Commun. Math. Phys. 261, 323-378 (2006) Communications in
Digital Object Identifier (DOI) 10.1007/s00220-005-1399-1 Mathematical

Physics

Renormalization Group in the Uniqueness Region:
Weak Gibbsianity and Convergence*

Lorenzo Bertini', Emilio N.M. Cirillo2, Enzo Olivieri’

1 Dipartimento di Matematica, Universita di Roma La Sapienza, Piazzale Aldo Moro 2, 00185 Roma,
Italy. E-mail: bertini@mat.uniromal.it

2 Dipartimento Me. Mo. Mat., Universita di Roma La Sapienza, Via A. Scarpa 16, 00161 Roma, Italy.
E-mail: cirillo@dmmm.uniromal.it

3 Dipartimento di Matematica, Universita di Roma Tor Vergata, Via della Ricerca Scientifica,
00133 Roma, Italy. E-mail: olivieri@mat.uniroma2.it

Received: 9 July 2004 / Accepted: 15 March 2005
Published online: 5 November 2005 — © Springer-Verlag 2005

Abstract: We analyze the block averaging transformation applied to lattice gas models
with short range interaction in the uniqueness region below the critical temperature. We
prove weak Gibbsianity of the renormalized measure and convergence of the renormal-
ized potential in a weak sense. Since we are arbitrarily close to the coexistence region we
have a diverging characteristic length of the system: the correlation length or the critical
length for metastability, or both. Thus, to perturbatively treat the problem we have to
use a scale—adapted expansion. Moreover, such a model below the critical temperature
resembles a disordered system in the presence of Griffiths’ singularity. Then the cluster
expansion that we use must be graded with its minimal scale length diverging when the
coexistence line is approached.

1. Introduction

In this paper we analyze, from a rigorous point of view, the well known Renormaliza-
tion Group (RG) map called Block Averaging Transformation (BAT). Following [15] we
say that a stochastic field is strongly, resp. weakly, Gibbsian if its family of conditional
probabilities has the Gibbsian form with respect to a potential absolutely uniformly,
resp. pointwise almost surely, converging. Thus in both cases the DLR equations are
satisfied but with different notions on the summability properties of the potential. We
refer to [19] for a general description of the Gibbs formalism especially in connection
with renormalization—group maps and to [5, 15,26] for a discussion of the weak Gibbs
property.

Under suitable strong mixing conditions, i.e. exponential decay of truncated expec-
tations, for the original (object) system we establish the weak Gibbs property of the
renormalized (image) measure and the convergence, in a suitable sense, of the renor-
malized potential under iteration of BAT. A relevant application will be the standard
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two—dimensional Ising model in the uniqueness region. For this case, when the tem-
perature is higher than the critical value T, actually we have strong Gibbsianity of the
renormalized measure for all large enough scales of the transformation as shown in [1].
On the other hand for T < T, violation of strong Gibbsianity is expected and actually
proven for T < T¢, see [19]. In the present paper we prove the weak Gibbsianity of the
renormalized measure.

Let us focus, for the moment, on the two—dimensional Ising model. A more general
setup will be introduced in the following section. We give here some specific definitions.
The state space of the object system is S = ®, ¢, Sy, with S, = {—1,+1}, £ = VAS
for A C L we set SA = Qe Sx. The (negative) Hamiltonian in a finite volume A with
boundary condition 7 € Sp\4 is

Hy(on)=B ) ow0y+B Y, outy+ph) o

{x,y}CA: XeA,ygA: XEA
lx—yl=1 lx—yl|=1

with 8 = 1/T > 0 the inverse temperature, i € R the magnetic field and o € Sj,.
Notice that in this section we use the magnetic language whereas in the following we
will use the equivalent lattice gas formulation. The corresponding finite volume Gibbs
measure is

exp{Ha (07)}
Y exp{Ha(o'T))

o’eSp

ME,},,A(G) =

We denote by ;4 = g the unique infinite volume Gibbs measure in the uniqueness
region deprived of the critical point given by {8 < B.} U {8 > B., h # 0}, where
B =1/T, =log(l + «/5) /2 is the inverse critical temperature, see for instance [21].

Let £ = (¢7)?, ¢ € N and partition £ as the disjoint union of £—block Q(i) =
0¢(0)+i,wherei € L£® and 0¢(0) is the square of side £ with the origin the site with
smallest coordinates. We associate with each i € £ a renormalized spin m; taking
values in

SO _ —t— im0 42— 0w e — 4
’ Velx T Ve T ey )

where m = mg = ugn(oo) is the equilibrium magnetization and x = x(B8,h) =

> erlipn(00oy) — wpn(00)ip,n(ox)] is the susceptibility. For I € £® we write

S(O = ®,-€18<()' we also set SO = L'(z)Si(e)

(5)

The renormalized measure v© = v .5 ON the renormalized space S is defined via

its finite dimensional distributions; let I cC £®, where CC means finite subset, and
pick m € S;e), then set

vy (tm € SO my = i) =/ dupn() [[8(Miog,a) — ). (1.1)
iel

where for all i € £© and 5 € Sp, ;) we have introduced the empirical magnetization,
centered and normalized,

1
M; = v — m]. 1.2
() NG > e —il (12)

xeQy(i)
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We write vé% =TOu g.» and note that the semigroup property holds namely, T OF JCoR

T The image measure “;ﬂ represents the distribution of the empirical block mag-

netization under the object measure (g j.

We would like to analyze the map on the potentials induced by the map 7'© that
was defined on (infinite volume) measures. A preliminary condition for this program
is that the renormalized measure is strongly or weakly Gibbsian with respect to the
renormalized potential, see [19].

We introduce, now, the finite volume setup. Let I cC £ be a finite box in £©
and consider the corresponding box A = Q¢(I) C L. We introduce the renormalized

Hamiltonian Hyz)’r with boundary condition T € Sp\ 5 by setting

), T
U = N MO TT8(Mi(00,a) —mi) (1.3)

oeSp iel

foreachm € S;e). In the computation of the renormalized potential associated with the

renormalized Hamiltonian Hy)’t, a crucial role is played by the constrained systems
obtained by conditioning the object system to a fixed renormalized spin configuration,
see the pioneering paper [7]. More precisely, the equilibrium probability measure of the

constrained model associated with the renormalized configuration m € S;Z) on the finite
volume A = Q,(I) CC L is given by

MO ],y 8(Mi(og,) — mi)
Y ness €A Tier 8(Mi(noyiy) — mi)

for all o € Sa. Notice that from (1.3) it follows that the renormalized Hamiltonian

H;e)’f(m) is equal to the logarithm of the partition function of the corresponding con-
strained system which is defined as

£),
ui (o) =

(1.4)

Zy = 3" MO TT8(Mi(0g,i) — mo). (1.5)
oeSh iel
The measure ;Lfff can be called multi-canonical, because it is nothing but the original
measure constrained to the assigned magnetizations in the £-blocks contained in A. Of
course ,uff?f does not depend at all on the magnetic field A.

It has been shown in [19] that for any £ € N even there exists fg = Bo(£) such
that the renormalized measure vf(f;l, arising from the application of the BAT map to the
Ising measure fig j, is non—Gibbsian at any 4 and 8 > By. This pathological behavior
is a consequence of violation of quasi—locality, a continuity property of its conditional
probabilities which constitutes a necessary condition for Gibbsianity, see [16, 17, 19].
This, in turn, is a consequence of a first order phase transition with long range order of a
particular constrained model: the one corresponding to m; = O foralli € £®. Ttis clear
that this pathology is completely independent of the value of the magnetic field 4 acting
on the object system. On the other hand it is also clear that this “bad” configuration,
inducing non—Gibbsianity, is very atypical with respect to v;f;l for h # 0. Thus it is
reasonable to expect the validity of a weaker property of Gibbsianity.

Before discussing this point let us recall the main result of [1] on strong Gibbsiani-
ty above T, in two dimensions which will be useful for a comparison with the results
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obtained in the present paper for the case with T < T,. The case d > 2 will be discussed
later on.

Theorem 1.1. Consider the two—dimensional Ising system with B < B. and h € R
given. Then there exists £y € N such that for any £ large enough multiple of £gy the

measure v\ = vé) is Gibbsian in the sense that for each Y cC L and for each

local function f : Sy O _ R we have

(£) _ &)
v (f)—/smv (dm)z( 5 X s

5(1)

xexp | 3 W onyaxmyeny) + 8§ nvoxmien 0l (16)
XNY#0

where

Zyony =3 exp| 3 WxOnyaxmyeny) + éxmyoxmienl}. (A7)

mes? XNY £

The family {qﬁ(g) + w(z) X cc L£LO}, with ¢(£), - S(E) — R, is translationally
invariant and satisfies the uniform bound

Ze“'xl sup (|1//(£)(m)’ + ‘47([)("1)’) <00 (1.8)

X>0

for a suitable o > 0. Moreover, there exists k € N such that \I')(f) = 0 if diam(X) > «.
Finally we have that for the same « as in (1.8),

lim Y el sup | m)| =0, (1.9)
{— 00 ©
X0 meSy
w{l) (m;) = —ml.2/2, fori e LO, and there exists a > 0 such that

lim  sup |y om)|=0 for X|>2.
t—o0 meS )
X

Imjl<td ieX

The crucial point to obtain the above result is the validity of a strong mixing condition
for the object system uniformly in the magnetic field 4. This fails below T, because of
the phase transition at 4 = 0. By only assuming strong mixing of the object system,
without uniformity in %, we can expect only weak Gibbsianity since, as we said before,
for T < T, violation of strong Gibbsianity has been proven in [19]. Let us now state
our main results on weak Gibbsianity and convergence of the renormalized potential as
£ — 00; this theorem is an immediate consequence of the more general results that will
be stated in Theorems 2.1 and 2.2.
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Theorem 1.2. Consider the two—dimensional Ising model. Given (8, h) € {8 < B:} U
{B > Bc, h # 0}, there exists £y such that for any large enough £ multiple of £, the
measure v\© is weakly Gibbsian in the sense that it satisfies the DLR equations (1.6)
with respect to a potential {W;((Z) + qﬁgf), X cc LWy, w}(f), qﬁgf) : S)(f) — R, satisfying
the following.

There exists a measurable set S© c SO, such that v® (é: ©y =1, and functions

rl-(z) : SO s N\ {0}, foralli € LO, such that for each m € SO, if X > i and
diam(X) > ri(e) (m), then w)(f) (m) = 0. Furthermore, for eachi € LY and m € S©
there exists a real cl.(g)(m) € [0, co) such that
S g )l < ¢ m). (1.10)
X3i
There exists C independent of € such that

4
sup sup Y [ol (m)| < C. (1.11)
meS© icL® 5o

For each i € L© we have w{(ie}) (m) = —m?/2 and for each q € [1, +00),

lim  sup v<‘>(‘ 3 w)(f)q)=0 (1.12)

= jer®

X3i: |X|>2
and
lim sup sup Y [y (m)| = 0. (1.13)

(=0 eS80 jeL® Xoi

Remark. From the more general result stated in Theorems 2.1 and 2.2 below, we get that
Theorem 1.2 extends to the case d > 2,h # 0, 8 > Bo(d, |h|) for a suitable function
Bo : NxR* — RT.Indeed in this case the required strong mixing condition is satisfied.

In this low—temperature case we have a diverging scale even when we are far away
from the critical point. It is not the correlation length but, rather, the “critical length
for metastability”, diverging when 7 — 0 as 1/ h, representing the scale for which the
magnetic field decides the phase; this is given as the scale for which the boundary condi-
tions are “screened” by the magnetic field /. Notice that in the region {8 < B.} U {8 >
Bc, h # 0}, where for d = 2 the strong mixing is satisfied [25, 30], both the critical
length and the correlation length can diverge even simultaneously.

Let us discuss, now, the result of Theorem 1.2. As we said above it is sufficient that
there exists one “bad” renormalized configuration giving rise to long range order for the
corresponding constrained system, to induce violation of Gibbsianity. For BAT it has
been shown in [19] that for any magnetic field /, a bad configuration is m; = 0 for all
i € L. For h # 0 this is a very atypical configuration; however with small but positive
probability we have arbitrarily large bad regions with m; close to zero. To be more pre-
cise we shall call “good” a block magnetization m; belonging to a suitable interval such
that: inside such an interval the system has a good behavior in the strong mixing sense
and the probability to be bad (not good) is sufficiently small, see Subsect. 4.3. In order
to prove weak Gibbsianity the key property is that bad regions are far apart: larger and
larger bad regions are sparser and sparser.
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Aswe discussed in [2] this situation is similar to that of disordered systems in the pres-
ence of the Griffiths’ singularity. A multi—scale analysis is needed. The natural approach,
quite complicated from the technical point of view, is to use a graded cluster expansion.
For disordered systems there are clever methods, see [3, 10], avoiding cluster expansion,
that enable to prove results like exponential decay of correlations for almost all realiza-
tions of the disorder. In the case of BAT, in order to compute renormalized potentials in
the weakly Gibbsian case, the use of the full theory of the graded cluster expansion (like
the one in [20]) appears to be unavoidable. Since we want to study a region of parameters
arbitrarily close to the critical point (h # 0,0 < T < T.) the distinctive character of
our graded cluster expansion is that the minimal scale may be chosen arbitrarily large
and diverging as T — T, and/or 1 — 0. The minimal scale involved in our discussion
being divergent, we need to use a scale—adapted cluster expansion, see [1,27,28], based
on a finite size mixing condition.

In this case, contrary to low and high temperature expansion or high magnetic field
expansion, the small parameter is the ratio between the diverging length and the suitably
large finite size where the mixing condition holds. We want to stress again that in our
approach, according to the general renormalization group ideology, we first fix the val-
ues of the thermodynamic parameters of the object system and, subsequently, the value
of the scale of BAT. In other words we take advantage from choosing the scale £ of the
transformation large enough. On the other side we cannot exclude that, for given values
of B and A, if € is not sufficiently large, weak Gibbsianity ceases to be valid. In [5,26]
the authors study decimation transformation, see [19], at large 8 and arbitrary h. They
first fix the scale of the transformation and, subsequently, choose the temperature below
which they get weak Gibbsianity.

In the present paper, in the context of weak Gibbsianity, we give also results of
convergence of renormalized potentials when iterating BAT, which, by the semigroup
property, corresponds to taking the limit as £ — oo. It appears clear that for that purpose
one has to use a perturbative theory based on scale—adapted cluster expansion. Even far
away from the critical point, in order to prove convergence directly, one needs to take
advantage from choosing large £. In [6] the author uses a high temperature expansion
giving rise to a polymer system whose activity is small uniformly in £; he then proves
convergence by making use of the general result [23] according to which, to get con-
vergence in a suitable sense, one needs only to prove uniform boundedness in a suitable
norm. This situation is similar to the one of [29] where the author uses a low temperature
expansion that converges uniformly in £.

The paper is organized as follows: in Sect. 2 we introduce the basic notation and
state our main results on the weak Gibbsianity and convergence of the renormalized
potentials as £ — o0. In Sect. 3 we prove the required probability estimates on the con-
figuration of “bad” magnetizations. Then, in Sect. 4 we construct the full measure set
where the conditional probabilities have the Gibbs form. In Sect. 5, following [1,27,28],
we perform the scale—adapted cluster expansion on the “good” part of the lattice. In
Sect. 6 we apply the theory of the graded expansion developed in [2] to prove the main
results.

2. Notation and Results

In this section we give the basic definitions, introduce the general setup, and state our
main results.
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2.1. The lattice. For x = (x1,---,Xx4) € R? we let |x| := supg_; ... 4 Ixk|. The spa-
tial structure is modeled by the d—dimensional lattice £ := Z¢, in which we let ¢;,
i = 1,...,d, be the coordinate unit vectors. For each strictly positive integer s, we

introduce the s—rescaled lattice £®) := (sZ)? which is embedded in £ namely, points
in £ are also points in £, see Fig. 1. Given an integer s > 1 we next define some
geometrical notions on the s—rescaled lattice £). If s = 1 they refer to the original
lattice £ and in such a case we drop s from the notation.

We set el-(s) ‘=se,i=1,...,dand use A® := L© \ A to denote the complement

of A ¢ L. For A a finite subset of L&) (we use A cC £ to indicate that A is
finite), |A| denotes the cardinality of A. We consider L9 endowed with the distance
dg(x, y) :=|x — y|/s. As usual for A, A C L®) we set d;(A, A) := inf{d,(x, y), x €
A, y € A} and diamg(A) := sup{ds(x, y), x,y € A}. Moreover, for each A cC L®
we denote by Q®)(A) cc £ the smallest parallelepiped, with axes parallel to the
coordinate directions, containing A. We say that x, y € L) are nearest neighbors iff
ds(x,y) = 1; we say that A C L8) is s—connected iff for each x, y € A there exists a
path of pairwise nearest neighbor sites of A joining x and y.

For x € £ and m a strictly positive real we set Q,ﬁf)(x) ={yelW:x <y <

xe+s(m—1),Vk=1,...,d.For X CC L andm > 0 we set BY (X) := {y e
L dy(X,y) <m);ifx € £ we write BY (x) for B ({x}). Note that Q% (x) is
the cube of s—side length [m] with x the site with smallest coordinates, while B,(,f )(x)
is the ball of s—radius [m] centered at x, hence it is a cube of s—side length 2[m] + 1.
We remark, also, that |Q% (x)| = [m]? and | B (x)| = (2[m] + 1)¢. We shall denote
5,‘?(0), resp. B,gf)(O), simply by Qﬁ,‘i), resp. B,(,f).
Forr > 0and A C £L® weset 3®)"A 1= {x € A®: ds(x, A) < r}; finally we set

“().r

A = AUIDTA I r =1 we drop it from the notation, i.e. 9N := 91 A and
AV =R,

Let £9 = {{x, y}, x,y € L) : dy(x, y) = 1} be the collection of edges in L.
Note that, according to our definitions, the edges can also be diagonal. We say that two
edges e, ¢’ € £ are connected if and only if eNe’ # @. A subset (V, E) C (L®), £G))
is said to be connected iff for each pair x, y € V, with x # y, there exists in E a path
of connected edges joining them. For A cC £®) we then set

Ty (A) := inf {|E|, (V,E) C (LY, W) is connected and V > A} NCRY

We agree that Tg(A) = 0 if |A| = 1 and remark that for each x,y € L5 we have
Ts({x, y}) = ds(x, y).

