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LARGE DEVIATIONS OF THE EMPIRICAL CURRENT IN
INTERACTING PARTICLE SYSTEMS*
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Abstract. We study current fluctuations in lattice gases in the hydrodynamic scaling limit.
More precisely, we prove a large deviation principle for the empirical current in the symmetric simple
exclusion process with rate functional I. We then estimate the asymptotic probability of a fluctuation
of the average current over a large time interval and show that the corresponding rate function can be
obtained by solving a variational problem for the functional I. For the symmetric simple exclusion
process the minimizer is time independent so that this variational problem can be reduced to a
time-independent one. On the other hand, for other models the minimizer is time dependent. This
phenomenon is naturally interpreted as a dynamical phase transition.
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1. Introduction. In the last 20 years, interacting particle systems have become
a main subject of research in physics for the insight they provide on the dynamical
aspects of statistical physics. On the mathematical side they provide a source of
new, interesting problems in probability theory. Particularly relevant are the results
obtained on their hydrodynamical limits and the associated large deviations, since a
microscopic derivation of phenomelogical macroscopic laws can be rigorously estab-
lished. More precisely, for symmetric conservative interacting particle systems, it has
been shown that the empirical density satisfies a parabolic evolution equation. The
associated dynamical large deviations rate function measures the asymptotic proba-
bility, as the number of particles diverges, of fluctuations from the hydrodynamical
evolution. As discussed in [1], this rate function provides a new approach to the anal-
ysis of stationary nonequilibrium states. These states describe a physical situation in
which there is a macroscopic flow through the system and the Gibbsian description is
not applicable. Rigorous proofs of the dynamical large deviation principle have been
obtained for some equilibrium models (see, e.g., [9], [12]) and for the nonequilibrium
simple exclusion process (see [2]).

Besides the empirical density, a very important observable is the current, which
measures the flux of particle. This quantity gives information that cannot be recovered
from the density because from a density trajectory we can determine the current
trajectory only up to a divergence-free vector field. In [3], [4] we have introduced, at
a heuristic level, the large deviation principle for the empirical current. In the present
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paper we prove it in the case of the symmetric simple exclusion and illustrate some
relevant applications.

The simple exclusion process is a lattice gas with an exclusion principle: a particle
can move to a neighboring site only if this is empty. The particle dynamics is given by
a Markov process on the state space {0, 1}T7V, where T4, = (Z/NZ)? is the discrete d-
dimensional torus with N points. We denote by n = {n(z), z € T%} a configuration,
so that n(x) = 1 when the site  is occupied, and 7(z) = 0 otherwise. Let 7V be the
empirical density of particles. The hydrodynamic limit for this model is particularly
simple: in the limit N — oo the empirical density 7~ satisfies the heat equation. To
discuss the large deviation asymptotics we need to introduce the mobility x(m), which
describes the response to an external field; for the symmetric simple exclusion we have
x(7) = 7(1—7). We introduce the integrated empirical current W | which measures
the total net flow of particles in the time interval [0, t], associated with a trajectory 7.
We shall prove a large deviation principle which can be informally written as follows.
Fix a possible path Wy, ¢ € [0, T], of the integrated empirical current; then

(1.1) PY{WY =~ W,, t€[0,T]} ~exp{— NIjo (W)},

where the rate functional is

(1.2) Iio.) (W) = ;/OT dt < {v’vt + % vm} ﬁ [v’vt + ;wt] >

In the above formula Wt is the instantaneous current at time ¢t. Moreover m;, which
represents the associated fluctuation of the empirical density, is obtained from w by
solving the continuity equation 97 + V - W = 0. Finally, (-,-) denotes integration
with respect to the space variables. Note that (1.2) can be interpreted, in analogy to
the classical Ohm’s law, as the total energy dissipated in the time interval [0, T] by the
extra current W + % Vr. The large deviation principle of the empirical density [12],
as we show, can also easily be deduced from (1.1), (1.2).

Using (1.1), (1.2) we then analyze the fluctuations properties of the mean em-
pirical current WY /T = T-1 fOT dt W, over a large time interval [0,7]. This is the
question addressed in [6] in one space dimension by postulating an “additivity princi-
ple” which relates the fluctuation of the current in the whole system to the fluctuations
in subsystems. We show that the probability of observing a given, divergence-free,
time averaged fluctuation J can be described by a rate functional ®(J); i.e., as N — oo
and T"— oo we have

N
PN{V\;T z.]} ~exp{ - N'T®(J)}.

The functional ® is characterized by a variational problem for the functional I} 71,
1
1. ®(J) = lim inf =1
(1.3) (3) = Jlim inf — Jjo.7) (W),

where the infimum is carried over all paths W, such that W = TJ.

Let us denote by U the functional obtained by restricting the infimum in (1.3)
to the paths W such that W, is divergence free for any ¢ € [0,7]. The associated
density profile m; does not evolve. We get

(L1 v =ty ([5+ 550 55t i3
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where the infimum is carried out over all the density profiles p. This is the functional
introduced in [6] in one space dimension. For the symmetric simple exclusion process
we prove that the additivity principle postulated in [6] gives the correct answer, that
is, ® = U. On the other hand, while ® is always convex, the functional U may be
nonconvex. In general (see [3], [4]) we interpret the strict inequality ® < U as a
dynamical phase transition. In such a case the minimizers for (1.3) become in fact
time dependent and the invariance under time shifts is broken. In [4] we have shown
that, for the one-dimensional Kipnis-Marchioro-Presutti (KMP) model (see [5], [11]),
which is defined by a harmonic chain with random exchange of energy between neigh-
boring oscillators, the following holds when it is considered with a periodic boundary
condition. The functional U is given by U(J) = 3 J?/x(m) =  J*/m?, where m
is the (conserved) total energy. Moreover, for J large enough, ®(J) < U(J). This
inequality is obtained by constructing a suitable traveling wave current path whose
cost is less than U(J). In the present paper we give a more formal presentation of
these results. We finally mention that the strict inequality ® < U also occurs for the
weakly asymmetric exclusion process for a sufficiently large external field [7].

2. Notation and results. For N > 1, let T4 = (Z/NZ)? be the discrete
d-dimensional torus with N¢ points. Consider the symmetric simple exclusion pro-
cess on T%. This is the Markov process on the state space Xn := {0, 1}TdN whose
generator Ly is given by

Enh =5 3 (S - S}

a:,yET‘Ji\,7 |lz—y|=1

In this formula = {n(z), z € T4} € Xy is a configuration of particles, so that
n(z) = 0 (respectively, n(z) = 1), if and only if site z is vacant (respectively, occupied)
for n, and o®¥n is the configuration obtained from 7 by exchanging the occupation
variables n(z), n(y):

n(z) if z#zy,
(c™¥n)(z) = ¢ nly) if z=uz,
n(x) if z=uy.

Notice that we speed up time by NZ2. Denote by {n;: t = 0} the Markov pro-
cess with generator Ly and by Pﬁ[N the probability measure on the Skorokhod
space D(R.,Xy) induced by the Markov process 7; and a probability measure v
on Xy, standing for the initial distribution. When p% is a Dirac measure concen-
trated on a configuration 7, we denote PYy by PY,. An elementary computation
shows that this process is reversible with respect to any Bernoulli product measure
on {0,1}T% with parameter m € [0, 1].

Denote by M(T9) the space of finite signed measures on T¢, the d-dimensional
torus of side 1, endowed with the weak topology, and by F = F, ;1(T%) the set of
positive, measurable functions bounded by 1 endowed with the same weak topology.
For a finite signed measure m we let (m, F) be the integral of a continuous function
F: T¢ — R with respect to m. Likewise for a profile 7 € F and F € C(T%) we
denote by (m, F') the integral of 7 F'.

