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Front Fluctuations in One Dimensional Stochastic
Phase Field Equations

L. Bertini* S. Brassescof, P. Buttat and E. Presuttit

Abstract. We consider a conservative system of stochastic PDE’s, namely a weakly
coupled, one dimensional phase field model with additive noise. We study the fluc-
tuations of the front proving that, in a suitable scaling limit, the front evolves
according to a non—Markov process, solution of a linear stochastic equation with
long memory drift.

Part 1. Introduction

1 General setting, model, and results

The term “sharp interface limit” denotes a scaling procedure aimed at the deriva-
tion of interfaces as geometric objects, e.g. surfaces of codimension one with
bounded variation, that is, enough regular for the area measure to be well de-
fined. Of course this makes only sense in the context of systems which undergo
phase transitions and of states where different phases coexist. In the limit the
other degrees of freedom are lost and we are left with the interface alone. Rigorous
proofs are hard, yet a great variety of models has been successfully worked out. The
mathematics involved is correspondingly rich, e.g. the theory of I'-convergence (to
study the sharp interface limit of Ginzburg-Landau like free energy functionals
in relation with the equilibrium shape of the interface, as in the Wulff problem)
and correspondingly the theory of Gibbsian large deviations (to study the same
problems at the more microscopic level of statistical mechanics); singular limit
in PDE’s, like in the Allen—Cahn, Cahn—Hilliard and phase field equations, and
correspondingly, at the microscopic level, hydrodynamic limits of spin or particle
systems.

This paper deals with fluctuations. Here again the questions are, first, whether
in a sharp interface limit the system is described by a [fluctuating] interface with
closed equations of motion and, secondly, the nature of such equations. The prob-
lem greatly simplifies in one space dimension where the limit interface is repre-
sented by a point which separates the two phases (one to its left and the other one
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to its right). Indeed, until now, most fluctuation results are restricted to d = 1.
Such a state is marginally stable (w.r.t. displacements of the interfaces, see Section
2 for a precise statement) while it becomes stable when there is a conservation law
(which imposes that the mass of each phase is preserved). By the conservation law,
each displacement of the interface must then necessarily come with a deformation
of the profile, hence the intuition that other degrees of freedom may then enter
into play. This is confirmed, but in a sense also infirmed, by our results: indeed
we will see that extra degrees of freedom become relevant, but their effect can be
represented in the limit by terms which depends on the previous history of the
interface evolution.

The system we consider is a phase field equation with additive stochastic
noise, see (1.1)—(1.2) below. Without noise the interface is given by a special in-
stantonic profile connecting the two phases; in the presence of noise, after suitable
rescalings, the limit state is still represented by the same instantonic profile which
is however randomly displaced. The displacement obeys an ordinary stochastic
equation driven by a white noise forcing term and with a long memory drift,
whose effect is to force the interface back toward its initial position, thus restoring
the equilibrium of the two coexisting phases.

The evolution is defined by the following stochastic equations
1
dm(t) = {§Am(t) —V'(m(t)) + /\h(t)} dt + FdW @ () (1.1

dh(t) +m(t)) = %Ah(t)dt (1.2)

where the unknowns, m(t) = m(t, z), h(t) = h(t, x), (t,z) € Ry xR, are two scalar
random fields. In (1.1), A and v are positive parameters; A is the Laplacian on R
and W(®)(t) is a white noise with a cutoff in the spatial covariance. This means
W (@) (#) is the canonical process in the filtered probability space (€, F, Fy, P) where
Q= C(R4; 8 (R)) (S'(R) the space of tempered distributions), F its Borel o—
algebra, F; the canonical filtration, and P the Gaussian measure with mean zero
and covariance

E (W), )W), 0)) =tAt (p.a2 ), aye)i=a(y%2) (13)

where t At := min{¢,t'}, (-,-) denotes the inner product in Ls(R,dx) as well
as the canonical pairing between S and S’. Above 8 > 0 and a € C3(R), i.e. a
twice differentiable function with compact support. We assume the normalization
a(0) = 1. Finally V’'(m) is the derivative of a symmetric, smooth double well
potential V(m); for simplicity we assume

Vim)= — - (1.4)

Note we are omitting to write explicitly the dependence on the randomness w € €.
This will be done throughout the whole paper without further mention.
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In a companion paper, [2], we prove global existence and uniqueness in a
space of Holder continuous functions for the system

m(t) =ptm(0)+/0 ds pi—s [—V’(m(S))+/\h(S)]+\/7/0 pi—sdW ¥ (s)  (L.5)

() + m(t) = pulh(0) + m(0)] = 3 [ ds @Bpeyms) (10

0
where p; = e!®/2 is the heat semigroup, namely the integral operator with kernel
e—(e—y)?/2t
T,Y) = —— . 1.7
peloy) = (1.7

Observe that the integral on the r.h.s. of (1.6) is well defined because m(s) is Holder
continuous. The system (1.1)—(1.2) is defined in terms of the integral equations
(1.5)—(1.6) and called “stochastic phase field equations”.

General background and physical interpretation are discussed in the sequel,
here we proceed by stating our main result, presented in the next theorem. We
consider the initial condition

m(0)=m, h(0)=0 (1.8)
where
me(z) == tanh(x — §), m = mg (1.9)
is a standing wave (that we call “instanton”) with “center” ¢ € R. We suppose
that
A=y (1.10)

and denote by (m® (t), A" (t)) the solution of (1.1)-(1.2) with (1.10) and initial
condition (1.8). Our main result is

Theorem 1.1 There exists a process M (t) in C(R..), adapted to F;, such that for
each T, > 0

lim P M) —
7 (s [0 m

> 5) =0. (1.11)

Furthermore, denoting weak convergence in C(Ry) by => and defining, after scal-
ing, () == 2™ (A727), we have that x = x as X | 0, where () is the unique
solution of

(1.12)

" 2(s)
z(t)=0b(1) —3 | ds
(r) =) =3 | e
in which b(t) is a one dimensional Brownian motion with diffusion coefficient

D =3/4.
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The coefficient 3 in (1.12) and the value D = 3/4 above are related to the
specific choice of the potential V. Existence and properties of the process solution
of (1.12) are discussed in [3].