Let u be a multiple of s, we define the unpacking and the packing operators which
associate subsets of the u-rescaled lattice to subsets of the s—rescaled lattice and vice
versa. More precisely, the unpacking operator O maps a set A C L™ to

osA = 00 ).

xeA

Note that the cubes Q,(f/)s

for any x, y € A such that x # y. The packing operator O maps a set A C L) to
OfA:={x¢€ LW AN Q(s) (x) # ¥}. We note that the restriction of OY to the range

u/s

(x) appearing above are disjoint namely, fo/)s x)n Q(S) y)=90

u/s
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(@) [ N [ Py 7Y
] ] Y ] N ]
Va N A N a
N A% N N N N A%
[ Pary [ Pany [ pany [
] ] Y ] N ]
Py Va Py N Py N Vi
N % q N N % \uw
[ Jary [ Pany [ Jany [
] N ] v ] v ]
Vi Py N Py Py Vi
% % N N q % A%
[ Pany [ Pany [ Pany 7Y
& . ] v ] vV ]

Fig. 1. The lattices L, £<2), £3 and £© are depicted in the two—dimensional case. Sites in £ are
represented by the intersections of the lines, solid circles represent sites belonging to L3, open circles
represent sites belonging to L3, open squares represent sites of £©

of O% is the inverse operator of O% namely, O*O$ A = A for all A C L™ Note that,
as mentioned before, we let O, := O} and O" := 0.

2.2. The configuration space. We deal with lattice systems whose single spin space
is not translationally invariant and labelled by points in the s—rescaled lattice £,
As usual for s = 1 we recover the notation for the original lattice and drop s from
the notation. Given a collection of strictly positive integers S,(f), x € L9, such that
S = SUP, () S)(f) < 400, the configuration space associated to x € £©) is a finite
set S& with |S¥| = §%) + 1 which we consid(e)r endowed with the discrete topology,
N

the associated Borel o—algebra is denoted by F, ME
The configuration space in A C £ is defined as SI(\‘Y) = ®xeAS)£S) and equipped
with the product topology; we will let 8(2(1) =: S®. We denote by F©) the Borel

o—algebra on S and for each A C L£®) we set }"I(\S) = ®xeAf{(;§ CF®,
Given A ¢ A € LY and 0 := {0, € S;‘Y), x € A} € S;f), we denote by oa

the restriction of o to A namely, op = {0y, x € A}. Let m be a positive integer
and let Ay, ..., Am C L be pairwise disjoint subsets of L£9); for each oy, € Sl(fg,
withk =1, ..., m, we denote by o107 - - - 03, the configuration in S;\S])U-UA,,, such that
(0102 op)a, =orforallk e {1,...,m}. Forx e L) we define the shift O, acting

on §© by setting (©x0)y :=0yyy, forall y € L9 and o € S©.
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A function f : S® — R is called a local function if and only if there exists

A CC LY such that f € .7-'1(\5) namely, f is f/(\s)—measurable for some bounded set A.
For f alocal function we shall denote by supp( f), the so—called support of f, the small-
est A CC L such that f € .7-"1(5). Iffe fl(\s) we shall sometimes misuse the notation
by writing f (o) for £ (o). We also introduce C (S®) the space of continuous functions
on S which becomes a Banach space under the norm || £ oo := SUp, s | f(0)]; note
that the local functions are dense in C(S®).

2.3. The potential. Consider the integer s > 1, a potential ®©, for a lattice model on
L£®) with configuration space S®) as above, is a collection of local functions labelled
by finite subsets of £) namely, ) := {Cbgf) € .7:)((3), X cc L®)}. We say that &)

is finite range iff there exists r > 0 such that CDS‘;) = 0 if diamy(X) > r; we say it is

translationally invariant iff for each x € £, @g)(a) = CDE?ZX (®,0). We note that
the potentials, which do not need to satisfy the conditions above, form a linear space in
which, given a > 0, we introduce the norm || - ||, defined by

10l := sup Um0 oYl (2.2)
XeL® yox

We also note that in the translation invariant case we can omit the supremum above.
Note that the Banach space defined by the norm above is too large to have a satisfactory
theory of high temperature phases. Indeed in [11, 12] Dobrushin and Martirosyan have
shown the following: let 4 : N — R and set

19 pw = > AUXD 19 e
X30

If exp{—yn}h(n) — 0 in the limit n — oo for all y > 0, there exist complex interac-
tions with arbitrarily small norm || - ||pm, giving rise to a phase transition in the sense
that the corresponding partition function vanishes for a sequence of cubes A, — L&),
see also [18].

Given A cC £L®) and a potential &) with bounded || - ||o norm, the finite volume
Hamiltonian associated to a configuration o € S® in A is given by:

HY@0):= Y oY) (2.3)
XccL®)
XNA£D

Note that the sum on the r.h.s. of (2.3) is absolutely convergent (uniformly in o) by the
boundedness of |®¢)||g. We also remark that for a potential of range r the Hamiltonian

depends only on o)., namely HI(\S) € .7-'%1),, .Wealsolet E Ef) (o) be the self-interaction

A
associated to the volume A, i.e. the Hamiltonian with free boundary conditions namely,
EY (@)= > o). (2.4)
XCA

We have that the map Eﬁf) : S® — R depends only on the spins inside A namely,
EY ¢ £
A A

2.4. The Gibbs measures. Pick s > 1 and consider a potential ®©*) of bounded || - [|o
norm. For each A cC £ we define the (finite volume) Gibbs measure in A, with

boundary condition T € S©, as the following measure on Sj(f):
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V@

foranyo € S (S), where ZE\S) (1), called partition function, is the normalization constant,
ie.

(s)
ZP(r) = Y et me), 2.5)

(s)
oeS,

Note that we defined the Gibbs measure with a sign convention opposite to the usual
one and include the inverse temperature in the definition of the Hamiltonian; in fact it
will be kept fixed in our analysis.

We regard ME\S) 'T also as a measure on the whole S by giving zero mass to the

configurations o which do not agree with ¢ on A°. The (infinite volume) Gibbs states
associated to the potential ®*) are then the probability measures 1) on S which
satisfy the DLR equations

[10ann (H=u forayacc LY. fecs @6

where 1) (f) denotes the expectation of f w.r.t. ;u'®).
Given two local functions f, g : S® — R we denote, finally, by u®)(f; g) :=
wS(fg) — u (fH)u® (g) the covariance between f and g.

Condition SM“ (¢, b, B) (Strong Mixing). Given a positive integer £y and two
strictly positive reals b, B we say that the potential ® satisfies SM®) (¢, b, B) if
and only if for any volume I cC LG%) by setting A := O = Uies Q,(Zf)) (i), the
following bound holds. For each pair of local functions f, g such that supp(f) C A,
supp(g) C A, and | supp(f)| A | supp(g)| exp{—bd;(supp(f), supp(g))} < 1 we have

sup [T (f3 @)1 < Bl fllollglloo] Supp(f)] A | supp(g)] e =0 ds(uppLh):supp(s)),
7e8S®
2.7

It is a standard result that if there exist £g, b, B such that Condition SM® (Lo, b, B)is
satisfied then there exists a unique infinite volume Gibbs state namely, the DLR equations
(2.6) admit a unique solution.

2.5. Lattice gas potential. A lattice gas is a translational invariant Gibbs field in the case
s = 1, which is then dropped from the notation, and S, = 1 for each x € £; in such a
case the single site configuration space associated to x € L is X, := {0, 1}. With the
notation introduced in Subsect. 2.2, for each A C L, we denote by X the configura-
tion space on A equipped with the product topology and, as usual, we let X’ := X. For
n € X the value i, € {0, 1} is interpreted as the occupation number in x € L. Moreover,
we denote by F the Borel o—algebra on X" and set Fp := {n, € Xy, x € L} C F.
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For a translationally invariant lattice gas we denote by U the potential and observe
that Uy (1) = Any + a for some constants A, a € R. We neglect the constant a, which
does not affect the definition of the Gibbs measure, and note that A is interpreted as
the chemical potential. We also introduce the activity z € Ry by z := ¢* which we
use to parameterize lattice gases with different chemical potentials. In such a case we
write U = (z, Us1), where U>| := {Ux € Fx, X CC L, |X| > 1} and call U the
interaction.

Coherently with the notation introduced in Subsect. 2.4 the infinite volume Gibbs
measure is denoted by w. We shall sometimes write w, for the infinite volume Gibbs
measure, /4%, Az for the finite volume Gibbs measure on A CC £, and Z (7) for the
partition functlon of the lattice gas in order to explicitly indicate the dependence on the
activity z.

2.6. Block averaging transformation (BAT). Let u be the (unique) infinite volume
Gibbs measure of a finite range translationally invariant lattice gas satisfying Condi-
tion SM(€g, b, B). Let p := u(n) be the equilibrium density and let us denote the
compressibility by

X =Y 1(10; 1) (2.8)
xel
Note that SM (g, b, B) implies that there exists a real number C € (0, +00) such that
cl<y=<c.
We consider a positive integer £ and the renormalized lattice L©. For I ¢ £©®

we define the function N, © . c X — {0, 1,..., ¢4}, which counts the total number of
particles in each block Qg (i ), as follows

(NOm), = > n (2.9)
x€Qe(i)

foralli € I and n € &;. As usual we will let N(Q) =: N® and N(e) N(e) for all

iel®,
Foranyi € L® we define, moreover, the set

MO = { PIQzl 1 —plQdl IQel(l—p)}
VIOdx™ V10:dx = J10:dlx

that we consider equipped with the discrete topology. For I ¢ £ we introduce, fol-

(2.10)

lowing the notation in Subsect. 2.2, the renormalized configuration space Mge) =
®,~e[./\/l§€); we set M £ =: M©® and denote by B® its Borel o—algebra. For I ¢ £©
we also set B;z) =o{m; € Ml@, i € I} ¢ B®. Moreover we define the measurable
function M\" : (Xo,1, Fo,1) — (MY, B?) by setting

NP = plod
10X

- M® and M(z) M(Z) foralli € £©.

MO = 2.11)

for n € Xp,r. We also let M(f()e) =
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Finally, we define the renormalized measure v© .= wo(M (Z))_l, which is naturally

induced by M® on M® andfor I ¢ £ andt € X welet vy)’r = “z’)u o (My))’l.
We avoid the troublesome issue of describing Gibbs measures on non—compact single
spin space, see [19] for a discussion, and consider p® only for finite £.

2.7. Main results. In this subsection we state the main theorems on the weak Gibbsianity
of the renormalized measure and the corresponding convergence as £ — oo.

Theorem 2.1. Let U be a lattice gas potential satisfying SM(£o, b, B). Then for any
large enough £ multiple of £ there exists a family of functions {1//;6), ¢§€), I cc LW,
with w;z), ¢§Z) : MO > R such that

1.
2.
3.

For each I cC L® we have WI(Z), ¢;£) € By).

For each I cC L® we have WI(Z), y) =

if 1 is not {—connected.
The functions wl(f), ;Z) are translationally invariant in the sense specified in Sub-
sect. 2.3 namely, w](l) (m) = ;Zji(Gim) and(p;é)(m) = q);{)i(@im)foranyi e LW,

Icc LY andm e MO,

. There exist a measurable set M© c MO such that v (M (e)) = 1, and functions

rl.(e) : MO s N\ {0}, for all i € L£LO, such that for each m € MO if I > i
and diam,(I) > ri(z) (m) then I//I(K)(m) = 0. In particular for each i € L© and
m € M© there exists a real ci(z)(m) € [0, 0o) such that

S 1yl < ¢V o). (2.12)
I>i
. For each q € [1, 00)
sup v (| 3y < 0. 2.13)
iel® I>i

. There exists o' > 0 such that

sup  sup Y e dameDig0 o)) < oo (2.14)
meM© ieL® 15

. The DLR equations hold, namely for each J cC L9 and for each local function
fe B(JZ) we have
1
) — ) /
Vv = Vv d
/) fw @) )

x Y femexp] D 1w onml + ¢ mon). @19)

meM® INJ#%

where

zymyi= 3 exp| Y 1w mm) + 6" mnn)}.

meM® INJ )
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In the next theorem we state that in a suitable sense the renormalized potential con-
verges to the one of independent harmonic oscillators.

Theorem 2.2. In the same hypotheses as in Theorem 2.1, the family { I(Z), ¢5£), I CC
LO} is such that

1. Foreachi € L® we have w{(f}) (m) = —m%/Z and for each q € [1, +00)

lim  sup u“>(‘ 3 w}“ﬁ:o. (2.16)

£L—00
ieL® I3i:]1]22

2. There exists o' > 0 such that

lim sup sup e diam‘f(l)|q§§e)(m)| =0, (2.17)
£=00 e M© jeL® 5

where the limits £ — oo are taken along multiples of £o.

In order to compute the renormalized potential we compute the partition function
of the constrained system (1.5). Since we are in the low temperature regime, the con-
strained system will not have good mixing properties for all possible values of the image
variable m € M®_ We thus look at the constrained model as a disordered system and
look for properties which hold for v©—almost all image variables, that is we have to
construct the set M properly. More precisely, we enclose the constrained models in
a huge volume and we try to compute their partition function via a uniform convergent
cluster expansion. We then face the typical problem of the Griffiths’ phase in disordered
systems: anomalous values of the image variables, which do occur somewhere in our
volume, might produce arbitrarily large regions of strong interaction.

To overcome the above difficulty we follow a classical strategy in disordered systems.
Let us fix a configuration of the image variables. We first perform a cluster expansion
in the domains where the constrained model verifies a uniform strong mixing condi-
tion implying an effective weak interaction on a proper scale. We are then left with an
effective residual interaction between the domains of strong interaction. Since anom-
alous values of the image variables have small probability, in the set M®) the strong
interacting domains are well separated on the lattice; we can thus use the graded cluster
expansion developed in [2] to treat the effective interaction.

2.8. Synopsis. In Sect. 3 we construct the full measure set M© algorithmically. The
required probability estimates are proven in a general setting, not necessarily Gibbsian,
of the underlying distribution of the disorder. The analysis is based on the exponential
decay of correlations and the key recursive estimate in Lemma 3.6 is inspired by the
approach to the Anderson localization in [9].

In Sect. 4 we define the constrained models. We also introduce the condition, see (4.8),
on the image variable m to identify the good part of the lattice where the constrained
systems satisfy the uniform strong mixing condition. We finally prove, in Theorem 4.4,
that the general theory developed in Sect. 3 can be applied.

We then fix avalue m € M® and compute the partition function of the corresponding
constrained model for a sequence of volumes invading the whole lattice. More precisely
in Sect. 5 we use a procedure similar to [1,27,28] to integrate over the good part of the
lattice and get the expansion in Theorem 5.1. In Sect. 6 we feed the effective potential
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of Theorem 5.1 to the general theory developed in [2] to integrate over the bad part of
the lattice.

To complete the proof of Theorem 2.1 we need to express the output of [2], see
Theorem 6.1, as the sum of local functions. This is not a trivial point since, a priori, the
partition function of the constrained models depends on the whole infinite volume image
variable m. Nevertheless, the graded cluster expansion in [2] has been developed with
a volume cutoff, see (6.7) and (6.14), at each step of the iteration, so that the recursive
construction allows us to prove locality of the renormalized potentials, see Theorem 6.2.
The convergence stated in Theorem 2.2 is an easy byproduct of the whole analysis.

3. Bounds on the Badness Probability

To compute the partition function of the constrained models, see Sect. 4 below, we face
the typical problem of the Griffiths’ phase in disordered systems: anomalous values of
the image variables, which do occur somewhere, might produce arbitrarily large regions
of strong correlation [2]. In the present section we obtain some probability estimates on
the multi—scale geometry of these regions, based on the hypotheses that such anomalous
values have small probability.

In this section we denote the lattice Z¢ by L. In order to use a setup compatible with the
one in [2], we use the distance D(x, y) := Z?:l |x; —yilforallx = (x1,...,x4),y =
(15 -+, ya) € L; on the other hand we recall that d(x, y) = sup;_; 4 |xi — yil as
defined in Subsect. 2.1. Accordingly for X C £ we set Diam(X) := sup{D(x, y) :
X,y € X}. Moreover, given X C Landm > 0we set O, (X) :={y eL: D(y,X) <
m} as the m—neighborhood of X w.r.t the metric D. If x € I we write O,,(x) instead
of O,,({x}). We also recall that B,,(X), see Subsect. 2.1, is the m—neighborhood of X
w.r.t. the metric d; of course B,,(X) D O,,(X) forall X C L.

We describe the strength of the disorder at the site x in terms of a binary variable
wy € {0, 1}. We denote by w € Q = {0, 1}]L the random field {wy, x € L}; we
consider Q endowed with its Borel o—algebra A and we let @@, a probability in €2,
be the distribution of . We also introduce the family of o—algebras on 2 defined by
Ap = o{wy, x € A}. We measure the diluteness of the system via the parameter

p = suEQ(wx =1 (3.1)

which, in our analysis, will be sufficiently small. We also assume that the correlations
under Q are exponentially decaying; more precisely we assume there exist reals b” > 0
and B” < oo such that for each pair of local functions f, g such that |supp(f)| A

| supp(g)| exp{—b"D(supp(f), supp(g))} < 1 we have

1Q(f; )1 < B"II fllcollglloo] supp(f)| A | supp(g)| e ™2 PEuPPL)supple) (3 2y

We have a first classification of sites in good (where w, = 0) and bad (where w, = 1).
We strengthen the notion of steep scales introduced in [2].