For N = 1 and a configuration n € Xy, denote by 7% = 7% (n™) the empirical
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density of particles. It is defined as

7V (u) = Z I{uN € B(z)} n(z)

€T

where, for = (21,...,24) € T%, B(z) is the cube [z1, 71 + 1) X -+ X [2g,24 + 1).
Set 7Y = 7V (n;) and notice that 7 belongs to F for each t > 0.

For ¢ = 0 and two neighboring sites z,y € T%, denote by J; the total number of
particles that jumped from z to y in the macroscopic time interval [0, ¢]. Let {eg: 1 <
k < d} be the canonical basis of R?; the difference W % = J&*Fe _ jerea®
represents the net flow of particles across the bond {z, z+e;} in the time interval [0, ¢].

For t > 0, we define the empirical integrated current WY = (vat, cee Wévt) €
Mg = {M(T%)}¢ as the vector-valued finite signed measure on T¢ induced by the
net flow of particles in the time interval [0, ¢]:

W =N N Wiy, =1,

€T

where §,, stands for the Dirac measure concentrated on u. Notice the extra factor N1
in the normalizing constant which corresponds to the diffusive rescaling of time. In
particular, for a continuous vector field F = (F,..., F;) € C(T% R?) the integral
of F with respect to WV, also denoted by (WX F), is given by

(2.1) (WY F) = N~(d+D) Z > F( ) wrted,

j=1z€Tg

The purpose of this article is to prove a large deviation principle for the empirical
integrated current W and discuss the asymptotic behavior as t — co. We start with
the law of large numbers. Fix a profile A € F and let {u™: N = 1} be a sequence of
measures on Xy associated with A in the sense that the empirical density converges
to A in probability with respect to u’V. Namely, for each F' € C(T%) and § > 0, we

have
>5}:0

2.2 li
It is well known (see, e.g., [10]) that in such a case the empirical density 7/ converges
in probability to p = p(t,u) which solves the heat equation

NN F) = | AMu) F(u) du

Td

1
Orp = 9 Ap,

where A = V -V stands for the Laplacian and V for the gradient. We claim that the
empirical current converges to the time integral of —% Vp. This is the content of the
next result, which is proved in subsection 3.1 in a more general context.
PRrROPOSITION 2.1.  Fiz a profile A € F and consider a sequence of probability
measures p¥ associated with \ in the sense of (2.2). Let p be the solution of the heat
equation (2.3). Then, for each T >0, 6 > 0, and F € C(T%RY),
>5}&

lim Py {‘(W?, / dt/ ) - Vp(t,u) du
N—oo Td

(2.3)
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We turn now to the large deviations of the pair (W V). Fix T' > 0 and denote
by D([0,T], Mg x F) the space of cadlag trajectories with values in My x F endowed
with the Skorokhod topology. Fix a profile v € C?(T%) bounded away from 0 and 1:
there exists &6 > 0 such that 6 £~y <1 —§. To focus on the dynamical fluctuations,
we assume that the process starts from a deterministic initial condition 1"V which is
associated with v in the sense that 7% (n™V) — v in F.

Let 2, be the set of trajectories (W, m) in C([0,T], Mg x F) such that for any
t € [0,T] and any F € C'(T?)

(24) <7Tt7F> - <77F> = <WtavF>7 Wq =0.

Note that 2., is a closed and convex subset of C([0,T], M4 x F). Equation (2.4) is the
weak formulation of the continuity equation 77;4+V-W; = 0, mg = v, Wy = 0. For each

F € C1([0,T] x T% R?), define the convex and lower semicontinuous functional Jg
as follows. If (W, m) € C([0,T]; M4 x F), we set

T
JF(W,’]T) = <WT,FT> —/ dt <Wt,8tFt>
0

T T
(2.5) —%/0 dt<m,v-Ft>—§/O dt (x(m), [Fif?),

where, here and in what follows, x(a) = a(1 — a) is the mobility. We set Jp(W,7) =
+oo if (W,m) ¢ C([0,T]; Mg x F). Since C([0,T]; Mg x F) is a closed subset
of D([0,T]; Mg x F), the argument in [10, section 10.1] proves the convexity and
lower semicontinuity of Jg.

Let finally

J(W, ) it (W,m) e,
(2.6) J(W,n)= sup Jp(W,7), I(WﬂT):{

FeCl! +o00 otherwise.

Notice that the functional J is convex and lower semicontinuous, properties which
are inherited by I because 2L, is a closed and convex subset of C([0,T], M4 x F).
Notice furthermore that the continuity equation (2.4) determines the trajectory = as
a function of W and the initial condition 7. Therefore, the rate function I(W, ) can
be thought of as a function of W and the initial density profile. In subsection 3.3 we
derive a more explicit formula for the rate function (2.6). If I(W, ) < oo, we have

1 T
I(W,rn) = 3 / dt <X(7Tt), |Ft|2>,
0
where the vector-valued function F; is the solution of
1
8tWt + § V?Tt = X(ﬂ't) Ft.

Thus, formally,

(W, ) = ;/OTdt<X(17rt) W, —Wt(w)]2>,

Where Wt = 0;W, is the instantaneous current at time ¢ for the path (W,7) and
W(m) = —% V, is the typical instantaneous current at time ¢ associated with the
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density profile m;. Recall in fact that the hydrodynamic equation (2.3) is in our case
the heat equation.

THEOREM 2.1. Consider a profile v € C?(T%) bounded away from 0 and 1 and
a sequence {n™N: N > 1} such that ¥ (n™) — ~ in F. Then, for each closed set F
and each open set G of D([0,T], My x F), we have

: 1 N N N :
limsup 577 log Py {(WF, #%) € P} = = fuf | I(W.m),

NP N N _N :
l}wilofmloanN{(W , T ) € G} > _(Wl,%eGI(W’W)'

We next state a “large deviation principle” for the mean empirical current W /T
in the interval [0, T] as we let first N — oo and then T — oc.
Let us denote by B C M, the set of divergence-free measures, i.e.,

(2.7) B:= {J € Mg: (J,Vf) =0 for any f € C (Td)}

which is a closed subspace of M. Given m € (0,1), we introduce the set of profile
with mass m, ie., we set Fp, := {p € F: [padup(u) = m}. We finally define
Unm: Mg — [0, +00] by

1 1 1 1
2. = inf = (|j+= — |j+=
(2.8) Un(J) ol D <{J +t3 Vp], o —p) [ +3 VP}>

0<p<1

if J € B, J(du) = jdu, and U,,(J) = 400 otherwise. In section 5.1 we show that U,,
is a lower semicontinuous convex functional.

In section 5.1 we also prove that in the one-dimensional case, where J € B and
J(du) = j du imply that j is constant du-a.e., we simply have

1 2
(2.9) Un () 3 ﬁ if J = j du for some j which is du-a.e. constant,
. m = m —m
+00 otherwise.

THEOREM 2.2. Let m € (0,1), let v € C*(T%) N F,, be bounded away from 0
and 1, and let nN € Xy be a sequence such that =™ (nN) — ~ in F. Then, for each
closed set C' and each open set G of My, we have

1
lim sup lim sup ——
T—»oop N—>o<>p TNd

1
TNd

1

1
1ong7VN{TW¥ eqd

lim inf lim inf

—o0 N—

3. Large deviation for the empirical current on a fixed time interval. In
this section we prove Theorem 2.1. The proof is similar to that of the large deviation
principle for the empirical density; see [12] or [10, Chap. 10]. We therefore present
only the main modifications.
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3.1. Weakly asymmetric exclusion processes. In this subsection we prove
the law of large numbers for the empirical current of weakly asymmetric exclusion
processes. Proposition 2.1 follows as a particular case.