For the physical interpretation, we start from the equation without noise and
with A = 0, namely (1.1) with A = v = 0. This is the well known Allen—-Cahn
(AC) equation with double well potential V (m), which arises as the gradient flow
associated to the Ginzburg-Landau free energy functional

Fm = [ do {1Vma)? +V (o))} (113)

(F decreases along the solutions of the AC equation). The minimizers of F(m)
are the two constant functions m4 (z) = 1 and m_(x) = —1, therefore the values
of the order parameter m = +1 correspond to pure phases and the interface for
(1.13) is (up to translations) the profile m(x) which minimizes F(m) under the
condition that asymptotically as * — Zoo it converges to +1. The associated
Euler—Lagrange equation is the stationary AC equation

%Am—V’(m) —0 (1.14)

which, imposing the above conditions at 0o, has the instanton m of (1.9) as
its unique solution (modulo translations). Therefore m, is the equilibrium state
which has the two phases coexisting to the right and to the left of £, it represents
the “mesoscopic interface” with & its “mesoscopic location” (mesoscopic instead of
macroscopic because the interface is “diffuse” and the transition from one phase
to the other, even though exponentially fast, is not sharp; mesoscopic instead of
microscopic because the AC equation and the Ginzburg—Landau functional can be
derived by a scaling procedure from particle or spin systems, i.e. from an underlying
more microscopic structure).

The next step is with A > 0, but still ¥ = 0. Then (1.1) is coupled to (1.2)
and the two together give an example of phase field equations (PFE). Here h
is a thermodynamic potential conjugated to the order parameter m: if m is a
magnetization density, then h is a magnetic field, our notation is inspired by such
an interpretation. More commonly however, m is a relative concentration of one
species in a binary alloy and A is a relative temperature. The effective potential
will then depend on the relative temperature h, our choice is simply to replace
V(m) by V(m)—hm. At the critical temperature, which corresponds to h = 0, the
alloy can exist in two different concentrations m = +1, but, as the temperature
h changes, the equilibrium concentrations vary, one becomes stable and the other
one metastable. In the presence of a given temperature profile h, the AC rate of
change of the concentration density at x at time ¢, i.e. dm(t, x)/dt, is given by (1.1)
(with v = 0). Due to latent heat, there is a corresponding change of temperature
given (in the proper units) by dh(t, x)/dt = —dm(t,x)/dt. Simultaneously, by the
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Fourier law, the temperature diffuses according to the r.h.s. of (1.2). This has a
feedback in (1.1) so that (1.1) and (1.2) are coupled. In conclusion the PFE describe
a change of phase including latent heat effects and, because of that, unlike for the
AC equation, there is a conservation law: the integral of m + h is in fact invariant
under PFE. The noise term in (1.1) takes into account some external fluctuating
force and the resulting equation is known in the physical literature as model C of
Hohenberg and Halperin, [14].

Since m solves (1.14), the state m = m, h = 0 is a stationary solution of
PFE, which is therefore interpreted, like in AC, as the mesoscopic interface. We
are then studying in Theorem 1.1 what happens to the interface when there are
small (because v — 0 in Theorem 1.1), external perturbations which produce a
random change ﬁdW(“) (t) of magnetization (or, in the other interpretation, of
concentration), the analysis including latent heat effects.

The small parameter 7 in the noise term has the meaning of a ratio between
mesoscopic and microscopic space units, the former referring to (1.1), the latter
to some microscopic model, as for instance the Glauber + Kawasaki process intro-
duced in [12]. A formal comparison with the microscopic model in [12] would lead
to a more complex structure for the additive noise; however we stick to (1.1) (which
catches the correct behavior of critical fluctuations, see [5]) to make our analysis
simpler. In conclusion the scaling v — 0 has a natural justification in terms of
the microscopic origin of the noise term, the scaling of time in Theorem 1.1 is on
the other hand justified a posteriori: it is the correct scaling for observing finite
displacements of the interface. On the contrary, the equality (1.10) has no clear
physical interpretation; it is true that a scaling with A — 0 is widely used in the
PFE literature to stress “kinetic undercooling effects”, see [11], [17], but relating
A to the noise as in (1.10) is just a matter of technical convenience. We will come
back to this in the next section in the paragraph “the role of the assumptions”.

2 Heuristic analysis and outline of proofs

By Theorem 1.1, with probability going to 1, the process m™(t), t < A\=27, is
always close to the manifold of instantons M = {m¢,{ € R}, see (1.11); the
theorem then identifies the motion along M, (1.12). It is then natural to describe
mM(t) in terms of coordinates along and transversal to M, these are the Fermi
coordinates that we are going to define.