Definition 3.1. We say that two strictly increasing sequences I' = {I'j} ;>0 and y =
{vj}j=0 are moderately steep scales iff they satisfy the following conditions:

1.To=0,%>0,T1 >2,andl"j < yj/2 forany j > 1.

J
2. For j = 0set 9 := Y (I; +y) and & := inf >0(T'j41/9;); then A > 10.
i=0
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o
r; 1
3. We have Z 1< 5 where we understand T'g/yy = 0 even in the case yy.
— Vi
j=l1
4. There exist reals a > 0 and ¢ € (0, 1) such that 2 - 3dz9,f+1 <expla(l + s)k}for all
k> 0.

[e¢)
5. For a and ¢ as above we have that Z Vg exp{—a(l + s)k/q} < oo foralls =0

k=1
and g > 1.

We remark that with respect to the definition of steep scales given in [2] we have
added Conditions 4 and 5, and strengthened Item 2 to A > 10. An explicit example of
moderately steep scales is given in (4.19) below.

Definition 3.2. We say that G := (G} j>0, where each G is a collection of finite subsets
of L is a graded disintegration of IL iff

1. for each g € Uj>0 G, there exists a unique j > 0, which is called the grade of g,
suchthat g € Gj;

2. the collection | J >0 G, of finite subsets of L is a partition of the lattice L namely, it
is a collection of not empty pairwise disjoint finite subsets of L such that

UUs=L (33)

Jj=0 geg;

Given Go C L and T, y steep scales, we say that a graded disintegration G is a gentle
disintegration of IL with respect to Go, T, y iff the following recursive conditions hold:

3. Go = {{x}, x € Go};s

4.if g € Gj then Diam(g) < I'j forany j > 1;

5.5e1Gj = Ugeg, § €L Bo := L\ Go and Bj :=B; 1 \ G}, then for any g € G;
we haveD(g,IBj_l \g) > yjforany j > 1;

6. Vx € L we have ky := sup{j > 1: 3g € Gj suchthatd(x, Q(g)) < ﬁj} < 00,
where we recall Q(g) has been defined in Subsect. 2.1.

Sites in Gq (resp. Bg) are called good (resp. bad); similarly we call j—gentle (resp. j—
bad) the sites in G (resp. B ;). Elements of G;, with j > 1, are called j—gentle atoms.
Finally, we set G»j = Uizj G;.

The results of the present section are summarized in the following theorem.

Theorem 3.3. Let the sequences T, y be moderately steep scales in the sense of Defi-
nition 3.1. Assume also that (3.2) holds, p < exp{—a /(1 — ¢)} and the sequences I, y
are such that

298”9 exp{—b"T41/20} < exp { - ﬁ(l n g)k“} (3.4)

for any k > 0. Set finally Go(w) := {x € L : wx = 0}. Then there exists a set Qe A
with Q(2) = 1 such that

1. foreachw € Q there exists a gentle disintegration G = G(w) in the sense of Definition
3.2;
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2. for each x € L and X CC L we have that {w : Gy(w) > x} € Ao,,k ) and also
{w: Gi(w) > X} € Aol,k(x).

Let us first describe an algorithm to construct the families Gy for k > 1; from this it
will follow Item 2 in Theorem 3.3. Given a configuration w € 2 and I', y moderately
steep scales, we define the following inductive procedure in a finite volume A CC L
which constructs the k—gentle sites in A:

1. set k=1;

2. set i=1 and V =0;

3. if Br_1NA)\V =0 then goto 7;

4. pick a point x € By_1NA)\V, set A=0r,(x)NBr_1 and V =
VUA;

5. if Diam(A) < T} and D(A,By—1\ A) > % then g]i =A and i =i+
1;

6. goto 3;

7. set Gy:={g', m=1,...,i—1}, with the convention Gy =0 if
i=1, G;:= U;n_:ll g]'(”, and B :=By_1 \ Gg;

8. set k=k+1, if I'y <Diam(A) goto 2 else exit.

Let us briefly describe what the above algorithm does. At step k we have inductively
constructed By _1, the set of (k — 1)—bad sites; we stress that sites in I \ A may belong
to Bx_1. Among the sites in Bx_; N A we are now looking for the k—gentle ones. The set
V is used to keep track of the sites tested for k—gentleness. At Step 4 we pick a new site
x € Bx—1 N A and test it, at Step 5, for k—gentleness w.r.t. Bx_1, i.e. including also bad
sites in I\ A. Note that the families G for any k£ > 1 do not depend on the way in which
x is chosen at Step 4 of the algorithm. Suppose, indeed, to choose x € (Bx_1 N A) \ V
at Step 4 and to find that A = Or, (x) N By_, is a k—gentle atom. Consider x” € A such
that x’ # x and set A’ := Or, (x") N By_;: since A satisfies the test for k—gentleness
at Step 5 of the algorithm, we have A C A’. By changing the role of x and x’ we get
A=A

After a finite number of operations, the algorithm stops and outputs the family Gi (A)
(note we wrote explicitly the dependence on A) with the following property. If g € Gr(A)
then Diam(g) < 'y and D (g, Bx_1(A) \ g) > . We call a set g € Gx(A) an atom of
k—gentle sites; note however that g is not necessarily connected.

We finally take an increasing sequence of sets A; CC L, invading I and we sequen-
tially perform the above algorithm. This means the algorithm for A; is performed inde-
pendently of the outputs previously obtained, i.e., for A; j < i.Itis easy to show thatif
g € Gr(A;) then g € Gy (A;41); therefore G (A;) is increasing in i > 1, so that we can
define Gk := limj— 0 Gk(A;) = UU; Gr(Ai) and Gy = limi 00 Gi(Ai) = U,eg, 8-
Hence, Bi(A;) = Br_1(A;) \ Gr(A;) = L\ u’;;})G,(A,-) is decreasing in i > 1,
so that By := lim;_, o B (A;) = (); Bx(A;). We also remark that, by construction,
{Bx, k > 0} is a decreasing sequence. We say x € L is k—gentle (resp. k—bad) iff
x € Gy, (resp. x € By).

Note that it follows from the construction that it is possible to decide whether a site
x at step k is k—gentle by looking only at the w’s inside a ball centered at x of radius ¥
(as defined in Item 2 of Definition 3.1).

Lemma 3.4. Let Gy and Gy, k =0, 1, . . ., as constructed above. Then Item 2 in Theorem
3.3 holds, i.e. for each x € L,

{a) X e Gk(a))} € Aol,k(x) 3.5)
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and for each X C L
{w: X e Grlw)} e .Aol,k(x). 3.6)

Proof. We first prove (3.5). We proceed by induction. For £ = 0 (3.5) holds trivially.
Let O := Or,(x). From the algorithmic construction above we have

{x € Gi} = {x € By—1} N {Diam (O N By—1) < I't}

NA{D Bk—1 N O, Br—1\ O) > w}. (3.7
Since ¥y, is increasing, by the inductive hypotheses
k—1 k—1
{(x €eBr1} = m{x ¢ Gy} e \/ Aoy, 1) = Aoy, - (3.8)
h=0 h=0
On the other hand
Diam (O NBr) <Thb= [ Ay ¢Be}Ulz ¢Biaa) € \/ Ao, -
y,2€0 yeO
D(y,2)>Ty

(3.9)
where we used (3.8). Finally
(DBr-1N O, Br1\ 0) >y} ={Hy, 2) € (0O NBr_1) x Br—1 \ 0) : D(y, 2) <y}
= [ Wé¢BU{z¢Bad,

y€0,zel\O:

D(y,2)=vk
hence
D@1 N0, B1\O)>nle \/ Ao, o (3.10)
D)=l

where we used again (3.8). Recalling 9y = v4—1 + 't + &, Eq. (3.5) follows from
(3.7)-(3.10).

Similar arguments can be used to prove (3.6). If Diam(X) > T’y then X ¢ Gi. We
consider, now, the case Diam(X) < I'y; we have:

(X e Gk} ={x €eBy—1, Vx e X} N{D (X, Br—1 \ X) > w}

=[x € Bo} N (D (X, Bioi \ X) > i) (3.11)
xeX

Now, from (3.8) we have that

() x € Bioi} € Ao, x)- (3.12)
xeX
Moreover,
DX, Bi—1 \ X) > mi} = {Bx, ») € X x Br—1\ X) : D(x, y) < %)
= N {y € Bi1} € Aoy, 1, x), (3.13)

yeLAX:D(y, X) <yx

and from (3.11)—(3.13) we finally get (3.6). O
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Theorem 3.5. Let the hypotheses of Theorem 3.3 be satisfied; recall a and & have been
defined in Item 4 of Definition 3.1. Then

sup Q (@ : xeBk)gexp{—L(Hs)k}. (3.14)
xell l1—¢

Postponing the proof of the above bound, let us show how it implies, via a straight-
forward application of Borel-Cantelli lemma, Theorem 3.3.

Proof of Theorem 3.3. Proof of Item 1. For each w € Qlet § = G(w) = {Gj(w)};>0
be constructed by the algorithm described below Theorem 3.3. We have to show that G
satisfies Items 1-6 in Definition 3.2 Q-a.s.: Items 1, 3, 4 and 5 hold by construction.
We prove first that there exists a set Q c Q of full Q—measure such that Item 2 (of
Definition 3.2) holds, namely such that | J >0 G;(w) is a partition of the lattice L. Let

B be the random subset of the lattice given by By := lim, 5 B, = ﬂflio B,,. From
Theorem 3.5 and the Borel-Cantelli lemma we get

=Q (ﬂ Utx € Ek}) =Q (ﬂ{x € Bn}) =Qx €Bs)), (3.15)

n=0k=n n=0

where we have used that B,, n € N, is a decreasing family of subsets of the lattice.
Whence, by taking a countable union, we get

o0

0=Q(U{XEBOO})=Q(BOO§EQ)=1—Q L= UG/

xell

We prove, finally, that also Item 6 of Definition 3.2 is satisfied Q-a.s.: it is enough to
note that for x € . we have

Y Qw: 3g € Gi(w) : d(x, Q) < )

k=1

3

<Y Qo: 3y €Bii(@) : d(x,y) < % +Tp)
k=1

3

<) R +TH+117supQ: y € Bri (@)

k=1 yE]L
Z[Z(z?k-i-r’k)-i-l]dexpl——(1+8)k '

k=1

= > RO+TO+ 1 exp| —all + o)} < ox, (3.16)
k=1

where we used the bound (3.14) and Item 5 in Definition 3.1. The proof is completed by
applying again Borel-Cantelli.

Proof of Item 2 of the theorem. It has already been proven in Lemma 3.4 for the graded
disintegration constructed via the algorithm described below Theorem 3.3. O
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The key step in proving Theorem 3.5 is the following recursive estimate on the prob-
ability of the degree of badness.

Lemma 3.6. Let the hypotheses of Theorem 3.3 be satisfied. Set py :=sup, 1. Q (x € By),

for k = 0, 1, ..., set also Ak(x) = 07k+rk (x) \ O(Fk—l)/Z(x) and |Ak| = |Ak(x)|.
Then for each k = 0, 1, ... we have

Pt = [Awsi|(pF + B'10g, | exp{—b"Ti11/20}). (3.17)
Proof. Recalling the definition of the k—bad set B; we have
{x eBry} ={x e Be) N{x ¢ Grgr}. (3.18)
On the other hand, by the construction of the (k + 1)—gentle sites,
{xeBi) N{x ¢ Grp1} Clx e B} N {3y € Apq1(x) 1 y € By} (3.19)

indeed, given By, if there were no k—bad site in the annulus A1 (x) then x would have
been (k + 1)—gentle. From (3.18) and (3.19),

Q(x € Bry1) SQ( U {XEBk}ﬂ{YGBk})

YEAk4+1(x)

< Y Q(ixeBdniyeBy)

YEAk+1(x)
= Z [@ ({x € Br) Q({y € Bkh) + Q (Lixem,y; Liyen,)) ]
YEAk+1(x)
(3.20)
We note, now, that for x € L and y € Ax41(x) we have
41 —1 | A 1
D(05,(x). 09, () = [5— | —2[m] +12 S —200 5
A8 s (3.21)
= k+1 = 20 k+1 .

recall we assumed A > 10 in item 2 of Definition 3.1. By Lemma 3.4, (3.2), and (3.20),
we finally get the bound (3.17). O

Proof of Theorem 3.5. The thesis follows by induction from pg := p < exp{—a/(1 —
€)}, Lemma 3.6, item 4 in Definition 3.1, Eq. (3.4), |Ax+1] < 3‘119,? and | Oy, | <

+10
3dpd o
k+1°

4. The Constrained Models

In dealing with the renormalization group transformation it is necessary to pack spins
associated to different sites of the lattice so that a new variable, often called block spin,
is obtained.
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4.1. The block spin models. Recall the general setup introduced in Subsects. 2.2-2.4 for
a spin model on lattice L withs > 1 integer, with potential @) and Gibbs measure
1), For u a positive multiple of s we consider the lattice £®) and associate to each site
i € L™ the single site block spin configuration space

($)u . (s)
S = ® S)ES) = SQY(.v) @’
u/s
x€0y) (i)

“.1)

We can then consider the block spin configuration space S}S)’” = ®ic ISl.(S) “_ for any

I C L™, equipped with the product topology. As usual we let S(C‘Y()u;” =: SO and

denote its Borel o—algebra by F)-# Moreover, for each I C £® we set ]—"I(S)’” =
o{¢ € Si(s)’”, iel}cS®wu

As for the lattices we introduce operators which allow to pack spins and unpack
block spins. With an abuse of notation we shall use the same symbol as in Subsect. 2.1.
We define the packing operator OF : S ®) — S ags0ciating to each spin configura-

tion o € S the unique block spin configuration O%o € S®¥ such that (O%c); :=

{ox, x € fo/)s (i)} for all i € £L®. The unpacking operator OS5 : S®# — S associ-

ates to each block spin configuration ¢ € S®)-* the unique spin configuration 0%¢ € S©)

such that &; = {(O}¢)x, x € Q‘(A‘Y/)X(i)} for all i € £® . Note that in the case of infinite
volume configurations the packing and the unpacking operators are the inverse of each
other.

We remark also that the two operators allow the packing of the spin o—algebra and

the unpacking of the block spin one namely, for each I ¢ £® and A ¢ £®) we have

OL(F) =Fg), and  ONFY) C Fun, 42)

where in the last relation the equality between the two o—algebras stands if and only if
O O8A = A.

To a block spin configuration we can naturally associate the potential ®¢)-* defined
as follows; for each I cc £®™ the function @5”’" : SG) 5 R is defined as

o= Y [0 0 03], 4.3)
XcL@):
olx=I

We remark that ®©)# ¢ ]—'I(S) . Given I cC L™, we consider the block spin Hamil-

tonian H™™" : &4 s R associating to each block spin configuration ¢ € S¢-* the
Hamiltonian

HPM@) = 30 @9 @) and EPM@) = )0 0@, (44

JNI£D Jcl

It is easy to show that, given I cC £® and the block spin configuration ¢ € S®-¥,

the Hamiltonian H I(S)’“ is the Hamiltonian of the unique spin configuration 05¢ € S
obtained by unpacking ¢; indeed
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H' @ = Y of"@r =3 3 000
JNI£Y JNI#D X6
olx=J
= ) ¢§§)(O;§)=Hg§,(0;;). (4.5)
XcL£):
XNO5 10

We can finally define a Gibbs measure on the block spin configuration space S®)-#,
with its o—algebra F*)-* by considering the measure u®* := ) o O which is
Gibbsian w.r.t. the potential (4.3).

We note that it is possible to make block spins out of block spins, namely, we can
consider S®)-* as the starting configuration space, fix a multiple v of u, and construct
the block spin configuration space S)*v. Exploiting the fact that v is a multiple of s
it is possible to construct the block spin space S®):?; note that the spaces S®-*¥ and
SV are different because they are produced by grouping the original spins, living on
scale s, in two different ways.

For the sake of clearness we list here the particular cases in which we will make use
of the block spin setup introduced above. First of all, we fix the the renormalization scale
£ and the rougher scale p = g () := df. On one hand we consider as original lattice
model the lattice gas  on £ with configuration space X’ and algebra of the events F, see
Subsect. 2.5, and construct the block spin space X'(D-¢ = X its o—algebra F*, and the
Gibbs measure u* = o Oy, with Op : X* — X the unpacking operator. Then, on
the rougher scale g, we construct the space X'D-6# = X4#_its o—algebra F¢¥, and
the Gibbs measure u® = uf o Oﬁj with OfO : X4® — X' the unpacking operator.

