@;} converges to the stationary solution @. We refer to [7] for
a dynamical analysis of (1.1).

The main topic we discuss here is the following. Consider the case u_ +uy =1
and fix z € R. If we take £ large we expect that there exists some function ugz) close
to 7*) such that ul(f) is “almost” a stationary solution to (1.1) in the interval (—¢, ¢).
We shall quantify being an “almost” stationary solution in terms of a suitable family
of energy functionals and compute the sharp asymptotic of the energy of ué’z).

Since the Burgers equation is not a gradient flow, the choice of the energy func-
tional is not trivial. Consider the problem (1.1) in the bounded interval (a,b) and
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denote by V, 5, which also depends on u+, an associated energy functional. Let us
first make a short list of the properties that V, ; should enjoy:
(i) The unique minimizer of V, ; is the stationary solution to (1.1).
(ii) Vg is a Lyapunov functional for the flow defined by (1.1).
(iii) As (a,b) = (—o00,00) the functional V, ; converges to the functional V_ o 4
associated to (1.1) in the whole line.

Of course, this list still gives a lot of freedom. However, as we next discuss, there is a
natural way to meet the requirements (i) and (ii) above with some energy functional
Vap that has a clear interpretation in terms of large deviations, while property (iii)
will be proved in this paper.

First we associate to (1.1) an action functional I, 5, defined on functions depend-
ing on space and time. To this end, add an external “controlling” field F = E(t,x)
to obtain the perturbed equation

(1.2) {Ut + (V)2 = V2w = —2(0(v)E) _,

v(t,a) =u_, v(t,b)=uy,

where ¢ is a given positive function which, regarding v as a density, can be interpreted
as the mobility of the system. Denote by v the solution of this equation. The action
of a path v : (=00, 0] X [a,b] — [0, 1] is given by

(1.3) Iop(v) = inf/_(; /aba(v) E?dxdt,

where the infimum is carried over all E such that v = v. Note that if v is a solution to
(1.1), then I, 3 (v) = 0. Consider now the so-called quasi-potential [8] associated to the
action functional I, p; this is the functional V, ; on the set of functions u : [a, b] — [0, 1]
defined by

(1.4) Vap(u) = inf {I,(v) : v(0) =u, v(t) = @, as t — —oco},

where ,p is the stationary solution to (1.1). Namely, V, () is the minimal action
to reach u starting from @, . Of course, V4, > 0 and V, 4(@,,5) = 0; it is also simple
to check that V, is a Lyapunov functional for (1.1).

The functional V, ; obtained by the previous general recipe depends on the choice
of the mobility . If the boundary data are equal, u_ = u; = u,, then the stationary
solution is constant, & = u,. In this case, it can be shown that the quasi-potential is
given by

b
(1.5) Vap(u) = / Su, (u) dz,

where s, : [0,1] — [0,400) is the convex function such that s} (u) = 1/0(u) and
Su, (Uo) = 8}, (uo) = 0. Referring to [2] for the proof of (1.5) in the case of periodic
boundary conditions, we simply observe that the functional in (1.5) trivially satisfies
the requirements (i), (ii), and (iii) above.

In the case of inhomogeneous boundary data u_ # u,, the quasi-potential V  is
in general a nonlocal functional and its definition involves the solution of a dynamical
problem. For the specific case of the Burgers equation considered here and the choice
o(v) = v(l —v), in [4] it is shown that the quasi-potential V,; can be expressed
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in terms of a much simpler variational problem which requires us to optimize over
functions of a single variable rather than on all paths as in (1.4).

When o(v) = v(1 —v) the action functional I, ; introduced in (1.3) is the dynam-
ical large deviations rate functional of a much studied stochastic model of interacting
particles, the so-called weakly asymmetric simple exclusion process [9]. Accordingly,
the quasi-potential V, ; describes the asymptotic behavior of the corresponding in-
variant measure [8]. More precisely, if we denote by ,ufl\{ , the invariant measure of
the stochastic particles model in the interval (a,b) with lattice spacing 1/N, then as
N — 400 we have

(1.6) ué\fb(BN) = exp{—N irelfg Va7b(u)},

where B is a Borel subset of the functional space and By is its discrete approximation.
In particular, the probability on the left-hand side converges to one as N — oo only
if the global minimizer of V,; lies in the set B. If otherwise w,; ¢ B the large
deviation formula (1.6) expresses the fact that the probability of B converges to zero
exponentially fast in N with rate given by the infimum of V, ; on the set B. Within
this context, which takes into account the effect of fluctuations, we are thus interested
not only in the global minimizer of V, ; but also in its minimizers in subsets of the
function space. A natural question is the asymptotic behavior of the probability ufl\f b
in the joint limit in which N — oo and (a,b) — (—00,00). A simple approach to this
issue, which corresponds to first taking the limit in N and then letting the interval
(a,b) diverge, is to analyze the variational convergence of Vj 3.