Stability of instantons, Fermi coordinates. Closeness to M is a consequence of the
stability of M under the AC evolution. Under AC, in fact, M attracts exponen-
tially fast all data which are in a small neighborhood, in sup norm, || - ||o0, of M:
namely there are d, ¢ and a all positive so that if for some &, [|m — Me¢l|eo < 0,
then there is a ¢ for which, for all ¢, [[m(t) — me |l < ce™ ", m(t) being the
solution of the AC equation starting from m. This obviously fails if we add noise
(thus considering (1.1) with A = 0 and « > 0), but the noise, in a polynomial
scale, cannot drive too far away from M because of the exponential attraction of
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the deterministic part of the equation: in [10] it is shown that for any 7 > 0 and
¢>0,

lim P ( sup dist(m(t), M) > 71/2<> =0 (2.1)
=00 \e<yir
where “dist” denotes distance in sup norm. The analysis extends to our case with
A= /7 and (1.1)—(1.2) coupled, as stated in (1.11) and proved in Section 8.
Going back to AC without noise, observe that stability of M does not mean
stability of the single instanton: let m be a small deviation from m¢, then from
what we said above it will relax under AC to some g/, with & close but not
necessarily equal to £. In the space of all profiles m, m, is marginally stable along
the direction M while all the other directions are stable. It is then natural to
associate to each m (as above) the value £ of the center of the limit instanton.
In practice, however, it is better to work with a more “geometrical” definition.
Following [10, 9], we define a center £ of m as a real number which minimizes the
Ly—norm of m — m, (as a function of ). Then ¢ is such that

(m — mg,mg) = 0. (2.2)

The center £ has also a dynamical interpretation. Let L¢ be the operator
1
Lev = 5Av+ (1—3mg)v (2.3)

obtained by linearizing the AC equation around me. It is readily seen that L is
self-adjoint in L2 (R, dz), it has eigenvalue 0 with eigenvector m; while the rest of
the spectrum is on the negative axis strictly away from 0. Then, if m has center
&, the deviation v = m — me by (2.2) has no component along m'&, hence the
linearized evolution starting from v decays exponentially fast and correspondingly
m converges to mg, so that the center of m is also the center of the instanton to
which the linearized AC evolution converges. The pair {£,m — m¢} is known as
the Fermi coordinates of m.

This notion of a center of a function plays an important role also in our
proofs, so we will spend a few more words, recalling Proposition 3.2 in [9], which
gives a sufficient condition for m = m(z) to have a center.

Proposition 2.1 There is a constant § > 0 such that if there exists xg € R so that
[lm— Mg llec < & then the following holds for some constant C = C(0) independent
of xo and m.

(i) The function m has a unique center x and
|z — x| < Cllm — Mgy (2.4)
(ii) the center x has the expansion

3, _ 9
x=xzg— —(m mfmx[)}fﬁ

4 To?

m— m$0><mg07m - mx0> + R(m - mzo)v

|R(m —1s,)| < Cllm — i, |13, - (2.5)

(M,
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Thus, by (2.1) and (1.11) and with the help of Proposition 2.1, we can talk
unambiguously, with probability going to 1, of the center £(t) of m(t) both for the
stochastic AC equation and PFE. This gives us a precise definition of the location
of the interface even without sharp interface limits; we will prove convergence to
(1.12) by studying the asymptotic law of £(t) as v — 0.

Heuristics of the AC equation and PFE with noise. We start from the simpler
(and instructive) case of the AC equation with noise, i.e. (1.1) with A = 0 but
with 4 > 0. This is well studied in the literature, [9, 10, 13], even though in
slightly different contexts. The scaling procedure is the same as in Theorem 1.1
and it leads to the same limit law but without drift, i.e. a Brownian motion. To
explain heuristically the result, let us regard the forcing term \/'_ydW(a) (t) as a
“source of small kicks” which we decompose in a component along M and another
one orthogonal to M. The latter fights against the AC drift which pushes back
toward M, and because of the small factor /7, to a first order, we forget about
orthogonal components. On the contrary the kicks along M are not contrasted
and they sum up: thus we are approximating

3 _ _ o ., 4
dm(t) ~ Z\/’_leg(t) <m/§(t)7dW( (1), (m',m') = 3 (2.6)

where £(t) is the center of m(t). Also m(t) = g, hence

dm(t) & g dE(t) (2.7)
and, in conclusion,
3 = a
AE(t) ~ T/, AV (1) (28)

namely £(y~1#) is a Brownian motion with diffusion 3/4, which is what is proved
in [10].

The argument for the system (1.1)—(1.2) is similar, the only difference from
the stochastic AC equation in (1.1) lies in the simple, innocent looking term Ah,
which is however the source of all problems. The same heuristics leading to (2.6)
applies to (1.1) by simply adding Ah(t) to the noise; writing /7 = A according to
(1.10), we then get

3
dm™ () ~ ZAm’E(t){<mg(t), h(t))dt + (), AWV (t))} (2.9)
and, using (2.7),
3 /! —/ a
de(t) ~ ZA{(mE(t),h(t»dtJr (M gy AWV >(t)>} . (2.10)

On the other hand, writing (1.2) in integral form and recalling that h(0) = 0, we
have

h(t) = — /Otpt_sdm()‘)(s) (2.11)
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Using again (2.7) and taking the scalar product with m’f(t) we get from (2.11)

t
(L oy, h(1)) ~ — / (a1l ) ES) (2.12)

The approximate system (2.10)—(2.12) (with ~ replaced by equality) is not as easy
to study as the one which approximates the stochastic AC equation, but it can
be seen to give the correct result (1.12) for the limit motion of the center, [3]. To
see the relation with (1.12) we make another approximation whose validity will be
justified in the course of the proof of Theorem 1.1. The approximation consists in
replacing mg,, by m’ (i.e. {(t) — 0) in the scalar products in (2.10) and (2.12)
(the reason for its validity is that the displacements of the center are finite while
the field h becomes flat because the diffusion in (1.2) acts for long times). The
new system is then (forgetting about the noise cutoff)

de(t) = g)\<m’,h(t)> + Adb(t) (2.13)

! () = - / (7 o E(s) (2.14)

where b(¢) is the Brownian motion with diffusion 3/4 of Theorem 1.1. Using (2.14)
to rewrite the first term on the r.h.s. of (2.13) we get

&(t) = Ab(t) — %)\/0 ds [)S(m’,pss/m’)dﬁ(s’) .