On the other hand, we consider as original lattice model the renormalized model v(®
on £® with configuration space M© and algebra of events B®), see Subsect. 2.6,
and we construct the block spin space M©-#_its o—algebra B®-# and the measure
v = v® o O with OF : M©-® — M the unpacking operator. The elements

of M© will be denoted by m, and by n those of M©-#,

4.2. The constrained models. Let £ be the size of the BAT transformation, see Sub-
sect. 2.6, and pick a configuration of renormalized variables and m € M. We define
the single site constrained configuration space

XV ={cext: MO =m}cxl (4.6)

which will be equipped with the discrete topology. For I  £© we consider the con-
strained configuration space /'\,’n(f)l = Qi X O cx IZ equipped with the product

m,i
topology; we remark that  J,,c pq0 erf)l =& Id). As usual we let erf)ﬁ([) =: X,,(f )

and denote by ]—',(,f ) the Borel o—algebra of Xn(f); for each I cc L£L® we set F rff)[ =
ofc e xY)

m,i’
constructed as in (4.3) starting from the lattice gas potential UV = U = (z, U).
We consider, now, T € Xt and emphasize that t does not depend on the fixed m, in
the sense that it is chosen arbitrarily in a set not depending on m. Let I ccC £©, we
define the probability measure for the constrained model on / with boundary condition

7 as follows: for each ¢ € Xrﬁf)l,

i e I} ¢ FP. Finally, we consider the block spin potential U()-¢ = U*
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Table 1. Notation for the object, constrained and image model; in the table m € MO isa given renor-
malized configuration, o € X andt € X © are fixed boundary conditions

object model constrained model image model
lattice AcL=29 | 1cc®=uzq 1O =z
configuration space | Xx = {0, 1A erf_), =Q®cr Xrg)i MO = Ricr M;Z)
o—algebra Fa F ,(f.)l BE{}’)
measure uq uff)f vy)'f

0.7 o . 1 Hf
M i (§) = — g M),
Z( ) (1)
m,l

where the Hamiltonian H f is defined as in (4.4) and the partition function Z,(i)l (7) is
given by

z0 )= Y Mo, 4.7)
ceX,)

Note that the function H f : XY — R can be evaluated in ¢ ¢, indeed ¢ € erf), cX ,(Z)
and € X% imply ¢17c € X,

We remark that the function Z’(j?, () € F¥ can be looked at as the partition function
of a not translationally invariant finite volume system which is the original lattice gas
constrained to have fixed values p|Q¢| 4+ m; /| Q¢|x of the total number of particles in
each block Q¢ (i) for all i € I. Its elementary variables are the original spin configura-
tions in each block Q¢ (i) compatible with the assigned value m; namely, the set X,;Z)I

defined in (4.6). Finally we note that for each 7 € Xt we have m — Zlgf?l (t) e By).

0,7
1

The finite volume renormalized measure v , introduced in Subsect. 2.6, which

is a probability measure on M(Z), can be written in the Gibbsian form w.r.t. to the

renormalized Hamiltonian given by log Z’(j )1 (). Our aim will then be to compute the

partition function Z,(f’)l () for given m € M®. More precisely we are interested in

finding an expression for log Z,(f?l (7) that allows to extract the renormalized potential

with a procedure having sense in the thermodynamics limit.

4.3. On goodness and badness. As mentioned at the end of Subsect. 4.1 technical rea-
sons, connected to the computation developed in Sect. 5 below, force the introduction
of the rougher scale g = d£. We then pack the renormalized variables m; lying inside
cubes of L® of side length d to form a renormalized block spin 7;, witht € L&), More
precisely we consider the block spin space M ©-# its o —algebra B“# and the measure
p©p = O o Ofp, with OA(; : MO-® — MO the unpacking operator.

We define, now, the good part of the lattice £, We fix § € (0, 1/6) andn € M©-#;
recall x has been defined in (2.8), we set

L) =L = {1t € L9 1 |(OLn)i| < 4V )" foralli € L), (1))
(4.8)
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We say that a site t € L% is good wrtn € MOP ift € E((;W) (n); if ¢ is not good
we say it is bad. Loosely speaking a cube of side d¢ of the original lattice is good if
the empirical density in all its d¢ sub—cubes of side ¢ differs from the infinite volume
mean p less than £=¢(1/3+8) this choice ensures the validity of the central limit theorem
inside the good blocks, see [1, Theorem 4.5].

4.4. On the goodness of good sites. As we have already discussed in Subsect. 2.8 our
strategy of proof consists in performing a cluster expansion, similar to the one used
in [1], in the good region of the lattice and to use the sparseness of the bad sites to carry
out the sum over the bad part of the lattice. In this subsection we deduce the property
of the good blocks that will enable us to cluster expand the partition function of the
constrained models in this region.

We recall that £ is the scale of the renormalization transformation. Let i € £#) and
k € {1,...,d}; we denote by P"¥ the family of all not empty subsets I C L&) such
that for each j € I we have jiy =iy and j, € {i — o, ip,in +p}forallh =1,...,d
and h # k. We set

L =0®IN{jel®: ji=ip+p)
and, form € MY and o € X, oy = o0 I, and og = OO (1, UL )e- Recall § > 0

has been introduced in (4.8); given J C L£® we set Dgz)(.]) = {m e MO : Imj| <
¢d0/6=8) 5 =172 i e Jy.
Theorem 4.1. Let the lattice gas potential U satisfy Condition SM(£o, b, B). We have

that there exists areal C = C (8, £o, b, B, ||U ||, r, d) < oo such that for each € multiple
of bo and i € L® we have

(4 (4
2,00 @+0-10) Z, o | €18-70) c
sup supk sup sup 7@ n) —1 5;.
k=l..d IePt* pep®©L 1) 0.0 TeX Zm,Oﬁ)I (0+§—To)Zm’%, (¢+0-70)
(4.9)

To prove the above theorem we shall use Lemma 4.2 below in which it is proven that
the strong mixing condition holds uniformly in the activity. To state precisely such a
property we introduce the notion of lattice gas with not homogeneous activity: consider
the configuration space X := {0, 1}£ of the lattice gas, the Borel o—algebra F, see
Subsect. 2.5, and the family of local functions U.| = {Ux € Fx, X CC L, |X]| > 1}.
Let z := {zx € [0, 00), x € L}, the lattice gas potential with not homogeneous activity
is the family of functions U% := {Ux € Fx, X CC L} with

UZ (1) == ny log z, if there exists x € £ such that X = {x}
XA Ux(m) if|X|>1

for all n € &X’; we shall use the notation U% := (z, U~1). Given A CC LD andt € X,
the finite volume Gibbs measure with boundary condition 7 associated with the lattice gas
potential with not homogeneous activity UZ is denoted by uf\’ . and the corresponding

partition function by Z} _. Namely, we have

Z:\,g = Z eXp{ Z UX(T]‘L’AC) + Z Nx logZx}. (410)

HEXA XNA#Y: xXeEA
IX|>1
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It is easy to see that by [13, 14], see Remark 2 in [1, p. 849], the following lemma,
stating that the strong mixing condition (2.7) is satisfied uniformly in the activities, holds.

Lemma 4.2. Let the lattice gas potential U = (z, Ux1) satisfy Condition SM(£y, b, B).
Then there exist ¢ > 0, £, multiple of Lo, and two positive reals b = b’ (e, b, B, £o)
and B' = B'(e, b, B, £y) < 0o such that for z = {z, € [0,00) : x € L} such that
|zx — z| < &, for all x € L, the lattice gas potential with not homogeneous activity
U% = (z, U=) satisfies SM(£;,, b, B').

Proof of Theorem 4.1. Let 11, be the unique infinite volume Gibbs measure of the lattice
gas with potential U = (z, U~1) and setp : (0, +00) 3 z —> 0(z) := (o) € (0, 1).
Let ¢ > 0 be as in Lemma 4.2, by the continuity of ¢ we can choose ¢’ > 0 such
that 0! (Q(Z) —2¢',0(2) + 28’) C [z — &, 7 + ¢€]. The thesis follows by Lemma 4.2
and [1, Prop. 5.1]. O

4.5. On the sparseness of bad sites. In this subsection we state precisely in which sense

the bad sites in £ are sparse. We define the map 7 : M©-# — {0, 1}05'7) by setting
foreachn € M©-¥ andt € L&),

: (®)
(r(m)), = {O itre Ly 4.11)

1 otherwise

As a first step we show that the probability that a site is bad is exponentially small in €.

Theorem 4.3. Letthe lattice gas potential U = (z, Ux1) satisfy Condition SM(£y, b, B).
Then there exists a real C = C (¢, £o, b, B) > 0 such that for any positive integer £ we
have that

sup v OP((r(n)); = 1) < exp{—Ce1/372dy, (4.12)
teL®)
Proof. We have

. { 5 —
sup v(z)’p((n(n))l =1)= sup I)(Z)(Hl € Q;;Z(I) D mi| > 2441/6 ’S)X 1/2)
teL®) teL(®)
‘ 5 —
ieL®

We pick i € £L©). To bound the right hand side of the above inequality, we recall (2.11),
consider L > ¢ integer, set Az (i) := {x € L : d(x, Q¢(i)) < L}, and use the exponen-
tial Chebyshev inequality, with 4 > 0, as follows

¢ 8 — _
M(M,-() > ¢d1/6 a)X 1/2)= M( Z (e — p) > 02/3 a)d)

xeQy(i)

_pe2/3=8)d

< e ht M(exp{h > (s _p)})
xeQy(i)

_p(2/3=-8)d

=e ht /M(d‘[) MtAL(l) (exp {h Z (nx — p)})
x€Q(i)

_hp(2/3=8)d

=t /M(dr) exp { log Za iz — 108 ZY, iy 20) — hp@d},

4.13)

where we used the DLR equations (2.6) and, fort € X and A CC L, we have considered
the partition function



Renormalization Group in the Uniqueness Region: Weak Gibbsianity and Convergence 347

Zysim = 2 eXp{HA(nrAc)+h 3 nx} (4.14)
nEXA x€ANQ; (i)

of a lattice gas with not homogeneous activity z(i, #) such that z,(i, h) = ze" for all
x € Q¢(i) and z, (i, h) = z otherwise; recall z is the activity of the original lattice gas.
Note that Z;\, 2(0.0) coincides with the partition function Z} of the original lattice gas.

From the sfrong mixing condition SM (£, b, B) it follows that there exist two positive
reals C1({g, b, B) < oo and C2({o, b, B) > 0 such that for any L multiple of £y and
T € X we have

T

82, wain)
dh o L

=‘MZL(i)( > nx)—u( > nx)

x€Q (@) x€Qq (i)
< Ci el e L0, (4.15)

By Lemma 4.2 there exist & > 0, £;, multiple of £o, and the two reals b’ = b'(e, b, B, £o)
and B’ = B'(e, b, B, £y) such that the perturbed lattice gas potential satisfies SM(¢;,, &',
B’) for all 0 < h < ¢. Hence, if L is a multiple of 66 we have that there exists a real
0 < C3 = Cz(¢, £y, b, B) < oo such that for any & € [0, ¢] and T € X the following
bound holds

d*1og Z}, i) i.m
dh?

D Whozam(mem)| 2630, (@4.16)
x,y€Q(i)

where we recall Mf\ - for A CcC Landz € [0, oo)l: , 1s the finite volume Gibbs measure

of the lattice gas with not homogeneous activity z and boundary condition r € X. By
expanding the exponent on the right hand side of (4.13) and using (4.15) and (4.16) we
get

M(MZ(E) - Zd(l/6—5)x—l/2) < CXP{—hZ(2/3_5)d + Cl Ed e—Cz(L—Z) +h2C3 Ed}
(4.17)

Taking the limit L — oo we finally get
(MO > ¢d1/6=0 5 =12) < exp(—h(e?P= _ pcye?)). (4.18)

The bound (4.12) follows by choosing & = ¢~ (1/3+9d /(2C3); indeed the steps in (4.13)
can be repeated to bound M(Ml.(z) < —gd1/6=8)y=1/2)

In Theorem 4.4 below we shall state that the bad sites of £ are sparse in the fol-
lowing sense. There exists a full measure subset of M®-# such that for each n in such a
set there exists a gentle disintegration, see Definition 3.2, of the lattice £ with respect

to its good part £((3K‘)) and two suitable moderately steep scales I', . The two sequences
are chosen as in [2, Remark 2.3] namely, given 8 > 9 we set ['g = yp := 0,

1
Ve = geﬁG/Z)“‘ fork > 1. (4.19)

Those sequences are steep scales namely, they satisfy Items 1-3 in Definition 3.1. More-
over, see the remark below Theorem 2.5 in [2], we choose B large enough so that the

Iy = e(ﬁ+1)(3/2)k and
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supplementary conditions on the steep scales in the hypotheses of [2, Theorem 2.5] are
satisfied with &« = 1. It is easy to prove that for

ee(1/2,1) and a>9dp/2 (4.20)

the steep scales I', y are moderate namely, they also fulfill Items 4-5 in Definition 3.1.
The conditions above on 8 and a are met for ¢ integer large enough if we set

9
a=a5(0) = Zd[pv ¢U/3=20d/2] @.21)

where 6 € (0, 1/6) is the real number which has been picked up before (4.8) to define
the good part of the lattice £,

In order to prove Theorem 2.2, we had to choose the parameter a diverging with
the renormalization scale £. In fact we shall need that the probability that a site of £
belongs to a k—gentle atom vanishes fast enough as £ — o0. On the other hand the
existence of the gentle disintegration of £® is proven on the basis of Theorem 3.3
whose hypotheses are satisfied if the probability p for a site to be bad is smaller than
exp{—a/(1 —e¢)}. In our application this probability is estimated with the stretched expo-
nential in (4.12); to ensure that for £ large enough p is smaller than exp{—a /(1 —¢)} the
function a;s(€) must diverge sufficiently slow. The choice (4.21) meets both the above
requirements.

Theorem 4.4. Let the lattice gas potential U satisfy Condition SM(£y, b, B). Consider
the two moderately steep scales T, y defined in (4.19).

Then for each £ large enough multiple of £q there exists a B-®—measurable subset
MO® c MO with v©O-© (MO-9) = 1 such that

1. For eachn € M-8 there exists a gentle disintegration G (n), see Definition 3.2, of
L) with respect to Go(n) := Eép) (n), T, and y.

2. Foreacht € L and X cC L® we have that {n : Gy(n) 3t} € BZ()‘;?OU)
¥,

k

and also

. 0),p
{n: Ge(n) > X} € BBI(?AZ)(X)'
Proof. We use the setup of Sect. 3 with L = o~ £®), Recall the map 7 : M©® —
{0, l}ﬁ(p) has been defined in (4.11). Note that for each x, y € L we have

d
Dx,y) =Y I —yl<d sup i = 3il = @/9)dp (%, )
i=1 teql,...,

From Condition SM (g, b, B) it follows that the measure Q := v©-® o 7~! on the

set Q := {0, l}ﬁ(m, endowed with its Borel o—algebra A, satisfies the bound (3.2) with
constants b’ = pb/d and B” = p9 B. By taking ¢ large enough the scales I, y in (4.19)
satisfy (3.4). Moreover by Theorem 4.3,

pi=sup Q(o: o =1) = sup v (n: (), = 1)) < 77
teL®) teL®)

We can therefore apply Theorem 3.3, we set M(©# := 7~1($). The thesis follows by

noticing that for each X C L®) we have Bs(p) D 90y (p_lX) foralls > 0. 0O
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5. Cluster Expansion in the Good Part of the Lattice
In this section we start to compute the renormalized potentials; our main technique, as
in [1], will be the scale adapted cluster expansion.

Let £ be the renormalization scale, recall gp = d¢;form € MO the set Eé@)((’)zpm) =
Egm C L®) has been defined in (4.8). Pick A cC £®, a configuration of the ren-
ormalized variables m € M®, and a boundary condition T € X*; set J = (’)fJA,

As:=AN ﬁgp) and Js := OéAa. We write

Z;Ef,)J(f)z Z exp{H | (nT)e)} = Z Z exp{HY(ante)}.

(©) ) )
nex,”; O'EXmJ\JE nGXmJB

In this section we fix o € X,ff)J\ Is and compute the partition function associated to the
good part Js of the set J namely, we compute

Zf?f,)la (0t )= Y exp{Hj(notse)}. (5.1)
UEX'%)J(S

We rewrite this problem on the scale g, that is we apply the procedure described
in Subsect. 4.1 to the constrained models introduced in Subsect. 4.2 on the scale £ to
group the block spin variables on the scale g. We fix a configuration n € M©-#_ the
corresponding renormalized configuration is m = m(n) := (’)f;n. We recall the notion
of constrained model defined on the configuration space Xn(f) and, via the procedure
discussed in Subsect. 4.1, we construct the configuration space Xn(f) ® and its o—algebra

,ff)‘@; for A cC L®) we set f,ff’)j‘\p ={¢ € Xrif)fp’ ieA}C .7-}5,[)‘@.

Finally we consider the potential U1)-¢# = U%# obtained by applying the proce-
dure in Subsect. 4.1 to the original lattice gas potential introduced in Subsect. 2.5, and,
given A CC E(P), we consider the Hamiltonian Hﬁ’p and the self—interaction Eﬁ’p; we
obviously have that for each ¢ € X by,

HEP (6 = iy (OL6) o4 0050)

For A CC L®) we can then write the finite volume Gibbs measure with boundary
condition £ € X4¥ as

1 L
X5 ©) 1= — e, cex,
z09 &)
The partition function above is given by
N5
ZyWE) = Y e, (5.2)
ceX P

Note that the boundary condition £ € X'(©# is chosen independently of the renormalized
configuration m. We have that Z,(f)f’(-) € ]—'i’f’ and m — fo)f(g) € B%)’p.

A

m. Ay (Of (o74¢)). In the following theorem

It is easy to show that Zlgf)J5 (otyc) =
we shall denote by & := Of (a T JC) the block spin configuration outside A = AN Lgm.
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Theorem 5.1. Let the lattice gas potential U satisfy Condition SM(£o, b, B). Then for
each € a large enough multiple of Lo, n € M©O® and A CC L) there exist a family

of local functions {V(Z) Pn)xt® 5 R, X cc £L® }, a real Kj(f)), and an integer
Kk such that

1. for any € € X%¥ we have the absolutely convergent expansion

1
1°gZ§§§;§A5<¥>=K(A‘”—5 Y ©Omi+ Y viFE ., (53)

i€OL A XccL®):
XNA#D

where V(e) p( n) is constant if XNAs = (J; moreover, V(l) p( n)=0ifXNAs =0
and dlamp(X) > K.