Fix T > 0 and a time-dependent vector-valued function F = (Fy,...,F;) €
CH1([0,T] x T4 R%). Denote by Ly n the time-dependent generator on Xy given by

5 d
(Lo f)) = -3 37 e (1) {054 5m) — ),

J=1zeTy

where the rate cf , +e,; (t,m) is given by

77(37) [1 _ n(x +€j)] eN’le(t,m/N) —|—’I7(l‘—|— ej) [1 _ n(x)] e—Nlej(t,m/N).

Hence, for N large, instead of jumping from x to x+e¢; (respectively, from z+e; to z)
with rate %, at a macroscopic time ¢ particles jump with rate % {1+ N~'F;(t,z/N)}
(respectively, 1 {1 — N~1F;(t,z/N)}) and a small drift appears due to the external
field F. For a probability measure x4V on Xy, denote by PI{Y) N the measure on the
path space D(R4, Xn) induced by the Markov process 7, with generator Ly y and
initial distribution p™.

Let pF* be a unique weak solution of the parabolic equation

Op = % Ap—V-{x(p)F},
p(0,-) = A(-).

Write the previous differential equation as

(3.1)

pt+ V- WF(/)t) =0,

where Wp(p) is the instantaneous current associated with the profile p and is given by

Wr(p) = —% Vo +x(p) F.

The main result of this section states that WX converges in probability to the time
integral of Wg(p).

LeEMMA 3.1. Fiz a profile A\: T¢ — [0,1] and consider a sequence of probability
measures {u” : N = 1} on Xy associated with X in the sense of (2.2). For eacht > 0,
6>0,G e C(T?), and H € C1(T¢; RY),

Jim PR [ 6) = (6] > 0 =0,

t
Ivliinoopguzv{‘<w§v, H>—/O ds (Wg(pf?), H>’ >5} 0,

where (Wg(pF ), H) stands for

(pF*, Vv -H) + (x(pF?*), Fs-H).

N
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Proof. The law of large numbers for the empirical density follows from the usual
entropy method; see, e.g., [10, Chap. 6]. For each ¢t > 0 the empirical density /¥
converges in probability to pF(¢, ).

To derive the hydrodynamic equation for the current, fix £ > 0 and a smooth
vector field H: T¢ — R?. Let WtNH be the martingale defined by

—~ ¢ N? x sz
Wit = (WY H) __/0 ds 5N ZHJ (N) ns(@)[1 = ns(x + )] e (=N
J,T

t 2
N § T —F;(s,x
Jrr

An elementary computation shows that the quadratic variation of this martingale
vanishes in L*(PY ) as N T oo. On the other hand, after a Taylor expansion and
few summations by parts, the time integral can be rewritten as

2
o 5 (o

where Op g(N ™) is an expression whose absolute value is bounded by CN~! for
some constant depending only on F and H. By the two block estimates and the
law of large numbers for the empirical density, as N | oo, the previous expression
converges in PQHN—probability to

t 1
/ ds<7rév, V-H—I—FS-H>+OF,H(N_1)
0

1

t t
5/ ds (pt ™, V~H>+/ ds {(x(pt ), Fs-H).
0 0

Since the martingale Wi\] H vanishes in L? as N T 0o, the lemma is proved.
The same result holds for the generator Ly y defined by

(Le.nf)(n) = N7 S (@)1 —n(y)] N FEN W) L (gmun) — fn)}.
b

However, the computations of the exponential martingales in the next subsection are
slightly more complicated if we use this expression instead of Lg n.

3.2. Large deviations upper bound. We first remark that Lemma 3.2 below
implies that the probability of the event (WY, 7%) & C([0,T]; M4 x F) is super-
exponentially small as N — co. Recalling the definition (2.6) of the rate function I,
it is therefore enough to prove the upper bound for closed subsets of C([0, T]; MgxF).
We shall first prove it for compacts and then show the exponential tightness.

We start by recalling the superexponential estimate of [9], [12]. For a positive
integer £ and x in Z¢, denote by 1*(x) the empirical density of particles on a box of
size 20 + 1 centered at z: n(z) = (20 +1)~¢ > ly—az)<e M(y). Moreover, for 1 < j < d,
€ >0, let

1 1
Vine(n) = Nd Z
€T

(2eN +1)d > nwnly+ej) - e @)]?).

ly—z|SeN
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THEOREM 3.1. For each 1 < j < d, T > 0, each sequence of measures {u' :
N 2 1}, and each § > 0,

1 T
lim sup lim sup N log PIIYN{’ / Vi ne(m) dt‘ > 5} = —0.
0

e—0 N—oo

Fix a vector-valued function F: [0, 7]xT? — R?in C"', and by dPJ v /dP Yy (T)
denote the Radon—Nikodym derivative of P{;Y N with respect to PgN restricted to the
time interval [0, 7]. A long but elementary computation gives that

1 Py v 1 T z wobes
M Jj=1z€eT¢

1 T

By TER
2 Jo
171 & 22

_1/ dtﬁz Z Fj(tv N) oh (1) + Or(N 1),

0 i=1zeTy

where h;(n) = n(0) + n(e;) — 2n(0) n(e;) and 7, denotes the translation of z. In
particular, on the set

T
/ Vina () dt' <5,
0

d
j=1

integrating by parts the first term on the right-hand side of the penultimate formula,
we obtain that N9 log{dPgMN /deyN}(T) is bounded below by Jg . s(WY, V) —
C(F) x {e + 6} for every € > 0. Here

T
Jeos(W,m) = (W, Fp) — / it (Wy, 0 F)
0

1 T 1 /T e 2
-3 dt(m, V - Fy) — 5 dt <X(7Tt)7 |Fy| >7
0 0

C(F) is a finite constant depending only on F, and #§ is the function defined by
7 (u) = (2¢)~¢ fhksl’u%l] dv ¢ (v), where [u — €1, u + £1] is the hypercube [u; — ¢,
up+e|l X X [ug — €, ug + €.

For each ¢ > 0, § > 0, and F of class C1'!, the functional Jr ¢ 5 is continuous
in C([0,T); Mg x F). By repeating the arguments presented in [10, section 10.4], we
then obtain that for each compact set K of C([0,T], Mg x F),

1
li]{[njélop ~a log PéVN { (WN, 7rN) € K} < - (Wi,fg.EK J(W, ),
where J is defined in (2.6).

To extend the upper bound from compact to closed sets, we next prove the expo-
nential tightness of the sequence (W¥ 7). As stated before, the following lemma
also implies that the probability of the event (W™, 7V) & C([0, T]; My x F) is super-
exponentially small.
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LEMMA 3.2. Fiz a sequence of measures {u": N = 1}, a continuous function
G: T — R, a vector-valued function H: T¢ — R? in C', and € > 0. Then,

ti s 5 0P { sy (2. 6) = (5. 6) > € = =
1

lim lim sup

6—0 N —oo W logP'{yN{ Sup ’<Wiv’ H> - <Wéva H>| > 5} = —0OQ.

[t—s|<6

Proof. The proof of the first estimate is similar to that of the exponential tightness
of the empirical measure presented in [10, section 10.4]. In our context the initial
configuration is not, however, the invariant measure. The necessary modifications are
worked out in what follows in the proof of the second statement of the lemma.