Integrating by parts, after some simple algebra,

3 t
€)= N(0) ~ 3 [ dse(s) ol pio) (2.15)
0
Approximating
(m', pr—gm’) /d:v/dym T)pi—s (T, y)m /d:v/dy ))216)

and recalling that [m' = 2, (2.15) becomes (1.12), in the above approximation,
which can be made rigorous in the limit A — 0, having set t = A~27.

Main difficulties and outline of proof. The heuristic arguments outlined above
are essentially based on a linear approximation, their validity therefore rests on
a rigorous proof that the non linear effects are negligible. Since the strength of
the noise is /7, we cannot hope to improve the a priori bounds beyond |m(t) —
Mgy lloo & /7. Then the non linear terms which are, to lowest order, quadratic
have order v; since they act for a time A=27 (that is y~17), a naive estimate gives
a non-negligible contribution. The fact that they are indeed negligible must then
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come from cancellations, and the true problem is to find them and take them into
proper account.

This is more clearly seen in the stochastic AC equation. Following [10], we
split the time axis into intervals of length T', taking T long, yet very small as
compared to the macroscopic time v~ '7, for instance T = v~/1%, The crucial
point is an iterative procedure for which the problem reduces to the analysis of
only one of these intervals, a clear advantage, because in such a “short time” the
non linear effects are under control. Couplings are used for this crucial reduction.
We compare in fact, in the generic interval [T, (n + 1)T], the true process m(t)
which starts from m(nT) and the new process 7(t) which starts from me(,7),
&(nT) the center of m(nT), the coupling is simply to use for both processes the
same noise /7dW (¥ (t). Under the assumption that |[m(nT)—me )l < ¥/27¢,
see (2.1), it can be seen that, with probability going to 1 asy — 0, |m((n+1)T) —
m((n+ 1)7T)||ee < Cy'7%¢, (C a constant). By Proposition 2.1, the displacements
of the center in the interval [nT, (n + 1)T], as computed with the two evolutions,
differ proportionally to v'~2¢: since the number of intervals grows proportionally
to y~17/T, the sum of all these differences goes like 4! ~2¢y~17 /T, which vanishes,
after choosing 2¢ < 1/10. We can then study in each interval the process which
starts from an instanton. Neglecting for simplicity the cutoff on the noise (with
the cutoff some extra computations are needed), then the displacement of the
center in a time interval T does not depend on the initial center and it is therefore
independent of the past. The displacements of the centers (each time restarting
from an instanton) are thus independent variables with mean 0 (by the symmetry
between right and left) and, using classical arguments on convergence to Brownian
motion, in the end, we need to sum their variances; since we are already with
squares, it turns out that the linear approximation is sufficiently accurate and this
explains the validity of the linear approximation in the previous heuristic analysis.

While the above approach works well in the stochastic AC equation, Theorem
1.1 tell us that it fails, as there are long memory effects in the limit law. More
bad news: the last term in (1.12), responsible for these effects, according to the
heuristic analysis of the previous paragraph, comes from the term Ah(t) and since
it produces a finite drift in a time A2, the order of magnitude of h(t) must be
~ A. Therefore we need an accuracy of order A, which is comparable with the
deviations of m® from M (recall A = ,/7) that has been neglected so far.

Our approach to the problem, since when we began the present work, has
been “to trust” [10] and to consider the non linear terms that are left as being
negligible when we linearize (1.1) around m¢(,7y, {(nT) the center of m (nT). Tt
is evidently not possible to use the coupling argument of [10], yet in some maybe
more complicated way, in the end we “must” see that they are not relevant. The
extra term Ah(t) is new w.r.t. [10] and has to be dealt anew. According to the
final result and for what said before, we expect h(t) &~ A, but let us even suppose,
pessimistically, that h(t) is of the order of unity. Its effect for a time 7" will then be
of order AT, hence still infinitesimal. Moreover, by (2.11), h(t) can be large only
if dm™ (s) is large, but dm® (s) is under control except for the term Ah(s). Due
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to the presence of the small factor A\ this gives a virtuous feedback which allows
to control the magnitude of h(t).

This is done in Sections 3 and 4. We first write down an integral equation,
(3.7), for v (t) = mPN(t) — Mme(ar), the superscript n recalls that we are con-
sidering t € [nT, (n + 1)T]. v(™)(t) is written as the sum of 8 terms, two of them,

called Fén) (t) and Aén)(t) are the important ones, which give contributions to the
limit, respectively the Brownian motion and the drift. All the others vanish, but
at this stage this is not yet established as they depend on the unknown m®™)(t).
In Section 4 we study by iterations the integral equation (3.7) to prove bounds on
v(™(t) and on the displacements of the center. We derive in this way (1.11) and
establish even sharper bounds that will be used in the successive proofs.

The proof of the convergence to (1.12) is reported in the remaining sections.

We begin Section 5 by splitting the term Aé")(t) into the sum of 3 other terms,
see (5.1)—(5.5), which foresees the approximation done in (2.16). We then use (2.5)
to deduce an equation for the displacements of the center, which are called 1,
see (5.7). The equation is (5.9), which is a sort of linear integral equation in the
1, with kernel A, ;, & < n, and known data 7n,: “sort of” because the 7, still
depend on the unknowns v(™(-). The elements A, ; decay as (n — k)~/2. It is
then convenient to reduce to the matrix A2, so that we iterate once (5.9) obtaining
(5.17), where the kernel is now Ai, i and the “known terms” are n,, and (An),.