Forany X cC L®)

2. we have that V()KJ( n) € ]:f;rf[\c,

3. if X is not pp—connected then V(Z) K‘)( n) =0;
4. if X N As # @ we have that X N (Ag(m K)C %+ @ implies V( )50( n) =

Moreover

5. there exist reals a1 > 0 and A1 < oo depending on £y, b, B, |U||, r, d, and § such
that we have

o™ sup  IVERP Gl < As, (5.4)

AccL®

sup
XeLW yCr).
Xox

where we have set oy := a1 log(ef) and Ag := Ay gD lar+d,
6. we have that

lim  sup  sup  sup [V RT (. m)lleo =0, (5.5)
=00 A ccr® XCA nepm®.:
ﬁff’)(npx

where the limit is taken along a sequence of multiples of £,
7. forany A, A" cC L® and X cC L® if XN A = XN A then V(E) p( n) =

4
ViR? o)

8. let X, A cC L® andn,n’ € MO® such thatny = n/X, then

VAl Com) = ViEE o), (5.6)

We have a situation very similar to the one in [1] where we considered the case of
a torus; the sole difference is that, now, A is an arbitrary finite subset of L®) hence
its boundary can be geometrically complicated. To simplify the exposition, like in [1],
we will treat explicitly only the two—dimensional case. The general d—dimensional case
can be treated analogously, following the methods of [28]. We mention that a similar
expansion has been used in [4] to study coupled maps.
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As in [1] we will transform the constrained system, whose partition function is
zZ, ©. 5‘7(5) into a small activity polymer system. More precisely, we shall prove the
followmg formula

¢ ¢ (),
Z\0 @) = 28 )88 @) (5.7)

where Z ©. K') . (§) is a product of partition functions on suitable finite volumes; the depen-
dence on m of the single factors is local. Moreover, the reference system around which

we perform the perturbative expansion is described by the partition function Zr(f )}f'; &).

On the other hand Ef,?}\pa (&) is the partition function of a gas of polymers, see (5.43)
below.
The expression (5.7) is well suited to compute the renormalized potentials; in order to

get good estimates on them we need that the polymer system described by E ,,(z) » Ay () s
in the small activity region thanks to the uniform bound in Theorem 4.1. In other words
the bound (4.9) implies that the finite size condition of [28] is satisfied on As. More
precisely, recalling the notation introduced in Subsect. 4.4, there exists a real C < oo
depending on ¢y, b, B, ||U|lo, , d, and § such that for £ multiple of £y, m € M® and
i € L) we have

¢
©. K)E(p) (U+U 70) Z( ; K)L(p) (§+§—T0) C
sup sup sup ( ) " -1 < 7
k=l,..d [ePik o reXts Zm,mﬁfs@’ (04+¢-70) Zm,mﬁfg‘“") (Syo-70)
(5.8)

We start, now, the computation yielding the expansion (5.7). We pick A cC £® and
n € M©-#; to simplify the notation we set m = (’)ﬁ,n and A :=As = AN Egp) n).
Recall egm = ($¢,0) and e(p) = (0, g); we partition L) into the four sub—lattices
A= 09 B .= £ 4 eém, C:= L% 4 egm + eép), and D := L) + egm.
We label the points in those sub—lattices by k € £%#) as follows: Ay :=k € A, By :=
k+e(p) e B, Cy = k+e(p)+e§‘p) B +e(p) eC, Dy = k+e(p) Cr— (p) eD.
) a5 horizontal and as eép) as Vertical.
Recalling definition (4.4) for £ € X4¥ x € E(W we define the function Eﬁ;g('E) :

X459 5 Ras

It is useful, here and in the sequel, to think of e,

, {x} (77) ifxeA
ERmlE) =10 ifx & Aand g, =& (5.9)
—00 if x ¢ A and n, # &

where we recall that by E f)’f}o we mean E {(x; , see the discussion below (4.5). We shall
understand, below, exp{—oo} = 0. We have that Ef’,éz(~|§ ) € f{af; we notice here that
in the following we will sometimes misuse the notation and write Efii(nx |€) instead

of £’ to A (1118). We define the interaction WX ¥ X, : X9 — R between two disjoint sets
X1, Xy CC LW by setting

le . ple L0 t,p
WXI X2 EX]UXz EX] - EX2 . (5.10)
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Notice that WX X, € .7-';; Ux,- Forx € L&) we define the function Wffi S xbe 5 R
by setting

0 ifx & A

BN .

W{x},AUBUC ifxe AND

whe = Lyt ifxeANC (5.11)
A S (x} AUBUDNAsy X € : .

~0 0 .

W{x} AU[(CUD)NAC] ifxe ANB

W{x},(BUCUD)mAC ifxeANA

By using definitions (5.9), (5.11), and choosing ¢ large enough such that p = d¢ > r
(recall r is the range of the original interaction, so that the block spin interaction has
range one), we have that for 5, & € X#, such that nac = &ac,

HY" ) = 3 [EGF@IE) + Wl () + E5P i) + WP ()
ke L)

ESE (lE) + WEP s () + E5P (118) + Wi s ().

(5.12)
For V C L) we introduce the set
(Z) ® . ©, ? 2 4,
Vamvi= @ Xi® @ X (5.13)

xeANV xeANV

as usual if V = £® we drop it from the notation. Hence, we have that for £ € X%#
the partition function in A can be written in the following way:

Z0P® = ) exp{HyY (nEae))

©),p
‘)(m A

> ( I1 exp{Ef{lfA(OtAkE)-l-Wﬁ’fA(OlélSuCuD)})

eV HeE

> (TT exo{EGSaBa16) + WyPy@Bécu)))

£), 2
gt L

> (T e lBeSa0ee) + Weia@Byep))

(©), so 29)
)/EyA m, kel

S (TT exe{ESaGnle) + Wyis@pyd)}). .14)

£),8 2,
¥y kL™

Notice that although the sum defining the partition function is extended to the volume
A, it is convenient, for practical reasons, to consider the sums extended to the whole
lattice £, This has been realized in the last step of (5.14) via the definition (5.9) of

. ),
the function E vA -
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In order to get (5.7) we perform a sequence of decimations; we fix £ and sum over
8, y, B, and, finally, « following this prescribed order. At each decimation step, we
perform three operations, called unfolding, splitting and gluing, which will show that
the system of variables corresponding to the sub-lattice involved in the decimation is
weakly coupled. This weak coupling is a consequence of the factorization properties of
the partition functions on suitable finite volumes which follow from (5.8).

We pick a reference configuration 77 € X'“% and let & := ja£ac. By computing the

last sum for § € yg);fp in (5.14) and recalling g > r, we get

o T exp{EpSaGole) + Wpla@pys)l = [] Z4 55 na@Brép),

[(ON°] 2p) Q)
sV kel kel

(5.15)

B

where from now on we understand Z;f’)é,’p = 1. We also note that Zr(rf,){gk}ﬂ A depends

only on the block spin configuration in the boundary of { Dy} N A namely, Z,(,f ) fgk}ﬂ A €

0.0
}—3(‘") H{DeInAY

(5.9), when (5.15) is plugged into (5.14), the function Zr(»f,)fgk}ﬂ A (+) will be evaluated in

in particular it does not depend on &p. Finally we note that by definition

the configuration (aBy)a&acup-
Given Dy € D we denote by (8y)u, resp. (By )4, the restriction of the configura-
tion By to the half-space above, resp. below, Dy. We now unfold the partition function

Z,(’f?{’gk}m A in the eg") direction namely, we write

Z8 a@ByEp) = ZWi L (@(BY)u(BY)aéD)

2y e @BYuEsuc)aED) 2,5 aa @(BY)aEsuc)iEp)

Y’ -
an?{gk}mA(aéBUCUD)

x[1+ ®p, (@By. ©)]. (5.16)

where, recall £ = fja£ac, we have defined the function ®p, : XQSDBUC x X4 > R
as follows

0), z 0), z
Z,(n?{gk}mA(Ol(ﬁV)u(ﬁV)dSD) an’){gk}nA(aéBUCUD)

Z\8 oA @By uEsuc)aEp) Zu 5 aa@(BY)aEBuc)uED)

Qp, (aBy, &)= -1,

(5.17)

which can be considered as an effective interaction potential among the «, 8,y —variables
due to the decimation on §. To simplify the notation we do not make explicit the para-
metric dependence of ®p, on g, A, and m. From the measurability properties of the

partition function Zr(f?{’gk}m A We get

N2 _ rtep e
®p, (-, §) € ]:zf(m{l)k}m(AuBUC) = Faorp,y and P (aBy, ) € f§<@>{1)k}mAc

(5.18)

foralla € X547, p € X5%, y € X7, and & € X%, where we recall the definition
of boundary given in Subsect. 2.1. The bound (5.8) implies that ® p, , as well as similar
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effective interactions that will be defined later on, is uniformly small. We note, finally,
that &p, =0if (D} NA = 0.

We next split the product of the numerator in (5.16) in the e ) direction namely, we
write

[T 245 0a@BruEsuc)aép) Z3 5 na@(By)aEsuc)uép)
ke L)

[T 2 ibra@®ByiEsuerddn) 200 o (@By)aEsuc)uép)-

(2p)
keLC9) m,{Di+ey " INA
(5.19)
By (5.15), (5.16) and (5.19) we have that

ESP  (ve, |+ WEE | (aByED) EP  Gp 18 +Wp2  (@Bys)
Z 1_[ e CaVCr Cr:A Z 1_[ PR SN Dy;A

yey@).p ke L(29) 563223,);5‘,’1; keL(29)

l_[ Z {Dk}mA(WSBUCU’D)
keL®)

EL® +WEY £
x> [ [efantal et o 4 o) @py. )

0.0 2p)
yeyA ,m,C kel

xZy i s @B u(Epuc)eEp)Z P
2,8\ (@p) : )
[ l—[ m.CxNA 3®) {CLINCAUB)S[0®) {C)N(AUB) ¢ }

4
Z8 o @éBueup)

(@(By)aEsuc)ép) ]

m { D+ InA

keL(®)

x Y velrleg, &) [] 0+ @p, @By, &), (5.20)

[ON® ®)
VeyA,mK,)C keL®

where we have defined Gk = {Dy + 8;260), Cix, Di} € L®), see Fig. 2 below, and
introduced the product measure

velap, &) = ] ve(velep, &) (5.21)
ke L(29)
with
ve, (ve B, Ep) = exp {ECS 5 (v, |6) + WS s (aByép) )
Z8 oa@ByuEsuc)aép) Z0F L (@(By)aEBuc)uép)

m, (D+e 1A
X

), z
m,EkﬂA((aﬂ)a(p){Ck}m(AUB)S[ﬁ(p){Ck}ﬂ(AuB)]C)

(5.22)
To simplify the notation we do not make explicit the parametric dependence of vc, on
£, A, and m. The definition above is well posed because the right-hand side depends
on the configuration y only through its restriction to Ci. Recalling ¢ > r we have

that Z“)C‘f’m L€ fjgg[ &, > MOreover by using definitions (5.22), (5.9), (5.11), and the

properties of measurability of the partition function Z( (Diyna We get
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L,
Voo 8) € Fuf s W veve b ) € BT (5.23)

foralla € Xﬁ(p, B e Xé’p, y € XCZ’(Q, and & € X,ﬁ’p. Moreover, we remark that v, is

a probability measure on y(jf;f {c,) Since the gluing identity

0),p £
mfkmA((“ﬂ)aw{Ck}ﬂ(AUB)S[a%"){Ck}ﬂ(AuB)]C)

= Y exp{EcT\(rel6) + WeEs @Byép))

(),
Yk €Yam.c,

X Zipana@BYuEsucbn) 200 o, @(BeEuciiép)
(5.24)

holds. We finally remark that v¢, (yc, |28, ép) = ][{Vck —Ec,) whenever Cy & A.

By following the procedure of [1], with the modifications illustrated above, we
straightforwardly get (5.7) with

(13) . OX) z
(S) Z &)

= (), ANA m,{Dg}NA

Z;;,)AKJ@) = | | m ‘ .

©.9 705
kereo Zmiina® Z, &0 @)

(5.25)

where Fj, := {Cy — e?m, By, C} and Avk = {A} U 8(25"){Ak}, see Fig. 2, and

V@ = Y T vac@aldd) (1+ Wp, (@ &)(1+ Wa, (@ &)

eV ke
x(1+ ®p, (a,§))
Yo T veBsde. ® (1+ ®c (@B, ©))

ON> 2,
eV ke

o T vaele.®) (1 +@p@py.£).  (5.26)

[(ON* 2p)
VeyA,mK.)C keLE®

where the W’s and ®’s are error terms similar to the one explicitly defined in (5.17),
and each v, is a probability measure on yf},f o1 forx € AUBUC, similar to the one
in (5.22). All these functions can be defined as in [1], we do not enter here into these

details, we just recall their measurability properties. For each « € Xﬁ“p, B € Xé‘@,
y € Xé’p, and & € Xt® we have

0,0 N2 L,

cbck(-’ é) S Fa(p){c }ﬁ(AUB)’ CDCk(Olﬁ ) € .FC }(P) ZQAL q)Bk(' E) S Fa(p){B }ﬂA’
o

Qp, (a, ) € f;gk}wmwc, Up, (-, 8) € ff(m{p na Yoe(e ) € f{io D nac’

Wi (. 8) € Fy¥, W, (o, ) € ffA 20 g

(5.27)
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and
v (Bry |- &) € Fiub , vB(Brlar, ) € FLP and vy, (@A |)
3@ {BrINA k k {Bk}(mzﬂAC k k
€ f{‘fA 3y (5.28)
We also set
vp(BI§) = 1_[ vp(Bpla, &) and vg(al§) = 1_[ va(aalé) (5.29)
BeB AeA

foralla € X457, p € X3, and § € X409

We next rewrite the functions Z ©. K) and B ’“( ), p having in mind that our goal is the

definition of the family {V;f}f", X CcC E(@)} whose existence has been stated in the

theorem. We first define the collection of subsets of the lattice £

U UDi). Ch. Fr. Ay (5.30)
keL09)

and for all k € £ we set
gD =+1, g(A) =+1, g(F)=—1, and g(Cp)=—1. (531)

From (5.25) we then have

log Z, ¥ (&) = Y 2(G)log Z\, % A (B). (5.32)
GeG

Recalling that we always understand Z r(f )f = 1 and that A is a finite subset of the lattice

L®) we have that the sum in (5.32) has indeed a finite number of terms. We prove, now,
that

> %m%:Zg(G) > %m% (5.33)

ieOLY Geg i€0L(GNY)

forall Y ¢ £ Indeed, we first remark that

Y 86 Y %m?z > %m% > g6 (5.34)

Geg i€0L(GNY) i€OLY GeG: OLG3i

The identity (5.33) follows from (5.34) once we prove that ZGEQ oL G>i 8(G) = +1for
eachi € £©. Pick i € £L® and suppose there exists k' € L£2®) such that i € OZ {Dyr}.
The only G’s of G such that (’)Z G > i are Ak/ A (2p), Ck/ C
Fig. 2. Then

ke8> and {Dk/} see

Y. 86 =g +8(A, e0)+8C) +2(C, o) +8UDK) =+,
GeG: 0L Gai
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c D

kfe(]%)) By Cr k‘*'f;zp)
D C

=3 la, oy Ci -3 g g Dy

B
ke 28 Dy

c C

k7€=2§7) 7e(22 ) kfe(zzé/'))

Fig. 2. From the left to the right the sets Zk, ék, Fr,{Dy} C L) are depicted for some k € £,
Solid circles denote the sites belonging to those subsets; intersections of lines represent sites in L£®)

where in the last equality we have used (5.31). The other three cases, wherei € Oé) {Ar},
i € Oﬁ){Bkr}, ori € Oé{Ckr} for a suitable k¢’ € £#), can be treated similarly.

