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Abstract

We are concerned with a control problem related to the vanishing viscosity
approximation to scalar conservation laws. We investigate the I"-convergence of
the control cost functional, as the viscosity coefficient tends to zero. A first-order
I"-limit is established, which characterizes the measure-valued solutions to the
conservation laws as the zeros of the I"-limit. A second-order I'-limit is then
investigated, providing a characterization of entropic solutions to conservation laws
as the zeros of the I"-limit.

1. Introduction

We are concerned with the scalar one-dimensional conservation law
ur+ fyx =0 (1.1)

where, given T > 0, u = u(t, x), (t,x) € [0, T] x R, subscripts denote partial
derivatives, and the flux f is a Lipschitz function. As well known, even if the initial
datum #(0) = u(0, -) is smooth, the flow (1.1) may develop singularities for some
positive time. In general, these singularities appear as discontinuities of u and are
called shocks. It is therefore natural to interpret (1.1) weakly; in the weak formu-
lation uniqueness is however lost, if no further conditions are imposed. Given a
smooth function 7, called entropy, the conjugated entropy flux g is defined up to
an additive constantas g (1) = [“dvn’(v) f'(v). A weak solution to (1.1) is called
entropic iff for each entropy—entropy flux pair (5, ¢) with n convex, the inequa-
lity n(u); + q(u), < 0 holds in the sense of distributions. Note that the entropy
condition is always satisfied for smooth solutions to (1.1). The classical theory,
see, for example [5,15], shows existence and uniqueness in C ([0, T1; L110c (R))
of the entropic solution to the Cauchy problem associated to (1.1). While the flow
(1.1) is invariant with respect to (¢, x) — (—t, —x), the entropy condition breaks
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such invariance and selects the “physical” direction of time. In the conservation
law (1.1) the viscosity effects are neglected. This approximation is no longer valid
if the gradients become large as it happens when shocks appear. A more accurate
description is then given by the parabolic equation

i+ fu)x = %(D(u)um (1.2)

in which (¢, x) € [0,T] x R, D, assumed uniformly positive, is the diffusion
coefficient and ¢ > 0 is the viscosity. In this context of scalar conservation laws,
it is also well known that, as ¢ — 0, equibounded solutions to (1.2) converge
in L1 10c([0, T] x R) to entropic solutions to (1.1), see, for example [5,15]. This
approximation result shows that the entropy condition is relevant.

Perhaps less well known, at least in the hyperbolic literature, is the fact that
entropic solutions to (1.1) can be obtained as scaling limit of discrete stochastic
models of lattice gases, see, for example [11, Ch. 8]. In a little more detail, consider
particles living on a one-dimensional lattice and randomly jumping to their neigh-
boring sites. It is then proven that, under hyperbolic scaling, the empirical density
of particles converges in probability to entropic solutions to (1.1). A much studied
example is the fotally asymmetric simple exclusion process, where there is at most
one particle in each site and only jumps heading to the right are allowed. In this
case, the empirical density takes values in [0, 1] and its scaling limit is given by
(1.1) with flux f(u) = u(1 — u). In this stochastic framework, it is also worth
looking at the large deviations asymptotic associated to the aforementioned law of
large numbers. Basically, this amounts to estimate the probability that the empirical
density lies in a neighborhood of a given trajectory. In general this probability is
exponentially small, and the corresponding decay rate is called the large deviations
rate functional. For the totally asymmetric simple exclusion process, this issue has
been analyzed in [9, 17]. It is there shown that the large deviations rate functional is
infinite off the set of weak solutions to (1.1); on such solutions the rate functional
is given by the total positive mass of the entropy production /(u); + g(u), where
h is the Bernoulli entropy, that is 2(u) = ulogu + (1 — u) log(1 — u) and g is its
conjugated entropy flux.

A stochastic framework can also be naturally introduced in a PDE setting by
adding to (1.2) a random perturbation, namely

w4+ fQu), = %(D(u)ux)x n ﬁ(,/a(u)ay)x (t,x)€©,T) xR (1.3)

where o (1) = 0 is a conductivity coefficient and a, is a Gaussian random forcing
term white in time and with spatial correlations on a scale much smaller than y . Let
u®? be the corresponding solution; if y <« & then u®? still converges in probability
to the entropic solution to (1.1) and the large deviations asymptotic becomes a
relevant issue. Referring to [13] for this analysis, we formulate the problem from
a purely variational point of view quantifying, in terms of the parabolic problem
(1.2), the asymptotic cost of non-entropic solutions to (1.1). Introducing in (1.2) a
control E = E(t, x) we get

ur+ fu)y = % (DWuy)y = (@(WE), (t.x)€ (0, T) xR (1.4)
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If we think of u as a density of charge, then E can be naturally interpreted as the
“controlling” external electric field and o («) = 0 as the conductivity. The flow
(1.4) conserves the total charge f dx u(t, x), whenever it is well defined.

The cost functional I, associated with (1.2) can be now informally defined as
the work done by the optimal controlling field E in (1.4), namely

1 1
I (u) = inf - drd E? = inf - dr |E|? 1.5
(1) in 2/[(),T] x o (u) in 2/[0’“ IEN, R0y (19

where the infimum is taken over the controls E such that (1.4) holds. For a sui-
table choice of the random perturbation «,,, I, is the large deviations rate func-
tional of the process u®? solution to (1.3), when ¢ is fixed and y — 0. To avoid
the technical problems connected to the possible unboundedness of the density
u, we assume that the conductivity o has compact support. In this case, if u is
such that I,(#) < +oo then u takes values in the support of o, see Proposi-
tion 3.4 for the precise statement. For the sake of simplicity, we assume that o is
supported by [0, 1]. The case of strictly positive o also fits in the description
below, provided, however, that the analysis is a priori restricted to equibounded
densities u.

In this paper we analyze the variational convergence of I, as ¢ — 0. Our first
result holds for a Lipschitz flux f, and identifies the so-called I"-limit of /., which
is naturally studied in a Young measures setting. The limiting cost of a Young
measure (4 = [y x(dA) is

1 2
0 = ; /[O,T]dt [, + L DL s o

where, given F' € C([0, 1]) we set [w(F(A)](t, x) = fut,x(d)n) F()) and, with a
little abuse of notation, (@[l g-1(R 4, (o1))dx) 1S the dual norm to [fdx i x (0 (X))

"

Note that Z () vanishes iff u is a measure-valued solution to (1.1). Hence we
can obtain such solutions as limits of solutions to (1.4) with a suitable sequence
E. with vanishing cost. On the other hand, if we set in (1.4) E = 0 we obtain, in
the limit ¢ — 0, an entropic solution to (1.1). If the flux f is non-linear, the set of
measure-valued solutions to (1.1) is larger than the set of entropic solutions; it is thus
natural to study the I"-convergence of the rescaled cost functional H, := ¢~ I,
which formally corresponds to the scaling in [9,17]. Our second result concerns the
I'-convergence of H, which is studied under the additional hypotheses that the flux
f is smooth and such that there are no intervals in which f is affine. A compensated
compactness argument shows that H, has enough coercivity properties to force its
convergence in a functions setting and not in a Young measures’ one.

To informally define the candidate I"-limit of H,, we first introduce some pre-
liminary notions. We say that a weak solution u to (1.1) is entropy-measure iff
for each smooth entropy 5 the distribution n(«); + g(u), is a Radon measure on
(0, T) x R. If u is an entropy-measure solution to (1.1), then there exists a measu-
rable map o, from [0, 1] to the set of Radon measures on (0, 7) x R, such that for
each n € C%([0, 1]) and ¢ € CX(0,T) xR), — fdt dx [n(w)er + q(w)ex] =
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Jdv o, (v; dt, dx)n” (v)@(t, x), see Proposition 2.3. The candidate I"-limit of H,
is the functional H defined as follows. If u is not an entropy-measure solution
to (1.1) then H(u) = +oo. Otherwise H(u) = [ dvo;l (v;dr, dx)D(v)/o (v),
where o] denotes the positive part of g,. Note that while I, and Z are non-local
functionals, H is local. On the other hand, while I, respectively Z, quantifies in
a suitable squared Hilbert norm the violation of equation (1.2), respectively (1.1),
this quadratic structure is lost in H. In Proposition 2.6 we show that H is a coercive
lower semicontinuous functional, this matching the necessary properties for being
the I'-limit of a sequence of equicoercive functionals. Note also that H depends
on the diffusion coefficient D and the conductivity coefficient o only through their
ratio, which is an expected property of well-behaving driven diffusive systems, in
hydrodynamical-like limits. We discuss this issue in Remark 2.11, where a link
between the functional H and the large deviations rate functional introduced in
[9,17] is also investigated. In particular, H comes as a natural generalization of
the functional introduced in [9,17], whenever the flux f is neither convex nor
concave.

In this paper we prove that for each sequence u® — u in L1 10c([0, T] x R)
we have lim, H, (u®) = H(u), namely /-lim H, = H. Since the functional H
vanishes only on entropic solutions to (1.1), its zero-level set coincides with the
limit points of the minima of /.. Concerning the I"-limsup inequality, for each
weak solution # to (1.1) in a suitable set S, see Definition 2.4, we construct
a sequence u® — u such that H.(u®) — H(u). The above statements imply
(I'-lim Hy)(u) = H(u) for u € S;. To complete the proof of the I"-convergence
of H; to H on the whole set of entropy-measure solutions, an additional density
argument is needed. This seems to be a difficult problem, as VARADHAN [17] puts
it: “...one does not see at the moment how to produce a ‘general’ non-entropic
solution, partly because one does not know what it is.”

The above results imply that if u® solves (1.4) for some control E¢ such that
gl f[O,T]dt |E® ||2L2 (R.0(uf)dx) vanishes as ¢ — 0 (respectively remains uniformly
bounded), then any limit point of u* is an entropic solution to (1.1) (respectively
an entropy-measure solution). This statement is sharp in the sense that there are
sequences { £} with lim, g1 f[(),T]dt ||E8||%2(R’G(u5)dx) > 0 such that any limit
point of the corresponding u® is not an entropic solutions to (1.1). More gene-
rally, the variational description of conservation laws here introduced allows the
following point of view. Measure-valued solutions to (1.1) are the points in the
zero-level set of the I"-limit of /., while entropic weak solutions are the points in
the zero-level set of the I'-limit of e "' /.. In Appendix B we introduce a sequence
{J.} of functionals related to the viscous approximation of Hamilton—Jacobi equa-
tions. In [14] a I"-limsup inequality for a related family of functionals has been
independently investigated in a BV setting. Following closely the proofs of the
I'-convergence of {/,}, we establish the corresponding I"-convergence results, thus
obtaining a variational characterization of measure-valued and viscosity solutions to
Hamilton—Jacobi equations. Although this “variational” point of view is consistent
with the standard concepts of solution in the current setting of scalar conservation
laws and Hamilton—Jacobi equations, it might be helpful for less understood model
equations.
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2. Notation and results

Hereafter in this paper, we assume that f is a Lipschitz function on [0, 1], D
and o are continuous functions on [0, 1], with D uniformly positive and o strictly
positive on (0, 1). We understand that these assumptions are supposed to hold in
every statement below.

We also let (-, -) denote the inner product in L>(R), for T > 0 ((-, -)) stands
for the inner product in L>([0, 7] x R), and for O an open subset of R", C°(0)
denotes the collection of compactly supported infinitely differentiable functions
on O.

Scalar conservation law

Our analysis will be restricted to equibounded densities u that take values in
[0, 1]. Let U denote the compact separable metric space of measurable functions
u : R — [0, 1], equipped with the following ngcl—like metric dy. For L > 0, set

lull-1,z == sup {(u, ¢), ¢ € C& (=L, L)), (¢x, ¢x) = 1}

and define the metric dyy in U by

oo
v Mu—vll-1 N
dy(u,v) == N _— TR 2.1
v NZ_I T+ —vll—1y @D

Given T > 0, let U/ be the set C ([0, T]; U) endowed with the uniform metric

dy(u,v) := sup dy (u(t), v(z)) (2.2)
t€[0,T]

Anelement u € U is a weak solution to (1.1) iff for each ¢ € C° ((0, T) x R) (in
particular ¢ (0) = ¢(T) = 0) it satisfies

{(u, @1)) + ((f @), ¢x)) =0

We also introduce a suitable space M of Young measures and recall the notion
of measure-valued solution to (1.1). Consider the set N of measurable maps u from
[0, T] x R to the set P([0, 1]) of Borel probability measures on [0, 1]. The set N
can be identified with the set of positive Radon measures 1 on [0, 1] x [0, T] x R
such that ([0, 1], dz, dx) = dr dx. Indeed, by existence of a regular version of
conditional probabilities, for such measures p there exists a measurable kernel
e x(dA) € P([0, 1]) such that u(dX, df, dx) = df dx p; ,(dA). For¢ : [0, 1] —
[0, 1] the identity map, we set

M:={ueN : themap[0,T]> ¢t p,.(t)isinU} (2.3)

in which, for a bounded measurable function F : [0, 1] — R, the notation 1, , (F)
stands for f[o 1M1 x (dX) F(A). We endow M with the metric

dp(p, v) == dw(p, v) +dy (), v(@)) 2.4
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where dy, is a distance generating the relative topology on A regarded as a subset
of the Radon measures on [0, 1] x [0, T] x R equipped with the weak* topology.
(M, dpq) is a complete separable metric space.

An element u € M is a measure-valued solution to (1.1) iff for each
@ € C((0, T) x R) it satisfies

(@), @) + (u(f), ox)) =0

If u € U is a weak solution to (1.1), then 8, x)(dA) € M is a measure-valued
solution. On the other hand, there exist measure-valued solutions which do not have
this form.

Parabolic cost functional

We next give the definition of the parabolic cost functional informally
introduced in (1.5). Given u € U we write u, € L2joc([0,T] x R) iff u
admits a locally square integrable weak x-derivative. For ¢ > 0, u € U such
that uy € L2 10c([0, T] x R), and ¢ € C°((0, T) x R) we set

C(p) o= —((u, @) — ((f (), px)) + %((D(u)“x’ @x)) 2.5)

and define I, : U — [0, +o00] as follows. If u, € L2 10c([0, T] x R) we set

1
I (u) := sup [52' () — 5((0(14)%, %))] (2.6)
peC((0,T)xR)

letting I, (u) := +oo otherwise. Note that I.(u) vanishes iff u € U is a weak
solution to (1.2); more generally, by Riesz representation theorem, it is not diffi-
cult to prove the connection of I, with the perturbed parabolic problem (1.4), see
Lemma 3.1 below for the precise statement.