In Section 6 we study these “known terms” which are splitted into four
groups. The first one consists of truly known terms which survive in the limit
(they come from Fé") (t)). The terms in the second group, which instead may de-
pend on v(™)(t), are all directly proved to be negligible using the a priori bounds of
Section 4. For those in the third group we cannot proceed in this way, but we need
to use the integral equation for v(") (t) and only after sufficiently many iterations,
we can show that they are negligible. Finally, the last group collects terms which
become negligible because of stochastic cancellations. The latter are studied in
Section 7, the others in Section 6.

We draw the conclusions of our analysis in Section 8 where we complete the
proof of Theorem 1.1.

Role of assumptions. We start from the assumption (1.10) which is conceptually
the most important one, the others are of a more technical nature. As already
remarked, there are several studies of sharp interface limits on PFE where A is
scaled to 0. This describes an intermediate regime (called kinetic undercooling)
where thermodynamical equilibrium is not fully reached. Thus our model should
be regarded as kinetic undercooling in the presence of stochastic perturbations. As
said, the relation between A and ~y stated in (1.10) does not have a straight physical
interpretation, it is just the right way to scale (1.1)—(1.2) and have a nice limit
law. One may however wonder what would happen if we took a different relation
than (1.10). We have not worked out the details, but we can at least present some
educated guess. If we multiply A(t) in (1.1) by a constant 8, we would then derive
a limit law with such a factor multiplying the last term in (1.12). Let us then
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consider the scaling behavior of

K x(s
x(t) = b(t) — 39/0 ds \/% (2.17)
both when 6 vanishes and when it diverges. Set y(t) = 0%x(6°t), then
__ papc/2 c/2 ! y(s)
y(t) = 076 =b(t) — 366 /0 ds \/ﬁ . (2.18)
Imposing
a+c/2=0, 1+¢/2=0; a=1, c=-2 (2.19)

we have (2.18) equal to (1.12). Thus if we take (1.1) with A — A!*® and call
6 = \“, we believe that our analysis extends, at least for small |a|, and that the
center £(t) of the solution of the corresponding equation is such that

N¥E(NT229) (2.20)

converges in law to (1.12).

Concluding remarks and perspectives. A forthcoming paper, [3], is devoted to
the analysis of the limit process (1.12). This can be characterized in terms of a
Brownian motion with absorption at the origin, which in turn is reduced to the
well studied one dimensional Schrédinger equation with Dirac’s delta potentials. A
quite explicit expression for the solution of (1.12), is then available, in particular
it shows that the displacements £(7) of the front have typical size /logt for 7
large; “aging phenomena” are also present.

The “cluster fluctuations” have instead the usual Brownian structure. Con-
sider an initial state with hg = 0 and mg(z) the symmetric function which coincides
with m_g(z), £ > 0, for z < 0. We interpret it as a “plus cluster” in the region
(=&, €) with the minus phase outside. To make it sharp we set £ = A=1¢, £ > 0, and
consider the process (1.1)-(1.2) (always assuming A = /). Preliminary results
(see also [3]) indicate that, in proper units, the coordinates & (7) and & (7) of the
two centers, evolve in the limit according to a system of two stochastic equations.
The system can be diagonalized into the variables {¢(7) := [£1(7) + & (7)]/2 and
&(1) := &1 (1) — &(7). The variable {z(7) has the law of a Brownian motion, &(7)
is independent of £¢(7) and obeys an equation like (1.12).

We hope to be able to accomplish the above program including the analysis
of the case with several clusters (and suitable scalings), the ultimate goal being
the study of interface fluctuations in many dimensions.
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Part II. Stability of fronts

3 The iterative scheme

Before starting with the proofs we introduce some notation that will be used
throughout the paper:

Notation. C' will denote a generic constant whose numerical value may change
from line to line (from the statements it will appear clear on which parameters it
depends). For p € [1,00] we denote by | - ||, the norm in L,(R, dz).

We will study the problem (1.1)—(1.10) by an iterative procedure. To this end,
we divide the microscopic time-line Ry into intervals [T}, Ty41], T = nT', where
n€Nand T = A\~0M)/20 (3 as in (1.3)). We then associate to any macroscopic
time interval [0, 7], 7 > 0, the set of microscopic time intervals [T}, Ty,+1], with n <
nx(T), where ny(7) is the integer part of (\2T)~17, namely ny(7) = [(\2T)~'7].
To simplify notation, we write m(t) = {m(t, z),z € R} and h(t) = {h(t,x),z € R}
for the solution of (1.1)—(1.10) (omitting the dependence on \).

We next define, by induction on n > 0, the numbers z, and the functions
v (t) = {w™(t,z), x € R}, t € [Ty, Tny1]. They will have the property that for
each t € [Ty, Tk11]

VO t) = m(t) —me,  if oW (Thy1)]lee <O forall0<h<k—1 (3.1)

with 0 as in Proposition 2.1.