We recall that ,ug(, for X CC L, is the finite volume (grancanonical) Gibbs measure
of the original lattice gas, see Subsect. 2.5, x is the infinite volume compressibility

defined in (2.8), and that for i € £ the function M") is defined in (2.11). Then for
G € G we define the |(’)6‘;(G NA)| x |O§,(G N A)| covariance matrix

(),7 a, 0040 0 2,0
(VGQA)i j =2mxt MO (épmA)(M,' > Mj ) (5.35)
fori, j € Oé) (G N A), with 7 the reference in X©-% chosen before (5.15). We under-

stand V((f)’ﬁ is equal to the 1 x 1 matrix with its sole element equal to 1. We let, as in
Subsect. 2.5, Zx (t), with X CC L and t € X, be the (grancanonical) partition function
of the original lattice gas model, on X with boundary condition 7. Then we define the
real

K = Zg(G)log[Z@p(GmA)(OgOpn)/ detwggg] (5.36)
GeG

By using (5.32), (5.33) for Y = A, and (5.36) we rewrite log Z( ), K"(&) as follows

y , 1
log Z\W@E) =K — > Smi

i€OL A

7. 0,7
+28(G)[10 Zy,Ga(E)y/det Vi LY lmz]'

Z0,Gna) (O OL )

Geg i€OL(GNA)

(5.37)

Consider, now, the function Eff?’f defined in (5.26); we show that it can be rewrit-

ten as the partition function of a gas of polymers. We first associate to each error term

®p,, Pcy, ..., Yp, appearing in (5.26) a subset of the lattice that will be called bond.
More precisely, for the ® error terms we set

e(®p,) = 3D} U (3 2(Dr} N A), e(Pc,) := P {Ci} N (AU B),
e(®p,) = (B} N A (5.38)
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Dy

Ck By Dk A

Fig. 3. From the left to the right the bonds e(®p, ), e(Pc,), e(Pp,), e(Vp, ), and e(V 4, ) are depicted
for some k € £28). Solid circles denote the sites belonging to the bonds; open circles denote the site
labelling a bond; intersections of lines represent sites in £

For the W error terms we set
e(Wp,) =39 DN A and e(Wy,) = {Ar), (5.39)

see Fig. 3. Moreover, in this section we denote by

&= U {e(Ppy), e(Dcy), e(Pp), e(Wp), e(Wa)} (5.40)
ke L)

the collection of all the bonds. For each e € £ we denote by ©, : X z’fj ue XX Ly 5 R
the error term with which the bond e is associated and we call it weight of the bond; for
instance if e = e(®p,) then ®, = P p,. We notice that by expanding the products in
(5.26) we get also addends with a single error term which must be averaged against the
measures v’s; the bond have been defined so that the infinite volume average in (5.26)
can be replaced by the average restricted to the bond itself. More precisely, consider the
bond e € £ and the corresponding error term ®,, by using (5.18), (5.27), (5.23), and
(5.28) we have that for each & € X9,

Yo DT va@®vsBla. HHve(viap. §) OBy, §)

[ON% (), 0).0
aEyAm,.A ﬂEyA.m‘B yeyA,m.C

=Y X X J]va@a® []vaBsle.s)

aey(AZ,)}:rf‘.)eﬁA ﬁey(Al,)lf,)eﬁB yey(Az,)rf.)eﬂéeemA Beens
x [ velrclas, ) OBy, &). (5.41)
CeenC
Consider, now, a collection {ey, ..., ex} of pairwise different elements of £, we say
that such a collection is a polymer if and only if for each i, i’ € {1, ..., k} there exists

i1,...,is €{l,...,k}suchthate; = ¢;;,e;; Nej, # O, -, e;,_, Ne;, #0,e;, =ey.
We denote by R the collection of all polymers and for each R € R we set

R:=|Jecc®. (5.42)

ecR
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By expanding the products in (5.26) and by standard polymerization, for & € X*# we
have that

— 0),&
BN E =1+ > ]"[;,;)Ri’,A(sx (5.43)
k>1 Ry...ReeR: j=1
R,-ﬁRj=(2),t#j

where the activity QE;Z)RK) A associated with a polymer R € R is given by

G @ = > Y Y va@®vsBle. e vlep. ©)[ | Ocepy. £)

"‘ey(f,)mé?Aﬂ y(A[.)mK?BV y(A[,)W[fC eck
= 2 2 2 I vatuw
aeyw)pRmAﬂ y(Z)IVPN Ey(AZ,)r.n&.)Emc AeRnA
x [T va®Bsle, &) [] verela, &[] OcBy. &), (5.44)
BeRNB CeRNC ecR

where the last equality holds by the same arguments used to prove (5.41). We remark
that the sum in (5.43) is restricted to a finite number of “non—intersecting” polymers,
indeed the error term ®, associated to a bond sufficiently far from A is equal to zero.
This can be easily checked in the case of ®p,: by using definition (5.17) and recalling

Z’(n[)é@ =1, we have that {Dy} N A = J implies ®p, = 0. By looking at the definitions

of the error terms 0., those given in [1] and suitably modified as we did in (5.17), it is
easy to check that for each e € &,

e c A = ©,=0. (5.45)

Finally, we note that the activity {n(l )RBOA (&) of apolymer R € R is a local function of &,

indeed by using (5.44), (5.28), and (5.27) we have that

((ON3) L, g

éhm R.A € f(Ruam) 2R)NACT (5.46)
Let us consider a collection of polymers {R1, ..., Ri}; we say that it is a cluster of
polymers if and only if for each i, i e {l ., k} there exists iy, ...,is € {1,...,k}
such that R; = R;,, R;; N R,2 #0,-, R, ﬂ R;. # 0, R;, = R;. We denote by R

the collection of all clusters of polymers and for each R € R we set
= JRcL®. (5.47)

ReR

We finally introduce some combinatorial factors as follows: let F(Ry, ..., Ry) be the
collection of connected subgraphs with vertex set {1, ..., k} of the graph with vertices

{1,..., k} and edges {i, j} corresponding to pairs R;, R; such that R; N ﬁj # ), then

1 .
pr(Ri, .. Ry = ) (Dt (5.48)
" feF(Ry,....,Ry)
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we set the sum equal to zero if F is empty and one if k = 1. Then, by a standard cluster
expansion, see for instance [22,24], under suitable small activity conditions that we shall
specify later on, the polymer gas partition function (5.43) can be written as follows

log B, ¥ (6) = > ¢r(R)Gs 1oa (), (5.49)
ReR

where for each R € E we have set

(Z) [ 0, L,
m R,A "™ 1—[ é‘m R,A € f(Rua(pﬂR)nAc (5'50)
ReR

As remarked above, see (5.45), the activity of polymers containing at least a bond e
such that 2  A® is equal to zero, so that only polymers with support close to A have
non—zero activity. Nevertheless, the sum on the right—hand side of (5.49) is infinite due
to the fact that in a cluster of polymers a given polymer can be repeated arbitrarily many
times. We next prove that for £ a large enough multiple of ¢y the series is absolutely
convergent. We shall use the technique developed in [8] to get a uniform estimate of the
sum of the activity of all the polymers whose support contains a given site x € £®);
such an estimate will be then used as the input of the abstract theory developed in [24]
to estimate the sum (5.49) which is extended to the clusters of polymers whose support
intersects A.

Let e € &£, consider the corresponding error term ®,. By looking at the definition of
®p, given in (5.17) and at the similar expressions in [1] for the other error terms we
have that (5.8) implies

sup  sup  sup  sup |@c(afy. )| < (5.51)

anﬁ"@ ﬂeXé’p yeXé"p feXty

~| 0

for £ a multiple of £y. Consider, now, a polymer and its activity g“n(f’)l’f’A defined in (5.44);
from (5.51) we have the bound

0),
a7 lloo < H ~ < R, (5.52)

eeR

where we have set ¢ = ¢(f) := (C/E)l/(z"/), with k¥’ = «’(d) the maximum cardinality
of the bonds (equal to 12 in dimension two, see Fig. 3), and we are considering £ so
large that £(€) < 1. We remark that for the current purpose it would have been sufficient

to define £(¢£) = (C/£)!/ ¥’ the extra factor 2 will be used in the proof of Item 5.

For each polymer R € R we set, now, (g = (r(£) := [8(6)]‘E I'and we prove that
for ¢ large enough

sup Y Lr(@e® <1 (5.53)
xeLw) ReR: Rox

Indeed, from (5.38)—(5.40) we have that there exist a real k” = «”(d) such that |{e €
£: e3x}| <«”forall x € L#). Moreover by choosing ¢ large enough we have that
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exp{c”} < [ee(2 — es)]_l_. We can now perform the estimate in [8, Appendix B], by
replacing there ¢ (R) with ¢g, o with eg, and ¢, with 1, to obtain

«"

_® _1
IR p e
sip > el < ean’[14 — = B CED
X€L®) p R 1 + (eg)?eX” — 2ece

The bound (5.53) now follows trivially for £ large enough.
We are now ready to apply the abstract theory developed in [24]. Given a polymer
S € R, by using (5.53), we have that

YooY N M <iSl = Y or® [[ k<18 (559
ReR: xeS ReR: ReR: ReR
RNS#H Rax RNS+#0

where the last bound is a direct consequence of the theorem in [24] whenever we choose
there a(R) = | R|. The absolute convergence of (5.49) for £ large enough follows easily
from (5.55) once we recall that the activity of a cluster of polymer R suchthat RNA = ¢
is equal to zero and we note that for £ large enough,

0§ = =
12N oo < @) < Zr, (5.56)
where the first inequality is just a rewriting of (5.52).

Proof of Theorem 5.1. Item 1. First of all we recall m = Ofon and define the family
V)(f)[’\@ in the following way: for any & € X,ﬁ"" and X cC L£®) we set

0.0 = 0.7
Zr(n,)GpmA(é) \/ det VE;%X L,
+ 2 ""i]

ViRPEm =" ¢(G)] log

=
poed Zo,Gnn) (Oe0Ogn) cOLen)
c® _x ®
£),§
+ D T (R g oA 6. (5.57)
EEE:
Rua®)2R=x
We prove, now, that for any X CC L£®),
XCA = v =o. (5.58)

Indeed, let X C A°. Since
G” =XCA — GCA® — GNA=#=GnNA

we have that the first sumin (5.57) is zero. Moreover, since EUZJ(K")*ZE =X C A° CAS,
definitions (5.44), (5.50), and (5.45) imply that the second sum in (5.57) is zero as well.
The expansion (5.3) finally follows from (5.7), (5.37), (5.49), and (5.57).

Suppose, now, that X N A = @, by the same arguments used above we can easily

prove that
7
Vet Vi 1
2
+ E Em’]

Z0,Gnn) (0cOL )

P = 3" ¢G)|log
GegG:

i 3
e i€OL(GNA)
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Hence, V)(f)[{p (-, n) is constant. Finally, we note that if we also have diamy,(X) > 5,

then V)(f)/ip(~, n) = 0 since there exists no G € G such that E(p) = X. The proof of the
item is completed by choosing « large enough; in dimension two x > 5 does the job.
Item 2. The statement follows from (5.57), the measurability property (5.50), and the
following remarks: since o > r, where r is the range of the original lattice gas inter-
action, Z,(,f?;,p(-) € f;gg))y forall Y ¢ £®): 3®)[G N A] C X whenever E(W = X;
En =1]A-

Item 3. The statement is true by construction.

Item 4. The statement trivially follows from (5.57), (5.45), (5.40), and (5.30) by choosing
k large enough. In dimension two it is enough when k > 8.

Item 5. We first recall that U is the potential of the original lattice gas model, r its
range (see Subsect. 2.5), £o9, b, and B the strong mixing constants (see Condition
SM®) (£g, b, B) in Subsect. 2.4). Pick x € £%), and let «; > 0 be chosen later; by
using (5.57), the triangular inequality, and the fact that |g(G)| = 1 for all G € G, we
have

0).¢
Z % Tp(X) sup ||V)((’1\p(', ) |loo

Xox ACcCL®)
0. £ (O8]
209 @& JaeavT 1
T. (X m,GNA GNA 2
SZ@M »(X) sup sup Z ‘log 7 (.00 ) + Z —m;
Xox Accﬁ(p)ée?f“‘pic(egz Op GO o Gnay
G®)=x
0),&

Y e o gup 3 w@r;,;};gc)H , (5.59)

e ACcL®) B o0

ReR: RUI®)2R=X

where T, (X) has been defined in (2.1), a is as in the hypothesis of the theorem, and
A=AancLd.

We now bound the first sum in the right-hand side of (5.59). By (5.30) we have that
the terms corresponding to X C £ such that diamy,(X) > «, where « is as in the
proof of Item 1, are equal to zero. Consider, now, X CC L) such that diam(X) < «;
we have that

e(nggJ(X) — (ee)alTp(X) < (ez)(lf—l—l)dal.

Moreover, since for each G € G one has diam,,(G) < « — 2, there exists a real (o
depending on £y, b, B, |U ||o, r, and the dimension of the space d such that

@.0 (O8]
Z (&)4/detV 1
sup  sup ‘log mGna K(im\ + Z —m?| < C'¢4.
ACCL® X% G5, 20,Gnn) (OeOp 1) i€ (GNA)

¥ _x
Indeed, the bound is easy for the logarithm of the partition functions, follows from (2.10)
for the ml2 /2 contribution, and follows from the strong mixing condition SM({, b, B)

and the result in [1, Sect. 4] for the det Vg%z terms. We can therefore conclude that the
first sum in the right-hand side of (5.59) is bounded by
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X cC L% : X 50, diam,(X) < x| x (@) TVt 5 ¢'¢d =; gD ertd
(5.60)

where 0 denotes the origin of the lattice £, _

We bound, now, the second sum in the right—hand side of (5.59). Recall ¢ has been
defined above (5.53) and choose ¢ so large that e(¢) < 1. Let X CC L®) we claim
that for each cluster of polymers R such that R ua®: 2R X we have that

1—[ g = 1—[ IRl < IRl < XI5 < (Tp(0/5% _ ((Tp(X)/5Dloge. (5.61)
ReR ReR

where we have used Ty, (X) = | X| — 1. We choose o < 1/(2- 59k, recall k" has been
defined below (5.52). By taking ¢ large enough we have

% Tp(X) 1_[ r<1 (5.62)
ReR

for any X CC £® and R such that R U 92K = X. Therefore, recalling (5.52), the
second term on the r.h.s. of (5.59) can be bounded by

D et N o) [ [ @r)°

X>x ReR: ReR
RUI®)2R=x
< D der®I [ ar= D] Z ler®! [ ¢r
X>x ReR: ReR ect: ReR
RUa(®)2R=x 2(9)25x Rﬂe#—(ﬂ
< Y lel=:«"(d), (5.63)

ect:
2(8):25y

where we used (5.55). The bound (5.4) follows from (5.59), (5.60), and (5.63) by setting
A =C" +«".

Item 6. Pick A cC LW, X c A, n € MY such that Egp)(n) D X, and set
m = m(n) = (’)ﬁ)n; then A ;== AN E(’p) D X. Since g > r, where r is the range

of the original lattice gas interaction, Z( ): p() € ff(f)y for all Y C L£®); then for

each G € G such that E(@) = X we have Zr(f?Gp IS ff}p. Recall, now, that 7 is the

reference configuration picked up in X'“# before (5.15) and that for each £ € X“# we
set £ := naéac. Hence, for G € G,

GV =XxcA = ix=ix = 292@ =28 @. (5.64)

By using (5.57), (5.64), and the triangular inequality we have that

( ), @ / (O8]
- ZO (008 2
GegG: & ® ieOtG
o®_x P (5.65)

Y (R A0 H

ReR: RUI®).2R=Xx

+
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The estimate (5.63) provides immediately an upper bound to the second term on the
right—hand side of (5.65) vanishing as £ — co. We consider, now, the first term on the
right-hand side of (5.65): we first notice that (5.2), (4.5), and (2.11) imply

0.0, = _ HE (Chige) _ He(0(Og08 i) ge)
Zm G () = Z es - Z € v :
ceXx N
M )(an(i))=m,-,i€Oﬁ)G
Hence, we have

(Z) K)( )

ZOPG(OZO )

where we recall the notation for the Gibbs measure associated with the original lattice
gas potential U, see Subsect. 2.5, with activity z. Recalling that by hypothesis U satisfies
the strong mixing condition SM({g, b, B), from Lemma 4.2 we have that there exists 56,
amultiple of £¢, ', and B’ positive reals, such that U satisfies SM(¢;, b’, B’) uniformly
w.r.t. the activity in a neighbor of z small enough. We can then apply the local central
limit theorem [1, Theorem 4.5] and (5.66) to write

Z(Z) 60(7]) /det V( )1 1 5
‘ log +Z i
i

005 .
“O;GK,:({M;[) =mj, I € Oﬁ,G}), (5.66)

20,6005 ) corG 2
1
O, Ol)- . —
= ‘log [“O;G{':({Miw) =m;, i € Oﬁ)G})\/deth)’n] +Z

icOLG

1 d (y(0):71y—1 O
<5 30 (s — 2t VT Yy |+ og(1 + R G ol
i,jeOLG
(5.67)

where there exist two positive reals 8’ and C; depending on G, ||U o, and 8, such that

o Ci
sup sup |RO[OG(m)| < v
i L
TEX e MO: L (O m)>G

Moreover, by using the strong mixing condition it is not difficult to show, see results
in [1, Subsect. 5.2], that there exists a positive real C, depending on ||U |0, such that

Cz
A
By using (5.65), (5.67), (5.63), and the two above estimates we get

8ij — 2 x (VG !

(),
sup sup sup [V T Cm)lleo
ACCL® XCA nem©.9.

£ myox
< G " —oyp
< sup sup —|G| sup m + 7)) T e
XCCL® nem®-9:  Geg. 2t lEO( G ¢

z:(m(nbx T®_x

<2 <C2|G|2Z]/3 28+ZC3'/14)+KW6_W'
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By taking the limit £ — oo we complete the proof of (5.5).

Item 7. Suppose X N A = X N A/, then we have X N A = X N A/, where A" :=
N Eép) (n). The thesis follows from (5.57) and the explicit expression (5.44) of the

activity. The key point is that the sums in (5.57) are extended to subsets of the lattice

inside X and to a cluster of polymers R such that R C X, and the intersection of A and

A’ with X is the same.

Item 8. It follows directly from (5.57) and (5.44). O

6. Construction of the Renormalized Potential and Convergence

In this section we construct the renormalized potential and prove the main Theorems 2.1
and 2.2.

6.1. Cluster expansion in the bad part of the lattice. In this subsection we apply the
framework in [2] to develop a multi—scale cluster expansion for the constrained model
in the bad part of the lattice on the basis of the uniformly convergent cluster expansion
in the good part of the lattice proven in Theorem 5.1. Recall that in Sect. 4.1 we have
introduced g = d¢, with £ the renormalization scale and d the dimension of the lattice,
on which we have defined the notion of goodness.

We are now ready to evoke [2, Thm. 2.5]. Let M©-® < M©-# be the set of full
v(©-®_measure in Theorem 4.4. For each x € L&) and n € M©-® we let ky(n) < 0o
be the integer such that Item 6 in Definition 3.2 holds true and set

1 1 ®)
0= [1 — (1 + — log Ae)] v0 and r7(n):= [Fkx(n) + 279kx(n)] Vo,
6.1)

where ¢ := 273372 and o, and Ay are as in Theorem 5.1.

Theorem 6.1. Let the lattice gas potential U satisfy Condition SM(£o, b, B). Let ', y
be the two moderate steep scales in (4.19), and M©-® < M©-® be the set of full
v -8 _measure in Theorem 4.4. Then for each € a large enough multiple of £y, each

ne MY® and each A CC LS there exist two families of functions {lIJ( ). 6/)( n):
X9 R, X CC L) and {0 (. n) : X9 — R, X cC L%} such that

1. For each & € X%% we have the expansion
0.6 : 1
log Zé%’ (O =K - 5 2 (O}
i€OLA

+ Y [wWrem+olfen].  ©2
XNA#)D

where KI(\KJ) is as in Theorem 5.1.
2. For each X CC L®) we have \IJ}((Z’)/’\@C, n), <I>(£) p( n) € F;;QAC
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Moreover; for each n € M©-®
3. Foreach A, A" CC L), and each X CC L®) we have

XNA=XNA = WO Cn) =v () and &7 ¢.n) = 0 n).