As the results in [4] are the starting point of the present analysis, we briefly
recall the main statement. Given p € [0,1], set s(p) = plogp + (1 — p)log(1l — p).
Note that s”(p) = 1/[p(1 — p)] so that s can be regarded as the entropy function of
the homogeneous system; in the stochastic setting this function emerges naturally as
the Bernoulli entropy. To the boundary data 0 < u_ < uy < 1 there correspond
the chemical potentials @1 = §'(uy) = loglus /(1 —us)] € R. Given the bounded
interval [a,b] with b —a > ¢4 — ¢_, define the functional G, ; of the two variables
u=u(x) and ¢ = p(x), x € [a,b], by

b
(1.7) Gap(u, ) = / [s(u) + s(¢) + (1 — u)p — log (1 + €%)] da,

where ¢ satisfies 0 < ¢’ <1 as well as p(a) = ¢_ and ¢(b) = ¢. Optimize now in
® to get a functional F, 3 of u

(18) ]:a,b(u) = 13f ga,b(uvgp)'

In [4] it is proved that apart from an additive constant, the quasi-potential is equal
to Fu,p, namely,

(19) Va,b(u) = a,b(u) — inf ]:a,b .
Observe that the boundary data u+ are passed to F, ; through the auxiliary function

¢. In particular, while the functional F, ; is bounded on the whole L*((a,b); [0, 1]),
its minimizer is smooth and satisfies the boundary conditions in (1.1).
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The aim of this paper is to analyze the asymptotic behavior, in terms of I'-
convergence [5, 6], of the functionals F,; when the boundary data uy are fixed and
(a,b) — (—o00,00). Although the functionals are quite different, some of the arguments
in the proofs of our results are similar to the ones used in the analysis of the analogous
problem for the van der Waals free energy functional in a bounded interval [3].

In the case u_ + uy > 1, the stationary solution to (1.1) will essentially make
the transition from u_ to u4 close the left endpoint a; note indeed that in this case
the Burgers equation on the whole line admits a traveling wave propagating toward
the left. We thus set (a,b) = (0,¢) and analyze the sequence of functionals {Fo ¢};
we prove its I'-convergence to a limiting functional Fy ;o which is basically defined
as in the case of a bounded interval. In this situation, {Fy ¢} has good coerciveness
properties to ensure the compactness of sequences with equi-bounded energy. Since
the unique minimizer of Fy yo is given by the stationary solution @y 4 to (1.1) in
the unbounded interval (0, +00), the minimizer of Fy ; converges to @y, +0. Of course,
analogous results hold when u_ +uy < 1.

In contrast, the case u_ + w4 = 1 is much richer. We consider the symmetric
interval (a,b) = (—¢,¢) and analyze the asymptotic behavior of the sequence of func-
tionals {F_;¢}. The first result, that is, the I-convergence to a limiting functional
F 0,400, 18 analogous to the previous case. However, when u_ + uy = 1, the func-
tional F_ +o has a one-parameter family of minimizers, given by the stationary
solutions to (1.1) in the interval (—oo,+00). For this reason, the sequence {F_¢ ¢}
is not equi-coercive: there are sequence {ug} such that F_; ¢(ug) — inf F_o yoo and
z¢p — 00, where z; is the point such that u(z¢) = 1/2. We show that equi-coercivity
of {F_;.} is recovered if we identify functions that differ by a translation. In partic-
ular, since modulo translations F_. 4+ has a unique minimizer, the shape of almost
minimizers for {F_, ¢} is rigid.

Let @, be the true minimizer of F_;,. As discussed before, the sequence {a,}
converges to @, the stationary solution of (1.1) in the interval (—oo,+00) such that
@(0) = 1/2. The previous statement cannot be deduced from the I'-convergence of
{F_¢s}. On the other hand, as is customary in those problems having a limiting
functional with plenty of minimizers, a variational description of this phenomenon is
possible considering the so-called development by I'-convergence [1]. More precisely,
we introduce a rescaled excess energy j':_g’g by setting

(1.10) Fooolw) = CO|F_pou) —inff_oo,m],

and we look for a sequence C(£) — +oo for which .7?,“ has a nontrivial I'-limit. Let
a € (0,1) be such that uyx = (1£«)/2. We show that the right choice of the rescaling
is C'(£) = e, this is consistent with the fact that the stationary solution @ approaches
the asymptotic values ur exponentially fast. Then, we compute the corresponding
I-limit .)’?,oo,oo. Of course, .7?,oo,+oo(u) < 400 only if u = @® for some z € R and
its explicit expression is

S8a

(1.11) Fovortoo(u®) = R cosh(az).

In particular, since « is the unique minimizer of .7?_0074_00, the variational picture in
terms of development by I'-convergence is complete. In general, the excess energy
e’o‘éf,oo7+oo(a(z)) represents the cost for shifting by z the stationary solution @,. In

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/02/13 to 151.100.50.165. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

686 LORENZO BERTINI AND MARCELLO PONSIGLIONE

terms of the large deviation formula (1.6), it gives the asymptotic probability of a
fluctuation close to 7*) as N — +o00 and then ¢ — +00,

(1.12) ;/_Vg,g(oﬁ)) = exp {—Neo‘f [cosh(az) — 1] } ,

1—a?

where @) is a small neighborhood of @*) and 05\7) is its discrete approximation.

Let us briefly discuss the sharp interface setting. This amounts to the change of
variable x — x /¢, so that one considers the Burgers equation (1.1) in the fixed interval
(—1,1) with viscosity € = 1/¢. The asymptotic behavior of the energy functionals
can be clearly described also in the limit € — 0; see [4]. In this setting stationary
solutions to (1.1) converge to step functions. Note that fluctuations which are of order
one in the unscaled variables are not seen in the sharp interface limit. In particular,
the I-limit (1.11) of the rescaled excess energy translated into the sharp interface
setting becomes degenerate, being infinitely away from the minimizer. Even choosing
a different rescaling in (1.10), i.e., replacing e®/¢ with ¢#/¢, 3 € (0, a), we would still
get a degenerate I'-limit. More precisely, with such a choice the I'-limit would be zero
if the interface is at distance less than 1 — 3/« from the origin and infinite otherwise.