To prove the second estimate, first observe that by a triangular inequality and
since

(3.2) limsup N~ %log{ay + by} < max { limsup N~ %logay, limsup N~ %log bN},

N—o0 N —o0 N—o00
it is enough to estimate

(3.3) max limsup % log PLVN{ sup | <W§V, H) — <WN H>| > ;},

tr?
0SkST6~! N—oo L StStppa

where t;, = k6. By (3.2), we may also disregard the absolute value in the previous
expression provided we estimate the same term with —H in place of H. Fix a > 0 and
denote by M; = M;(a,H) the mean one exponential martingale whose logarithm is
given by

a d t x
i e z,xte;
N Z /0 HJ (57 N) dWS

Jj=1zeTy
d ¢
7N22 Z / dsns(x) [1 = ns(z +¢;)] {e“N_lHj(Sw/N) —1}
i=lzery 0
d ¢
fN2Z Z / dsns(aerej)[l —ns(x)]{efaN_lHj(S,w/N) _ 1}'
i=lzery 0

Since H; are C ! functions, a Taylor expansion and a summation by parts show that the
expressions inside the integrals in the last two terms are bounded by Cga(1l +a) N,
where Cy is a finite constant depending only on H. Therefore, by multiplying by aN¢,
adding and subtracting the appropriate integrals and exponentiating, we get that

PLVN{ sup (WY H) — (WY H) > 8}

e StSteg 3

M 1
SPgN{ sup i >exp{aNda}}
te St<tg41 Mtk 6

provided Cu(l + a)é < /6. Since My/M,, is a positive martingale equal to 1
at time t;, by Doob’s inequality, the last expression is bounded by exp{—% aN%e}.



12 L. BERTINI, A. DE SOLE, D. GABRIELLI, G. JONA-LASINIO, AND C. LANDIM

Therefore, (3.3) is less than or equal to —ae/6 for all § small enough. This shows that
the second expression in the statement of the lemma is bounded by —ae/6. Letting
a T oo, we conclude the proof.

Standard arguments, presented in [10, section 10.4], together with Lemma 3.2
permit us to extend the upper bound for compact sets to closed sets.

We conclude this subsection, proving that we may set J(W, ) = 400 on the set
of paths (W, ) which do not belong to 2L,.

LEMMA 3.3. Fir a sequence of measures {u”™ : N 2 1} and a function H: [0,T]x

4 R in CY2. Let

T
Lo(eN H) = (x, Hp) — (xd¥, Ho) _/ dt (xN, 9,H,),
0

(3.4) Vp(ne, WY H) = Ly (¥ H)

ey [ (&) awere

Jj=1lzeT¢

Then, for any 6 > 0,

. 1
h]{]njilopm logPﬁ]N{WT(W, WN,H)’ > 5} = —oo.

Proof. Fix a function H: [0,7] x T — R in CY2. A summation by parts shows
that

Nd+1 Z Z / { <t, T+ %) H<t, ;)}dwtz,wej

J=1lzeT¢
N? Z/ i ) T =W,
N z€TY

Since Z?ZI{WQE Tt WP Y increases by one each time a particle jumps to = and
decreases by one each time a particle leaves x, this sum is equal to ns(x) — no(x). In
particular, an integration by parts gives that the previous integral is equal to Ly (7 H)
defined in (3.4). Therefore, by a second order Taylor expansion,

N N 2 T z,z+e;
Vr(rN, W NWZZ/ (92, ( N)th

j=1z€TY

OH(l) T,x+e; T+ej,x
+ Nd+2 Z Z i +Ji 2

j=1z€T¢

where og(1) depends on H and vanishes as N T oo.

We prove that the first expression on the right-hand side is superexponentially
small, with the argument for the second one being similar. For simplicity, set
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g

d r z z,x+e;
ZZ/O F]—<t, N)th’ g

j=1zeTY

Fj = 0; H. By Chebyshev’s inequality, for every a > 0,

d T
1 .
il X [ (e )

j=1zeTY

exp {aN2

(35) e wN'EN,

i

Since el*l < e* 4+ e7% we estimate this last expectation without the absolute value.
Denote by Mr the mean one exponential martingale whose logarithm is given by

d T
DD /O F <t, ]”\“}) AWt

j=1z€T

7N22d: Z /T dt () [1 = me(z + e-)]{e“N_QFj(t’r/N) ~1}
0 j

j=1z€T¢
d T
— N? Z Z / dtn(x + ej) [1 - ﬁt(I)] {efaN—QFj(t,z/N) — 1}_
j=1z€T¢ 0

Since F}; are continuous functions, a Taylor expansion and a summation by parts show
that the last two integrals can be written as

{aoF(l) + C(f[l“Q }zi: 3 /OT dtny(x) < {aoF(l) + C(Ji)f } ANT,

where op (1) is an expression depending on F which vanishes as N 1 oo.
Since My is a mean one exponential martingale, the right-hand side of (3.5) is
bounded above by

exp {aNd( — 6+ or(l)dTl + C(F) adN_zT)}.
In particular,

1 d T T x,x+e;
Nz D /0 Fj(t, N)th

1
limsup — log Pij {
N i=1zeT4,

N—o0

>5} < —ab

for every a > 0. This proves the lemma.
From this lemma, (3.2), and Lemma 3.2 it follows that for every closed set F,
every § > 0, and every finite family {H;, 1 < j < ¢} of functions in C*':2

- 1 N N _N :
h;fnj;lopm 1ogP“N{(W ;) eF} < _(w,wl)rgme J(W, ),

where

Ap = ﬁ {(W,w): | Vip(mr, W, Hj)| 6}.
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Since this inequality holds for every 6 > 0 and every finite sequence H, letting 6 | 0
and considering a dense family of functions H;, we obtain that
1

lim sup

~i logPIv{ (W, 7¥) e F} £ — inf  J(W,m),
N—o0

(W,m)eFnA

where 2 is the set of paths (W, 7) such that 77, + V- W, = 0. Up to this point, we did
not need any assumption on the sequence of initial measures p’¥; but the hypothesis
that we are starting from a deterministic profile now plays a role in replacing the
set 2 in the previous formula with the set 2, proving the upper bound of the large
deviation principle.

3.3. The rate function. To prove the lower bound of the large deviation
principle in Theorem 2.1, we first obtain an explicit representation of the functional I
on the paths with a finite rate function.

Given a path 7 € D([0,7]; F), we denote by L?(r) the Hilbert space of vector-
valued functions G: [0,7] x T? — R? endowed with the inner product (-,-), de-
fined by

T
H,G), = /0 dt /rd dux(7(t,u)) H(t, u) - G(t, u).

Fix a pair (W, 7) such that I(W,7) < oco. In particular, (W,7) € C([0,T];
My x F). Following the arguments in [10, section 10.5], from Riesz’s representation
theorem, we derive the existence of a function G in L?(r) such that

T
(3.6) HW,m) = 2/0 dt<X( t), |Gl >»

1
W, + 3 Ve = x(m¢) Gy,

where the last equation has to be understood in the weak sense: For each H €
CYT% R%) and each 0 < s <t < T, we have

t

(Wt,H>—(WS,H>:%/ dr (. V-H>+/’dr<x<m), G, H).

3.4. The lower bound. In this subsection we prove the lower bound in The-
orem 2.1. Denote by S the set of trajectories (W, ) in 2, for which there exists a
vector-valued function G in C1(]0, 7] x T¢) such that (W, ) is the solution of (3.6).

For paths (W,7) in S, we may repeat the arguments presented in the proof
of the lower bound in the large deviation principle for the empirical density in [10,
section 10.5] to conclude that for each open set G

1
lim inf 7 log P\ { (W, 7") € G} = — w i I(W, ).

To conclude the proof, it remains to show that for all pairs (W, 7) with finite rate
function, I(W,7) < oo, there exists a sequence (Wy, mx) in S converging to (W, )
and such that limy_,o, I(Wyg,m,) = I(W, 7). When this occurs, we shall say that the
sequence (W, ) I-converges to (W, 7). In the context of the symmetric exclusion
process, the argument is not too difficult because the rate function is convex. We
follow the proof of the lower bound presented in [2].
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The proof is divided into two steps. We first show that there exists a sequence
(W, 7)) which I-converges to (W, 7) and such that, for each k, 7y is bounded away
from 0 and 1 uniformly in [0, 7] x T¢. To do this, following [2] we consider a convex
combination of (W, 7) with the solution of the hydrodynamic equation (3.1) with
external field F = 0 and initial condition w9 = v, Wg = 0.