4. Letx € L9, forany X cC LW if X 5 x and diamg, (X) > r)(cp) (n), then for each
A cC L®) we have \IJ( ). K’)( n) = 0. In particular, for each x € L) there exists

a positive real c(p) (n) < oo such that

4
sup W Comlloo < ¢ (). 6.3)
Xox ACCL®)

5. We have

sup ) et im0 qup @ ()l

xeL® o\ AcCcL®)

1 4 e—q2e/Qd)) g
te ) (6.4)

< pae/d e—qam/d<—
- + 1 — e—qae/Q2d%)

Proof of Theorem 6.1. By Theorem 4.4 foreachn € M- there exists a gentle disinte-

gration G(n) of £ with respectto Go(n) := L‘ffo ) (n),T",and y . Moreover, Theorem 5.1
and (4.19) ensure that for £ large enough [2, Condition 2.1] is fulfilled with A and « given
respectively by Ay and oy /d. Note that the factor 1/d is due to the fact that here we are
using, as distance on the lattice L) the supremum of the coordinates, while in [2] we
used their sum. Moreover, we note that Items 1—4 in the hypotheses of [2, Theorem 2.5]
are satisfied by the scales I', y in (4.19).

Items 1-5 are, then, a simple restatement of results in [2, Theorem 2.5] once we
define the real

¢ (n) = Ay + ke () Thy oy + 1+ 204, ()™
x [ (1og2 + |U1lo) + k (n)(1 v Ap) (87 + 1] 6.5)

foralln e M©O-® andx € L. 1

6.2. Locality of the renormalized potential. To prove the Gibbsianity of the renormal-
ized measure we need to introduce functions of the renormalized variable n which will
play the role of potentials. In the subsection we state and prove a locality property of the
finite volume potentials.

Theorem 6.2. Assume the hypotheses of Theorem 6.1 are satisfied. Let also X, A CC
L n.n' e MO such that ny = n’X Then

The proof of Theorem 6.2 needs to some extent the details of the recursive construc-

tion of \IJ( ). p and CD( )9 XA provided in [2] to which we refer for more details; we outline
here the mam idea beneath the computation.

We pick n € M©# and recall the notion of gentle disintegration given in Defini-
tion 3.2; for j > 1 we say G, G’ C G>(n) are j—connected iff G N G' N G(n) # 0.
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A system G4, ..., G with G, C gzj (n) is said to be j—connected iff for each h, h’ €
{1,..., k} there exists iy, ..., hy € {1,..., k} such that G, = Gy,, th, = Gy and
Gy, is j—connected to Gy, foralli =1,..., k' — 1.

A j—polymeris a collection {(G1, s1), - - - , (Gk, sx)}, with G;, C G=(n) and s, > 0
integers for h = 1, ..., k, such that the system G, ..., G is j—connected. We denote
by R j(n) the collection of all the j—polymers. Given a j—polymer R = {(G1, s1), ...,
(Gk,sp)landi > jweset R|; := U;;:l GnNGi(n) CGi(n)and R [>; == Jys; R4
C G>i(n). We also introduce the support of the polymer

k
supp R := U Yy, (Gp) C L% with  Y(Gp)
h=1
— {x eL: dy(x, Q¥ (Gp) < +s} 6.7)
for all non—negative integer s and h = 1, ..., k, where we have G = UgeG g for all

G C G>1(n) and we recall O®)(A) is, forall A cc L, the smallest parallelepiped
with faces parallel to the coordinate directions and containing A. Moreover for each
s >0,h =1,...,k, we set ys(Gp) = Ys(Gp) \ Ys—1(Gp), where we understand
Y_1(Gp) = @. We note that the set Y;(Gj) will realize, see (6.14), the volume cutoff
mentioned at the end of Subsect. 2.8.

Given two j—polymers R, S € R ;(n) we say they are j—compatibleiff R[ ;NS |; =
¢@. Conversely we say that R, S are j—incompatible iff they are not j—compatible. We say
that a collection R = {Ry, ..., R}, where R, € Rj(n), h =1, ...,k, of j—polymers
forms a cluster of j—polymers iff it is not decomposable into two non empty subsets
R = R, U R, such that every pair R| € R|, Ry € R, is j—compatible. We denote by
R ;j(n) the collection of all the clusters of j—polymers. Fori > j, R € R j(n) we set
RTi:=Ugegr Rlis Rl = Ups; R[ir; weset supp R := (g g supp R. We note
that supp R is a pp—connected subset of £,

Forany A cC L®), G cc G>1(n), and s > 0 we define the two collections of
subsets of the lattice

Ya:={YccL®:YNA#@andY N (K(p)’l()c = 0},

Ta(G,5)(n):={Y € TanGom) : §V)(n) = G, Y CY(G), Y Ny (G) # 0},
(6.8)

where for each Y C £ we have set
EXY)(n):={geG1(n): gNY #0} CG>1(n), (6.9)

and « has been introduced in Theorem 5.1. Recalling Theorem 5.1, fori > 1, g € G;(n),
G CC Gsi(n) such that G N G;(n) # ¥, and s > 0, we define the O—order effective
potential

i,0 0),
viVem= Y P,
YeTAEOMm
i,0 0),5
NI USSR S S (G OY)) (6.10)

YETA(G,s)(n)
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We next define by recursion on j the j—order effective potentials: as recursive hypoth-
eses we assume that there exist the families
(wiVem X% > R ACCL)  and (OGN, () X 5 R A cC L
forany k = 0,...,j —1,anyi > k+ 1, any g € G;i(n), any G CC G>;(n), such
that G N G;(n) # ¥, and any s > 0. We integrate on the scale j and define the j—order
effective potentials \Ilg’[() and (D(Gl‘;)A fori > j+1,any g € Gi(n),any G CC G>;(n),
such that G N G;(n) # ¥, and s > 0.

Given g € G;j(n), G CC G>j(n) suchthat GNG;(n) # ¥, and s > 0 we sum all the
lower order contributions, obtained by performing the k—order cluster expansion with

k=1,---,j— 1, to the effective potentials associated with such a vertex, namely, we
define
j—1 j—1
. o : .
W Cmy =Y w00 and g (o)=Y @y (o). (6.11)
k=0 k=0

For each vertex g € G;(n) and block spin configuration § € X 6.9 we define the
partition function

zZhem= Y | Y s+ cEam] ©12)

rex®e yecL®):yna#p
Oén@ YNACgNA

where Uﬁ’p are the original lattice gas potentials rewritten, see the discussion before
Theorem 5.1, for the block spin variable in X (V-6 = X*#_ and the probability measure

) ©).p )
Vg amg ON Ko, Y setting

. S . .
W@ = ) o SN e + W e m)] 6.13)

()
Zg,A(f, n) YccL®): yna#n
YNACgNA
).
forany ¢ € Xoén’g-

We consider, now, a bond G CC G~ j41(n), such that G N G;(n) # ¥, and s > 0;
our aim is the definition of the j—order effective potential associated to such a bond and
due to the integration over the j—gentle sites. We set

R;(G.5)(n)

={ReR;m: Rizjs1 =G, suppR C ¥,(G), supp RN y,(G) # 4]
(6.14)

We define, now, the activity of a cluster of polymers R € R j (G, s)(n), whose set of
vertices of gentleness order greater or equal to j + 1 is given exactly by G, by setting

CRA(C,n) = H Cr.A(,n), (6.15)

ReR
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where for £ € X“# we have set

k
ra@mi= Y [T vk [T[exe {08, aCem} - 1]
h=1

{exwm gER;
Ofn.Kj

(6.16)

forall R = {(Gy, s1),...(Gg, sx)} € R.
We are now ready to define the j—order effective potentials. Leti > j+1, g € G;(n),
G CC Gsi(n) such that G N G;(n) # ¥ and s > 0; then we set

vilCm= Y er (R) CraCn),
RER;(8.0)(n)

oy DA( n):=Ii(G1.9)#£01,0) > or(R) craCon). (6.17)
ReR;(G.5)(m)

In [2, Sect. 4] it is proven that the j—order effective potentials depend only on those
block spins associated to sites of order greater than j lying inside the vertices which
label the function; more precisely

vl (on) e F, and  @L7 (n)eFP (6.18)

<Yo<g)ﬂA°)Ug (Ys(G)NAS)UG”’

where we recall G := Useq &

We can finally define the functions ¥ )((K’)[,\p and <I>gf?f whose existence has been stated
in Theorem 6.1. More precisely for each X, A cC £* and n € M©-# we define

¢
\I’( )60( n) = Lidiam,, (X) <0, XNA£B,E(X) (n)= (/)}Vx Ap( n)

+> > logZ(j)(n)

Jz1geGi(X)(m)

¢
@ )50( n) = Ldiam, (X)>0, XNA-S,E(X) (n) =0} VX D!

+>° Y er (R)rat.m), (6.19)

Jjz1 RER ;(X)(n)
where we have introduced the two sets
Gi(X)(m) :={geGj(n): Yo(g) = X},

R;(X) (n) = {ReR (n): Rl=js1 =0, supp R = x} (6.20)

We remark that the sums over j in (6.19) are extended to a finite number of terms,
indeed for j such that ¢; > diam,(X) the sets G; (X)(n) and Ej(X)(n) are empty for

alln € M©-#_ Foreach X cC L% and j > 1 we finally set
Gi (X)) :={g € G;(n): Yo(g) C X} (6.21)

and G j(X)(n) := Uy ; G (X) ().
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Lemma 6.3. Let X, A CC L®) n,n’ € MO® such thatny = n'y, then

1. for each j > 1 we have gj(X)(n) = gj(X)(n/) and (jzj(X)(n) = gzj(X)(n/);

2. for each j > 1 we have Gj(X)(n) = G;(X)(n') and R;(X) (n) = R;(X) (n');

3. we have Y5 (G, s)(n) = Ya(G, s)(n') forany G C 521(X)(n) = 521(X)(n/) and
s > 0 such that Y¢(G) C X; _

4. foreach j > 1 we have thatEj (G,s)(n) = Ej(G, s)(n') forany G C G j4+1(X)(n)
= §>,+1(X)(n’) and s > 0 such that Y;(G) C X;

5.foreach j > 0,i > j+1, g € G (X)(n) = G; (X) (1), we have ‘I’( /)( n) =
‘I/(l J)( )

6. for each j > 0,i > J—{— 1, G C §>z (X) (n) = g~>l (X) (n") and s > 0 such that

G NG (X)) = GNG (X)) # B and Y,(G) C X, we have ' &) Gn) =

G, ()

7. foreach j > 1, g € G;j(X)(n) = G;(X) ('), we have zé{'}\(-, n) = zi,{'f\(., n');
8 foreach j > 1, R € R;(X)(n) = R;(X)(n), we have (g A (-,n) = LR A (-, 1)

Proof of Lemma 6.3. We first prove Items 1-4 separately, then 5 and 6 by induction.
Items 7 and 8 will be a byproduct of the proof of 5 and 6.

Ttem 1. Let g € G;(X)(n); since X D Yo(g) D Bf;f)(g), Item 2 in Theorem 4.4 and
nx = n’y imply g € G;(n’). Now, g € QNj(X)(n’) follows from g € G;(n’) and the
geometrical property Yo(g) C X. Hence 5 (X)) C § j(X)(n') and, by interchanging
the role of n and n’, we get the equality. The second equality follows immediately from
the first one.

Item 2. The proof of the first equality is similar to the proof of Item 1. Proof of the
second equality. Let R € R ;j(X)(n) and G = {g1, ..., g} := R be the collection
of all the vertices the cluster of polymers R is built of. By definition g, € G;(n) for
any h = 1, ..., k. The definition of support of a polymer and supp R = X imply that
Yo(gn) C X forany h =1, ..., k. Hence, ny = n/X and Item 2 in Theorem 4.4 imply
gh € Gj(n) forany h =1, ..., k, which yields R € Ej(X)(n/). Hence R ;(X)(n) C
R . (X)(n') and, by interchanging the role of n and n’, we get the equality.

Item 3. Recall (6.8),let Y € TA (G, s)(n). Then we have

Y CY(G) and Y Ny(G)#4@.

Moreover, X D Y(G) D Y,nx =nly,and Y € TAOL§p>(n) imply Y € TAﬁﬁgp)(n,).

Finally, £(Y)(n) = G and ny = n’Y imply £(Y)(n") = G. All the properties ensuring
Y € T(G, s)(n’) have been verified, hence we have Y (G, s)(n) C Y(G, s)(n’) and, by
interchanging the role of n and n’, we get the equality.

Item 4. Let R € Ej(G, s)(n), F ={fi1,..., fx} := R[> be the collection of all the

vertices the cluster of polymers R is built of (note G C F) and I = {iy, ..., i} the
collection of integral numbers such that f;, € G;, (n) for any h = 1,..., k, namely,
ip, is the grade of fj. Remark that for each h = 1, ...,k eitheri, = jor f; € G.

We next prove that f;, € G;,(X)(n), for h = 1, ..., k, by showing that Yo(f;) C X.
Indeed, in the case f; € G, we have that G C Cjz.,'_H(X)(n) implies Yo(fn) C X;
on the other hand, if i, = j, then, recall the definition (6.7) of support of a polymer,
X D Ys(G) D suppR D Yo(fn). Now, from Item 1 we get f, € G;, (X) (n) for any
h=1,...,k,whichimplies R € Ej (n”). We remark, finally, that R € E,’ (G,s5)(n) =
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R|>j+1=G.suppR C Y,(G) and supp R N ys(G) # #. Hence, R € R ;(G. 5)(n).
We then have R (G, s)(n) C R;(G, 5)(n") and, by interchanging the role of n and n’,
we get the equahty
Items 5-6. We proceed by inductionon j.Let j = 0.Foreachi > land g € gl (X)(n) =
g, (X)(n'), by using (6.10), Item 3, ¥ € Yx(g,0)(n) = YTx(g,0)(n'), and Item 8 in
Theorem 5.1, we have that \IJ(’ 0)( n) = \IJ(I O)( n’). The statement in Item 6 for j = 0
is proven similarly.

Now, we fix the integer j and suppose that the statements in Items 5 and 6 are verified
forallk =0,...,j —1,i > k 4+ 1. From the inductive hypotheses and (6.11) we have
that the equality

xy“A( n) = \INA( n') (6.22)
holds for all g € gj(X)(n) = Qj (X)(n). Hence, recalling (6.12) and (6.13), we have

z0\(ony =2, ¢.n')  and v;fj\ns—u;fj\ns (6.23)

forany g € G;(X)(n) = G;(X)(n') and & € X9,
Analogously, from the inductive hypotheses and (6.11) we have

o\ (on) =@, (.0 (6.24)

for any G C G=j(X)(n) = G=,;(X)(n) and s > 0 such that G N G;(X)(n) = G N
G;(X)(n") # ¥ and Y,(G) C X.

Consider, now, i > j+ 1 and G C Q>, (X)(n) = g>l (X) (n), such that G N
Q X)(n) = Gﬂg, (X)(n") # @, and s > 0 such that Y;(G) C X. Since G C
QZ, X)(n) = Q>1 (X)(n'), then g € Q>I(X)(n) = Q>Z(X)(n/) for all g € G. Let
R e R (G,s)(n) = R (G,s)(n'), forall g € R ; we have that Yp(g) C suppR C X,
ie., g € QJ(X)(n) = QJ(X)(n/) Consider, now, R = {(G1 s1),...,(Gpn,sn)} € R;
from definition (6.14) we have that Gmgj X)(n) = Glmg, (X)(n") ;é #and Yy, (Gy) C
suppR C Y;(G) C X foralll =1,..., h. Moreover, recalling that forall/ =1, ..., A
each g € Gj is either an element of E [ Jj or an element of G, we have that Yp(g) C X
and, hence, G; C G>;(X)(n) = G ;(X)(n'). Then by using (6.23), (6.24), (6.15), and
(6.16) we have that

CRAC,n) =R AC 1) (6.25)

The inductive proof is completed easily by using (6.17), (6.14), Item 4 above and
(6.25). O

Proof of Theorem 6.2. We focus on the first of the two identities (6.6); the proof of the
second can be achieved analogously. We recall (6.19) and notice that nx = n'y implies
Tigiam,, (x)<0.XNA#0.6(X) (=0} = T{diamy, (X) <0, XNA£0,5(X) ()=} -

Then from Item 8 in Theorem 5.1 we get
L VoD
{diamy, (X) <0, XNA#D.E(X)(m)=0} Vx A (1 (6.26)
— . 0).p ’ :
= Wjdiamy, (x)<0.xnA#0.6X) ) =0} Vi A (5 71)-

The first of the identities (6.6) finally follows from definition (6.19), the equality (6.26),
and Items 2 and 7 of Lemma 6.3. 0O
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6.3. Proof of Gibbsianity and convergence. We notice that for X cc £® and n e

M©-® Jtem 2 of Theorem 6.1 implies that lIJ( ), 6/’( n) and <I>§f)XK’( n) are constant
functions namely, they do not depend on the ﬁrst argument. In the sequel we shall write

\Il(e) @( ) and (IJ( ), K"(n) respectively for \I!( ), 5/"( n) and CD(Z) @( n).
We suppose, now, that the hypotheses of Theorem 6.1 are satisfied, we pick 7 €
771(0) once and for all, recall the map 7 has been defined in (4.11), and for each

X cc L® we define the functions w)(f)’p : M©® 5 Rand qbgf)’p MO R
as follows:

Ui P m) = W axiixe) and ¢ () i= @ (xfixe).  (6.27)

We note that, by definition, the functions 1/f( ) and ¢(€) ‘¥ are local, that is 1//5(e ) ,
¢(£) = B“) ‘¥ where we recall the c—algebra B()-# has been introduced at the begin-
ning of Subsect 4.3.