A natural question is whether the results outlined above can be extended to some
general class of fluxes f, for instance, convex. In this respect, we stress that our
analysis is based on the representation (1.9) of the functional V, ; in (1.4), which is a
special feature of the Burgers equation. On the other hand, one could analyze directly
the functional V; ;. For boundary conditions corresponding to a standing wave, the
limit functional still has a one-parameter family of minimizers. In such a critical case,
it seems reasonable that the prefactor corresponding to the first order development
by I-convergence in (1.10) is still exponential, with the limiting functional still of the
form (1.11). Such a general result would imply that this asymptotic behavior is a
universal feature of viscous conservation laws in the critical regime.

2. The variational formulation. In this section we introduce precisely the
variational formulation for stationary solutions to the Burgers equation on bounded in-
tervals and show uniqueness of minimizers. Fix a bounded interval (a,b) C (—o00, +00).
Recalling that the flux is given by f(u) = u(1 — u), the stationary solution @, to the
viscous Burgers equation (1.1) solves the boundary value problem

{u” — [u(l —w) =0, z € (a,b),

(21) U(Cl) =u_, u(b) = U4,

where 0 < u_ < w4 < 1. This problem admits a monotone solution that satisfies the
identity

(2.2) ' =u(l —u) = Jap,

where the current J,; is the constant determined by the boundary conditions, i.e., it
satisfies

2 u+—1 d b
(2.3) /u, TS - r=>b-—a.

Observe that J,; is uniquely defined by the previous condition. Moreover J,, <
minf{u_(1 —wu_),us(1 —uy)} < 1/4 and J,p > 0 as soon as b —a > loguy /(1 —
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u)] —log[u—/(1—wu_)]. In particular, from (2.2) and (2.3) we deduce the uniqueness
of the solution for the boundary value problem (2.1). Equation (2.2) can be explicitly
integrated, getting

(2.4) Uap(x) = % + Agp tanh [Aa,b(x — a:a,b)],

where A, = (% — a}b)% and x4 € R is determined by imposing @, (a) = u—. In
what follows we consider only the cases u_ +uy =1, (a,b) = (—¢,¢) and u_ +uy 2 1,
(a,b) = £(0,£). The corresponding solutions to (2.1) are denoted by @, and @},
respectively.

The stationary solution to (1.1) in the case of an unbounded interval can be
described analogously. Given 0 < u_ < uy < 1 such that u_ +uy 2 1, we consider
the boundary value problem

u —[u(l—u)) =0, zecRy,
(2.5) u(0) = u,

limy 400 w(x) = v,
whose solution @* is given by
(2.6) a*(v) = & + A% tanh [A* (2 — 27)],

where A = |uy — 3| and 2% € R is determined by imposing @*(0) = u+.
Finally, given 0 < u_ < uy < 1 such that u_ +uy = 1, we consider the boundary
value problem

@7 {u" —u(l—w)] =0, zeR,

1iInr—>:|:oo u(a’) = U4,

which has a one-parameter family of solutions given by {r.@, z € R}, where 7, is the
translation by z, i.e., T,u is the function defined by (7,u) (z) := u(x — 2), and

(2.8) a(x) = % + <u+ - %) tanh [(M - %) x] .

We now introduce precisely the variational formulation (1.7)-(1.9) proposed in
[4]. Let s: [0,1] — R be the convex function

(2.9) s(u) :=wulogu+ (1 —u)log(l — u),

where, as usual, we understand that 0log0 = 0. Let also ¢ : [0,1] x R x [0,1] — R be
the continuous function

(2.10) g(u, o,p) == s(u) + s(p) + (1 — u)p — log (1 + €¥).
Given uy € (0,1) let

(2.11) o+ =8 (ug) = log T

and observe that if u_ + uy = 1, then g(u_,p_,0) = g(uyt, p+,0). We set

c* = {30 €ACRY) : 0< ¢ <1, p(0) =g, lim @(x)= goi},

z—+o0

C:= {@EAC(R) 0< ¢ <1, lim ¢(z)=¢_, lim cp(a:):(p_,_},

Tr——00 r— 400
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where AC' denotes the space of absolutely continuous functions. We consider C* and
C endowed with the topology of uniform convergence, so that they are Polish spaces,
i.e., metrizable, complete, and separable. Then, we consider the spaces L>(R4; [0, 1])
and L (R; [0, 1]) endowed with the weak™ topology and set

Xi = Loo(Rj:;[Ov 1]) ch:7 X:: LOO(R7 [07 1]) XC’

which we consider endowed with the product topology. Observe also that X* and X
are Polish spaces.

If u_ +ugp 2 1, equivalently o_ + ¢+ 2 0, for each ¢ > 0 we let Qlft P G
(=00, +00] be the functional defined by

g(“ﬂ@a@)_g(uiﬂwivo) dr if (u,gO)EBi,
(2.12) G (u, ) = /i(ox) | ] ’

+o00 otherwise,
where

Bf = {(u,0) € X : p(x) = pr, u(z) = uy for x € £[¢,00)}.

Notice that Blft are nonempty whenever £ > ¢, — @_.
If u— +uqp = 1, equivalently p_ + ¢, = 0, for each £ > 0 we let G, : & —
(=00, +00] be the functional defined by

¥
/ lofuo6) —glus o 0] do i (u.g) € By

400 otherwise,

(2.13) Go(u, ) ==

where
By = {(u,p) € X: p(x) = p_, u(x) = u_ for x < Y,
o(x) = ¢4, u(x) = uy for x > (}.

Notice that By is nonempty whenever 2 > ¢, — ¢_.