For n = 0 we set zop = 0 and vO(t) = m(t) — Mma,, 0 < t < T, so that
(3.1) holds. Suppose that, by the induction hypothesis, we have already defined
for all k& < n — 1 both zj, and v*®)(¢) and that (3.1) holds for such k’s. If there
is k < n — 1 such that ||[v®™)(Tpi1)]ee > 0, we set x, = 0 and 0™ (t) = 0,
t € [Ty, Try1]. Otherwise we define x,, as the center of m,,,_, +v™~Y(T},), which
by Proposition 2.1 is well defined, as ||v(* =1 (T},)||oc < §. We then set, according to
(3.1), v (t) = m(t) =17y, , t € [Ty, Tpi1], and have (always under the assumption
that [|[v®*) (Thy1)]|eo < 0 for all k <n —1)

m(Ty) = Ma,_, + 0" (1) = mg, +0™(T),  (m), v"™(T,)) =0. (3.2)

Tn

Let
R (t) = h(t),  t € [Tn, Tni1l, (3.3)

introduce the stopping time w.r.t. the discrete filtration Fr,, , ,
Ny = inf{k ) (T1) oo > 5} (3.4)

0 as in Proposition 2.1) and define (n) = exp{tL, }, t € Ry, with L, asin
9t n + n
(2.3). We abbreviate g; = gt(o).
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After expanding V/(m(t)) in (1.8) and (1.10) about m,,, , for t € [T, Tht1]
as long as n < Nj, v (t) and h(")(t) are given as the solution of

dv™ (1) = [anv(”) (t) + A (1) — 31, v™ (£)? — v™ (t)3] dt + AW (@ (t)
(3.5)

t
W (t) = e, A (Tn) = 0™ (1) + prop, 0™ (T) + / ds %w@)
S
(3.6)

with initial condition v(™)(T;,) for the first equation. Recall that v(™)(T;,) is de-
termined from v(»~1(T,) via (3.2), and that from (3.3) we have A("~1(T},) =
RU(T,).

We will write in the next section v(™(¢) as a sum of 10 terms, v(™(t) =
2321 I‘E") (t), but for the moment it is more convenient to keep some of the terms
together. We are going to prove that for n < Ns,

v (#) = TP () + TV (1) + AL () + T (1) + T8 (1) + T5Y () + T8 (1) + T4 (1)

(3.7)
where
L) = g (T, (3.8)
t
T = AM(t) = A / g™ aw (@ (s) (3.9)
( ) N . (n)
AW = Y [ dsopaa g, ] (3.10)
k=1"Tn
t s 6]? ,
r{) = A / ds g™, / ds' Sy s (3.11)
’Vlt n
Fé")(t) = —/\/ dsgﬁ)sv(")(s) (3.12)
Ty
noot T 9 )
) = Ay / ds g™, / ds’%m—l)(s') (3.13)
k=17Tn Tr—1 8
t
() = —3/ ds gi™, [mznvm)(s)?} (3.14)
Ty
(n) L
Iy = — / ds g™, [vw(s)ﬂ . (3.15)

Proof of (3.7). By applying (8, — L,,) ™" to (3.5) we get

t
o™ (@) =T () + T8 () + T (8) + T80 (1) + A / ds g™ n(™(s) .

n
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We use for h(")(s) the expression given by (3.6), and get
o(r) = T (0 +TEV (1) + T (1) + T3V (0) + TV (6) + T (1)

t
o [ dsgpea, WD) + (T
T

To complete the proof of (3.7) we thus need to show

t
by / ds 9" ps-r, [P (D) + 0T = A + T . (3.16)

n

From (3.2), we have
h(n_l)(Tn) +o™ (Tn) = h(n_l)(Tn) + U(n_l)(Tn) = (Mg, — Mg, _,) (3.17)

We use this identity in the Lh.s. of (3.16). The difference (M, — M., _,) reproduces

the last term of the sum in (3.10) (i.e. in the definition of Ag") (t)). For the term
with h("=1(T},) + v("=1(T},), we use (3.6) to write

R =D(T,) 4+ 0 (T)
Tn

0 —s’ _
e {h("_l)(Tn_l)+v("_1)(Tn_1)}—|—/ ds' IPTa=s (1) (g1).

!/
Tp_1 83

The contribution of the last integral to the Lh.s. of (3.16) gives the last term of

the sum in (3.13), i.e. the definition of Fé") (t). By iteration we then get (3.16) and
(3.7) is therefore proved. O

4 A priori bounds

We will use the representation (3.7) to prove in Proposition 4.1 below some a
priori bounds on v(™)(t) and other quantities. We need first some more notation;
recalling Proposition 2.1, we set

€= =7 ) (0™ (Tipn)) (4.1)

We should think of &, as a linear approximation to x,,, since the increment &, —&x—1
is, according to (2.5), the linear approximation to the displacement xy — xp_1 of
the center in the time interval [Tj_1, Tk].

We set

v(")(t)” , Vi i=sup Vi, Vi(7) := Voo (1) (4.2)

oo k<n

V,:=  sup
te[Th, Tnt1]
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and
6°(1) = sup |zp+1 — xkl (4.3)
k<nx(t)
Let also
Ly = sup Z(")(S) , Zp o i=SUp Zy, (4.4)
SE[Tn,7Tn+1] oo k<n

and Bg\lz C 2 be the event (recall the definition of (2, F, F;,P) given in Section
1)
Bg\%z = {w €Q: Zp,(r)x < )fc\/f} . (4.5)

We will prove in Appendix B the following Gaussian estimate: for each
7,(,q > 0 there is a constant C = C(7,(, q) such that for any A >0

P(BY))=1-Cx. (4.6)

The next proposition is the key ingredient for the bound (1.11), see the
beginning of §8 for the conclusion of the proof.

Proposition 4.1 For each 7,( > 0 there is a constant C = C(1,() such that, for
any A > 0,

Vi(r) SONTSVT, §%(r) <CAYT  ontheset B . (4.7)
In particular, for X > 0 small enough,

N5 > ny(7) on the set Bg\l)T . (4.8)

Proof. Let (mx,tx), tx € [Tmy, Tmy+1], mx < na(7), be the stopping times (m
w.r.t. ‘FTn+17 ty w.r.t. .7:,5) so that (m,\,t)\) = (n)\<T)7Tn)\(T)+1) if V*(T) < AT,
otherwise (my, ty) = (n,t), where n is the first index such that V;, > AT and ¢ the
first time in [T},, T}, 1] for which ||v(™)()||o > AT.