In order to discuss the behavior of I, as ¢ — 0, we lift it to the space of Young
measures (M, dpq). We thus define Z, : M — [0, +00] by

I(u) if sy = 08u¢,x) forsome u e U

Ze(p) = [ (2.7)

+00  otherwise

Asymptotic parabolic cost

As is well known, a most useful notion of variational convergence is the
so-called I'-convergence which, together with some compactness estimates, im-
plies convergence of the minima. Let X be a complete separable metrizable space;
recall that a sequence of functionals F; : X — [—00, +00] is equicoercive on X
iff for each M > O there exists a compact set Kj; such that for any ¢ € (0, 1] we
have {x € X : F.(x) £ M} C K. We briefly recall the basic definitions of the
I'-convergence theory, see, for example [3,6]. Given x € X we define

(F—li_mFe) (x) := inf [h_m F.(x%), X} Cc X : x* — x]

e—0 e—0

(I’—RFS) (x) := inf [E Fo(x®), X} C X : x* = x]
e—0 e—0
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Whenever I™lim, F, = I-lim, F, = F we say that F, I'-converges to F in X.
Equivalently, F, I"-converges to F iff for each x € X we have:

— for any sequence x* — x we have lim, F; (xs)_z F(x) (I"-liminfinequality);
— there exists a sequence x® — x such that lim, F(x®) < F(x) (I"-limsup
inequality).

Equicoercivity and I"-convergence of a sequence {F.} imply an upper bound of
infima over open sets, and a lower bound of infima over closed sets, see, for example
[3, Prop. 1.18]; therefore it is the relevant notion of variational convergence in the
control setting introduced above.

Theorem 2.1. The sequence {Z.} defined in (2.6), (2.7) is equicoercive on M and,
as ¢ — 0, I'-converges in M to

1
I(p) == sup (@), @) = (u(f), @x)) — 5 ((u(o)@x, (Px>)]
9eC&((0,T)xR)
(2.8)
Note that Z(n) = 0 iff u is a measure-valued solution to (1.1). From

Theorem 2.1 we deduce the I"-limit of I, see (2.6), on U by projection.

Corollary 2.2. The sequence of functionals {1} is equicoercive onU and, as ¢ — 0,
I'-converges in U to the functional I : U — [0, +00] defined by
I(u) := inf {/dt dx Ryq (u(t, x), (1, x)),
D e L1pc([0,T] xR) : &y = —uy weakly}

where Ry : [0, 1] x R — [0, +o0] is defined by
Rfo(w,c) :=inf{(v(f) — c)2 /v(o), veP(0,1]) : v(i) = w}
in which we understand (¢ — ¢)?/0 = 0.

From the proof of Corollary 2.2 it follows 7 (-) < Z(8.), and the equality holds iff f
is linear. If we restrict to stationary u’s, namely to the case u; = 0, Corollary 2.2 can
be regarded as a negative-Sobolev version of classical relaxation results for integral
functionals in weak topology. More precisely, from the proofs of Theorem 4.1 and
Corollary 2.2 it follows that if we define the functional F:U— [0, +o0] by

2
F(u) := inf /dx LfQu(x) —cl”
ceR o(u(x))

then its lower semicontinuous envelope with respect to the dy-distance (2.1) is
given by

F(u) .= %nﬂfg/dx Rys(u(x),c)
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Note also that R 7, can be explicitly calculated in some cases. Let i , ? :[0,1] - R
be, respectively, the convex and concave envelope of f. Then, in the case 0 = 1,

_ 2
we have Ry 1(w,c) = [distance(c, Lf (w), f(w)])] . In the case f = o (which
includes the example mentioned in the introduction f(#) = o (1) = u(l —u)) then

2(lel = ¢) ifle] € [f(w), f(w)]

Tl —e)2 . =
Ry p(w,e) = | T iflel > F(w)

Sy if |c] < i(w)
Entropy-measure solutions
Recalling (2.2), we let X be the same set C ([0, T']; U) endowed with the metric

o0

1
dy(.v) = 3 oplle = vlLiqo.rixi-n.v) +du . v) 2.9)
N=1

Convergence in X is equivalent to convergence in U and in L, 1o¢([0, T'] x R) for
p €[1, 400).

Let C2([0, 1]) be the set of twice differentiable functions on (0, 1) whose deriva-
tives are continuous up to the boundary. A function, respectively a convex function,
n € C%([0, 1]) is called an entropy, respectively a convex entropy, and its conjugated
entropy flux g € C([0, 1]) is defined up to a constant by ¢ (1) := [“dvn'(v) f'(v).
For u a weak solution to (1.1), for (1, ¢) an entropy—entropy flux pair, the n-entropy
production is the distribution g, , acting on CZ° ((0, T') x R) as

©n.u(@) = —((nw), 1)) = {(q W), ¢x)) (2.10)

Let Ccz’Oo ([0, 1] x (0, T) x R) be the set of compactly supported maps 9 :
[0,1] x (0,T) xR > (v,t,x) — ¥ (v,t,x) € R, that are twice differentiable
in the v variable, with derivatives continuous up to the boundary of [0, 1] x
(0, T) x R, and that are infinitely differentiable in the (¢, x) variables. For
S C§’°° ([0, 1] x (0, T) x R), we denote by " and ©#" its partial derivatives with
respect to the v variable. We say that a function ¥ € CS’“’ ([0, 11 x (0, T) x R)
is an entropy sampler, and its conjugated entropy flux sampler Q : [0, 1] x
(0, T) x R — R is defined up to an additive function of (¢, x) by Q(u, t, x) :=
J*dv®’ (v, 1, x) f'(v). Finally, given a weak solution u to (1.1), the ©-sampled
entropy production Py, is the real number

Py, = —/dt dx [(0;9) (u(t, x),t,x) + (0, Q) (u(t, x),t,x)] (2.11)

If 9 (v, t,x) = n(v)e(t, x) for some entropy n and some ¢ € C ((0, T) x R),
then Py = @n,u(¢)~

The next proposition introduces a suitable class of solutions to (1.1), which
will be needed in the following. We denote by M ((0, T) x R) the set of Radon
measures on (0, 7') x R that we consider equipped with the weak™* topology. In the
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following, for o € M ((0, T) x R) we denote by o* the positive and negative part
of p. For u a weak solution to (1.1) and 7 an entropy, recalling (2.10) we set

Ion.ulltv.e = sup {©y.u(9). ¢ € CZ((0.T) x (L. L)), lp| =1} (2.12)
oy llTv.z := sup {y.u(9), ¢ € C° (0, T) x (=L, L)), 0 < ¢ <1}

Proposition 2.3. Let u € X be a weak solution to (1.1). The following statements
are equivalent:

(i) there exists ¢ > 0 such that ||5<>;fu||Tv,L < 400 for any L > 0 and
ne C3([0, 1) with0 < " < ¢;
(ii) for each entropy n, the n-entropy production g, , can be extended to a Radon
measure on (0, T) x R, namely || gy u|lTv,L < +00 for each L > 0;
(iii) there exists a bounded measurable map o, : [0, 1] > v — o, (v; dt,dx) €
M ((0, T) x R) such that for any entropy sampler v

Py, = /dv ou(v; de, dx) 9" (v, t, x) (2.13)

A weak solution u € X that satisfies any of the equivalent conditions in
Proposition 2.3 is called an entropy-measure solution to (1.1). We denote by &€ C X
the set of entropy-measure solutions to (1.1). Proposition 2.3 establishes a so-called
kinetic formulation for entropy-measure solutions, see also [7, Prop. 3.1] for a si-
milar result. If f € C2([0, 1]) is such that there are no intervals in which f is
affine, using the results in [4] we show that entropy-measure solutions have some
regularity properties, see Lemma 5.1.

A weak solution u € X to (1.1) is called an entropic solution iff for each
convex entropy 7 the inequality g, , < 0 holds in distribution sense, namely
||5<>;f ultv, = 0 for each L > 0. In particular entropic solutions are entropy-
measure solutions such that g, (v; dz, dx) is a negative Radon measure for each
v € [0, 1].Itis well known, see, for example [5, 15], that foreach u( € U there exists
a unique entropic solution i € C([0, T]; L1 10oc(R)) to (1.1) such that i(0) = uo.
Such a solution #« is called the Kruzkov solution with initial datum ug.

I’ -entropy cost of non-entropic solutions

We next introduce a rescaled cost functional and prove in particular that entropic
solutions are the only ones with vanishing rescaled asymptotic cost. Recalling that
I; has been introduced in (2.6), the rescaled cost functional Hy : X — [0, +00] is
defined by

H.(u) := e "I, () (2.14)

In the I"-convergence theory, the asymptotic behavior of the rescaled functional H,
is usually referred to as the development by I"-convergence of I, see, for example
[3, §1.10]. In our case, while we lifted I, to the space of Young measures M, we
can consider the rescaled cost functional H, on X. In fact, as shown below, H; has
much better compactness properties than I, and it is equicoercive on X. Therefore
the I"-convergence of the lift of H, to M can be immediately retrieved from the
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I'-convergence of He on X Indeed, since 8,, — &, in M implies u; — u in &,
the metric (2.9) generates the relative topology of X regarded as a subset of M.

Recall that € C X denotes the set of entropy-measure solutions to (1.1), and that
for u € & there exists a bounded measurable map g, : [0, 1] — M ((0,T) x R)
such that (2.13) holds. Let o be the positive part of ,, and define H : X —
[0, 400] by

/dv Q:(v; dz, dx) f((;))) ifueé& 2.15)

+00 otherwise

H(u) =

As shown in the proof of Theorem 2.5, if u is a weak solution to (1.1) and
H(u) < +o0, then H(u) = supy Ps ,, where the supremum is taken over the
entropy samplers ¥ such that 0 < o (v)8” (v, t,x) < D(v), for each (v, t,x) €
[0,1] x [0, T] x R.

Definition 2.4. An entropy-measure solution u € & is entropy-splittable iff there
exist two closed sets Et, E~ [0, T] x R such that

(i) For almost every v € [0, 1], the support of Q,j‘ (v; dt, dx) is contained in ET,
and the support of o, (v; dt, dx) is contained in E~.

(i) Foreach L > 0,theset {r € [0,T] : ({t} x [-L,LDNETNE~ # 0} is
nowhere dense in [0, T].

The set of entropy-splittable solutions to (1.1) is denoted by S. An entropy-splittable
solution u € S such that H (1) < +o00 and

(iii) Foreach L > O there exists §; > Osuch that o (u(¢, x)) = §;, for almost
everywhere (f,x) € [0, T] x [ — L, L].

is called nice with respect to o . The set of nice (with respect to o) solutions to (1.1)
is denoted by S,

Note that S, € S C £ C X, and that, if o is uniformly positive on [0, 1], then
Sy = S. In Remark 2.9 we exhibit a few classes of entropy-splittable solutions to

(1.1).

Theorem 2.5. Let H, and H be the functionals on X as respectively defined in
(2.14) and (2.15).

1. The sequence of functionals { H,} satisfies the I -liminf inequality I'-lim, H, =
HonX.

2. Assume that there is no interval where f is affine. Then the sequence of func-
tionals {H.} is equicoercive on X.

3. Assume furthermore that f € Cz([O, 1]), and D,o € C*([0, 1]) for some
o > 1/2. Define

H(u) := inf {li_mH(un), {up} C Sy @ up > uin X}

Then the sequence of functionals {H,} satisfies the I'-limsup inequality
I-limg; H, £ Hon X.
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From the lower semicontinuity of H on X, see Proposition 2.6, it follows that
H > Hon X and H = H on S,, namely the I"-convergence of H, to H holds on
S,. To get the full I'-convergence on X, the inequality H (1) = H (u) is required
also for u ¢ S, . This requires one to show that S, is H-dense in X', namely that
for u € X such that H (1) < +oo0 there exists a sequence {u""} C S, converging to
u in X such that H (") — H (u). As mentioned at the end of the introduction, this
appears to be a difficult problem. A preliminary step in this direction is to obtain a
chain rule formula for bounded vector fields on [0, T'] x R the divergence of which
is a Radon measure (divergence-measure fields). This is a classical result for locally
BV fields [2]. However, while entropic solutions to (1.1) are in B Vi, ([0, T] x R)
[1, Corollary 1.3] whenever f is uniformly convex or concave, as shown in
Example 2.8 below, the set {u € X : H(u) < 400} is not contained in
BVioc ([0, T x R) even under this assumptions on f; see [8] for similar examples,
including estimates in Besov norms. Chain rule formulae out of the BV setting have
been investigated in several recent papers; in particular in [7], a chain rule formula
for divergence-measure fields is addressed, providing some partial results. In the
remaining of this section we discuss some properties of H, and some issues related
to the H-density of S, .

In the following proposition we show that H is lower semicontinuous, and
that it is coercive under the same hypotheses used for the equicoercivity of { H,}.
Moreover, we prove that the minimizers of H are limit points of the minimizers of
I as ¢ — 0, so that no further rescaling of {/.} has to be investigated.

Proposition 2.6. The functional H is lower semicontinuous on X and H(u) = 0
iff u is an entropic solution to (1.1). If furthermore there are no intervals where f
is affine then H is also coercive on X.

From Proposition 5.1 and the aforementioned regularity of entropy-measure solu-
tions, see Lemma 5.1, it follows that if f € C 2([0, 1]) then the zero-level set of H
coincides with the set of Kruzkov solutions to (1.1).

If u € & is a weak solution with locally bounded variation, Vol pert chain rule,
see [2], gives a formula for H () in terms of the normal traces of u on its jump set,
as shown in the following remark.

Remark 2.7. Letu € XN B Vi ([0, T] x R) be a weak solution to (1.1). Denote by
Ju C [0, T] x R its jump set, by HYL J, the one-dimensional Hausdorff measure
restricted to J,, by n = (n’, n*) a unit normal to J,, (which is well defined H' L J,
almost everywhere), and by ™ the normal traces of u on J,, with respect to n. Then
the Rankine-Hugoniot condition (u™ — u™)n' + (f(u*) — f(u™)) n* = 0 holds.
In particular we can choose 7 so that n* is uniformly positive, and thus u™ is the
right trace of u and u ™ is the left trace of u. Then u € £ and

1
ou(v; dr, dx) = AL P Ut uT)
{wr —u)2+[f ) — fu)P}
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where, denoting by u~ Aut and u™ Vu™, respectively, the minimum and maximum
of {u™, ut}, p : [0, 1> — R is defined by

p,ut u) =) —v)+ fu)@—u") - fFO)u" —u)]

X H[Lt*/\u*,u*Vu*] (v)

Hence, denoting by p* the positive part of p

dH! __D(v)
Hu) = /d T ut um)
u I, {(u+ —u )+ [fut) — f(u_)]z}l/z vpo (v,u',u o)
+ + -
:/dHllnxl/dvp W u7,u) DO (2.16)
Ju lut —u=| o)

Note p(v, u™, u™) £ 0 iff f(vg:’{?‘i) > f(”,;):‘vf(v). This corresponds to the
well known geometrical secant condition for entropic solutions, see, for example
[5,15]. Therefore H (#) quantifies the violation of the entropy condition along the
non-entropic shocks of u.

In the following Example 2.8, we show that neither the domain of H, neither

the H-closure of S, are contained in B Vo ([0, T] x R).