Observe that up to an additive constant, the definition of gz and G, agrees with
(1.7). According with (1.8), we also define the functionals F;- : L>(R4;[0,1]) —
(=00, +o0] and F; : L=(R;[0,1]) — (—o0, +o0] by

(2.14) FE) = inf, GF(ng).  Fulw) = inf Golu. ).

Since g is continuous and p — g(u, ,p) is convex, the above infima are attained as
soon as u(x) = uy for x € £[¢, 00), respectively, u(x) = u_ for x < —¢ and u(x) = uy
for z > £. Recalling (2.4), we set @& := s'(@7) and @, := /().

PROPOSITION 2.1. For each £ > ¢4 — @ the functionals g} and Gy have a
unique minimizer respectively given by (a}, @i) and (@, @,). In particular, the unique
manimizer of .7-"} and Fy is given by ﬂ}t and g, respectively.

Proof. We prove the statement only for G,. In view of the strict convexity of
[0,1] 2 u +— g(u, ¢, p), we can easily minimize g(-, ¢, p) and the corresponding optimal
u satisfies s'(u) = . Thus

min Ge(u, ) = minGe((5) ™ (9), )

u,p
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The functional on the right-hand side is clearly coercive and lower semicontin-
uous on C. By the direct method of the calculus of variations, it thus admits a
minimizer ¢*. A straightforward computation shows that the Euler—Lagrange equa-
tion for Gy((s') (), ¢) implies that (s')~'(¢*) solves (2.1) in the interval (—,).
By the uniqueness of such a problem we deduce ¢* = s'(iy) = @,.

Finally, the last statement follows from the coercivity of G,. d

3. Variational convergence. In this section we discuss the variational formu-
lation on unbounded intervals. We show that the functionals in (2.12) and (2.13) are
well defined also for £ = co and coincide with the I'-limit of the sequences {Gi} and
{G¢} as £ — oo. In particular, this yields the stability of the boundary value problems
(2.1).

We start by the following proposition, which yields the basic estimates needed in
the rest of the paper. Given a4+ € R we let ¥4_ ., (7) := a_1r_(x) + a;lg, ().

PROPOSITION 3.1. Let u_ +uy = 1. There exists a constant C > 0 such that for
any (u,p) € X*

||g(u7<p, 90/) —g(ux, sDiao)HLl(Ri) <C (||U - UiHL?(Ri) +llp — (pi”Ll(Ri) + 1)'
Otherwise let u—+uy = 1. There exists a constant C > 0 such that for any (u,p) € X
lg(u, ¢, ¢") — 9(U+7<P+70)||L1(R) < C (Jlu=Vu_ Iz + Il = Yo_ o llr@) + 1).

We premise an elementary lemma.

LEMMA 3.2. Let o4, ¢o— € R be such that o_ < p4. For each v > 0 there exists
a constant Cy(p—, p4) € (0,+00), satisfying Cy(p—,p4+) = 0 as o1 —p_ — 0, such
that for any ¢ € C*

+oo
/0 |s()] dz < vl — orllnm,) + Cylo—, o4).

Proof. Givend € (0,1),let A5 := {z € Ry : ¢'(z) € [0,0]} and set A} := R\ Aj;.
We write

“+o0
(3.1) /0 |s(¢")] do = /A |s(¢")| dw + /AD |s(¢)| da

and estimate separately the two terms on the right-hand side. To bound the first one,
we first observe that for p € [0,1] we have |s(p)| < p(|logp| + 1) and then use the
Holder inequality as follows:

2/3 _
/A o |log /| dz = /A [0/ () (1 + 2]/ (2)/3(1 + 2)"* | log o/ (2) de
) )

<|[ vl 2/ [ e osgofad 1o

2/3
=15 [H@ —orlloey) + @+ — @—}

)
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where 75 := max,c(o,) p|logpl® [ (1 + )2 dax and in the last step we used that
: +
o = orllnw,y =[5 ¢ (x)zdx. Since fA5 @ de < [["F @' de = oy — o, we get

2/3
} T o — P

62 [ |s)lde < mfle—prlim + or -
&

To bound the second term on the right-hand side of (3.1), we observe that in view
of the convexity of s, for each p € [d, 1] we have

ls(p)| < [s(6)] +1s"(d)I(p — 0) < [s(6)] +[5(5)[p-
Denoting by |AE| the Lebesgue measure of AE we then deduce

63) [ I @ldr< [ [s@R16)1¢'@)] do < 15|48 +15 @)l =o-).

)

Moreover, we have |AE’|2 <207 — @4l (r,)- Indeed,

+oo
o =24l 1imy = ¢(@)ede> | ¢'(z)rde
(R4) 0 4G

s

EH 02
>0 xdxzé/ gcdx:g|A5|
Al 0

Therefore, recalling (3.1) and noticing that limgsjons = 0, lims o 5’1/25(5) = 0, the
lemma follows easily from (3.2) and (3.3). O

Proof of Proposition 3.1. We prove the statement only in the case u_ +uy > 1.
Indeed, the statement for u_+uy < 1is completely analogous, and the case u_+u4 =
1 follows, noticing that g(u4, p+,0) = g(u_,¢_,0), from the previous ones.

Recalling (2.10) and ¢4 = s'(u4.), we write

9(u,0,¢") = g(ug, 04,0) =s(u) — s(us) — 8" (us)(u —uy) + (1 —u)(p — ¢4)

— [log (14 €?) —log (1 +e#*)] + s(¢).