In the following we may assume A is small enough, otherwise (4.7) holds
trivially. We claim there is a constant C' so that

[0 (£2)]] oo < CAT . (4.9)

In fact, if tx € (Tpny, Trns+1), (4.9) follows from the continuity of [[v(™*)(#)]|ao;
otherwise, i.e. if ty = Tin,,

™ (T oo < 077D (T, oo + 1Tty — Tmy -1

S AT + Ty — Ty —1| < CAT

from (3.2) and (2.4), since ||[7/]|oo = 1 and [0~ (T},, ) |loo < AT
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We will study the evolution till time ¢y, so that our next considerations are
tacitly restricted to n < my and t < ty.

By (4.9), N5 > mjy (for A small enough) so that we can use (3.7), regarding
it as an integral equation in v(™ (t). We are going to bound one after the other all
eight terms on the r.h.s. of (3.7).

We will use in the sequel the following bounds (see e.g. [9] and references
therein). There is C' < oo so that, for any measurable function ¢,

lgt0lloe < Cllelloo - (4.10)

Moreover, by the Perron—Frobenius Theorem, there are & > 0 and C' < oo so that
for any ¢ orthogonal to m/, (', ¢) =0,

lgeellse < Ce™ ¢l - (4.11)

Then, by the last identity in (3.2), for ¢t € [T}, Th41]

Hfﬁ")(ﬂHm < Ce (T
S (G N P
S Ce_a(t_T")||’U(n_1)<Tn)||(XJ' (412)

The second inequality follows from (3.2) and the last one follows from (2.4), pro-
ceeding as in the proof of (4.9).
By definition (4.4) we get

‘rg") (t)H < ONZ, . (4.13)

oo

sup
t€[Thn,Thni1]

We next bound Agn). We have

2 1
Moo < ——= < — 4.14
||pt z” = \/ﬁ = \/Z ( )
because pi(z,y) < 1/v/2xt and ||m, |1 = 2 for any z € R. Then
_ _ o _ |z) — g1
Ipeme, e o < | [ de il < B )

so that, by (4.10), we get

HAgm( <C/\Z/ le},:l .
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By (2.4), we then get

HAg")(t H <C>\\/_Z (4.16)

\/n—k—i-

We will next bound FS;") (t). We write

glg—)s = DPt—s _/ ds" s’ (gi_)s//ps”—s) = DPt—s +/ ds" gwg )s”[ - Smin]pS”—s

having used (2.3) in the second equality. Then

I‘(" /ds/ ds' pt il (")( "

+>\/ ds/ ds//gin)s// 73_in]/T ds’ 3p5/;75/v(n)(sz) )

By using (4.10) and (see Appendix A)

1
9 < ollw 417
lame| <l (1.17)
since [0 (8")]|o0 < Vi, We get
Hrf;” (t)H < OAT?V, . (4.18)

This is not optimal but good enough for our purposes. Analogously

Hr&%)” <CA /t ds [0 (8)]|co < CATV, (4.19)
s -

n

ré )| <C>\Z/ ds/ d’””(k ( e <C’)\TZ Ykkfi—l

(4.20)

Finally, using again (4.10), we have
Hrg’” (t) ‘ < CTV? (4.21)
HF§’5> (1) ‘ < orv? (4.22)

hence, recalling the definition of (my, ) and (4.9),

Hr&” (t)Hoo v ’ i (t)HOO < CAT?V, (4.23)
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After collecting all these bounds, we have, for t € [T},, Tp,41], n < my, t < ty,

,U(nfl)(Tn)

o, < of

+ \Z, + \T?V,,

o0

L= } . (4.24)

n Vk-l n
+ AT —— 1+ AT _
;\/n—k—i—l ;nfkle

By iterating once the above inequality we get

Vv, < c{eaTVH +NZn+ Zp1) + X% (Vyy + Vi)

n

Vi1
WT AT
Ty sy ]
Recalling (4.4), we have

V, < C{e—@TVW Ny + N2V,

n

Vk 1,% Vk—l %
AWT ———+\T 7}
* Z\/ fk+1+ z_:nfkle
and since the r.h.s. is an increasing function of n,

Voo < C{e—“TVn,* Ny + ATV,

n

Vi—1,% Vie—1,4
+/\\/Tkz\/n_7+A Zn—k—i—l} (4.25)

Inequality (4.25) yields, for n < my < nyx(7),

[1—-C(AT? + e " + ATlogna(7))] Viw < CAZp s + Z Siv

For A small enough the square bracket term is larger than 1/2, so that (provided
we double the value of the constant C)

 CAT
Ve < CAZp o + View - 4.26
Z \/F k, ( )
By iteration of (4.26) we get
C2A2 n—2
Viw < CXZp o + Z f = Ty + C2N*T >~ a(n, k)Vi (4.27)

, k=0
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where

a(n, k) = i ! ! (4.28)

is a bounded function of n and k.
We bound the second term on the r.h.s. of (4.27) by

n—1 21\ 2
7z, . ZC)\ VT
LTy vn—k

since n < my < (A\2T)~1r. We then get from (4.27)

< CZy XNVTn < ONZy, .

n—2
Vi € CApu + CN*T Y Vi (4.29)
k=0

from which, by Gronwall Lemma, there is C = C(7) such that
Vs K CAZ,, 4, for all n < mj . (4.30)
By (4.5), choosing A small enough, we have, for n < mjy,

Vae SCNTCVT on the set BY)

which implies my = nx(7) on the set Bg\l)T Thus the first bound in (4.7) follows
from (4.5) and (4.30). Since Ny > my, (4.8) also follows. Since |7/||oc = 1, the
second estimate in (4.7) follows directly from the first one and Proposition 2.1. O