Example 2.8. Let f(u) = u(1 —u) and pick a decreasing sequence {b; } of positive
reals such that by < 1/2, >, b; = +o00 and >; b? < 4o00. Let u be defined by
(see Fig. 1)

%) 1/2+b; itT(by —bj) <x+bit <T(by — bjs1) for some i
u(t, x) = )
1/2 otherwise

Then H(u) = % > f[o b1V f((]l//gi;’))v(b,- — v) < +oo. Note that, even if the
initial datum is in BV (R) and f is concave, u ¢ BViyc([0, T] x R). However

H(u) = H(u). Indeed the sequence {u#"} C S, defined by

u(t,x) iftx+b,t <T(b; —byy1)
1/2 otherwise

u(t, x) ;= {

is such that " — u in X and lim,, H (u") = H (u).

ISIES

0 bi—b2 bi—bs b
Fig. 1. The values of « in Example 2.8 for T = 1
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In the following remarks we identify some classes of entropy-splittable solutions
to (1.1), see Definition 2.4.

Remark 2.9. Weak solutions to (1.1) such that, for each convex entropy 7, £y, < 0
(entropic solutions) or g, , = 0 (anti-entropic solutions) are entropy-splittable.
Indeed they are entropy-measure solutions (see Proposition 2.6) and they fit in
Definition 2.4 with the choice E~ = [0, T]xRand ET = ¢ (for entropic solutions),
and, respectively, £ +=10,T] xRand E- = ¢ (for anti-entropic solutions).

Letu € BVio ([0, T] x R) be a weak solution to (1.1). In the same setting of
Remark 2.7, let us define Jui := Closure ({(t,x) eJ,:wel01]: o(w;ut,
u-) > O}). Suppose that for each L > O theset {r € [0, T] : ({t} x [-L,L]) N
J;F N J;} is nowhere dense in [0, T]. Then u is an entropy-splittable solution. If
f 1is convex or concave the sign of p (v, ut, u™) does not dependon v € [u™ A
u™, u™ Vv u™]. Therefore, under this convexity hypothesis, weak solutions to (1.1)
with locally bounded variations and with a jump set J,, consisting of a locally finite
number of Lipschitz curves, intersecting each other at a locally finite number of
points are entropy splittable.

For a general (possibly neither convex nor concave) flux f, even piecewise
constant solutions to (1.1) may fail to be entropy-splittable. However, in the fol-
lowing Example 2.10 we introduce a family of weak solutions u to (1.1) that are
not entropy-splittable, and show that they are in the H-closure of S5, and thus
H(u) = H(u). However, while Example 2.10 can be widely generalized to prove
H (1) = H(u) for u in suitable classes of piecewise smooth solutions, it does not
seem that the ideas suggested by this example may work in the general setting of
entropy-measure solutions u € £.

Example 2.10. Let y : [0, T] — R be a Lipschitz map, let u be a weak solution of
bounded variation to (1 1), and suppose that the jump set of u coincides with y. Let

u~ =u"(t)and u™ = u™(¢) be the traces of u on y, and suppose that there exists
u® € (0, 1) such that u~ (1) < u® < u* (¢) for each 1 and LU= > fu)-f®)
forv € [u~, u"] and f(vg L’;(“ ) < f(”,;):{(v) for v € [u—, u"]. Then, if these

inequalities are strict at some v and 7, u is not entropy-splittable. However defining
u" € X by

u(t,x +n~Y ifx <y@) —n!
u(t, x) = Ju ify@)—nt<x <y@)+n!
u(t,x —n- 1) ifx < (t)+n

we have that u” € S, u" — wuin X and H@w") = H(u). In [Erticular, if o (u)
is uniformly positive on compact subsets of [0, 7] x R, then H(u) = H(u). It
is easy to extend this example to the case in which the jump set of u consists of

a locally finite number of Lipschitz curves non-intersecting each other, provided
f(v) f(u ) f(ui)ff(v)

uT—v

that on each curve the quantity changes its sign a finite

number of times forv € [ut Au=,ut Vv u~].
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We next discuss the link between this paper and [9,17]. In the introduction
we informally described the connection between the problem (1.4) and stochastic
particles systems under Euler scaling. It is interesting to note that such a quantitative
connection can also be established for the limiting functionals. The key point is that
we expect the functional H defined in (2.15) to coincide with the large deviations
rate functional introduced in [9, 17], provided the functions f, D and o are chosen
correspondingly. Unfortunately, we cannot establish such an identification off the
set of weak solutions to (1.1) with locally bounded variation.

Remark 2.11. Let H' : X — [0, +00] be defined as follows. If u € £ we set
H' () = sup { g, Irv... L > 0, e C*(0.1) : 0= 0" < D)

letting H' (1) := 400 otherwise. Then H = H’ and H(u) = H’'(u) whenever
there exists a Borel set ET C [0, T] x R such that for almost everywhere v €
[0, 1] the measure Q;—(v; dt, dx) is concentrated on ET and 0, (v;dt,dx) = 0
on ET. In particular if f is convex or concave and u € BVjc([0, T] x R), then
H(u) = H'(u). If f is neither convex nor concave, then there exists u € X such
that H (1) > H'(u).

A general connection between dynamical transport coefficients and thermody-
namic potentials in driven diffusive systems is the so-called Einstein relation, see
for example [16, I1.2.5]. For a physical model described by (1.4), this relation states
that the Einstein entropy h € C2((0, 1)) N C([0, 11; [0, +00]) defined by

o()h"(v) = D(v) ve(0,1)

is a physically relevant entropy in the limit ¢ — 0. We let g be the conjugated
flux to h, that is g(u) = flu/zdv h'(v) f'(v). Note that &, g may be unbounded if
o vanishes at the boundary of [0, 1] and that g £ C| + C, h for some constants
C1, Cy 2 0.If u is a weak solution to (1.1) such that h(u) € L 10c([0, T] x R) and
such that the distribution A (u); + g(u)y acts as a Radon measure on (0, 7) x R,
we let ||5o,;fu [ITv be the total variation of the positive part of such a measure. By
monotone convergence H'(u) 2 ||5o;:u||TV for such a u, and if f is convex or
concave and u has locally bounded variation, then indeed H' (1) = ||5o;fu ITy. If
f is convex or concave, we do not know whether H(u) = H'(u) = ||g>;£u v
for all u € X, since a chain rule formula for divergence-measure fields is mis-
sing.

The problem investigated in [9,17] formally corresponds to the case f(u) =
o) = u(l —u) and D(u) = 1, so that the Einstein entropy % coincides with
the Bernoulli entropy h(u) = ulogu + (1 — u)log(l — u). The (candidate) large
deviations rate functional H”" introduced in [9,17] is defined as +oo off the set
of weak solutions to (1.1), while H’Y (1) = ||@;u Ity for u a weak solution (this
is well defined, since & is bounded). We thus have H > H’V, and in view of
the I"-liminf inequality, H comes as a natural generalization of H”" for diffusive
systems with no convexity assumptions on the flux f.
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Outline of the proofs

Standard parabolic a priori estimates on « in terms of I, (1) imply equicoercivity
of Z, on M. Equicoercivity of H; on X" is obtained by the same bounds and a
classical compensated compactness argument.

The I"-liminf inequality in Theorem 2.1 follows from the variational definition
(2.6) of I. The I'-liminf inequality in Theorem 2.5 still follows from (2.6) by
choosing test functions of the form e (u® (¢, x), t, x), with o ” < D.

The I'-limsup inequality in Theorem 2.1 is not difficult if ; x = &, x) for
some smooth u; the general result is obtained by taking the lower semicontinuous
envelope. The I"-limsup statement in Theorem 2.5 is proven by building, for each
u € Sy, arecovery sequence {1} such that a priori H;(u®) — H (u). The conver-
gence u® — u is then obtained by a stability analysis of the parabolic equation
(1.4) with respect to small variations of the control E.

Eventually, in Appendix B we apply our results to Hamilton—Jacobi equations.

3. Representation of /. and a priori bounds

Given a bounded measurable functiona = Oon [0, 7] x R let Dé be the Hilbert
space obtained by identifying and completing the functions ¢ € C°([0, T'] x R)
with respect to the seminorm ({(¢,, a ¢,))'/2. Let Da_l be its dual space. The cor-
responding norms are denoted, respectively, by || - ||D; and || - ”Dzz_l

We first establish the connection between the cost functional 7, and the per-
turbed parabolic problem (1.4). The following lemma is a standard tool in large
deviations theory, see, for example [11, Lemma 10.5.3]. We, however, detail its
proof for sake of completeness.

Lemma 3.1. Fix ¢ > 0 and let u € U. Then I,(u) < 400 iff there exists W& €

D}T(u) such that u is a weak solution to (1.4) with E = W, namely for each

@ € C2([0, T] x R)

(T), p(T)) — (u(0), 9(0))
~ [t o +{( @ = S D@y + oW, ex))|=0 (3.1
2

In such a case " is unique and
2 1

p-lT 2

o(u)

w + fu) — % (D(w)iy),

&2, (32)

o(u)

1
) =5 |

Proof. Fix ¢ > 0 and u € U such that I, (u) < 4o0. The functional £} defined in
(2.5) can be extended to a linear functional on CZ°([0, T'] x R) by setting

(@) = (T, o(T)) — w(0), p(0)) — ({1, @) — ((F (). @)
+ %((D(u)ux,wx» (3.3)
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Since for any ¢ € C°([0, T] x R) the map [0, T] > ¢t — (u(t), ¢(t)) € Ris
continuous, it is easily seen that

1
I(u) = sup [52‘(@ - 5((0(14)%, %))]
9eC([0,T]xR)

We claim that £% defines a bounded linear functional on D(lr(u). Indeed, since
I.(u) < 400

u < 1 1 2

Ce(@) = Te(u) + 5 ({0 () @x, 9x) = L (W) + S M@l
2 2 o(u)
which shows that £;(¢) = 0 whenever ((c(u) @y, ¢x)) = 0 (as Li(-) is
1-homogeneous), namely ¢ is compatible with the identification in the defini-
tion of D;(u) above. We also get that £} (¢) is bounded by the D; (wy~horm of ¢ (up
to a multiplicative constant), and it can, therefore, be extended by compatibility
and density to a continuous linear functional on D},( e Still denoting by £ such a
functional, we get

1
Ie(u) = sup [zg(fﬂ)—EKG(U)%,%)) (3.4

1
<P€D0 w

which is equivalent to the first equality in (3.2). By Riesz representation theo-
rem, we now get existence and uniqueness of W& € D}T(u) such that £%(¢) =
1

o () which implies (3.1). Riesz representation also

(weH, ‘/’)D'( : for any ¢ € D

yields I, (u) = %HlI/W ||2Dl . The converse statements are obvious. 0O

o(u)

In the following lemma we give some regularity results for u € ¢/ with finite
cost, and we prove some a priori bounds.

Lemma3.2.Let ¢ > 0 and u € U be such that I,(u) < —oo. Then
u e C ([O, T]; LMOC(R)). Moreover for each entropy—entropy flux pair (n, q),
each ¢ € CX([0,T] x R), and each t € [0, T1]

(m(u()), e)) — (nu(0)), 0)) — /[0 ]dS [(n(u), ¢s) + {qgu), px)]
ot
= —%/{0 ]ds [(n" WDy, puy) + (n' @) DW)uy, ¢x)]
N
+ /[0 a0 o @, 1) + W v e] )
ot

where W& s as in Lemma 3.1. Finally, there exists a constant C > 0 depending
onlyon f, D and o such that for any ¢, L > 0

8/dt/ deud £C e @ + L+ 1] (3.6)
[—L,L]
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Proof. Recall that the linear functional £% on D<17 () 1s defined as the extension of
(3.3).Letf := —f(u)—l—%D(u) uy—o W) " e Ly 1oc ([0, T] x R);by 3.1 u; =
0, holds weakly. Since I (1) < +o0o we also have u, € L 1oc ([0, T] x R), so that
uecC ([0, T1; Lo joc (R)) by standard interpolations arguments, see, for example
[12]. Since u is bounded, this is equivalent to the statementu € C ([0, TT; L joc(R)).

This fact implies that integrations by parts are allowed in the first line on the
right-hand side of (3.3), namely for each measurable compactly supported ¢ :
[0,T] x R - R with ¢, € Ly ([0, T] x R)

(@) = ((ur, @) + ({fwx, §)) + %((D(”)”x» ¢x)) (3.7)

where indeed we understand ({(u;, ¢)) = —((0, ¢»)). Since u, is locally square
integrable, if n € C%([0, 1]) and @ € CX([0,T] x R), then n'(u)¢ has com-
pact support and its weak x-derivative is square integrable. We can thus evaluate
(3.7) with ¢ replaced by n'(u)g; since £%(n'(u)p) = (lllg’”, r/(u)(p) and

uecC ([0, Tl; Lz,loc(R)) we get (3.5).
To prove the last statement, consider an entropy—entropy flux pair (1, g). By
(3.4) and (3.7)

1
Da(u)

2
1) 2 £/ ) g) = (1), o @) (7' @), )

=e(n(T)), (T)) — e(n(0)), (0)) — & [{(n), ) + {({g), x))]
2

+ % [((D(u)n”(u)ui, @) + (0 @)Dy, ¢y))

— (o )" @)*u?, 9?)) — (o 1 @) ey, o))

—2((o ()n" (w)n' Wuy, ¢ %))]

We now choose = 0, uniformly convex and such that 5" < D, and for such a 7,
we let o := max, [D(v)n/(v)z/n”(v)], so that o (7)? < «. By Cauchy—-Schwarz
inequality

2 | (o " wyn' @z, ¢ ¢:))|

< ({o )" @)*u, o) + (o @)n' @)?, grex))
(D" wuz, %)) + allpx, ¢x))

[IA

Letting ¢ : [0, 1] — R be such that ¢’ = n’ D, and integrating by parts we get
(' (W)DW)uy, or) = — (¢ (1), pyy). Collecting all the bounds

(T, ¢(T) + 2 (D" @i, ¢ — 2¢%)
< e ) + (1w (0)), 9(0)) + (), @) + (). g1))
+ §<<c(u>, ) + £ ((0r. 01).
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We now choose ¢ independent of 7 and such that ¢(x) = 1/4 for |x| £ L,0 <

p(x) = 1/4for L = |x| = L+ 1, 9(x) = 0for x| = L+ 1, and (¢x, ¢x) +

{@xx> Pxx) < 2. Since ¢, ¢ are bounded and n = 0, estimate (3.6) easily follows.
O

Lemma 3.3. The sequence of functionals {1} is equicoercive on U.

Proof. Letu € U be such that I, (1) < +ooand ¥** be asin Lemma 3.1. By (3.1),
(3.2) and the bound (3.6), for each s, ¢ € [0, T'], each L > 0, each ¢ € C°(R)
supported by [—L, L]

() = u(s). 9)] = ‘/[ dr (@) = 3DWw, + oW, ¢.)

s,t]

) 12
< [2/ dr dx [f(u)2 + 8—D<u>2u§” [ = sl{x. @)]'/?
[s.61x[—L,L] 4

12
+ U{ ]dr<o(u)w;’“, w;*“>] [t — sl{o (@ex, x)1'/?
S,t
SCIL+ L+ L)t — 51V gy, o) /?

for a suitable constant C depending only on f, D, and o. Since (U, dy ) is compact,
see (2.1), recalling (2.2) and the Ascoli—Arzeld theorem, the equicoercivity of {/,}
on U follows. 0O

As mentioned in the introduction, the assumption that o is supported by [0, 1]
allows us to consider only functions u that take values in [0, 1]. More precisely,
consider a cost functional I:g analogous to I, but defined on L 10c([0, 7] x R). We
next prove that, if u € L 1oc([0, T] x R) is such that fs(u) < 400 and satisfies
some growth conditions, then u takes values in [0, 1].