As ¢ € CT implies ¢ < oy = ' (uy),

(3.4)
|9(u, 0. ¢") = g(ur, 91, 0)] <s(u) = s(uy) = " (us ) (w = us) + (1= w) (04 — @)
+log (1+e#+) —log (1 4 €%) + |s(¢")].

Since s is convex and C? in (0,1), there exists a constant C' > 0 depending only on
uy such that

s(u) = s(uy) — 8" (ug)(u —uy) < Clu—uy)?.

On the other hand, we clearly have (1 —u)(p4 — ¢) < |¢ — ¢+|. Moreover, since the
real function ¢ — log(1 + e¥) has Lipschitz constant one, we have

log (1+e#+) —log(1 +¢¥) < [p —p].

In view of (3.4), the proof is now completed by applying Lemma 3.2. O
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Let

D* := {(u,¢) € X* such that [|u — usllL2ms) + ¢ — |1 @y) < +00},
D := {(u, ) € X such that ||u—Fy_ u,llr2@®) + |0 = Pp_ o, |1 (m) < +00}.

In view of Proposition 3.1, we can introduce the functional G : X% : (—o00, +00] as
follows:

u,0,¢") — glus, pr,0)] dx  if (u,p) € DF,
(3.5) G* (u, ) = /Ri [9(u, ¢, ¢") = g(uzx, px,0)] (u, @)
+o00 otherwise.

Analogously, let G : X' : (—o0, +0] be defined by

A[g(u,w7w’)—g(U+,w+,0)] dr if (u,p) € D,

+00 otherwise.

(3.6) G(u, ) :=

Our first main result concerns the variational convergences of the sequences {G7}
and {G,}, as respectively defined in (2.12) and (2.13), as ¢ diverges. The appropriate
notion is the so-called I'-convergence [5, 6], which we next recall. Let X be a metric
space and F,, : X — (—o0,+0o0], n € N. The sequence of functional {F,} is said
to I'-converge to F : X — (—o0,+0o0] iff the two following inequalities hold for any
reX:

(i) T-liminf inequality. For any sequence {z,} C X converging to = we have

liminf,, F,(z,) > F(z).
(ii) D-limsup inequality. There exists a sequence {x,} C X converging to = such
that lim sup,, Fy,(x,) < F(x).
We also recall that the sequence {F),} is equi-coercive iff any sequence {x,,} C X such
that limsup,, F),(z,) < +00 is precompact. As well known [5, 6], the I'-convergence
of a sequence of equi-coercive functionals F;, implies the convergence, up to a subse-
quence, of their minimizers to a minimizer of the I'-limit.

Recall that the stationary solutions to the Burgers equation @* and @ are given
in (2.6) and (2.8). We set = := &'(aF) and @ := §'(@).

THEOREM 3.3. Let 0 < u_ < uy <1 be such that u_ +uy 2 1.

(i) There exists a constant C € (1,+00) such that for any (u,¢) € D*

(37) gi(uv 80) < C (HU - u:‘:“Lz(Ri) + ||(p - gp:l:HLl(Ri)) + Ca
1
(3.8) GE(u, ) > c (e — utllL2my) + Nl — @£lliryy) — C-

Moreover, the functional G* is lower semicontinuous and coercive on X*.
Finally, the unique minimizer of G* is (@™, ).

(ii) The sequence of functionals {ggt Yoso is equi-coercive and T-converges to GF
as £ — co. In particular, (T, L) — (@, 5F) as £ — oo.

In contrast to the previous case, in view of the translational invariance of the
limiting functional G, the sequence {Gy} is not equi-coercive. This loss of compactness
takes place because the “interface” between u_ and u, can escape to infinity with a
bounded energy cost. However, as we state below, the compactness of sequences with
equi-bounded energy can be recovered if we identify functions modulo translations.

Recall that we denote by 7, the translation by z € R.
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THEOREM 3.4. Let 0 < u_ < uy <1 be such that u_ +uy = 1.
(i) There exists a constant C € (1,+00) such that for any (u, ) € D

(3.9) G(u,) < C(llu—Pu_w o + o = p_ o lrm) +C,

1
(3.10) G(u,9) = = (llu = m0u_uy 2@ + o = 0o, 1) — C

>

- C
for some z € R depending on (u,@). Moreover, the functional G is lower
semicontinuous on X . Finally, the set of minimizers of G is the one-parameter
family of solutions to (2.7).

(i) Let {(ug, pe)} C X and assume limsup,_, .. Ge(us, p¢) < +0o. Then there
exists a sequence {z¢} C R such that {(7.,ue, T2,00)} is precompact in X.
Moreover, the sequence of functionals {Ge}te=o I'-converges to G as £ — 0.
Finally, (e, ®,) — (4, $) as £ — oo.

Remark 3.5. Recall (2.14), and set F*(u) = inf, GF (u, ¢) and F(u) = inf, G(u, ¢).
Theorems 3.3 and 3.4 imply the T-convergence of the sequences {Fif} and {F;} to
F* and F, respectively.

Proof of Theorem 3.3. We prove the statements only for u_ 4+ uq > 1.

Proof of (1). The upper bound (3.7) is a direct consequence of Proposition 3.1. In
order to prove the lower bound (3.8), we first show that there exists C1 = C1(p_, p)
such that

1 [t
(3.11) 0" > 5 [ (er—o)dr—Cn.