Consider now a pair (W, ) whose empirical density 7 is bounded away from 0
and 1. Since I(W, ) is finite, by subsection 3.3, there exists a vector-valued func-
tion G in L?(r) satisfying (3.6). Since 7 is bounded away from 0 and 1, L?(7) coincides
with the usual L? space associated with the Lebesgue measure on [0, 7] x T<. Consider
a sequence of smooth vector-valued functions G,,: [0,7] x T¢ — R? converging in L?
to G and denote by (W™, ™) the pair in 2., which solves (3.6) with G, instead of G.
Repeating the arguments presented in [2, section 3.6], one can prove that (W™, 7™)
I-converges to (W, m). This concludes the proof of the lower bound.

3.5. Large deviations for the empirical density. In this subsection we show
that the large deviation principle for the empirical density, proved in [12], follows from
Theorem 2.1. Indeed, the large deviation principle for the empirical density can be
recovered from that for the current density by the contraction principle. The rate
function 7 is given by the variational formula
(3.7 I(m)= nggn,r I(W, ),
where 20 stands for a set of currents W satisfying 7y + V - W, = 0, as formulated
in (2.4).

This variational problem is simple to solve. Let us first assume that 7 is smooth
and bounded away from 0 and 1. Fix a current W in 20, and denote by G the
external field associated with W through (3.6). For 0 < ¢ < T, let H; be the solution
of the elliptic equation

V- (x(m) Gi) = V- (x(m) VH;)

and set F; = x(m){G; — VH;}. By definition, V - F; = 0. Let w be the current
defined by

1
(3.8) wy + 3 Vi, = x(m) VH;.

w belongs to 20, because by construction V - w = V - W. Moreover, by the explicit
formula (3.6) for the rate function and by definition of F,

T
I(Wm):%/o dt (x(m1), |G4|?)

= 1 /OT dt {<X(7Tt)a |th|2> +2(F; - VHy) + <X(7Tt)71|Ft|2>},

2

Since V - F = 0, an integration by parts shows that the cross term vanishes. On the
other hand, by the explicit formula (3.6) for the rate function and by (3.8), the first
term on the right-hand side is I(w,n). Thus, I(W,n) 2 I(w, 7). In particular, in
the variational problem (3.7), we can restrict our attention to currents W for which
the associated external fields G are in gradient form.

Now, consider two currents W', W?2 in 20, and assume that both external
fields G1, G2 associated with these currents through (3.6) are in gradient form:
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G, = VHY, j =1, 2. Taking the divergence of (3.6) and recalling that 77, +V-W, = 0,
we obtain that

1 .
iy = 5 Amy = V- (x(m) VH])

for j =1, 2 and each 0 < ¢ < T. In particular, V - (x(m;) V[H} — H?]) = 0. Taking
the inner product with respect to H} — H? and integrating by parts, we get that

/ dux(m) |[VH} — VH?> =0
Td

for every 0 < t < T. In particular, (W' ) = I(W?2, 7). This proves that the
variational problem (3.7) is attained on currents for which the associated external
field is in gradient form:

: LT
I(r)= Wlélgfn I(W,n) = 3 /O dt (x(m¢) [VHy|?),

where H,; is given by
) 1
Ty = 5 Aﬂ't -V- (X(T('t) VHt)

This is exactly the large deviations rate function for the empirical density obtained
in [12]. This identity has been obtained for smooth paths 7 bounded away from 0
and 1. However, by the arguments of the previous subsection, we can extend it to all
paths .

4. Large deviations of the mean current on a long time interval. In
this section we investigate the large deviations properties of the mean empirical cur-
rent WY /T as we let first N — oo and then T — oo. We emphasize that the analysis
carried out in this section does not depend on the details of the symmetric simple
exclusion process so that it holds in a general setting.

Given a profile v € C?(T?), T > 0, and W € D([0,T]; My), let = € D([0,T7]; F)
be the solution of (2.4) and denote by Ijg.7j(W |7) the functional defined in (2.6), in
which we made explicit the dependence on the time interval [0,7] and on the initial
profile v. We define &7 (- |v): My — [0,+00] as the functional

4.1 Dr(J =71 inf Iyp(W
(4.1) r(J [ 7) wif 0.71(W [ 7),

where
.AT,J = {W S D([O,T]; ./\/ld): W = TJ}.

Recalling that the set B of divergence-free measures has been defined in (2.7), we also
define

infT>0 (I)T(J | ’7) ifJ e B,
400 otherwise.

(4.2) S(I | 4) = {

Finally, denote by ®(J|v) := supysyinfycr ®(J'|7), where U C My is open, the
lower semicontinuous envelope of ®(-|~).
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Remark 4.1. The functional ®(-|v) depends on the initial condition - only
through its total mass m = fdu ~(w). This holds in the present setting of periodic
boundary conditions; in the case of Dirichlet boundary conditions, when the density
is fixed at the boundary, ®(-|v) would be completely independent on 7. Furthermore
the functional ®(-|~y) is convex.

THEOREM 4.1. Let v € C%(T%) be bounded away from 0 and 1 and let n™¥ € Xy
be a sequence such that ™ (nN) — ~ in F. Then, for each closed set C and every
open set U of My, we have

1 1
limsuplimsupm longyN{ng € C} < —Jirelg(I)(J | ),

T—oo N—oo

lim inf lim inf ﬁ 1ogP;VN{;,WfTV € U} 2 — inf ®(J | ).

If T were fixed, the above large deviation principle would directly follow from
Theorem 2.1. The asymptotic T" — oo is related to the so-called I'-convergence of
the rate functions. We first discuss this issue in a general setting. Let X be a
metric space; we recall that a sequence Fr: X — [0, +00] of functions I'-converges to
F: X —[0,+00] as T — oo if and only if for each z € X' the following holds:

(4.3) For any sequence xzp — x we have F(z) < li%n inf Fr(zr),
(4.4) there exists a sequence xr — x such that F(z) 2 limsup Fr(zr).
T—o0

LEMMA 4.1. Let Py be a two parameter family of probabilities on X endowed
with its Borel o-algebra. Assume that for each fized T > 0 the family {Pnr1}NneN
satisfies the weak large deviation principle with rate function T Fr; that is, for each K
compact and U open in X, we have

1
. 1 < 7
(4.5) hfvnffop v log Pvr(K) < ~T inf Fr(z),
| .
(4.6) l}\rfrilélofﬁ log Py r(U) 2 =T 51615 Fr(x).

Assume also that the sequence Fr I'-converges to F' as T — oo. Then for each K
compact and U open in X, we have

1
(4.7) li;n 1Sup lijrvn 1SUD o log Py,r(K) < — inf F(z),
1
P >
(4.8) hTHigéf lﬁlilof NT log Pnr(U) 2 ;25 F(z).

Proof. To deduce (4.7), (4.8) from (4.5), (4.6) we need to show that for each K
compact and U open in X we have

liminf inf Fr(z) 2 in}f{ F(x), limsup inf Fp(z) £ inf F(x).
zE

T—oo xcK T—oo TEU = zeU

These bounds are a direct consequence of (4.3), (4.4); see, e.g., [8, Proposition 1.18].
The following lemma follows from Theorem 2.1 by the contraction principle.
LEMMA 4.2. Consider a profile v € C*(T?) bounded away from 0 and 1 and a

sequence {n™: N = 1} such that 7™ (n™) — ~ in F. Then for each T > 0 we have
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the following large deviation principle for the mean empirical current W#/T For
each C closed and each U open in My

wWHN
B N J YT < 7
hj{rnsup Nd logP { T S C} s T‘]llelg‘I)T(J 1),
N WY
T cul>_7
1}\1{n1an logP { T S } = Jlgf (T | ),

where we recall the functional ®r is defined in (4.1).