Proposition 3.4. Let f, D, 0 : R — R; assume f LipscAhitz, o and D continuous
and bounded, with o 2 0 and D uniformly positive. Let I = L1 1oc([0, T] X R) —
[0, +00] be defined as follows. If f(u) € L210c([0, T] x R), we define I; (u) asin
(2.6), and we set fg (u) = +o00 otherwise. Suppose that u € L 10c([0, T] x R) is
such that I; (u) < +o00.Thenu € C ([O, TI; Ll,loc(R)). Moreover, if o is supported
by [0, 11, and u is such that u(0) € U and [dt dx |u(z, x)|e ¥ < 00 for some
r > 0, then u takes values in [0, 1]; hence u € U.

Proof. Let u € L 10c([0, T'] x R) be such that ig(u) < +4o00. By the same argu-
ments of Lemma 3.2, since f(u) € L3 10c([0, T] x R), u; = 6y holds weakly for
some 6 € L3 10c([0, T] x R). Hence, as in Lemma 3.2, u € C ([0, Tl Ll‘loc(]R)).
Suppose now that o is supported by [0, 1]. Pick a sequence of strictly convex,
strictly positive entropies n, € C 2(R) such that: I, @), n(u) < C, for some
C, > 0;foru € (0, 1), n, () does not depend on n and satisfies 0 < ¢ < ) (u) <
D(u)/o(u); n, is decreasing for u < 0 and increasing for u > 1; foru ¢ [0, 1] the
sequence {1, (#)} increases pointwise to 400 as n — o0. Still following the proof
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of Lemma 3.2, for t € [0, T] and ¢ € C(R)
(2 (1)), ¢) + 5 /[O 5 (D@, s, ¢ —2¢%) < e~ I (w)
). )+ [ ds [(0n@0. 0 + 56000, 000) + 0 0]

where ¢, and ¢, are defined (up to a constant) by gn(v) = fvdw n,(w) f(w)
and ¢, = n), D, and & := maxye[o,1] D(u)n,, (u)? /n,(u) is a constant independent
of n, since o is supported by [0, 1]. Since f is Lipschitz and D is bounded, it
is possible to choose the arbitrary constants in the definition of ¢, and ¢, such
that |gn|, |£,| < Cny for some constant C > 0 independent of n. In particular
Sns Gn € L110c([0, T]1 x R); for each ¢ € C°(R) such that 0 < ¢(x) < 1/2

(a (), @) < T e L, (u) + T {0y (u(0)), )
/ dt/ ds [(@n@0). 0:) + 5 (Gn(w). u) + £ (01 02)
0,7] 0,1]

Let now r be such that fdt dx e "Mlu(t, x)] < +o0. By a limiting procedure, the
above bound holds for any ¢ € C*®(R) such that 0 < ¢ < 1/2 and sup, . e
[ ()| + |@x ()| + |@xx (x)|] < +o00. For such ¢, by the choice of g,,, ¢,

1 s
?((nn(u),wﬂ Se L)+ nu0), ¢)

aT e
+87(§0x» @x) + C{nu (), |@x| + 5|<pxx|>>

It is easy to verify that, given L > 0 large enough, we can choose ¢ such that
p(x) = 1/2 for |x| < L, p(x) = se WLl for [x| > 2L and |gee(x)| <
rloc ()| £ r2@(x) < r?/2 for |x| > L. Moreover, with no loss of generality, we
can assume that % —C(r+ %rz) > 0, otherwise we can suppose 7 small enough
and iterate this proof. Therefore

[1 C(+82)]/ dt dx 0, (1)
——Clr+=r X (u
T 2 [0,T]x[=L,L] "

< 1} aT

Se Le(u)+ (0, (u(0), ) + 87(‘/7)(’ @x)
If u(0) € U the right-hand side of this formula is finite and independent of n, and
therefore the left-hand side is bounded uniformly in n. Taking the limitn — oo, by
the choice of 1, necessarily u(¢, x) € [0, 1] for almost every (¢, x) € [0, T] x R.
O

The following result is not used in the sequel, but together with Lemma 3.1 and
Proposition 3.4, motivates the choice of I, as the cost functional related to (1.2).

Proposition 3.5. For each ¢ > 0 the functional I, : U — [0, +o0] is lower
semicontinuous.
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Proof. Let {#"} C U be a sequence converging to u in I/, and such that I (u") is
bounded uniformly in n. By (3.6), for each L > 0 we have that f[O,T]x[fL,L]dt dx
(u? )2 is also bounded uniformly in 7. Therefore, recalling definition (2.6), the lower
semicontinuity of I, is established once we show that u" converges to u strongly
in Lq1oc([0, T] x R). Fix L > 0 and pick x; € C(R) suchthat 0 < x; < 1
with xz(x) = 1 for x € [—L, L]. We show that utl =y XL converges to
ul :=u xL in L2 ([0, T x R). Choose a sequence of mollifiers j; : R — R* with
Jdx ji(x) =1, then

n,L L

u —u n,L‘

u™t — jxu

<|

Ly ([0, T1xR) Ly ([0, T1xR)

L L ‘

L‘ —i—H]k*u —Uu

—i—H]k*u”'L—]k*u

L>([0,T1xR) L>([0,T1xR)

where the convolution is only in the space variable. For each k the second term on
the right-hand side above vanishes as n — oo by the convergence u" — u in U.
Since the third term vanishes as k — oo it remains to show that the first one
vanishes as k — oo uniformly in n. Integration by parts and Young inequality for
convolutions yield

ut — ek

n,L‘

L>([0,T1xR)

n,L

Ju

The uniform boundedness of f[o TIx[-L L]dt dx (uﬁ)z, (3.6) and the choice of .
imply that the second term on the right-hand side is bounded uniformly in 7, while
the first term vanishes as k — oco. O

< H 1[0, +00) —/ dy k()
—00

Li®) L([0,T1xR)

4. I"-convergence of 7,

In this section we prove the I"-convergence of the parabolic cost functional Z,
as ¢ — 0, see Theorem 2.1. Some technical steps are postponed in Appendix A.

Proof of Theorem 2.1: equicoercivity of Z,. Recall that (M, d ) has been defined
in (2.3), (2.4) and note that (N, dy,) is compact. By Lemma 3.3, for each C > 0
there exists a compact K¢ C U, such that for any ¢ small enough {x € M :
() SCYC{p eM : puy = 8yunforsomeu € Ke} =: K. In order to
prove that K¢ is compact in (M, dpq), consider a sequence {u" = §,»} C Kc.
Then there exists a subsequence {u"/} such that, for some u € N and u € U,
Wi — win (N, dy), and u"i (1) = " — wu in U, hence (1) = u. Therefore
we Mand ' — win (M,dyg). 0O

Proof of Theorem 2.1: I'-liminf inequality. Let {u®} C M be a sequence conver-
ging to p in M. In order to prove lim, ,,Z¢ (1) > Z(w), it is not restrictive to
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assume Z,(u®) < +o00, and therefore uj , = 8y (1,x) for some u® € U. For each
¢ € CF((0, T) x R), recalling definition (2.6)

. 1,
o) Z € (9) = S lle Iy

o uf)

1
= =K@, @) = (1 (). ox)) — 3 (1 (@)px, 9x)) + %((D(us)ui, @x))

Let d € C'([0, 1]) be such that d’(u) = D(u). Then Du®)ut = d(u®)y, and an
integration by parts shows that the last term on the right-hand side of the previous
formula vanishes as ¢ — 0. Hence

1
lim Ze (1) 2 = (@), 1)) — (1 (), ¢x)) — 5 {u@)er, ¢x))

e—0

By optimizing over ¢ € CZ°((0, T) x R) the I"-liminf inequality follows. O

Proof of Theorem 2.1: I -limsup inequality. Let

M= [M eM : I(n) <4o0, Ir, L >0, e € P([0, 1]) such that
4.1
I‘L(l)v M(G) z r, Ut,x = Moo for |X| > L]

Mo = {u e M, : p =38, forsome u € C' ([0, T] x R; [0, 1])} 4.2)
and define Z : M — [0, +00] by

F o [I(,u) if w e Mo 43)

+00 otherwise

We claim that for u € M, arecovery sequence is simply given by u® = p. Indeed,
if w = 8, for some u € C! ([0, T]1 x R; [0, 1]), we have

Te (1)

1) = s + f ) = § (D)0

1 1+e~! 2
é % llur + f(M)x||2D;(1u) + +§ H% (D(M)ux)x HD;(I,,)

As € Mg, u is constant for |x| large enough, in particular u, € L2([0, T'] x R).
Since we have also o (1) = r > 0, the last term in the above formula vanishes as
& — 0.Hence I"-lim, Z, < 7. As well known, see, for example [3, Prop. 1.28], any
I'-limsup is lower semicontinuous; the proof is then completed by Theorem 4.1
below. O

The relaxation of the functional Z on M defined in (4.3) might have an inde-
pendent interest; in the following result we show it coincides with Z, as defined
in (2.8).

Theorem 4.1. 7 is the lower semicontinuous envelope of 7.

The following representation of 7 is proven similarly to Lemma 3.1.
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Lemma 4.2. Let © € M. Then T(i) < 400 iff there exists W' € DL(O) such that

W is a measure-valued solution to u; + f(u)y = — (o (u)lllf)x, namely

1@+ 1 (e == (@)W}, (4.4)

holds weakly. In such a case " is unique and

VA )—lll @) + ()l _l”q/H”Z
M—zﬂ t T M XD/:(I()‘)_Z D!

(o)

Furthermore, suppose that (o) 2 r for some constant r > 0. Then Z(j1) < +00
iff there exists G* € Ly([0, T] x R) such that weakly

m@ + u(fx = =Gy 4.5)
In such a case W can be identified with a function in L,([0, T] x R), and

2
Gt = /L(O')'I/)f", I(w) = l/dt dxw 4.6)
2 Ht,x(a)

The following remark is a consequence of Lemma 4.2.

Remark 4.3. Let {uX} ¢ M be such that u¥ — p in M, Z(u¥) < 400 and
wk(o) = r for some r > 0. Let also G** be defined as in Lemma 4.2. If
wk(o) = wio) strongly in L1 joc ([0, T] x R) and {G“k} is strongly precompact
in Ly ([0, T] x R), then Z(1%) — Z(w).

Throughout the proof of Theorem 4.1, approximation of Young measures
by piecewise smooth measures is a much used procedure. In particular we will
refer repeatedly to the following result, which is a simple restatement of the
Rankine—-Hugoniot condition for the divergence-free vector field (u(1), u(f) +
G")yon (0,T) x R.

Lemmad.4. Let y : (0,T) — R be a Lipschitz map with almost everywhere
derivative y, and let OF C (0, T) x R be a left, respectively a right, open neigh-
borhood of the graph of y ; namely Graph(y) C Closure(O ™) NClosure(O™), and
forall (t,x) € O, respectively (t, x) € O, the inequality x < y(t), respectively
x > y(t), holds. Let also O := Ot U O~ U Graph(y). Suppose that a Young
measure (L € M is such that, for each continuous function F € C([0, 1]) the map
(t,x) = s (F) is continuously differentiable in O~ U O, and such that there
exist the respective traces uF(F) of w(F) on the graph of y. Then there exists a
map G : O — R, defined up to an additive measurable function of the t variable,
which is continuous in O~ U O™, admits traces GT on the graph of y, and is such
that (4.5) holds weakly in O. Moreover the Rankine—Hugoniot condition holds for
almost every t € [0, T, namely

G' =G =[n®)" =@y = [n(HT = (H7] 4.7
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Proof of Theorem 4.1. Since 7 is lower semicontinuous, it is enough to prove that
Mo, as defined in (4.2), is Z-dense in M, namely that for each u € M with
I(n) < 400, there exists a sequence {/,Lk} C My such that ,uk — u in M and
Tlimg Z(1*) < Z(w) (we will also say that uk T -converges to ). We split the proof
in several steps.

Step 1. Here we show that M is Z-dense in the set of Young measures which are a
finite convex combination of Dirac masses for almost every (¢, x). More precisely,
recalling definition (4.1), we set

1= {u EMg i n=2>", '8, for some &' € Lo ([0, T] x R; [0, 1])
with 37_ o' = land u' € Lo, ([0, T] x R; [0, 1])}

and

o
M = UM’f

n=1

In this step, we prove that Mg is Z-dense in M. We proceed by induction on 7;
to this aim, for n = 1, we introduce the auxiliary sets

M = {,u € Mg : 3r > Osuchthat u = > " 'S,
for some @' € Lo ([0, T] x R; [r, 1]) with D7 ol =1
and u' € C° ([0, T] x R: [0, 1])}

M= {,u €M, : Ir>0suchthatu = > 7 @i,
for some &' € C1 ([0, T] x R; [r, 1]) with D" o' =1
and ui € C' ([0, T] x R: [r, 1 — r]) with ui+! > i + r}

Note that M ¢ M) ¢ M, and M} € M. We claim that for each n = 1, M’
is Z-dense in /\_/l'll, that /W'f is Z-dense in M, and that MY is Z-dense in Mv’ll+l.
The Z-density of Mg in M then follows by induction. The previous claims are
proven in Appendix A.

Step 2. In this step we prove that M is Z-dense in My, see (4.1). We use the
following elementary extension of the mean value theorem.