1

Observe that s’ : (0,1) — R is given by s'(p) = log[p/(1—p)]. Hence (s')~! : R — (0, 1)
is given by (s')71(q) = €?/(1 + €4). Therefore

f(@) == g((s)""(q),4,0) = ¢ — 2log(1 + €)

and in particular g(uy, ¢+,0) = f(p4). By the strict convexity of g(-, ¢, p) for a fixed
(q,p) € [p—,p+] x [0,1], the infimum of GT (-, p) for a fixed p € CT is achieved when
u satisfies s'(u) = . Hence

G (u.0) > G () (0)¢) = [ [s6)+ £(0) = fp)] o
Since the real function f is concave, for any ¢ € [p_, v ]
fle-) — f(sa+)(

(3.12) fla) = fle4) = P

o+ —q) = m(ps —q).

It is simple to check that m > 0 because ¢_ + ¢4 > 0. We thus deduce
(3.13)
m oo
G* (u, ) 25/ [ — ] da
0

+inf{/ooo [s(W) + 2 (pr — )] dz, p €Ct + p— eLl(R+)}.

In view of Lemma 3.2, the infimum on the right-hand side above is finite. This
concludes the proof of the bound (3.11).
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We next prove the L? bound on u. Since the right-hand side of (3.13) is bounded
from below, there exists a constant Cy = C(p_, ) such that for any ¢ € C*
G ((s)71(¢), ) = —Cs. Therefore

G*(u, ) > G* (u, ) g*(() @), 9) — Cy
/ {s(u) —pu—[s((s)7(@)) —¢ () ()] Y da — Cs .

Since u € [0,1], (s')~! is locally Lipschitz on R, (s')"!(p4) = uy € (0,1), and s is
locally Lipschitz in (0, 1), the L' bound on ¢ — ¢, implies there exists C3 such that

G (ug) > / " () — s(us) — ' (us)(u— up)] de — Callp — o | agayy — Co.

The proof is completed by the uniform convexity of s on [0, 1].

To prove the lower semicontinuity of GT, given a sequence {(un,pn)} C XT
converging to (u, ), we need to show that G (u, @) < liminf, Gt (up, p,). We can
clearly assume that liminf,, G (u,, ¢,) < 4+o0o and therefore, by taking if necessary
a subsequence, that {(u,,p,)} has equi-bounded energy. In particular, by (3.8) we
deduce that u — uy belongs to L2(R*) and ¢ — ¢ belongs to L'(R*). Again, from
(3.8) we easily deduce that

(3.14) hm liminf ¢, (L) = ¢4.

L—oo n

Given an interval I C R, we introduce the localized functional g?' defined by

(3.15) G (u, ) == / (9, 0,0') — glug 04, 0)] de.

By the convexity of s, for each L > 0 the functional G} (0.1) is lower semicontinuous on
X, Since by Proposition 3.1 limp_. Q(L +Oo)(u ) = 0, to complete the proof it is
thus enough to show that

(3.16) hm hmlnf Q(L +OO)(un, ©n) > 0.

L—oo

To this purpose, let m be as defined in (3.12). Arguing as in the proof of (3.13)

o0

g(’LL7+OO)(un,<pn) > inf {/L [s() +m(ps — )] da, ¥ : (L) = ‘Pn(L)}
—int { [ [s0) + (s )] de, 02 0(0) = D)},

where, of course, 1) is increasing and satisfies lim,_, 1o ¢¥(z) = ¢4. In view of (3.14)
and Lemma 3.2 the bound (3.16) follows.

The coercivity of G follows trivially from the equi-coercivity and I'-convergence
of the sequence {G, } proved in the Proof of (ii) below.

Since G* is bounded from below, coercive, and lower semicontinuous, by arguing
as in the proof of Proposition 2.1 we conclude that the unique minimizer of G* is the
solution to (2.5).

Proof of (ii). Let {(ue,¢)} C X be a sequence such that Gy(ue, p¢) < K for
some K € R; we next show that {(us, @)} is precompact. To this purpose, notice
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that by the very definition (2.12) of G, we have Gy(ug, p¢) = G(ug, pe). Therefore, by
the lower bound (3.8) we have

(3.17) lue —uill2@ey + llee = ot llor@e) < C(K +C).

Fix ¢ > 0 and let 2. := inf{z > 0, p(z) = ¢+ —e}. From (3.17) we deduce
limsup, z. ¢ < 4+o00. Since ¢j € [0,1], we thus deduce the precompactness of {¢,}
in CT(Ry). As L>®(R;[0,1]) is compact with respect to the weak* topology this
concludes the proof of the equi-coercivity of G,.

In order to prove the I-liminf inequality let (us, v¢) — (u, @), and assume without
loss of generality that (ue, ¢¢) has equi-bounded energy. By the very definition (2.12)
of Gy and the lower semicontinuity of G

Gu,p) < limeinfg(ug, 1) = limeinf Ge(ue, pr).

To prove the I-limsup inequality fix (u,) € X" with finite energy. We define
(ue, p¢) as follows. We set ug = win [0,4] and uy = us in (¢, 4+00); we set also ¢y = ¢
in [0,0—1], p¢ = @4 in [¢,+00) and we extend it by affine interpolation on [¢ —1,/].
A direct computation shows that (us, ¢¢) is a recovery sequence for (u, ¢). O

Proof of Theorem 3.4. The proof will be easily achieved by applying Theorem 3.3
and translation invariance arguments.

Proof of (i). The upper bound (3.9) on G is a direct consequence of Proposi-
tion 3.1. In order to prove the lower bound (3.10), let z € R be such that ¢(z) =
(o4 +¢_)/2 =0. The lower bound then follows by applying (3.8) with R* replaced
by {x < z} and {z > z}.