PROPOSITION 4.1. Lety € C%(T?) be bounded away from 0 and 1. The sequence
of functionals ®r(-|7v) T'-converges to the functional ®(-|~y) defined after (4.2).

The previous proposition, together with Lemmas 4.1 and 4.2, proves the “large
deviation principle” stated in Theorem 4.1 for compact sets. For its proof, we need
a few preliminary lemmas. For each J ¢ B, since the empirical density is bounded,
by the continuity equation (2.4), we have that ®7(J|v) = +oo if T is sufficiently
large. We next show that this holds uniformly for all J whose distance from B is
uniformly bounded below. To this end we introduce the following metric on M.
Pick a sequence of smooth vector fields G € C*(T% R%), k > 1, dense in the unit
ball of C(T¢; R4); for J,J' € My we then define

oo

0(3,3) = Zzikm (T -, Gp)l.

k=1

It is easy to show that o is a metric inducing the weak topology of M.

LEMMA 4.3. For each 6 € (0,1) there exists To = To(6) € Ry such that for any
T 2 Ty we have 7 (I |v) = oo for any J € My such that o(J,B) = 6.

Proof. Given J € My let us denote by J € Bits projection on the subspace B.
If J(du) = jdu for some j € Lo(T? R?), this is simply the orthogonal projection
of j to B. In general J € M, is defined by (J,VF) = 0 for any F € C'(T?) and
(J, B) = (J,B) for any B € C}(T% R?) such that V- B = 0. It is easy to verify
that J is uniquely defined by the above requirements. We then have

6<0(J,B) < Zi (3 -T3.Gy)|) Zi (1A [, VE)

2k 2k
k=1 k=1

);

where F, € C! (Td) is obtained from Gy by solving the Poisson equation AFy, = V-Gy
so that Gk = VFk + Bk with V - Bk = 0. Note that HF}QHL2 § Co||GkHL2 § CO for
some constant Cp not depending on k.

From the previous inequality we get that k = k(J) exists such that [(J, VF;)| = 6.
Let W € Apy and denote by m, t € [0,T], the corresponding solution of the con-
tinuity equation (2.4). By choosing F' = F; and using that Wy = TJ, from (2.4)
we get

<7TT_’77FE>:T<JavFl::>'

Since —1 £ mp — v £ 1, the absolute value of the left-hand side above is bounded
above by Cy. On the other hand, since o(J,B) = §, the absolute value of the right-
hand side above is bounded below by §T. By taking Ty > Cp 61, the lemma follows.

LEMMA 4.4. Consider a profile v € C?(T?) bounded away from 0 and 1 and let
Je B, T >0 Wethen have D1 (J|v) < +oo if and only if J(du) = jdu for some
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j € Ly(T9% RY). Moreover there exists a constant Cy € (0,00) (depending on vy) such
that for any T > 0 and any J(du) = jdu we have

1. . ..

(4.9) & (3 3) s er(@h) = Gi( 3 +1).
Proof. Let W € Ar y; by choosing the vector field F in the variation expres-

sion (2.6) constant in time and divergence-free we get

1 > 11

TI[O,T](W|'Y) 2 (J,F) - 31 (F, F),
where we used that x(m) < i. Recalling that J € B, by optimizing over F € B we
see that ®7(J|v) = +oo unless J(du) = jdu for some j € Ly(T? RY). In fact this
argument also proves the first inequality in (4.9). To prove the second inequality
in (4.9) it is enough to construct an appropriate path W € Ag j; we simply take
W (du) = tjdu. The solution of the continuity equation (2.4) is then given by m; =«

and, by (3.6),
1 1/ 1 2
T (W) == ( —— :

Recalling that + is bounded away from 0 and 1, x(v) = (1 — ), the result follows.
We next show that on divergence-free measures J the functional T ®p(-|7) is
subadditive.
LEMMA 4.5. Consider a profile v € C?(T?) bounded away from 0 and 1 and let
J € B. Then, for each T, S > 0, we have

(T+8)Pris(I|7) ST (T [7) +SPs(T | 7).
Proof. By (4.1), given & > 0 there are W! € Ar y and W? € Ag j such that

1
i+ -V
J+2 v

1 1
Or(J [7) 2Tl (W' [ 7) — 38 (I [7) = S1jo,5)(W?|7) — 3¢
Let Wy, t € [0,T + S], be the path obtained by gluing W! with W2, i.e., we define
W, := W}, + L7451 (t) W7_1 and denote by m; the corresponding solution of the
continuity equation (2.4). Then W € A,y and, by the invariance of Ijg 7y with
respect to time shifts,

(T +8)Pris(T | 7) £ Lorrs)(W ) = Lo (W' | y) + Ijg,5)(W?|mr)
STOr(I|y)+Ss(J[v) +e,

where we used that J € B, W! € Ar j implies 77 = 7. The lemma is proved.

Recall that ®(-|7) is defined in (4.2) and note that, by Lemmas 4.3 and 4.4,
®(J |7) equals +oo unless J(du) = jdu for some divergence-free j € Ly(T% R4). By
the subadditivity proved above we have that ®(J |v) = limz_..c ®7(J|v) pointwise
in J. However, the pointwise convergence does not imply the I'-convergence, and some
more efforts are required.

LEMMA 4.6. Consider a profile v € C?(T?) bounded away from 0 and 1, and let
J € B. Then, for each open neighborhood U of J, we have

limsup inf &7(J |7) < inf &(J | 7).

T—o0
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Proof. Thanks to Lemma 4.4 we can assume that the set U is a bounded subset
of Ly(T%RY). Pick S > 0 and let k := [T/S], R:=T — kS € [0,5); by Lemma 4.5
we get

kS R
. . . .
llqlpj;p}ng¢>T(J |7) = limsup | inf [ks+RﬂI>s(J [+ 25 2RI 7)}

§limsup[ kS inf ®g(J|v)+

k kS+R JeUnB sup Pr(J | 7)}

R
kS + R jcuns
= inf @

JeUnB s ),

where we used again Lemma 4.4 to get supjcyng Pr(J|7y) < oco. By taking the
infimum over S > 0 we get the result.
LEMMA 4.7. Givenm € (0,1), let Sy: Frn — Ry be the functional

p(w) 1—p(u)

m(p) = log —= + |1 — log ——= 5.

Su(p) = [ du{ o) o 22 [1 - ) 1o L

Then for each 6 > 0 there exists Ty = Tp(6) > 0 such that the following holds. For
each y1,v2 € Fy, there exists a path (W,m) € C([0,Tp]; Mg x F) N A, such that

0 =71, TTy = 72

1
(4.10)  |(Wg,, F)| < 5 TollV - Fllo, + 8[|,  forany Fe cH(T?% RY),
and

(4.11) To 1) (W, m) [ 711) < Spn(72) + 6.

Proof. The strategy to construct the path 7 is the following. Starting from ~;
we follow the hydrodynamic equation (2.3) until we reach a small neighborhood (in a
strong topology) of the constant profile m, paying no cost, then we move “straight,”
paying only a small cost, to a suitable point in that small neighborhood which is chosen
so that starting from it we can follow the time reversed hydrodynamic equation to
get to 7a; the cost of this portion of the path is S,,(72). The current W is chosen
so that (2.4), (3.8) hold; i.e., it is the one whose cost is minimal among the ones
compatible with the density path .