Lemma 4.5. Let X be a connected compact separable metric space, Fi, ..., Fq €
C(X) be continuous functions on X, and P € P(X) be a Borel probability measure
on X. Then there exist ', ..., a% > 0 with > o =1, x!, ..., x4 € X such
that P(F') = Z?:l ol Fi(x)),i =1,..., d. Furthermore there exists a sequence
{P"} C P(X) converging weakly* to P, such that each P" is a finite convex combi-
nation of Dirac masses, P" (Fi) = IF’(Fi)fori =1,...,d, and for each n the map
P(X) > P+ P* € P(X) is Borel measurable with respect to the weak™ topology.
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Proof. It is easy to see that the point P(F) := (P(F1), ..., P(Fy)) € R4 belongs
to the closed convex hull of the set B := {(Fi(x),..., Fz(x)), x € X} C R4,
Since B is compact and connected, the Caratheodory theorem implies that P(F)
is a convex combination of at most d points in B, namely the first statement of
the lemma holds. Since X is compact, for each integer n = 1, there exist an
integer k = k(n) and pairwise disjoint measurable sets A, ..., A} C X, such that
P(X \ U, A" = 0, P(A7) > 0, and diameter(A7) < n~!,1 = 1,..., k. For
I=1,...,k let P(:|A}) € P(X) be defined by P(B|A}) := P(A] N B)/P(A})
for any Borel set B C X. By the first part of the lemma, there exists a probability
measure IP’}1 € P(X), which is a convex combination of ¢ Dirac masses, such that
P} (F;) = IP(F;|A}). The sequence {P"} defined as P"(-) := Zle P(A])P] (-)
satisfies the requirements of the lemma. O

Let i € M,. By Lemma 4.5, there exists a sequence {y""} C M converging
to w in M such that u, , is a convex combination of Dirac masses (¢, x) for
almost every (¢, x), and " () = n@), u"(f) = u(f), u'* (o) = (o). Hence

I(u") = Z(n) and pu"* € M.
Step 3. Recall Lemma 4.2 and set
Mj = {y, e M : I(n) < +oo, Ir > O such that u(2), u(o) = r,
G* e CH ([0, T] x R) N L ([0, T] x R),
for each F € C([0, 1]) w(F) e C' ([0, T] x R)}
In this step we prove that M, is Z-dense in M.
Let u € Ms3, and choose a constant us, > 0 such that (1) — ue > 8 for

some 6 > 0. Define the maps yi e C([0, T)) N C((0, T)) as the solutions to the
Cauchy problems

GH(t,y (@) + ey (f) — fuco)
M,y () (1) — oo

y() =
y(0) = £k

yjk: are well defined by the smoothness hypotheses on  and G*. On the other

hand, since we assumed G* to be uniformly bounded, |yi (t) F k| £ C, for some
constant C > 0 not depending on k. We define, for k > C, u* by uf,x = gy if
yE(t) < x < yk(t) and uf = 8, otherwise. Clearly /¥ — 1 in M ask — oo.
We also let G*' (1, x) = GH(1,x) if y(t) < x < yX(@), and G*' (t,x) = 0
k
otherwise. By (4.7) and the definition of yi, the equation uk )+ uk (fx = —-GH
holds weakly in (0, 7') x R. In particular, by Lemma 4.2, (k) < Z(w).
Step 4. Here we prove that M3 is Z-dense in

My ={ueM: I(uw < +oo, Ir > 0 such that u(1), u(o) = r}

Let © € My and {j*};>; C C®(R x R) be a sequence of smooth molli-
fiers supported by [—-T/k, T/k] x [—1, 1]. For k = 1, let us define the rescaled
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time-space variables % : [0, T] x R — R x R by

B (e x)::<t+T/k x ) 4.8)
’ 1 +2T/k" 14+2T/k

For k = 1 we also define the Young measure uk by setting for F € C([0, 1]) and
(t,x)e[0,T] xR

,u];’x(F) = /dyds jk(t =8, X = V) Hpk(s, ) (F)

It is immediate to see that u* € Ms. Moreover, as k — oo, u¥ — p in M and
puk(F) — w(F) strongly in L j0c ([0, T] x R) for each F € C([0, 1]).
Let us also define G** € L,([0, T] x R) by

k
GV, = /dy ds J5(t — s, x — y)G* (bk(s, y))

Then %), + u*(f), = —ij" holds weakly, and G** — G* in L, ([0, T] x R)
as k — oo. The proof is then achieved by Remark 4.3.

Step 5. My is I-dense in M. For u € M with Z(11) < 400, we define ¥ := (1 —
k~DYu+k=181 2. Clearly u* — pinM,and p* (1) = k=1/2, 4k (o) Z k1o (1/2).
Therefore ¥ € My. From (2.8) it follows that 7 is convex, and since Z (8 2) =0,
we have Z(u%) < (1 —k~HZ(w). O

The following proposition is easily proven, and will be used in the proof of
Corollary 2.2.

Proposition 4.6. Let X, Y be complete separable metrizable spaces, and let w :
X — Y be continuous. Let also {F¢} be a family of functionals F; : X —
[—o0, +00]. Let us define Fy : Y — [—00, +00] by

Fe(y) = inf Fe(x)

xeo~1(y)
Then

(r—@ Fg> (y) £ inf (r—ﬁg) (x)

xeo~l(y) \ €0

Furthermore if {F:} is equicoercive on X then {F.} is equicoercive on Y. In such
a case

(F_h_m Fa) (y) 2 inf (r_li_m]:a) (*)
e—0 xeo~l(y) \ e50

Proof of Corollary 2.2. Since the map M > u +— (1) € U is continuous, by
Proposition 4.6 we have that I, is equicoercive on ¢/ (which we already knew from
Lemma 3.3) and I"-converges to I : U — [0, +o0] defined by

I(u) = inf A
@) neM: u(@)=u ()
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Recall that, if Z(n) < 400, ¥} has been defined in Lemma 4.2. Equality (4.4)
yields

I(u) = inf {((M(a)lI/x“, UMY, @ € Lyjoc ([0, TIXR), pe M :
Z(p) < 4oo, u@) =u, &y = —u@), weakly, (o)t =& — [L(f)}

The corollary then follows by direct computations. O

5. I'-convergence of H,

Proof of Proposition 2.3. (i) = (ii). We first show that ||, , [ITv, 1 is finite for each
n such that 0 < ” < c. It is easily seen that for each ¢ € C°((0, T) x (=L, L);
[0, 1]) there exists ¢ € C° ((0, T) x (—L, L); [0, 1]) such that = ¢ and |||¢; |+
|oxlllL, £2Q2L + T). Therefore

Bon,u(_(P) = 6977,14((;7 — @) — Bon,u(q-’)
S oy ulltv.e + (), @) + ((g@), ¢x))
S oy lrv.c +20Unlloo + llgllec) QL + T)

and thus ||y llTv.2 = 2ll9,7, ITv. + 2(I11llcc + ¢ llec) QL + T).

Let now 77(v) := cv2/2, and for n € Cz([O, 1]) arbitrary, let o := ¢~ max,
In"(v)|. Then p, = —0g5—p/a.u + §5,4. Since both i) — 1/ and 7 are convex
with second derivative bounded by ¢, ;) , is a linear combination of Radon mea-
sures, and thus a Radon measure itself.

(i1) = (iii). Throughout this proof, we say that n;, 72 € C 2([0, 17) are equiva-
lent, and we write 1 ~ 12, iff n} = 1. We identify C%([0, 11)/ ~ with C([0, 1),
which we equip with the topology of uniform convergence. For u € X a weak
solution to (1.1), for ¢ € CZ° ((0, T) x R), the linear mapping c%([0,1]) >
n = ©pu(p) € Ris compatible with ~, and it thus defines a linear mapping
Py : C([0,1]) — R. It is immediate to see that P, , is continuous, and by (ii)
for each n € C2([0, 1]) and L > 0

sup {Py.u(n"), ¢ € C°((0, T) x (=L, L)), lg| = 1} = oy ullTv,e < +00

By Banach-Steinhaus theorem

sup {Pga,u(e)v 9 e CZ (0, T) x (=L, L)), lp| = 1,

e e C(0,1]), le| < 1} < 400

Therefore the linear mapping P”L : C([0,1]) x CF((0,T) x (=L, L)) — R,
P”L (e, ¢) :== Py ,(e) can be extended to a finite Borel measure on [0, 1] x (0, T') x
(—L, L). The collection {PML} 1. defines a unique Radon measure P, on [0, 1] x
(0, T) x R, since two elements of this collection coincide on the intersection of
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their domains. Recalling (2.10), we thus gather for each n € C([0, 1]), for each
¢ € CF ((0,T) x R) and for some constant C > 0 depending only on f

’/}hmwdndwnquunw =|pmxm|§cwmwu@jan/dMn%w|

P, thus defines a linear continuous functional on L ([0, 1]) x CCl ((0, T) x R). This
implies that the Radon measure P, can be disintegrated as P, = dv g, (v; dz, dx),
for some bounded measurable map o, : [0, 1] - M ((0, T) x R). From the defi-
nition of P,, we obtain for n € C2([0, 1), e CF((0,T) xR)and ¥ (v, 1, x) =
n)e(t, x)

mm=mﬂw=/ﬂ@WMMW@W@ﬂ

= /dv 0y (v; dt, dx) 9" (v, t, x)

By linearity and density (2.13) holds for each entropy sampler ¢.

(iii) = (i). It follows by choosing ¥ (v, t, x) = n(v)e(t, x) in equation (2.13) for
9 e CX(0,T)xR;[0,1])and n € C2([0, 1]) with 0 < 5” < ¢ for an arbitrary
c>0. O

Proof of Theorem 2.5, item (ii): equicoercivity of H,. The equicoercivity of Hg
with respect to the topology generated by the djs-distance (2.2) follows from
Lemma 3.3. It remains to show that, if u® is such that H,(u®) is bounded uni-
formly in ¢, then {u®} is precompact in L 1oc([0, T] x R). By equicoercivity of
{Ze}, the sequence {u®} defined by puf, = 8ue(.x) is precompact in M. There-
fore we have only to show that any limit point © € M of {u®} has the form
Wix = Bu(,x) for some u € X, to obtain the existence of limit points for {u®}
in X. This is implied by a compensated compactness argument due to Tartar, see
[15, Ch. 9], provided that there is no interval where f is affine, and that, for any
entropy—entropy flux pair (n, ¢), the sequence {n(u?); + g (u®),} is precompact in
ngcl ([0, TT x R). Let us show the latter. By (3.5), there exists C > 0 such that for
eachg € C° ((0,T) x (=L, L))

(@) + q )y @)
éERWWfﬂXfW?¢@H%+§Mﬂw%DWﬂ@me

(" @ @y )|+ | o ) )|

S C[1+ He(u)] [s/
[

dr dx (ui)z} o1l Lo 0, 71xR)
0,T]x[—L,L]

1/2
+0me%+£/ dmu@f} Il Ly 10.71xR)
[

0.T]x[—L,L]
By the bound (3.6), n(u®); +¢q (u?)y is the sum of a term bounded in L1 1oc ([0, T'] %
R) and a term vanishing in ngcl([O, T] x R) as ¢ — 0. By Sobolev compact
embedding and boundedness of 7, ¢, the sequence {n(u®); + q(u®),} is compact
in H-'([0,T] xR). O

loc
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Proof of Theorem 2.5, item (i): I -liminf inequality. Let{u®}be asequence conver-
ging to u# in X. If u is not a weak solution to (1.1), by Theorem 2.1 we have
lim, I (u®) 2 Z(8,) > 0, and therefore lim__, , H,(u°) = +o00. Let now u be a
weak solution to (1.1). With no loss of generality we can suppose H, (u°) < Cg.
We now consider an entropy sampler—entropy sampler flux pair (%, Q) such that

0< 0@ (v,1,x) < D), (v,t,x)e[0,1]1xO,T)xR (5.1

We also let ¢°(z, x) = e’ (u®(t, x), t, x), and introduce the short hand notation
(ﬂ’(ue)) (t,x) = ' (u®(t, x),1,x), (19//(1/{8)) (t,x) = 9", x),1,x), (0,
W®)(t, x) = (0x0) (uf(t, x), 1, x). As we assumed Hq (u?) < +00, uf is locally
square integrable, see (2.6), and since ¥ is compactly supported we have ¢? =
0" (u) ul + (3,9 )(W®) € Lo([0, T] x R). The representation (3.7) of EZS (¢%)
thus holds, and recalling (2.11) we get

He(uf) = &' (¢°) — —||<p 17,1

o (uf)

= (W, D @) + (W) 0 W)) + 5 (D 9 W)
S UDW, (2:0') () = 5 (o )" ), 0" W)
—e (o @)D s, (0:8) ))) = (o ) (:9) W), (3:9) @)
drdx [(89) (u®(r,x), 1, x) + (0, Q) (u®(t, %), 1, x)]

€ £ N9/ (1, E e £y2 € &y, € l e
+§<(D(u )=o) (), 07 (u)(uy))) + §(<D(u Jusy, (0:0") (u®)))

—e({o )" (u)us, (3 )(us))>——(<0(u£)(3x ) @), (8x9") )))

By the bound (3.6), the last three terms in the above formula vanish as ¢ — 0,
while (([Du®) — o W®)?" W®)uf, 9" @®)us)) = 0 for each entropy sampler o
satisfying (5.1). Therefore, taking the limit ¢ — 0 and optimizing over ¥

lim H, (u°)

e—0

> sup lim — [ drdx [(8,19) (ug(t, x),t, x) + (0, Q) (ug(t, x), t, x)]
¥ e—0

= sup Py,
9

where the supremum is taken on the ¥ € CC2 ([0, 1] x (0, T) x R) satisfying
(5.1). Recalling that we assumed the left-hand side of this formula to be finite, we
next show that this inequality implies thatu € £, and that the right-hand side is equal
to H (u). By taking 9 (v, t, x) = n(v)e(t, x) forsome ¢ € C° ([0, T] x R; [0, 1])
and entropy 7 such that 0 < o (v)n”(v) £ D(v), we get g, ,(¢) < lim, He (u®).
Optimizing over ¢ it follows that u fulfills condition (i) in Proposition 2.3 with
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¢ = min, D(v)/o(v) > 0,and thusu € £.By (iii) in Proposition 2.3 and monotone
convergence, we then get

lim He(u®) = sup Py, = sup/dv ou(v; dt, dx) 9" (v, t, x)
9 9

e—0
D(v)
o(v)

= /dv o (v; dt, dx) = H(u) (5.2)

which concludes the proof. 0O

Lemma 5.1. Let f € C2([0, 11) and assume that there is no interval where f
is affine. Then entropy-measure solutions to (1.1) belong to the space C ([0, T];
L1 10c (IR)). Let furthermore

V= ' V= min f’ 5.3
f vIen[Ea),)%]f () V; ugﬁlfluf (v) (5.3)
Then foreachu € €, x e R, V > Vf+ orV <V,

lim/dtlu(t,x—i-é‘—l—Vt)—u(l,x-l—Vt)I=0 (5.4)
¢—0

Proof. With the same hypotheses of this lemma, in [4, Sect. 4], it is shown that if a
weak solution u to (1.1) is such that g 1, is a Radon measure, then, for each L > 0
and t € [0, T), lim, f[_L’L]|u(s, x) — u(t, x)|dx = 0. Therefore, by item (ii) in
Proposition 2.3, entropy-measure solutions enjoy this property. Since the set £ of
entropy-measure solutions is invariant under the symmetry (¢, x) — (—¢, —x), the
same holds true also for s 1 ¢, and thus £ C C ([O, T, Ll,loc(R)).