We next prove the lower semicontinuity of G. Let (un,pn) — (u,¢); by taking,
if necessary, a subsequence we assume that liminf,, G(u,, ¢,) = lim, G(un, ¢,). Let
{zn} C R be such that ¢, (z,) = 0. By taking, if necessary, a further subsequence we
assume that z, — z for some z € R. In accordance with the notation introduced in
(3.15), we write

g(una ‘Pn) = g(foo,zn) (una ‘Pn) + g(szroo) (una ‘pn)-

By translation invariance the statement now follows from the lower semicontinuity of
G*; see item (i) in Theorem 3.3.

The last statement will follow once we prove that the pair (@, ) is the unique
minimizer of G among all (u, ) € X satisfying ¢(0) = 0. This readily follows from
the uniqueness property stated in item (i) of Theorem 3.3.

Proof of (ii). Given a sequence {(u¢, p¢)} C X such that Ge(ue, pr) < +o0, let
{z¢} C R be such that ¢y(z¢) = 0. Observe that z, € (—¢,¢) and write

Ge(ue, 00) = G(—p,2,) (e, 00) + G2y 0) (e, @r)

- gg_ (szguf7 T,ngOg) + QZ'(T,ZKw, szg@€)~

In view of the equi-coercivity of Qlft stated in item (ii) Theorem 3.3, the compact-
ness property of {Gy} follows. Thanks again to item (ii) in Theorem 3.3, the above
decomposition of the energy functionals easily yields the I'-convergence result.

Finally, the fact that the unique minimizer (., @,) of Gy converges to (@, ) in X
follows by the I'-convergence and the fact that @,(0) = 0 for every £. O
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4. Development by I'-convergence. In this section we analyze in more detail
the functional G, for the choice of the boundary data corresponding to a standing
wave for the Burgers equation in the whole line. As we discussed previously, when
u_ + up = 1 there is a one-parameter family of solutions to (2.7) given by 7.,
z € R. Accordingly, the minimizers of the limiting functional G in (3.6) are given
by (7@, 7,%). On the other hand, recalling Theorem 3.4, the minimizer of the finite
volume energy G, is unique and converges to (i, $). The purpose of this section is to
provide a variational framework to select this minimizer, based again on the notion
of I'-convergence and, more precisely, on the notion of development by I'-convergence
introduced in [1].

Let a € (0,1) be such that ux = (1 + «)/2. Recalling (2.13) and (3.6), we are
interested in the asymptotic behavior of the functionals Gy : X — (—o0, +oo] defined
by

(4.1) g}(u, @) = et [gg(u, ) — min g],

where the exponential rescaling has been introduced to get a nontrivial limit. In
particular, as stated below, the unique minimizer of the limiting functional is (@, ),
where @ is the stationary solution satisfying @(0) = 1/2 (see (2.8)) and @ = s'(a).

THEOREM 4.1. Let a € (0,1) be such that uyx = (1 + «)/2.

(i) Let {(us,00)} C X be a sequence such that limsup, , . Go(ue, ) < +00.
Then, up to a subsequence, (ug,p¢) — (724, 7.@) for some z € R. In partic-
ular, the sequence of functionals {é\g} s equi-coercive.

(i) As £ — oo the sequence of functionals {G;} T'-converges to the functional
G : X — (—00, 00| defined by

8
Gl ) = 1_—0;2 cosh(az) if (u,p) = (1,1, 7.%) for some z € R,
+00 otherwise.

Remark 4.2. Let Fy(u) = inf,, Ge(u, ). Theorem 4.1 then implies that {F;} is
equi-coercive and I'-converges to min, § (u, ). Note that the I'-limit is finite only if
u = 7,4 for some z € R and in such a case is given by é\(TZI_L, T20).

The proof of Theorem 4.1 is based on few computations that we collect in the
following two lemmata. Recall that @, is the solution to (2.1) in the symmetric interval
(—£,¢) and @, = §'(@g). In particular, @, solves uy = wy(1 — wwg) — Jy, where J, € R is
the constant satisfying

4.2 “+71 d 20
(4.2) /u_ r(l—r)—J e

Analogously, @ = (1 — @) — J, where J = (1 — a?)/4. It is simple to check that
Je 1 J as £ — oo. However, in what follows we need the sharp asymptotic of Jy.
LEMMA 4.3. Let o € (0,1) be such that ux = (1 +«)/2. Then

lim e*(J = Jp) = o

{—00

Proof. The integral on the left-hand side of (4.2) can be calculated explicitly and
the proof of the lemma can be achieved by a few tedious computations. However, we
give a lighter argument below.
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Let Ey := J — J;, and notice that E, | 0 as { — oco. By symmetry, (4.2) is

equivalent to
(1+O£)/2 1
dr = /.
/1/2 r(l—r)—J+E, "

Performing the change of variables r = (1 + « — s)/2, this is further equivalent to

« 1
4. 2 ——ds =1/
(4.3) /0 2005 — 52 +4F, 5 ’

where we use that J = (1 — a?)/4. We rewrite the left-hand side above as follows:

« 1 « 1
2 —  ds =2 ——d R(E
/0 2005 — 52 +4F, s /0 2as + 4E, s+ R(E)

1 042 2Eg
—1 1+ — E
og[2Eé( + )]+R( )

(4.4)

where

o 1 1
R(E) =2 — ds.
(E) /0 [2@5—52+4E 2as—|—4E] 3

It is simple to check that
2

¢ s 1
R(0)=1lmR(E) =2 — —ds = —log?2.