Let A € F,, and denote by P\ the solution of the Cauchy problem (2.3) (P
is indeed the heat semigroup on T9). By the regularizing properties of the heat
semigroup, given §; > 0 there exists a time T3 such that ||| g, + | BA — Moo < 61,
for any t = Ty. Here ||p||g, = ||Vl L, is the standard Sobolev norm on T¢ and the
time 7} is independent on A because 0 < A < 1. We now choose §; < 3 [m A (1 —m)]
and let Ty := 211 + 1, %, = Pr, v, ¢ = 1,2. The density path 7 is then constructed as

P for ¢€10,7T1],
mi= (M= (=T + 7t —T]  for te(T,T1+1),
Pr, 7 for te [Ty —Th,To]

while the associated current path W is such that
—% V Py, for ¢e0,71],
Wt = —%Vﬂ't—FX(?Tt) VH; for te (Tth —|—1)7
% VPTO,{}/Q for te [TO — :Zjl7 To},
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where H € CV2((Ty, Ty + 1) x T4) solves
1
V- [X(?Tt) VHt] = —atﬂ't + 5 Aﬂ't.

Note there exists a unique solution since the right-hand side is orthogonal to the
constants (note that 7, € Fp,, i = 1,2).

It is straightforward to verify that (7, W) € 2, i.e., the continuity equation (2.4)
holds. Thanks to the invariance of I with respect to time shifts, the cost of this path is

Tor) (W, m) | 1) = To1) (W, m) | 1) + Ljo,0) (We =y e 1) | 1)

(412) +I[0,T1]<(Wo —(T14+1), T 7(T1+1)) ‘ 72)

Since in the time interval [0, T;] the path follows the hydrodynamic equation, the first
term on the right-hand side of (4.12) vanishes. By considering the time reversal of
the portion of the path in the interval [Ty — T, Tol, it is straightforward to verify (see
[2, Lemma 5.4]) that

To.ry (We —(zy 1) T —(1y41)) [T2) = Sm(72) = Sm(F2) < Sm(72)-
It remains to bound the second term on the right-hand side of (4.12). Note that,
by construction, in the interval (T7,T; 4+ 1) we have
inf 7, (u) A inf 7, (u) < m < sup ¥y (u) V sup o (u)

which implies, by the choice of 61,

1 1

3 [mA(1—m)] §7rt§1—§ [mA(1—m)],

i.e., the path 7 is uniformly bounded away from 0 and 1. By the same computations
as in [2, Lemma 5.7], it is not difficult to show that there exists a constant C' > 0
depending only on m such that

1
Oy, + 3 ATy,

< C'[IMallF, + 171

which, by taking §; small enough, concludes the proof of (4.11). The bound (4.10)
follows easily from the construction of the path W by using the Cauchy—Schwarz
inequality and what is proved above.

LEMMA 4.8. Consider a profile v € C?*(T%) bounded away from 0 and 1, and let
J € B. Then, for each open neighborhood U of J, we have

1
Ijo, 1 (W.le,ﬂ'.leﬁl) < C/ dt
0

H_,

lim inf inf ®1(J | 7) 2 inf &(J [ ).

Proof. Recalling definition (4.2), it is enough to show

(4.13) liminf inf ®7(J | v) 2 liminf inf &7(J|~).
T—oo JeU T—oo JeUNB

Given T > 0 there exist J' € U and W' ¢ Ar y1 such that

1
T

1

Iory(W [ 7) = .

i >
inf @r(J[7) 2 T
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Let w}, t € [0,T], be the density path associated with W', § > 0, and Tp as in
Lemma 4.7. We now define, on the time interval [0,7 4 Tp], the path

W, =W/, + Tir i1y (t) W7 o,

where W2, t € [0,Tp], is the path constructed in Lemma 4.7 with v; = 74, and
v2 = . Finally, let J = Wy 7, /(T +Tp) = TI' /(T +Tp) +W%O/(T+TO); note that,
by construction, J € B. From Lemma 4.7 it now follows that, for T" large enough,
J e U and

1

TIT (S () +6].

1 w <

1
Loy (W | 7) + T,
By taking the limit T — oo, (4.13) follows. The lemma is proved.

Proofs of Proposition 4.1 and Remark 4.1. By Lemmas 4.3, 4.6, and 4.8 we have
that, for each J € My and any neighborhood U of J,

Jim inf @7(J | 7) = nf &(J [ 7).
The T'-convergence of the sequence ®r(-|v) to the lower semicontinuous envelope
of 5( | 7) now follows from the topological definition of I'-convergence; see, e.g., [8,
section 1.4].

We next prove Remark 4.1. Let m € (0,1); by using the path introduced in
Lemma 4.7 it is straightforward to check that, for each 71,72 € F,, and J € B, we
have ®(J|~v1) = ®(J | 72), which proves the first statement.

Since ®(- | y) is the lower semicontinuous envelope of ®(- | v), it is enough to prove
the convexity of the latter. As B is a closed convex subset of Mg, it is furthermore
enough to show that for each J;,J, € B, each p € (0,1), and each v € C%(T%)
bounded away from 0 and 1, we have

(4.14) S(pJi+(1—p)Ja|y) Sp®Ii]7y) + (1 —p) ®(J2|7).

Given £ > 0 we can find T > 0, W! € A, 5,, and W2 € A¢—p)1,3, 80 that
~ 1
®(J1]7y) 2 o Lo pr) (W' [ 7) =,

~ 1
D(J2|y) 2 7 Io,1—pyr (W?|7) — €.

(1-p
By the same arguments used in Lemma 4.5, the path obtained by gluing W' to W2
is in the set Ap 5, +(1—p)3,- The bound (4.14) follows.

We conclude this section by proving the exponential tightness needed to complete
the proof of Theorem 4.1.

LEMMA 4.9. Fiz a sequence nN € Xn. There exists a sequence of compact sets
{K¢: £ 21} of My such that

1 1
lim sup lim sup T log P’J;[N{T wWH e Kf} < 4.

T—oo N—oo Nd
Proof. Fix a vector field H: T? — R?. We claim that for every A > 0,

(4.15) P {[(W H)| 2 AT} < 2exp { — TN[aC(H) ! - 7]},
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where
C(H) = max {1V 1H; 36 V 110w, Hjlloo } -
Indeed, by the Chebyshev exponential inequality,
P;VN{<w¥ H) > AT} < e OATN'EN, [MT(e, H) efN<Tv"vH>}

for every 6 > 0. Here M;(0,H) is the mean one exponential martingale defined just
after (3.3), with a now time-independent vector field H, and

fn(Tn,H NQZ Z/ ds () [1—ns(a +e)]{eeN*1Hj<w/N>_1}

J=1zeTY

+NQZ Z / dsns +€j)[1_ns( )]{e_eNilHj(l‘/N) _1}.

J=1zeTY

A Taylor expansion shows that the absolute value of fxn(7,7n,H) is bounded by
C(H) TN + 20%°“H) 1} To conclude the proof of the claim it remains to choose
§ = C(H)!, to remind us that M,;(#, H) has mean one and to repeat the same
argument with —H in place of H.

Recall the definition of the sequence {Gyg: k = 1} defined just after Proposi-
tion 4.1 and assume, without loss of generality, that C(Gy) < k. For each ¢ = 1, the
set K, of measures defined by

= {I: [(3,Gp)| £ (k+7)% 0}
k1

is compact. On the other hand, by (4.15),
1
P;VN{TW¥ € K;} < 4e” TN

provided N is sufficiently large. This proves the lemma.

5. Dynamical phase transitions. In this section we analyze the variational
problem (4.2) defining the functional ®. For the symmetric simple exclusion process
we prove, in subsection 5.1, that d = U, where U is defined in (2.8). Therefore
no dynamical phase transition occurs in this case. In subsection 5.2 we consider a
system with general transport coefficients and show that, under suitable convexity
assumptions, it is possible to construct a traveling wave whose cost is, for J large,
strictly less than the constant profile. These convexity hypotheses are satisfied for the
KMP model [5], [11], and therefore we prove that a dynamical phase transition takes
place.