If u is an entropy-measure solution to the conservation law (1.1), then u
(t,x) := u(xt, x & Vt) is an entropy-measure solution to the conservation law
with flux /%, where f*(w) = f(w)F V w. With no loss of generality, we can thus
prove (5.4) only in the case V = 0 with the assumption V; > 0. In this case f is

V,+

invertible on its range [a, b], and we let g € Cz([a, b)) Be its inverse. We define
v:R x[0,T]+ [a,b]byv(x,t) = f(u(t,x)). Then v satisfies

vy +8) =0 (5.5)

Furthermore, if [, m € C?([a, b]) satisfy m’ = ['g’, then by chain rule [(v), +
m(v); = gy, where n(w) := fwdz I'(f(2)). Therefore v is an entropy-measure
solution to (5.5), and by the first part of this lemma

Clirr})/ds lv(x +¢,8) —v(x,s)|=0

The result then follows by recalling u (¢, x) = g(v(x,?)). O

Proof of Theorem 2.5, item (iii): I"-limsup inequality. Given an nice (with respect
to o) solution iz € S,, let E¥ be as in Definition 2.4. We want to construct a
recovery sequence {uf} C X that converges to u in X as ¢ — 0, and such that
lim, H,(u®) < H (ii). We split the proof in four steps. In Step I we build a suitable
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family of rectangles contained in [0, T]x R.In Step 2, fore, §, L 2 1, we introduce
two collections {v“s 'L’i} of auxiliary functions on [0, 7] x R. In Step 3, for N € N
we define a collection {u®%N-L} c X, and we prove

lim hm H,(u%N1y < H@) (5.6)
§—>0¢

In particular {x®%"-L} is precompact in X. In Step 4 we show that any limit point
of {u8'5’N ’L} coincides with & in X, provided we consider the limitin e, §, N, L
in a suitable order. More precisely we show

lim lim lim lim u®®NF =4 (5.7)
L—00 N—oo0§—>0e—0

By (5.6) and (5.7) it follows that there exist subsequences {5¢}, {L?} C (0, +00)
and {N¢} C N such that u® := u®®N*-L* provides the required recovery sequence
for u.

Throughout this proof, we assume f’ to be uniformly positive in [0, 1], namely

that V; , as defined in (5.3), is positive. As noted in the proof of Lemma 5.1, this
assumption is not restrictive. Note also that the calculations carried out below make
sense also if EY =@ or E~ = 0.
Step 1. For each ¢ such that ({t} x [-L, L)) N E* N E~ = , the compact sets
({r} x [—L, L])NE® are disjoint, hence strictly separated. By (ii) in Deﬁnition 2.4,
there exists a countable collection of pairwise disjoint time intervals {(sl , tl )}ieNs
with (sl s Ly c (0, T) such that 71 := U; (sl s Ly is dense in [0, T'], and for each
i € N the two sets El. = ((sl. ,tl.L) X [—L, L]) N E* are strictly separated.
By splitting each of these intervals in a finite number of intervals, with no loss of
generality, we can assume

1
tiL — siL < m distance (EL o+ E ) (5.8)

where V ;‘ is defined in (5.3), and it coincides with the Lipschitz constant of f since
we supposed Vf_ > 0.
Fori € Nlet nlL € N be such that

L 1
7 < — {1 distance (EL o+ E )] 5.9
n; 10
and consider the rectangles RL = (sF. i) x ( L, Jn+1L) for
j = —niL, —niL +1, .. — 1. By the definition (5.9) of n and condition
(5.8), for j :—niL-i—l,—nl +2,..., nk—2

diameter(RE;_; URE; URE,, URE; ) < distance (EL + EL ) (5.10)
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In particular each RiL ; has non-empty intersection with at most one of the sets E™,
E~. We define

L.+, _ L
R = U R (5.11)
j:—nf+1
je (RI.L,J;IURi’jjURi’_‘H]URiL,HZ)ﬂE¥=Q)

and for N e N
RVLE N RLE RLE . yRVLE (5.12)

Note that by (5.8) and (5.9)

1

RiL’j C [(r,x) csk<r <tiL,

ji—1 j+2
nTL +Vir —shysx < o’ L-Vir- sil‘)] (5.13)
1 l
and by (5.10)
nf—2
RLYURET = U U R} (5.14)
i j=—nl+1

Step 2. For L > 1 and 8 € (0, 1/2), let 1%L € X be defined by

i(t,x) if x| <L and i, x)€[s,1—24]
3 if x| £L and a(t,x) <6
WL, x) = x| S L and u(t,x) = (5.15)
1—-6 ifjx]SL and a(t,x)=1-6
1/2 if |x| > L
Fore > 0,i € N, we define vf’a’L’_
forward-parabolic Cauchy problem

: (sl.L, tiL) x R — R as the solution to the

e
v+ f(v)y == (D)
[,Lﬂ )fst 2L< W)V, 5.16)
v(s;) = u”(s;)
and vf’a’L’+ : (siL, tl.L ) x R — R as the solution to the backward-parabolic Cauchy
problem

{v, + f)y = —% (D(W)vy), 517

vl = itk

We define v&%L* : L x R — R by requiring v&% L% (r, x) = vf"s’l"i(r, x)
for r € (st, tF). Note that v¥9L-* € C (t1;U) and v*2 L% (1, x) € [8,1 — 6]

P00
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by maximum principle. Furthermore vi’S’L’i € Lz’loc(rL x R), and indeed by
standard parabolic estimates

2
E/RNLidrdx (vf’;"s’L’i(r, x))
N 2
< Zs/ dr dx (vfc"s’L’i(r,x)) <cML  (5.18)
P [sEtl1x[—L,L]

for some constant CV-X > 0 independent of & and §.
We claim

lim lim drdx
§—>0e—0 JRN.L,+

VS LE G vy i, x)‘ =0 (5.19)

We show (5.19) for v*%L+~_ The analogous statement for v®:%+ follows by the
fact that the set S, is invariant with respect to the symmetry (¢, x) — (—f, —x),
while the supports of Q;lt are exchanged under this symmetry. By the well known
results of convergence of the vanishing viscosity approximations to conservation
laws (and as it also follows from the I"-liminf inequality in Theorem 2.5 item (i))

lim drdx [0 x) — @t —sEox)| =0 (5.20)
e=0 J sk il Ix[~L,L]

where ﬁ?’L is the Kruzkov solution to (1.1) with initial condition ﬁ?’L(O, ) =
i L (sk, ). On the other hand, by the definition (5.11) of R"" ™, if j is such that
Rl.L!j C Rl.L’_, then i is entropic in the rectangle (s%, t) x (fn;_LlL, ’nifL), namely

i i

§y,i(¢) = 0 for each convex entropy 1 and each positive test function ¢ compactly
supported in (s’, tF) x (-’n;LlL, -’niLzL). Therefore, by Kruzkov theorem [15]

i

%L*V?(rfxil“) 5L

I n. K - ~

lim sup / / dx |u; (r—sl-L,x)—u(r,x)
J

8—>0SiL§r§tiL n;lLlL-i-VjT(r—s,-L)
1
j+2
<Tm [ " dx‘ﬁ?’L(O,x)—ﬁ(siL,x)‘
§— =1
I’l’- L
2
e [t s ~ L
=§1rr%) ) ]' dx [u®=(s;7, x) —u(s;,x)| =0
i iy
L

and thus, fixed N € N, by (5.13) the convergence claimed in (5.19) holds on each
RiL,j for each i < N and each j such that Ri]jj C RiL’_, and therefore on RV-L:—
itself.

Next we claim that for each L 2 1, N € Nand ¢ € C° (RV-EF; [0, 1])

P D(UE‘S’L’+)
; e £,8,L,+y, &8 L.+ &,6,L,+
R

>> < H@) (521)
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Note that the left-hand side of this formula is well defined, since § < v&%L.+ <
1—8 and thus o (v®%L-) is uniformly positive. Foreach ¢ € C ([0, TIXR)\E~;
[0, 1]) and 5 € C? ([0, 1]) such that o” < D we have

H@) 2 /dw oi(w; dt, dx) n" (w)e(t, x) = @, () (5.22)
By (5.17) and (5.18) for each n € C%([0, 1]), N € Nand ¢ € C° (RN-L-T)

lim lim = (( DS Lypd bt gp/ e bty edlotyy — o L(0)  (5.23)
5—>0e—02

This implies (5.21) if o is uniformly positive on [0, 1], since we can evaluate
(5.23) on an entropy n such that n” = D/o and use the trivial bound (5.22).
On the other hand, if 0(0) = 0, respectively if o (1) = 0, then by condition
(iii) in Definition 2.4, we have that iz(¢, x) = ¢, respectively u(t,x) < 1 — ¢,
for almost everywhere (¢,x) € (0, T) x (—L, L) and for some ¢; > 0. By the
definition of i2%* and maximum principle, we have also v*%-L+ > ¢}, respectively
ve& bt < — ¢r, and thus (5.19) follows by evaluating (5.23) on an entropy 7,
such that n”(w) = D(w) /o (w) for all w = ¢y, respectively w < 1 — ¢

Step 3. In this step, with a little abuse of notation, we denote by f and D two
bounded continuous functions on R, such they their restrictions to [0, 1] coincide
with f and D, and f is uniformly Lipschitz and D uniformly positive. We also let
0% e C%([0, 1]) be such that o®(w) = o (w) forw € [§,1 — 8], o’ (w) < o(w)
forw € [0, 1], and 0® (w) = 0 forw < §/20orw = 1 — §/2.

ForL Z land N € N,let ZV-F e €2° (RN-L-*; [0, 1]), and define

PN-L+ .— Interior ({(t,x) e RVLA - ENLt x) = 1})

PN.L.— .— Interior ({(t,x) e RN-Li— . ENLt x) = 0}) (5.24)

For each fixed L > 1, we require the sequence {Z "L} to be increasing in N and
such that

U pN-L+ — gL+ (5.25)
N

Ford, L = 1and N e N define u®%¥-L : [0, T] x R — R as the solution to
the Cauchy problem

i+ f )y = §<D<u)ux>x

e N,L \/OW D(vs’S’L’+)U§’5’L’+ (5.26)

u©,x) =it 0,x) xeR

@

X

Note that the term in square brackets in (5.26) is well defined since v® O.L.+ i well

defined on the support of ZV-L and since § < v&4 Lt <1 —§, o (0L s
uniformly positive.
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It is easily seen that the problem (5.26) admits at least a solution u®%N-L

Loo ([0, T x R) with uS>M'L € Ly 10c ([0, T] x R). By (5.26) we also gather

S

2

&
uf,B,N,L F Pty - (D(us,é,N,L)ui,é,N,L)

—1
Daa (u)

2 5Ly eslt NI DB oy
— £,0,L, g,0,L, oIV, g,0,L,
=¢ <<D(v vy ,(ET) o A L) vy >> < 400

X

Therefore, replacing o with ¢ in the statement of Proposition 3.4, we have
§ SusPNL <1 —§andu®NE e X. Since (EN:F)? € C(RN-L-+; [0, 1]), by
the same estimate and (5.21)

@hm Hy(u®%N1)
&

— ¢
‘m 1 .0, L, ,0,L, = N,L\2
= 11§n hgn 3 <<D(v8 Tyttt (ghh

O.B(Ms,S,N,L) D(US,B,L,+) US,S,L,+
G(us,S,N,L) U(US,S,L,+) x

—— 2 D (vES-L.+
< limlim — D(vg’g’L’+)v§’5’L’+, (EN’L)2—( )Uj"S’L’+
§ & 2 O’(U8785L7+)

< H()

so that (5.6) holds.
Step 4. Since { H,} is equicoercive on X’ and (5.6) holds, there exist 8o, €9 = €0(5o)
small enough and a compact set Ky C X such that u®8N-L ¢ 1) for each & < &,
8 <80, N e Nand L > 1. In this step we show that any limit point u of {u®® "L}
coincide with u, provided the limits in €, §, N and L are taken in a suitable order,
see (5.7). This will conclude the proof.

Let ZE,S,N,L,:I: . ‘L’L xR — [—1,1], Zs,S,N,L,i = us,ﬁ,N,L _ va,S,L,:I:. By (3.6),
(5.6) and (5.18), foreach N € N

5/ drdx (50N EE)2 < CNE (5.27)
RN.L.£

for some constant CV-X > 0 independent of & and §.

Since we will first perform the limit ¢ — 0, we now fix §, N, L as above, and
we drop for a few lines these indexes, thus writing u® = utSN.L et = &8, L.E
HE=8NLE 5= pNL Recalling the definition (5.24), by (5.26) and (5.16),
we have weakly on PN-L:—

ST (F0) = F05), = 5 (D), + 5 (D) = DO ],



I'-Entropy Cost for Scalar Conservation Laws

Letnow [ € C%([—1, 1]) and ¢ € C° (PN-L7). Tt follows

—(1GEET), @) = (f W) = fO57), (@ )ex))
— ((f@®) = fF), 1" )y e))

= %«D(ua)zs— (5 )zE >>—§<<D(u8>z§;*‘,l’(za’—m»
§<<[D(u8)—D(v8—)] e () g))
§<<[D<u8> — D)L I ) (5.28)

In the same fashion, by (5.17), weakly on PV-L.+

(W) = ), = 5 (DGO, + 3 (D) = DOSH]),

&,+
+8([\/0(v5’+) - \/oa(u‘g)] Mﬁ*)

| ™

N

Since v& T takes values in [8, 1 — 8], we have % (v®1) = o (v®7) and thus, in the
same fashion as above, for each I € C*([—1, 1]) and ¢ € CZ° (PN-L-T)

— (L&) 00) = (f W) = fF5), (T )gy )
—{(f@®) = f5D), 1"z T o)

S D@zt @)

_ _g (D@t 1" Hzite)) - 5

— S ([pw) = D st 1@zt )

— S ([pw) = DO O] it 1)

_8<<[\/O-6(vs,+) \/0-6( s)] (v ) 8'+,gol”(z8’+)zfc’+>>

o (v&t)

. [M(uw)—wma]Mv”,z’(f*m (5.29)
/U(U8’+) *

For [ convex and ¢ non-negative, the first term in the second lines of (5.28)
and (5.29) is non-positive. With these assumptions on / and ¢ we thus define

By = By = (D@2, 1)z )12 and lew, for F e C((0, 1),

Cy, = max{l”(z)|F(v +2)—F@)|? : vels, 1-68], ze[—1, 1], v+ z€[O0, 1]}
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Since v5'F, z5% € Lo 1o (PV-EE), by (5.27), Cauchy—Schwarz inequality and the
fact that D is uniformly positive, we have for each non-negative p* C( pPN.L.%y

and for some constant C = C‘sf L independent of [

[((F @) = fF55), 1) ™)
+|3UDw) = DR H] = 1z )|

Vo (08 F) — Vo (uf D) et 1 e L6t
(| Vol (v:T) U(M)—\/WUX LTI (Z5T)ZT))

<c[ e+ eh+ i | B

We also let C; := max;e[—1.1] |!'(z)| and note that, in view of (5.18) and (5.27),
for any non-negative ¢ € C° (PN-L'%) and for some constant C = C‘i’iN L
independent of ¢ and /

3 lpw)Hz 1) +3 |<<[D<uf> = DO O] 1)

2|
€ \/O(UE’ ) — \/ (u®) - 8 l(g ) >>
<<[ ] /(8
SCC]«/E

Patching all together, for each non-negative p* € C° (

—{1E), o) — ((f ) = F5), 1@ H)eE))
< ——Bl +C [,/C‘* +y/Chy+,/C s }B;+CC1\/_

3 )
—c? [Cli+Chi+Cls |+ Cave (5.30)

PN'L'i), we gather

[IA

It is then easily seen that we can take a sequence of convex smooth functions
{I,} c C%*([—1, 1]) such that (@) < 1,1,(z) — |zl, 2l},(z) = |z| uniformly on
[—1, 1], and such that, by the Holder continuity hypotheses on D and o

lim (€}, +Chy, + €y, ) =0

n— o0

Evaluating (5.30) for! = [,,, taking the limitn — o0, and recalling that we assumed
1’ to be positive on [0, 1], we gather for each non-negative p* € C2° (PN-L-%)

— ((Juf — v o)) — (| f ) — fFu* I SCVe (53D

We now reintroduce the dropped indexes 8§, N, L, and recall that for § < §p, ¢ <
£0(80), N € Nand L > 1 we have u®%N-L e Iy for some compact Ko C X. Let

L e Ky be a generic limit point of {#®%"-L} in X as ¢ — 0 and successively
8 — 0. By (5.19) and (5.31), for each non-negative ¢ € C2° (PV-L.-—y pN.L.T)

(1 —al o) (| b - ra

,<,0x>> <0 (5.32)
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N,L L

Since u € Ky, there exist u~ € X and a subsequence {N;} C N such that
uMel - ylin X as k — 4o00. By (5.25) and (5.32), it follows that for each
non-negative ¢ € C° (R~ U RE-T)

(=t o) = {fl s - s

x)) S0 (5.33)

Since tl isdensein [0, T], by (5.14) and (5.9), we have that, for L > 1, RL-TURL-~
is dense in [0, T] x [—L + ﬁ, L— 4]—L] Note also that ii € S, C & by hypo-
theses. Furthermore, since u” is a limit point of a sequence with uniformly bounded
H,-cost, we also have ul € & by item (ii) in Theorem 2.5, namely u and ul are
entropy-measure solutions to (1.1). By Lemma 5.1, i, ul e C ([0, TI; LMOC(]R)).
By the same Lemma 5.1 and the assumption Vp > 0, we have that the maps

X — d(f,x) and x — ul(s, x) are continuous from R to L; ([0, T]). There-
fore, since the boundaries of RL-+ and RL— \ RL* are countable unions of seg-
ments parallel to the x and 7 axes, we have that (5.33) holds for each non-negative
9 eCX((0,T)x (L + 7-, L — £-)).