0) 10 (E) /0 2a8(2as — s2) ST a8
From (4.3) and (4.4) we then get

1 a? 2F
= log 5 + - 1og (1 + —E> + R(E,;) — R(0),

which, recalling F, | 0 as £ — oo, yields the statement. g

As follows from Theorem 3.4, G,(@¢, §,) — G(@, p) as £ — co. We next compute
the sharp asymptotic of the energy of the minimizer (@, @,).

LEMMA 4.4. Let o € (0,1) be such that ux = (1 + «)/2. Then

. (67 3T A TR _8
Jime Z{Q@(W,W) - g(“’@)} 1 _aoﬂ'

Proof. Recall that @, and @ satisfy (2.2) with constants J, and J, respectively.
Recall also that @, = s’(@y). From the very definition (2.10) of g we deduce
—/

_ ae(l —ap) — Jo
45 ) =1 Ty o Tell = e
(4.5) (e, @, Pr) = log Jo + T o T, :

in both the cases ¢ € (0, +00) and ¢ = +o0o. Recalling g(u,p4,0) = g(u_,o_,0) =
log J, from (4.5) we get

Ge(te, py) — Q(

— 201 1
(4.6) OgJ / r1—7r) °®

:/ {log rd=r) = Je + Je log ﬂ} dr,
u_ T(]' - ’f’) -

where we use (4.2) in the second step.
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Set ey := 4(J — Jy) and observe that gy | 0 as £ — co. By using the symmetry of
the function (1 — r) with respect to r = 1/2 and performing the change of variable
r=(1+a—¢es)/2in (4.6) we deduce, recalling J = (1 — a?)/4,

Gy, @) — G(u, p)
Oz/E@ 1
=4
65/0 1 —a? + 2agps — €22

1+ 2as — g482 1—a?—-¢ €y
x |1 1 1-— ds.
[ 208 — 482 * 1+ 2as — g4s2 e 08 1—a? N

It is now simple to check that

4 oo 142 1
lim ezl{gg(ﬂg,@)—g(ﬂ,@)} = /0 {log +Las }ds

00 1 205 1+ 2as

and hence, computing the integral on the right-hand side above, we get

2
. _1 _ _ ]
Elglgo €p [gf(wa Pe) — g(“#ﬂ)} = m )
which, in view of Lemma 4.3 and the definition of ¢y, concludes the proof. a

We have now collected all the ingredients needed to complete the proof of the
development by I'-convergence.
Proof of Theorem 4.1. Given z € R and ¢ > |z|, we introduce the function

uéz) :R — (0,1) defined by

u_ for x € (—o0, —¥),
z Upyz(T — fi -, z),
@) ué )(x) _ I_Lg+ (x—2) forxel-tz)
Up—r(x—2z) forx € [z,0),
Uy for z € [¢, +00).
Moreover, we set @EZ) =5 (ul(f)). Observe that uéz) is a continuous piecewise smooth
function and ul(zo) = 1y. Moreover, by construction we clearly have
(=) (2)y_ L o o
(4-8) gl(ug y P ) = B} {gf+z(ué+m SOHZ) + g@—z(ué—zv sz)]
Finally, as it is easy to verify,
(4.9) Ge(ug”, o) = min {Ge(u, 9), (u,p) € X : p(2) = 0}.

~

Proof of (i). Fix a sequence {(ug, )} C X such that limsup,_, . Ge(ue, pr) <
+oo and let z; € (—¢, ) be such that ¢y(z¢) = 0. From (4.9) we deduce

lim sup e [gg(ué’”), wng)) —G(@,p)] <lim sup Go(ug, pr) < +0c.

l—00 {— 00

By (4.8) we thus have

lim sup e®* [guze (Wt 2> Prszy) — G W, P) + Go—zy (To—2y, Py—,) — G(Ty ‘»5)] < 400.

l— 00
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This bound together with Lemma 4.4 yields the uniform boundedness of the sequence
{z¢}. Hence, by taking a subsequence, zy — z for some z € R. From the equi-
coercivity modulo translations in item (ii) of Theorem 3.4 we then deduce the precom-
pactness of the sequence {(ug, ¢¢)}. Since its limit points are necessarily minimizers
of G, we get (ug, vr) = (T,U, 72P).

Proof of (ii). In order to prove the I-limsup inequality, let (u,p) € R, and
assume without loss of generality that (u,¢) = (7., 7.%) for some z € R. We claim
that {(ug'z),gogz))}, with ug'z) as defined in (4.7) and cpéz) = s’(uéz)), is a recovery
sequence. Indeed, from (4.8) and Lemma 4.4 it immediately follows that

(4.10)
eligloge(uy)v ‘sz))

= lim e {Q@ W, o) = G(a, 7)

1
= - lim eae [gf-FZ (ﬂe-‘rZ? @f{»z) - g(aa (ﬁ) + ge-»’-’(ﬂf—27 (zéfz) - g(u7 80)}

2 (—o0
8o e¥ e 8«
=1 5 =1 cosh(az).

To prove the I-liminf inequality, let (u¢, v¢) — (u,p) € X. By the compactness
properties stated in item (ii) of Theorem 3.4, we can assume without loss of generality
that (u, ) = (7,1, 7.) for some z € R. Let 2, € ;' ({0}), £ > 0. Since ¢, converges
uniformly to ¢, we have z; — z. Observe that (4.10) holds also if z on the left-hand
side is replaced by a sequence z; — z. Therefore, by (4.9) we deduce

lim inf ég(Ug, @) = liminf et [Qg(w, wr) — G(u, gp)}
l— 00 £—ro0

.. z z —8a
> liminf e® [Q@(UE e), SOE e)) - G(u, 90)} = 2

im in I—a cosh(az),

which proves the I'-liminf inequality. 0
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