Let X, A CC L® be such that A D X and n € M©-#_The functions \Il( )p( n)
and CID(Z) p( n) are constant, namely, W (Z) K’( n), CD(Z) p( n) € ]-'Z '® and moreover
from Theorem 6.2 and item 3 in Theorem 6 1 we get

VO =y PP and 0P (n) = P (). (6.28)

Proof of Theorem 2.1. To get the renormalized potentials of Theorem 2.1 we next pull
the W(©-# and ®©-# back to the scale £. We define the family {w(e) qby) MO
R, I cc £©} as follows: for each m € M© we set

—m?/2 if I = {i} withi € £
v m) = W) POFm) if|I|>2and3X C L® : O X =1; (6.29)
0 otherwise

note that by construction, see (6.19) and (6.27), if | X| < 1 then w)(f)’p =0, and

¢“) POfm) if3IX C LW OLX =
otherwise

6O (m) = (6.30)

Equivalently, for all I cc £ such that |I| > 2, we can write

y® = 3 v 00 and ¢ = 3 o0 0f:  (631)

XcL®): XcL®):
obx=I o x=1

Wfé note, indeed, that for each I cc £® there exists at most one X C £ such that
Oy X

Item 1. Since for each X cc £L®) we have
from definition (6.31) and (4.2).

Item 2. We note that if we let X C £® and [ := OfoX c LY, we have that I is
£—connected if and only if X is gp—connected. Then the thesis follows immediately from
definitions (6.31), (6.19), (6.20), and Item 3 in Theorem 5.1.

YO 600 € BEP the thesis follows
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Item 3. Since the original lattice gas potential and the algorithmic construction of the
gentle atoms in Sect. 3 are translationally invariant, the statement follows.
Item 4. Let M©-® c M- ag in Theorem 4.4. We set M©) = (’)f;./\/l(e)*g", with (’)é

the unpacking operator. Recalling the definition of v(¥)# given at the end of Subsect. 4.1,
we have

1= v(l),so(/\;l(ﬁ),sﬂ) — v(ﬁ)(ogf’/\;l(@)y@) — v(lf)(/\;l(@)). (6.32)

We recall (6.29), (6.27), and that 7 has been picked up above; for m € M® and
I cc £© such that [I| > 2, we have that if there exists X cC £©® such that
(’)foX = I we have

¥ m) = 9P OFm) = W (O myxiix) = WP (O m),  (6.33)

where the last equality follows from Theorem 6.2.

Recall (6.1), pick m € M© and i € £O, set r{”m) = 2dr¥) (OFm), where
x(i) € L% is such that {x(i)} = OF{i}. Consider I cC £ such that / > i and
diamg (1) > r{” (m); from definition (6.1) and diam¢ (1) > r{” (m) > d we have that
|I] > 2. If any X cC £©# such that OZ;;X = [ does not exist we have w,(g) (m) = 0.
On the other hand if X cc £®-# exists such that (’)6 = I, from (6.33) we have that
lpl(e)(m) = 0. Indeed Item 4 of Theorem 6.1 implies that \I'( ). p(OP ) = 0 once we
note that Ofm e MO-® X 5 x(i), and

diam, (X) > delamg(l) > %rl(e)(m) )%))(Ofm)_

Consider, now, m € MY i € £©O and x (i) as above. By using (6.29), (6.33), and
Item 3 in Theorem 6.1, we then have that

S| =gm X Pl =imi e Y [WOE©Om).

I>i IccL®: XccL®):
|11>2, I>i X3x(i)

The statement (2.12) follows from Item 4 in Theorem 6.1 by setting

1
4 ; ;
cl{ )(m) = Emlz + ci%(@fm)

for allm € M©.
Item 5. By recalling definition (6.29) and by using the Minkowski inequality we have

that
a\71/q 1 a\11/q
o [ ) = s, [ - )
ielL® I>i ie L
o]
e
<Ly qup [u“)(‘ Zw(@‘q)]w (6.34)
_2X zeﬁ(‘f) I13i: !
17122

with x the infinite volume compressibility defined in (2.8).



374 L. Bertini, E.N.M. Cirillo, E. Olivieri

To bound the second term of the right-hand side of the above inequality we use (6.29),
(6.32), (6.33), (6.19), and the Minkowski inequality. We have

1/q q\11/4
o [ SHT)" < o [T coni)]
ieL® = xeL®) Xox

1/q

(/3)50 ®

< su [[/ v® dm(g I ; Vy 0, )]
xezI(?m M©® ( )Xax {dia K_,(X)SQ,S(X)(O?m):@}” ¢ ) oo

+[/M WOam (Y Y ||10gZ;{g((.,Ofm)||oo>q]l/q].

Xox j=1 g€g; (X)((’) m)

(6.35)
By using (5.4) and the Minkowski inequality we have
a\ /9
sup v(e)(‘ Z 1//}0‘ ) <A

ieL® Isi:
[11>2

NG ) © e

+ sup Z[ WOam (Y Y Nee . Ofmlx) |

xeL® j=>1 XX geG; (X)(OF m)
(6.36)

To bound the second term on the right—hand side of (6.36) we recall (6.20) and note
that the sum over g € G; (X)(Ofm) is zero if there exists no g € G; ((’)fm) such that
Yo(g) > x. Hence this term is estimated from above by

(]
sup [/_ v (dm)l (OF -
xeL®) ; Vi BgeG;(Ofm):Yo(@)>x)

x(Z S logzYy( Ob"m)noo) ]l/q. (6.37)

X3x geG; (X)(OFm)

Let j > 1, definition (6.7) and the bound on the diameter of a j—gentle atom, see
Item 4 in Definition 3.2, imply that for all m € MO and g€y (Oépm) we have that
diam, Yo(g) < I'j +2¢;. The sum over X in (6.37) is then extended only to parallelepi-

pedal subsets of the lattice £ whose diameter is smaller than I'; + 29, this implies
that this sum has at most (I'; + 2% j)zd terms. Moreover given X, there exists at most

one g €G; (Ofm) such that Yy(g) = X. These remarks and the inequality in Item 3 of
Theorem 3.2 of [2] imply the expression in (6.37) is bounded from above by

crtd sup D 0¥ [vO((3g € GO m) : Yo(g) 3 x)]"1 (6.38)
xeL®) j>1

with ¢ a suitable real depending on the norm ||U ||p of the interaction. By the same
estimate as in (3.16), we have

crtd sup D 0¥ O((3g € G(OFm) : Yo(g) 3 2]
xel®) 121

4d+d/q — '
< Czedzﬁj +d/q, as(©(1+e)! /g (6.39)
j=1
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where ¢ and ag(£) are as in (4.20) and (4.21), and c¢; is a positive real depending on
U |lo. The thesis now follows from (6.34)—(6.39) and Item 5 in Definition 3.1.

Item 6. We recall that o = d¥f, a; > 0 has been chosen below (5.61), oy have been
introduced in Item 5 of Theorem 5.1, and g has been defined below (6.1). We set o’ :=
ga1/(2d?%) and recall definitions (6.31) and (6.27). We have

/ . z
sup  sup e diame(1) (O ()|
meM® jeL©® I>i
< sup sup el diam‘(l)/(2d2)|¢§e)(m)|

meM® ieL® T3

o diamg (1)/(2d? ((ON] 2] ~
< sup sup » A dumD/CY N o (OF m)xiixe)]
meM® ielL® [ XL
obx=1

< sup sup Y et dmeCO/ Q0L (OF m)xiiye)]
meMWO jeL©O Xccr®).
Of Xsi
2
| 4 o—a0e/d )>d
, (6.40)

< p—/d | ,—qoun /d(—
e e 1 — o—qee/CdD)

where we have used (6.4) and diamy (OéX)/d < 2diam, (X) for any X C L),
Item 7. We follow an argument analogous to that in [1, Sect. 5.3]. Let m’ € M® and
J cc LY; we define the following probability kernel on E(JZ):

exp{ D [wi” nme) + ¢} om0}

INJ#P
qy(m' m) = * — — (6.41)
Z exp{ Z [1/[1 (mm'ye) + ¢, (m””lJC)]]’
meM INJ#0

where the functions w;e) and ¢§E) have been defined in (6.29) and (6.30). Note that,
given m € ./\/l(f), we have g; (-, m) € B(ﬁ).
Pick J cc £LO, f € BY, recall M© has been defined in (2.11), by definition of

the renormalized measure v© and by standard measure theory we have u(f (M Oy =
v©O(f) and

/W)v”(dm/) > qim’.m) fm) = / uidn) Y g MO ). m) fm).

mEM(]Z) X meM(JZ)
(6.42)
Equations (2.15) will thus follow from
u(f(M©)) = /X udn > qrMO @, m) fm). (6.43)

meM(})
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For X c £®, letus introduce the family of o —algebras 5)(([) = O’{Ml-(z)(-) ,ieX}C
Fo,x on the configuration space X'. Now, pick A CC L® so that V := (’)f,JA D J.
Forn € X, we set

Gv (MY, (). noyve) = n(f(MOD)ES, ® Fo,ve) ). (6.44)

We shall prove that, pu—a.s.,

Jim, Gy My no) = 30 arMOam) fm.  (645)
mEM(Jk)

Therefore, by dominated convergence, we have

w(fFMO)) = p(u(fFMOIER , ® Fo,ve))

(O]
i fX pdn Y qrMO @, m) fim) (6.46)

meM(p

so that (6.43) holds.

We finally prove (6.45) in the set of full measure (M )~ (M©). By the Gibbs prop-
erty of the original measure u, for n € X, such that M©® (5)) e MO and m’ € Mye,
such that m’,. = (M(Z)(n))JC, we have that

NI
Gy 'y, 110,ve) = “nozv(f(M( ))’MV\J = my\z)

Z F(MO (o)) Howv(@no,ve) I[ O
X My, (0)= mV\J}
oeXo,v

Z eHogv@noyve) q

O‘EX(’)[V

Ho,v(ono,ve)
Z f(m) Z et ¢ ][{M‘(f)(a)=mm’v\1}

meM(JZ) oeXo,v

Ho,v(eno,ve)
et ¢ L, «
Z Z My (@)=mm, ;}
meM(]@) UEXO[V

Yo fm)ZS), (O

meM.P
— , (6.47)

{4
>z (O
meM(f)

My (@)=mly, )

see (4.7). Recall V = (94 A and set & = (’)poen, we have Z’(f;, V((’)Zn) = Zr(fr)n‘f)[\ &)
forallm € M(Je). By using the expansion (6.2), this is allowed because mm’ € M©;
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we thus get
Gv(m/v\p nO[VC)
S fme K =4 Yy mm 245 o [V €.0F )+ (6,08 mm')) |
meMp)

K 5 Cicy 24T xang [V 37 €.OF mm' ) +0¢)¥ .07 (')

me/\/l(f)
Z f(m) e*% Dies mf2+ZXﬂO;oj#, [\y(‘) 7 (&.0F (mm")+ P (£,08 (mm' ))]
me./\/l(f)

¥ e—% Ties M+ ynof 20 [V .08 mm)+0 (¥ 6.0F mm'))]

meM(Jw
(6.48)

where in the second step we have used Theorem 6.2 to simplify the terms of the potential
not intersecting Of] . By items 4 and 5 in Theorem 6.1 and by (6.28) we get

llrg(f GV(mV\_]’ nOgVC)

V—
Z f(m)e lym +meopj¢m [‘/’w) P OF mm) oy p(Of(’”m,))]
_ meM'
Z e 2 Iy +meopf¢m [ OF mm)-+a5 7 (OF (')

mEM(]Z)
(6.49)

By using definitions (6.29) and (6.30) the above expansion reduces to the renormalization
scale £. We thus get (6.45). O

Proof of Theorem 2.2. Item 1. Consider (6.35) and recall (6.9); the first term on the
right-hand side of (6.35) tends to zero in the limit £ — oo by virtue of Item 6 of Theo-
rem 5.1. The second term is estimated from above by the convergent series in (6.39); it
is not difficult to prove that its sum tends to zero in the limit £ — 00 as a consequence
of (4.19)—(4.21).

Item 2. The statement is a straightforward consequence of (6.40) and of the expression
of ay. O

References

1. Bertini, L., Cirillo, E.N.M., Olivieri, E.: Renormalization group transformations under strong mixing
conditions: gibbsianess and convergence of renormalized interactions. J. Statist. Phys. 97, 831-915
(1999)

2. Bertini, L., Cirillo, E.N.M., Olivieri, E.: Graded cluster expansion for lattice systems. Commun.
Math. Phys. 258, 405-443 (2005)

3. Berretti, A.: Some properties of random Ising models. J. Statist. Phys. 38, 483-496 (1985)

4. Bricmont, J., Kupiainen, A.: High temperature expansion and dynamical systems. Commun. Math.
Phys. 178, 703-732 (1996)



378 L. Bertini, E.N.M. Cirillo, E. Olivieri

5. Bricmont, J., Kupiainen, A., Lefevere, R.: Renormalization group pathologies and the definition of
Gibbs states. Commun. Math. Phys. 194, 359-388 (1998)

6. Cammarota, C.: The large block spin interaction. Nuovo Cimento B(11) 96, 1-16 (1986)

7. Cassandro, M., Gallavotti, G.: The Lavoisier law and the critical point. Nuovo Cimento B 25, 691
(1975)

8. Cassandro, M., Olivieri, E.: Renormalization group and analyticity in one dimension: a proof of
Dobrushin’s theorem. Commun. Math. Phys. 80, 255-269 (1981)

9. von Dreifus, H., Klein, A.: A new proof of localization in the Anderson tight binding model. Commun.
Math. Phys. 124, 285-299 (1989)

10. von Dreifus, H., Klein, A., Perez, J.F.: Taming Griffiths’ singularities: infinite differentiability of
quenched correlation functions. Commun. Math. Phys. 170, 21-39 (1995)

11. Dobrushin, R.L., Martirosyan, M.R.: Nonfinite perturbations of Gibbs fields. Theoret. Math. Phys.
74, 10-20 (1988)

12. Dobrushin, R.L., Martirosyan, M.R.: Possibility of high—temperature phase transitions due to the
many-particle character of the potential. Theoret. Math. Phys. 75, 443-448 (1988)

13. Dobrushin, R.L., Shlosman, S.B.: Completely analytical Gibbs fields. Statist. Phys. Dyn. Syst.,
Basel-Boston: Birkhauser, 1985, pp. 371-403

14. Dobrushin, R.L., Shlosman, S.B.: Completely analytical interactions constructive description. J. Stat-
ist. Phys. 46, 983-1014 (1987)

15. Dobrushin, R.L., Shlosman, S.B.: Non-Gibbsian states and their Gibbs description. Commun. Math.
Phys. 200, 125-179 (1999)

16. van Enter, A.C.D.: Ill-defined block—spin transformations at arbitrarily high temperatures. J. Statist.
Phys. 83, 761-765 (1996)

17. van Enter, A.C.D.: On the possible failure of the Gibbs property for measures on lattice systems. Dis-
ordered systems and statistical physics: rigorous results. Markov Process. Related Fields 2, 209-224
(1996)

18. van Enter, A.C.D., Fernandez, R.: A remark on different norms and analyticity for many—particle
interactions. J. Statist. Phys. 56, 965-972 (1989)

19. van Enter, A.C.D., Fernandez, R., Sokal, A.D.: Regularity properties and pathologies of position—
space renormalization—group transformations: scope and limitations of Gibbsian theory. J. Statist.
Phys. 72, 879-1167 (1994)

20. Frohlich, J., Imbrie, J.Z.: Improved perturbation expansion for disordered systems: beating Griffiths’
singularities. Commun. Math. Phys. 96, 145-180 (1984)

21. Gallavotti, G.: Instabilities and phase transitions in the Ising model. A review. La Rivista del Nuovo
Cimento 2, 133-169 (1972)

22. Gallavotti, G., Martin-Lof, A., Miracle Sole, S.: In: Battelle Seattle (1971) Rencontres, A. Lenard
(ed.) Lecture Notes in Phisics, Vol. 20, Berlin: Springer, 1973, pp. 162-204

23. Hugenholtz, N.M.: On the inverse problem in statistical mechanics. Commun. Math. Phys. 85, 27-38
(1982)

24. Kotecky, R., Preiss, D.: Cluster expansion for abstract polymer models. Commun. Math. Phys. 103,
491-498 (1986)

25. Martinelli, F., Olivieri, E., Schonmann, R.: For 2—D lattice spin systems weak mixing implies strong
mixing. Commun. Math. Phys. 165, 33-47 (1994)

26. Maes, C., Redig, F., Shlosman, S., Van Moffaert, A.: Percolation, path large deviations and weakly
Gibbs states. Commun. Math. Phys. 209, 517-545 (2000)

27. Olivieri, E.: On acluster expansion for lattice spin systems: a finite size condition for the convergence.
J. Statist. Phys. 50, 1179-1200 (1988)

28. Olivieri, E., Picco, P.: Cluster expansion for D—dimensional lattice systems and finite volume fac-
torization properties. J. Statist. Phys. 59, 221-256 (1990)

29. Shlosman, S.B.: Path large deviation and other typical properties of the low—temperature models,
with applications to the weakly Gibbs states. Markov Process. Related Fields 6, 121-133 (2000)

30. Schonmann, R.H., Shlosman, S.B.: Complete analyticity for 2D Ising completed. Commun. Math.
Phys. 170, 453-482 (1995)

Communicated by J.Z. Imbrie