5.1. Symmetric simple exclusion process. The following statement is es-
sentially proved in [4]; for the reader’s convenience we reproduce below its proof in
a more formal setting. Together with Theorem 4.1 it concludes the proof of Theo-
rem 2.2.

PROPOSITION 5.1. For each m € (0,1) the functional Up,: Mg — [0, 00] defined
n (2.8) is lower semicontinuous. Moreover if v € C*(T%) N F,, is bounded away
from 0 and 1, we have U, (J) = ®(J|7) for any J € M.
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Proof. We first prove the lower semicontinuity of U,,. Given (J,p) € My x Fy,
we define

Up,J) := S%pVF(pJ),
where

1 1
Ve(p,J) = (3,F) = 5 (p, V- F) = 5 (F.x(p) F)
and the supremum is carried over all smooth vector fields F € C1(T9¢; R?). Note
that, if J(du) = jdu for some j € Lo(T% R?) and p € C%(T?) is bounded away
from 0 and 1, we have

o =31 e bt

Recalling definition (2.8), by the approximation arguments in subsection 3.4, we have
Un(J) =inf,ex, U(p,J).

By the concavity of x(p) we have that, for each fixed F, the functional Vg(-,-):
F x Mg — R is convex and lower semicontinuous. The lower semicontinuity of U,
and hence of U,,, now follows easily. We also note that the previous argument shows
that U/ is a convex functional on F x M.

We next prove that for each v € C2(T?)NF,, bounded away from 0 and 1 we have
Up(J) = ®(J | 7). From the definitions (2.8), (4.2) and Lemma 4.4, we can assume
that J(du) = jdu for some j € Lo(T¢; R?) divergence free.

We first show that for each T' > 0, and each path (W, 7) such that W € A j,
we have

T ((W,m)|7) 2 U (D).

Indeed, thanks to the approximation constructed in section 3.4 we can assume that 7
is a smooth path bounded away from 0 and 1. For such a smooth path, (3.6) yields

1 e : 17
TI[O,T]((W,W) |v) = T / dtU(me, W) §U<T/ dt my, J> 2 Un(J),
0 0

where we used, in the second step, the joint convexity of the functional ¢/ and Jensen’s
inequality. In the last step we finally used that by conservation of mass, m; € F,, for
any t € [0,77.

To show the converse inequality it is enough to construct, for each 7" large enough,
an appropriate path. Given e > 0 there exists p € C?(T%)NF,, bounded away from 0
and 1 such that

Um(jdu) 2 U(p,j) —¢.
For T > 2 we construct the path (W, ) such that
wdu if telo,1),
; r . .
Wi(du) = ——jdu it tell, T—-1],

T-2
—wdu if te(T-1,T),
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where W solves V - w = v — p. It exists because v, p € F,,, i.e., they have the same
mass. The density path 7 is the corresponding solution of (2.4), i.e.,
v(1—1t)+pt if te]0,1),
=1 p it tell,T—1],
p(T—t)+~(T+1-1) it te(T-1,T].

It is straightforward to verify that W € Az 3. Moreover

.1
Thl};o T I[O,T] ((W7 71') ‘ ’Y) = Z/{(p, J) § Um(J) +e,
which concludes the proof.

We conclude this section by showing that in the one-dimensional case the func-
tional Uy, is given by (2.9).

LEMMA 5.1. Let m € (0,1), d =1, and J(du) = j du for some j € R. Then

Remark. As it will be apparent from the proof, this lemma holds whenever the
real function p +— 1/x(p) is convex.
Proof. Let p € C?(T) N F,,, be bounded away from 0 and 1. We have

[ U [ gy Py [ a0

x(p(u)) x(p(u)) x(p(u))

because the cross term vanishes upon integration. By Jensen’s inequality,

-2 )
/ du—? > I
T X(p(u) = x(m)
On the other hand, by considering the constant profile p(u) = m, we trivially have
Up (j du) < 5 j%/x(m). The lemma is therefore proved.

5.2. Other models. The general structure of the hydrodynamic equation ob-
tained for the scaling limit of the empirical density for stochastic lattice gases with a
weak external field B has the form (see [10], [13])

dip+V-W(p)=0, W(p) = —% D(p) Vp + x(p) B,

where D(p) is the diffusion coefficient and x(p) is the mobility.
In this general context, for smooth profiles, we set

1 . 1 .
Up.3) = ([ Wi, = [1- W) ).
The integrated empirical current is expected to satisfy (see [4] for a heuristic deriva-
tion) a large deviation principle with rate function Ijg (W) = fOTdtZ/{(m,Wt) in
which 7 is obtained from W, by solving the continuity equation 9;7 +V - W = 0.
We analyze the variational problem (4.2) in this general setting and show that,
under some assumptions on D(p), x(p), a time-dependent strategy is more convenient
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than taking a density path m constant in time, so that ® < U. For simplicity, we
here discuss only the one-dimensional case d = 1 and assume that there is no external
field, B = 0; see [4, section 6.2] for more details.

Given a mass m and v € R, let ¥,,: R — R be defined by

(5.1) \IJU(J):iI;f%/O i {JJFUMU)XZ;:(?ZL]))_ w(p(u))} 7

where w(p) = W(p) = —2 D(p) Vp and the infimum is carried over the profiles p of
mass m, ie., over Fy,. It will be convenient to write the term D(p) Vp as Vd(p),
i.e., d(p) is an antiderivative of D(p).

We claim that for each v € R

(5.2) PV,

Indeed, consider a profile py in F,,. Let T = v=! and set p(t,u) = po(u — vt),
w(t,u) = J+v[po(u—tv) —m] in the time interval [0, T]. An elementary computation
shows that the continuity equation holds and that the time average over the time
interval [0, 7] of w(-,u) is equal to J. In particular,

B(J) < %/O dt U (p(t), w(t).

On the other hand, it is easy to show by periodicity that the right-hand side is
equal to

1t {J +vlpo(u) —m] — w(po)}?
/Odu .

2 x(po(u))

Optimizing over the profile pg, we conclude the proof of (5.2).

We next show that, if the real function p — 1/x(p) is convex and x”(m) > 0 for
some 0 < m < 1, then ®(J) < U(J) for |J| sufficiently large.

To prove the previous statement, we first note that, in view of (5.2) and of
Lemma 5.1, it is enough to show that there exists A € R such that

) Urs(J) 1
5.3 lim sup < .
(5-3) 17|00 J2 2x(m)

Fix a mass m, a current J, and take v = A\J. For p € F,,, by expanding the
square we get that

(5.4)

AT+ Mp—m]+ 3 Vd(p)y? [t u{1+)\[,0—m]}2 1! U[Vd(p)]2
/odu x(p) =7 /od /0 )

x(p) "1

because the cross term vanishes. Expand the square on the first integral. Let
F(r) = Fx,m(r) be the smooth function defined by F(r) = {1 + A[r — m]}?/x(r).
An elementary computation shows that

F(m) = - Lox(m)?X2 — dx(m) X' (m) A+ 2 (m)? — x(m) " (m) }.

x(m)

Let A = x/(m)/x(m). For this choice F'(m) < 0. In particular, we can choose a
nonconstant profile p(u) in F,, close to m such that F”'(p(u)) < 0 for every u. Hence,
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by Jensen’s inequality, the coefficient of J2 in (5.4) is strictly less than y(m)~!. This
completes the proof of the claim.

For the KMP model [5], [11] we have D(p) = 1 and x(p) = p?. In particular x

and 1/x are convex functions. Hence, by the above results, we have ®(J) < U(J) for
all sufficiently large currents J.

For the weakly asymmetric exclusion process with large external field, a similar

phenomenon occurs. More precisely, as shown in [7], there exists a traveling wave
whose cost is strictly less than the constant (in space and time) profile. A numerical
computation [7] suggests also that the minimizer of the variational problem (4.2) is
indeed a traveling wave.
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