Recalling {u’} C Ko, let u be a limit point of {u’} along a subsequence
Ly — oo. From (5.33) we get for each non-negative ¢ € C° ((0, T) x R)

= (lu —al, @) = {1 f @) = f@], ¢x)) S0 (5.34)

Reasoning as above, we also have u € &, and thus setting z := u—i, by Lemma 5.1,
u, i,z € C([0,T]; L110c(R)). By (5.34), it is then easily seen that for each
bounded non-negative Lipschitz function ¢ on [0, T'] x R such that [dr dx [|¢| +
lo¢| + l@x|] < 400, and for each ¢ € [0, T']

Iz, 9@)) — (12(0)], 9(0))
_/[O ]dr [z @r () + (| f @) +2(r) — f@r))], @x(r))] S0 (5.35)
N3

Fixed L = 1, we evaluate the inequality (5.35) for ¢ (¢, x) = goL (x) defined as

e L) ifx < —L
ot =11 if—L<x<L
e D ifx > L

so that setting ZL (1) = (z ()], (pL) we have
zho) = zH0) £ vf*/ dr (12l g ]) < vf*/ drz(r)
[0,7] [0,7]

By Gronwall inequality, for each L > 1 and each ¢ € [0, T'], we have ZX(r) <

exp[V;-r 17 (0). Note that u(0, x) = (0, x) by (5.15) and the definition of conver-

gence in X. Therefore ZL(0) = 0, and thus ZX(¢) = 0 for each t € [0, T] and
L= 1.Henceu =u. O
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Proof of Proposition 2.6. In order to show that H is lower semicontinuous, first
note that the set of weak solutions is closed in X'. Moreover for each entropy
sampler ¥ the map X > u — Py, € Ris continuous. On the other hand, if u is a
weak solution to (1.1) then the equalities in (5.2) holds; thus H is a supremum of
continuous maps.

Since D(-)/o () is uniformly positive on [0, 1], H(u) = 0 iff u € £ and
o) = 0, thus u is entropic. Conversely, entropic solutions u are in £ by item
(i) in Proposition 2.3, and the entropic condition is thus equivalent to o} =
0.

The coercivity of H follows from the Tartar’s method of compensated compact-
ness, that we already applied in the proof of Theorem 2.5 item (ii). Suppose indeed
that we are given a sequence {u"} C X such that H(u") < Cy < +oo for each n.
Then each u” is an entropy-measure solution to (1.1) by the definition of H. For
each entropy 7, each n, L > 0, by the same bound in the proof of Proposition 2.3,
lon.unllTv, < 209, llTv.z + 2 (Inlleo + Iglloo) 2L + T). On the other hand,
for each n € C2([0, 1]) such that on” < D, ”5";;:4" ltv.. £ H(u") and therefore
l$y,un ITv, L is bounded uniformly in 7. Since 1 and ¢ are bounded, we have that
{n™); + q(u™),} is precompact in ngcl ([0, T] x R). As we already noted in the
proof of Theorem 2.5 item (ii), see [15, Ch. 9], this yields the compactness of {u"}
inX. 0O

Proof of Remark 2.7. By well known properties of functions of locally bounded
variation, for each entropy n and u € X N BVjo([0, T'] x R), we have that g, ,
is a Radon measure on (0, 7) x R. If u is a weak solution to (1.1), by Vol’pert
chain rule [2], the absolutely continuous and Cantor parts of g, , with respect to
the Lebesgue measure on (0, 7') x R vanish, and we get

dpnu = {[n@) —n@H)]n" +[q@™) —qu)]n*} dH'LJ,

On the other hand the Rankine-Hugoniot condition [ut —u~]|n' + [ f(u™)—
f (u_)] n® = 0 holds. The statement of the remark follows by direct calculations.
O

Proof of Remark 2.11. For u € £ we have

H'(uw) = sup {9,.4(p). ¢ € CZ ((0.7) x E: [0, 1]).

nec?(0.1) : 0= on" < D)

so that the inequality H = H' follows from the equalities in (5.2). The same
inequality yields H (u) = H’(u) if there exists a set E™ as in the statement of the
remark. If f is convex or concave and u has locally bounded variation, we can take
Et ={(t,x)e J, : v el01]: p,ut,u”) > 0}, where J,, u™ and p are
defined as in Remark 2.7.

If f is neither convex nor concave, then there exist u—, u™, v/, v € (0, 1)
such that p(v, u™, u™) > 0 and p(v",u™,u”) < 0, where p is defined as in
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Remark 2.7. Let V := %, and define u : [0, T] x R — [0, 1] by

t.3) ut forx <Vt
u(t, x) :=
u- forx >Vt

Then u € £ and by a direct computation H () > H'(u). O

Appendix A: 7-approximation of atomic Young measures

Here we prove the claims stated in the proof of Theorem 4.1, Step I, where the
sets ML, M, /W,l, are defined.

Claim 1. ./T/t”f is Z-dense in ./W? Forn =2 1,let u € ./WT, let G* be defined as in
Lemma4.2. Letalso r, «, u' be as in the definition of /er and L, oo be asin the
definition (4.1) of M,. With no loss of geperality, we can assume that u't! > u?,
i=1,. S n— 1, since we can reorder_ the u’ (¢, x) forall (z, x) preserving continuity
of the u' and measurability of the o', Analogously it is not restrictive to assume,
for |x| > L, u'(t,x) = ”fw a'(t, x) = o, for some constants u’_, oL, € (0, 1];
in particular poo = 2; 05,8, .

Let now {7*} C CF (R x R) be a sequence of smooth mollifiers supported by
[-T/k,T/k]x ['— 1, 1], and recall the definition (_4.8) of b¥. Fori = 1,...,nand
h,k > 1definea’** € CY([0, T1xR; [r, 1]), and "k € C1([0, TIxR; [A~ !, 1—
h=']) by

okt x) = /dy ds j¥@t — s, x — y)o! (bk(s, y))

Wk xy =7 1+ —i./
@, %) [ ny . i'alk(t, x)

1—-3p"1 ; ;
o [dvds S = s x = o (B w) Wl (P ) @A
alk(t, x)
Clearly a'** and u?*"* are smooth, with o/*¥ 2r, % =1, and ok, ui K are
constant for |[x| > L + 1. Furthermore fori = 1,...,n—1and (t,x) € [0, T] xR
) . L1
hm [ul-l—l;h,k(t’ )C) _ ul;/’l,k(t’ x) _ _2}
k— o0 n
i+ 15k k iih,k h!
> lim [ 75", x) —ub "t x) - —————
= Do [ ( ) ( ) n Zi/ i’ol 3k(l‘, x)i|

- [1 - 3h—1] [u"+1(t,x) — u"(r,x)]

Since the u' are continuous, it is not difficult to see that convergence in the last
line above is uniform on compact subsets of [0, 7] x R. On the other hand, since
the u' and u®>* are constant for |x| > L + 1, we have that convergence is indeed
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uniform on [Q, T1 x R. It follows that for each & > 1 there exists K > 1 such that
uithhk > ik 4 p=1y=2 /2 for each k > K. Therefore, defining 1 € M by

n
hk 2 ik
/'Ll,x = Oll (t,x)(sui;h,k(t’x)

i=1
we get, for k 2 K", uhk e Mv’f provided T(u"*) < +o0. Recalling Lemma 4.2,
this follows by the existence of G e Ly ([0, T] x R) satisfying weakly on
0,T) x R:
h.k
W@+ 1) = —GY

Indeed GX™" can be computed explicitly as
G“h'k(t, x) = (1 - 3h_1) /ds dy k@t —s,x — y)G* (bk(s, y))

+ (1 — 3h_1) /ds dy J*(x —y,t — ) Kk (s,y) ()

— Ry = (1 =3 Yoo (F) + 15 (1)

where
1
ok py o i 1 ih “1) i
Wk fy = §i aoof(h +m+(l—3h )uoo)

It immediately follows that limy,_ o limy 0o [G*" = G™|| L, (0.71xR) = 0, and
it is also straightforward to see that, for each F € C([0, 1])

lim lim /Lh’k(F) = u(F) strongly in L 10c([0, T] x R)

h— 00 k— 00
By Remark 4.3, we can extract a subsequence {u*} from {u>*} that Z-converges
to w.
Claim 2. M} is Z-dense in M. Forn = 1,let p € M. Letalsoa', u' and L be
as in the definition of M’ and M. With no loss of generality, we can assume that
a' > 0, since we do not require the u' to be distinct. As in Claim I above, we can
also assume that, for [x| > L, u' (¢, x) = ul,, o' (t, x) = af, for some constants
ub,, at, €10, 1].
itk

With these assumptions, for 4, k = landi = 1, ..., n, let us define «'** as in

(A.1), and u’** by
N 1 . .
ul’k(t, x) = o3 dyds Jk(t —5,x —yad (bk(s, y)) u (bk(s, y))

Letting

n
k E ik
/"Ll‘,X = otl’ (t,x)(sui;k(tﬁx)

i=1

we gather uf € ./WT A computation similar to the one carried out in Claim 1 shows
that 1% Z-converges to p as k — oo.
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Claim 3. M is Z-dense in M7+1 . This is the key step in the proof of Theorem 4.1.
Forn = 1,let u € MVVI’H, and let G* be defined as in Lemma 4.2. Let also
r, of, u' be as in the deﬁnitio_n of /’\/lv’ll+1? and L,' oo aS in the definition (4.1) of
M. Note that for |x| > L, o' (t, x) = a, and u (t x) = u}, for some constants
éoe[r,l—r],uéoe[r,l rl, W1thul+1> wtri=1,.

Let us define the Young measures v', 10 € Mv'f by

. _ ol (t, x) ‘
Ut,x = (Su’1+l(t,x)’ z 1— O{n+l(t )8ul([,x)

so that, letting B(f, x) := ot (r,x) < 1 —r
[ = B, )} + (1= Bt ) v,

The basic idea is to build up a sequence {;*} Z-converging to i, as follows: we first
slice up [0, T'] x R in small strips, alternating a strip of width 8 k~! with a strip of
width (1 — B)k~!; we then set y,t .= v, . for (¢, x) in the first family of strips, and
,ut = v, . for (¢, x) in the second family of strips. As we let k — oo, we easily
get uf — u; however, to get also Z(u*) — Z (1), we will have to carefully define
these strips.

For j € Z and k € N, let us consider the maps yjlf 1[0, T] — R solutions to

vl () =2, ()
vly (1) =7y (1) (A.2)

y(©0) =~

These equations are well posed smce vl( ), vo( v L), v @) are L1psch1tz
functions in the (¢, x) variables, and v! (1) — Vo(l) 2 r, by the definition of M”+
Furthermore, by standard theory for (A.2), yj e %0, TH N CL0, T)); |yj | <
2! maxyefo,17 | f (V)[; V]]'(H > y]]F;and yjl?ﬂ(t)—yj].‘(t) < Ck~! for some constant
C independent of k, j and ¢.

We next define the maps ,Bf :[0,T] - Rby

k k k
AORIHO! Yig1®)
/ dx I:thyx(l) — Vgx(l):l = /k dx B(t, x) [v,lyx(l) — vgx(l)]

0] 0
(A.3)

Since Utlx(l) — v,ox (1) =2 r > 0, for any fixed ¢ € [0, T] the left-hand side of this
equatiort is strictly’increasing in ﬂ;‘ (t). Since it vanishes for ﬂf (t) = Oanditislarger
than the right-hand side for B} (1) = v}, (1) — v} (1) (recall B(1, x) € [r, 1 = r]),
there exists a unique 0 < ﬂf (1) < yj"‘ 1 (1) — yj'.‘(t) satisfying (A.3). Furthermore,
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since 8 and the y}‘ are smooth, we have ,Bf e C%0, TD) N CL((0, T)). The mean
value theorem then implies

2
<clrfam-vio] sc? wa

Vi ®
B; (t)—/ dx B(1, x)
HO)

for suitable constants C, C’. For h and k two positive integers, we next define the
Young measure uf € M by

1

ok v, if3j € Z, |j| < hk such that y¥ (1) + B5(1) < x < y¥, (1)
My = ’ . J J J
v, otherwise

Since vtl’ . 1s constant for |x| sufficiently large, we have uhk e M for h large

enough. Furthermore, since convergence in M is local, (A.4) yields limy_,
limy— 0o u¥ = p in M, and for each F € C([0, 1])

lim hm K (F)y = uw(F) strongly in L1 16¢([0, T] x R)

h—ook

We next prove that Z("*%) < 400 and limy, lime G = G in L([0, T] x R);
so that, reasoning as in the proof of Claim 1, by Remark 4.3 we get the existence of
a subsequence {uk} T-converging to u. Foreach F € C([0, 1]), (¢, x) — ,uf’f (F)
is smooth outside the graph of the curves yllf . Therefore, by Lemma 4.4, there
exists G € Ly 16¢([0, T] x R) such that u"* (@), + u"*(f)e = —G"* holds
weakly. First we show that we can choose G"* to be compactly supported, so that
G"* € L,([0, T] x R), and thus Z (/%) < 400 with G* = —Gr" , according to
the definition given in Lemma 4.2.

Since G’** is defined up to a measurable function of ¢, and Gﬁ’k(t, x) =0
for x < yf ax (1) (we are considering h large enough as above), we can assume

Gk (t,x) = G*(t, x) = 0 for x < y*, (1). Furthermore, by (4.7) and (A.2), for
each j € Z, G"¥ is continuous in the regions {(¢, x) : y/k(t) + ,Bk(t) < x <
VJ+1(t) +,6 +1(t)} Let now j € Z with |j| < hk, and ¢ € [0, T]; by (4.7) and

(A.2)
_ [Gh,k (r, [yjlf(t) + ﬁf(;)]—) —Gh* (;, y/’?(t))]
vEO+85®

- ty,(t)+ﬂk(t)(f) zy (z)(f)+/k

dx [v),0]
v @ !

and

o G (SZ 0 BN (NHOR D |

0 .0
- "r,yj;l(t)(f) “t,yjf<t)+ﬁ§<r>(f)
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Vi@ 0 o
+/y/_c(,)+ﬁk(,)dx [”’*X(’)]t * [ Lk gho )~ zy (t)+ﬁ"(t)(f)]
J J

— |0 - ok gk
[vt,y}(r)wj?(t)(l) vt v} (Z)+/3"(t>(l)} [y/ 0+ 5] (l)]

By (A.2), (A.3) and simple algebraic manipulations
Gt (t, Yi (t)) -GM* (t, y,’»‘(t))

le':_](t)
~[11t 00D = 10D - /V o [ @]

J

=G" (1. vfa®) = 6" (1.vf0)

Since G"*(t, yfhk(t)) = GH*(t, yfhk(t)) = 0, we deduce that for each j € Z. we
have Gk (¢, y]].‘(t)) = GM(1, 7/]].‘([)). In particular, since G*(t, y}, (1)) = 0 and
G (t, x) = G*(t,x) = 0 for x > i (), we have Gk (t,x) = G*(t,x) = 0
for x > y}’;‘k (t) and x < thk ). Tha:kis, G"* and G* are compactly supported.
Thus Z(u"*) < +o00 and G"k = GH*

Finally, by the definition of G* and G, recalling G™(t, y/’.‘ (1) =
GH(z, yj].‘(t)), we have

1

hk
hk hk 2
HG“ _g|? - / d/ dx (G“’(z,x)—G“(t,x))
Ly([0,T1xR) j:z—hk [0,7] /(z)
hk
- > /|
PR CRN

v+ [ px 1 :
X / dx / dylv, () = pe,y D] + [, y(f) me,y (1
v (©) v (©)

0] x 2
+ / R [ / dy v, (1) = sy O + D2, () — u,,y<f>1y]
Y

yiO+B5 () (RI0)

Since all the integrands in the last two lines of this formula are bounded
uniformly in 4 and k, each term of the sum is bounded by C k3 for some constant
C > 0. Therefore the sum itself is bounded by 2Chk=2, and we get

limy, o0 limg—, o0 Z(1"%) = T(w).
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Appendix B: I"-viscosity cost for scalar Hamilton—Jacobi equations

In this appendix we establish a I"-convergence result for a sequence of func-
tionals associated with the Hamilton—Jacobi equation (1.1)

by + f(by) =0 (B.1)

which is related to (1.1) via the transformation u = b,. In (B.1) we understand
(t,x) € [0,T] x R and b(t, x) € R. As usual, we assume f to be a Lipschitz
function on [0, 1], D and o continuous functions on [0, 1], with D uniformly
positive and o strictly positive on (0, 1). We will just sketch most of the proofs,
since they are similar to the proofs of the corresponding statements for (1.1).

We introduce the equivalence ~ on C([0, T']; L j0c(IR)) by setting bl ~ b2 iff
b' — b? is constant in [0,7] x R. We let B be the set of functions
b e C([0, T]; L210c(R))/ ~ such that b, € U. The requirement b, € U is clearly
compatible with ~, so that B is well defined. We equip B with the metric

dg(b', b*) = dy(b', b?*) + inf sup Z—Hb (t,) = b*(t, )+ cllLo—n N
ceRref0.71 5

(B.2)

Note that the second term in the right-hand side of (B.2) is the projection of the
C([0, T]; L2 10c(R))-distance with respect to the ~ equivalence. (B, dg) is a com-
plete separable metric space.

For b € B such that by, € L2 10c([0, T] x R) and ¢ > 0 we next define the
linear functional af on C°((0, T) x R) by

al (p) := —((b, @) + ({f (bx), p)) — %((D(bx)bxx, @) (B.3)

and the functional J; : B +— [0, +00] as follows. If by, € L2 10c([0, T] x R) we
set

1
Je(b) = sup [af(cv) — 7 lloboe. w))} (B.4)

9eCX((0,T)xR)
letting J; (b) = +o0 otherwise. We want to study the I"-convergence of {J.}. As
shown below, this problem is strictly related to the I"-convergence of {/.} defined
in (2.6).
We introduce the set A := {(b, ) € B x M : by = u(1)}, which we equip
with the metric

da (0, 1), % 1D = ds®' b)) + da (!, 1) (B.5)

We say that (b, u) € A is a measure-valued solution to (B.1) iff b, + u(f) = 0
weakly in (0, T) x R. We lift J; to a functional 7, : A — [0, +00] by setting

Je(b) if lit,x=8bx(t,x)

. (B.6)
+o00  otherwise

jé‘(ba M) = [
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Theorem B.1. The sequence {J.} is equicoercive on A and I -converges to

1
5 (u(@)g, ¢))

T (b, w)) = sup I—((b, ¢i)) + (). 9)) = 5

peC((0,T)xR)
Note that 7 ((b, i)) = 0 iff (b, ) is a measure-valued solution to (B.1).
On the set B we next introduce the metric dy

dy(b',b?) = dy(by, b?) + inf sup Z 1B (1) — b*(t) + cllLyq-n.v)
ceRref0.71 N

and denote by (), dy) the complete separable metric space consisting of the same
set B equipped with the distance dy). We say that b € ) is a weak solution to (B.1)
iff —((b, @) + ((f(by), @)) = 0 for each ¢ € C°((0, T) x R). We denote by
W C Y the set of weak solutions to (B.1). We rescale the functional J; defining
K. :Y — [0, +00] as

Ky, :=¢ 'J, (B.7)
Theorem B.2. Let K, be the functional on W as defined in (B.7) and (B.4).
(1) The sequence of functionals {K.} satisfies the I -liminf inequality

(F—lim Ks) b) > |H(b") ifo ey

50 +00  otherwise

(i1) Assume there is no interval where f is affine. Then the sequence {K.} is
equicoercive on ).

(iii) Suppose furthermore f € C2([0,1]) and D,c € C([0,1]) for some
o > 1/2. Then

(r_@m) o) < ‘H(bx) ifbe W

+00  otherwise

Since b(0, ) is bounded and Lipschitz, by a well known connection between
entropic solutions to (1.1) and viscosity solutions to (B.1), see, for example [10,
Theorem 1.1], we gather (/=lim, K.)(b) = 0iff b is a viscosity solutions to (B.1).
It follows that if b* satisfies the equation

by + f(bx) = %D(bx)bxx — o (by)E* (B.8)

for some E* such that lim, 8||E5||L2([0 TIxR.o (by)di dx) = 0, then limit points of
{b®} are viscosity solutions to (B.1). On the other hand if 5° solves (B.8) for some
E? with ¢||E® ”%2([0,T]XR‘0(bx)dt o) uniformly bounded, then limit points b of {H°}
are such that b, € £

In order to prove Theorem B.1 and Theorem B.2, we first establish some preli-
minary results. Given ameasurable mapa : [0, T]xR — [0, +o00], we let £, be the
Hilbert space obtained by identifying and completing the set {¢ € C°((0, T) xR) :
((ap, ¢)) < +oo} with respect to the seminorm ({(ag, ¢)).
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Lemma B.3. Let ¢ > 0 and b € B be such that J,(b) < +o00. Then there exists
E®Y € Lo, such that

bi + f(bx) = %D(bx) bex — o (by) EXP (B.9)

holds weakly on (0, T) xR and J (b) = 3| E*?||% o, Furthermore I (by) < +00
and there exists y*t € Lo (b, )-1 Suchthat y)f’b = 0and o (by) E®? = o (by)WePr +

y&P, where WP is defined as in Lemma 3.1. In particular

Je(b) = - [¥P |12,

o (bx)

1 e,b 2 1 —1.,eb &b
+ YU, = L) + S (o b)Y )
(B.10)

1 |
2

Proof. The existence of E%?, (B.9) and the equality J,(b) = %HE”’H% o A€
achieved as in Lemma 3.1. We also have ‘

1
Je(b) = sup af(¢>—5<<a<bx)go,<o>>]
weCQ"((O,T)xR)
1
> sup af(¢x>—5<<o(bx>¢x,¢x>>]
¢€CC°°((O,T)><R)

1
= sup Eix (¢) — E((U(bx)(ﬁ)m ¢x>>] = I:(by)

PeC((0,T)xR)

By (3.1) and (B.9) there exists ¥*"* € D, ,  such that (6 (by) E*")x = (0 (bx)

lI/f’b")x, namely o (by)E®? = a(bx)w)f’b* + y&P(1) for some measurable map
y‘”’ : [0, T] — [ — oo, +00]. It is then easy to check (B.10). O

The following lemma is proven analogously.

Lemma B.4. Let (b, u) € A be such that J((b, u)) < +oo. Then there exists
E®OW € L, () such that

by + u(f) = —u(o)E®H

and J((b, n)) = %||E(b’“)||2£ll(g). Furthermore () < 400 and there exists
AR L, (o)~ such that yx(b’m = 0and

1 1 1
w2 DI _ - =1.,b,n) ,0b,un
J((b,u))—zlllll IIDL(”)JrZIIV ||£u(a)—z(ll)+2<(ﬂ(0) y oy )
(B.11)

where W is defined as in Lemma 4.2.

Lemma B.5. The sequence of functional {J.} is equicoercive on (13, dg).
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Proof. Let {b°} C B be such that J.(b*) < C; for some C; < +o0o. By (B.10)
I, (b%) < Cy, and thus {b§} is precompact in I/ by Lemma 3.3. We are left
with the proof of the compactness of {h°} with respect to the second term on
the right-hand side of (B.2). By (B.10) and (3.6) we have that for any N > 0,
2 f[O,T]x[—N,N]dt dx (b¢,)?> £ C(C; + &N + 1) for some constant C > 0
depending only on f and D. It then follows by (B.9) that for each N > 0,
168112, (10, T1x[—N, N7 is bounded uniformly in e. Since b, € U for each b € B,
we also have 0 < b% < 1. Recalling that elements in b are defined up to a constant,
we see that the conclusion follows by these bounds on b, b% and compact Sobolev
embedding. O

The following remark follows by Proposition 3.3 and Lemma B.3 and the
definition (B.2) of dj.

Remark B.6. For each ¢ > 0, J¢ is lower semicontinuous on (3, dg).

Lemma B.7. For each u € U such that I.(u) < +0o0 there exists b>" € B such
that by" = u and Jo(b*") = I.(u). Furthermore if b € B is such that by = u
and Je(b) < +00, then by = by + y*°, where y* ¢ L)1 is defined as in
Lemma B.3. Conversely, given y € L ,)-1 with yx = 0, there exists a unique
b € B such that by = u and b; = b;"" + y.

Proof. From the definitions (2.6) and (B.4), it is not difficult to gather

I.(u) = inf J.(b)
beB:by=u
Since J; is coercive and lower semicontinuous on B, and {b € B : b, = u}isa
closed subset of 3, there exists a b%* on which the infimum is attained.

If b is such that b, = u and J;(b) < 400, then by the decomposition of E*-
in Lemma B.3 we have (b — b®%); = o (u)(E®? — ESD™) = y&P. The converse
statement follows by choosing b (¢, x) = b®"(t, x) + f tdsy(s), which identifies a
unique b € B. O

Proof of Theorem B.1. Equicoercivity follows by (B.10), the equicoercivity state-
ment in Theorem 2.1 and Lemma 3.3.

In order to prove the I'-liminf inequality, let {(b®, u®)} C A converge to some
(b,u) € A. It is not restrictive to assume J.(b°) < +oo, and thus
by, € L21oc([0, T] x R) and pu® = 8pe. Then for each ¢ € C°((0, T') x R)

Te (0%, 1)) = Je(b°)

Z —((b% @) + ((f DY), 9))

1
— SUDGI 9) = 50,0 BD)))

As in the proof of the I'-liminf inequality in Theorem 2.1, an integration by parts
shows that the third term in the left-hand side vanishes as ¢ — 0. Hence

1
li_n:)Jg (@, 1)) 2 = (b, @) + ((m( ), 9)) — 7 o). o))

and the I"-liminf inequality is achieved by optimizing over ¢.
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Let (b, u) € Abesuchthat 7 ((b, )) < +00.ByLemmaB.47(u) < +ooand
by the [I'-limsup inequality in Theorem 2.1 there exists a
sequence {u®} C U such that 8, — p in M and lim; I, (u®) = limg Z,(8,¢) <
Z(11). By Corollary B.7 there exists 5*“° € B such that po" = uf and J, (b**) =
I, (u®). Letting y ®*) be defined as in Lemma B.4, it is also easily seen that there
exists a sequence y¢ € Ly(e)-1 such that yf = 0, y* — y©@» weakly in
Lay(10. 7D, and ylig .y — ly @M c,,1- Recalling Corollary B.7, we de-

fine the sequence b® by the requirements b$ = u® and b7 = bf’”g + y¢. We have
_ _ e 1
lim 7. (b°, 80)) = Tim Jo ™) + S (e @)y*, v*))
1
S T4 + 5 @)y @1,y TI0) = T (b, )

On the other hand 8pc — p in M, and it is not difficult to check by — b, weakly.
Therefore any limit point in A of {(b°, dpe )} coincides with (b, u). O

Proof of Theorem B.2. If b € ) is such that (b, dp,) is a measure-valued solu-
tion to (B.1), then b € W. By the I'-liminf inequality in Theorem B.1 we thus
obtain (/=lim, K.)(b) = +oo if b ¢ W. The I'-liminf inequality on WV follows
immediately by (i) in Theorem 2.5 and (B.10).

Equicoercivity is a consequence of (ii) in Theorem 2.5 and Lemma B.5.

In order to prove the I"-limsup inequality, let b € WV be such that H (b,) < +00.
By (iii) in Theorem 2.5 there exists a sequence {u®} C X converging to u := b,
in X and such that lim; H,(u®) < H(u). Let b* = b by Corollary B.7
limg K. (b**") < K (b). Furthermore, by (i) and (ii) proven above, {b°} is pre-
compact in Y and its limit points are in W. Let b € W be a limit point of
{b?}. Then b, = b,, since b, = u® — u = by in X; on the other hand
b+ f(by) =0 = b, + f(by), so that we also gather b; = b,. Itfollows b = b. 0O
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