We are going to prove that the component of v(™ (T}, 1) orthogonal to my, s

bounded by CA'~¢, thus considerably improving the bound on the full v(™) (T}, 1).
Let

n,Ll n 3 _ _
7 il (1= Jimd o, 1)

the operator whose kernel is

n n 3 _ _
g (@) = 9" () — o, (@), (4) (4.31)

The superscript L recalls Ly-orthogonality w.r.t. the eigenvector m/, —of g,g"), ie.

gt(n)m’zn =}, . It follows from (4.11) that there are constants a > 0 and C' < oo

so that, for any ¢,
o

n,L —a
|| < e gl - (4.32)

Let also
2 ())ym/ (4.33)
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be the component of z(™)(t) orthogonal to m/, ~and introduce the event
nSnA(T) te[Tann#»l]

35\2} = {w €Q: sup sup 2D @) ]oo < )\C} . (4.34)

In Appendix B we will prove that for each 7,(,q > 0 there exists a constant
C = C(r,(, q) such that for any A > 0

P(BY))>1-Cx . (4.35)
Define now
VEE) = sup (ol (@)||
n<nx(7) o
3
v (T ga) = 0™ (T) = (0, 0 (D)), (4.36)
Proposition 4.2 Recalling (4.5) and (4.34), set

B2 =B nBY) . (4.37)

Then, for each T, > 0 there is a constant C = C(t,() such that, for any A > 0,

V() < oA on the set ngf) (4.38)
and, recalling (4.1) for the definition of &,,
sup  |€, — x| < CT™Y2HS on the set Bg\lf) . (4.39)
n<nx(7)+1 '
Proof. Let
n n 3 — n —
A L) = A (i) = S0 ASY (L)),
n Trt1 (n,1) - -
= -=A Z dt ng+17tpt—Tk [mwk - m$k—1] (440)

where we used (4.31). By using (4.14), (4.32), ||m/|lcc < 1, and recalling (4.3) we
have

" n Tt 1
A, < erend [ areemem
k=1""n
< 05*(7)1\/7“(7)gcx*CT*l/Q (4.41)

vT

the last inequality being true, by (4.7), on the set Bg\lz
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Shorthanding by R(™ the sum of all the terms on the r.h.s. of (3.7), except
for Fé") and Aé"), and calling R its orthogonal projection,

VD (Typ1) = A2 D (Ti1) + AT (Tn) + RO (4.42)
The last term is bounded by
IR < ¢ [e*O‘T + AT? + AT log na(1)] Vi(7) (4.43)

as it follows from (4.12) and (4.18)—(4.20), and (4.23). The bound (4.38) now
follows from the definition (4.34), and equations (4.41)—(4.43).
It remains to prove (4.39). Recalling that z¢ = 0, from (2.5) and (4.1),

n—1 n—1

9 _ _
Tn= > (Thp1 — o) =& — 6 > (0™ (Tig) (0, 0*) (Tipa))
k=0 k=0
n—1
+3 ROM(Thgn))  (4.44)
k=0

then, for n < ny(7), since ||/m'||; = 2,

60 — 2l < (1) (mm sup [, o) (L) +

n<nx (1)
sup ‘R(v(”)(TnH))H . (4.45)
n<nx(7) 00
By (2.5)
s ‘R(v‘")(TnH))H < OVi(r)? . (4.46)
n<ny (7 oo

Since (m”,m') = 0, [(ml 0 (T,41))] < CVA(7), (4.39) follows from (
(4.38), (4.45), and (4.46).

The bound in (4.38) holds also for v(™) (T3,). Indeed, since (m/, ,v(™(T,))
we have the following proposition.

A7),
O
= 07

Proposition 4.3 Let Bf\%f) be as in (4.37). Then, for each 7,( > 0 there is a
constant C' = C(7,() such that, for any X\ > 0

sup
n<nx(7)

o™ (T")H <oA% on the set Bf\%f) . (4.47)

o0

Proof. By (3.2)

v N(T,) = 0T 4 iy, — T (4.48)

n *
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By Taylor expansion up to fourth order, we have

1
— Mg, = —my  (Tp —Tp_1)+ 5771;’%1(:10” — 2z, 1)%  (4.49)
1 =11

U G Tn1)® + an_1(vy — vp_1)*

My

n

where a,,_1 is bounded. Thus, by Proposition 2.1, we have

_ 3,

Mg, — Mg, 4 Z<mmn,1aU(n_l)(Tn»m;n,l + an (4-50)
where
_ 1 — I o 2 1 — /1 - 3 o 4
= Emzn,l(xn Tp_1) gmxn,l(xn Tpo1)” + an_1(Tn — Tn_1)

ot f St E DT - RO w5)

From (4.48) and (4.50) we get
v"N(T,) = 0BT, — o, (4.52)

Note that, from (4.7), on the set 35\1’;2) we have sup,,<,,, (7) [Tn—Tn-1| < CAN' VT
by (4.38) and (4.46) we have |a,| < CA2~%T (a better bound is proved in Section
6). The bound (4.47) follows. O

Part III. Limit motion

5 A new integral equation

Unless otherwise stated, we will work in the set Bg\lf) which appears in Proposi-
tions 4.2 and 4.3. In particular we can use the integral representation (3.7) for all
n < nx(7) (if A is small enough) and the bounds of Section 4. It is now convenient
to decompose the term Ag")(t) into the sum of three new terms; we thus use (4.50)
to write

A (1) = T§s (1) + T8 (1) (5.1)
where
M e ANy e L iy
M0 = @) [ sl 62

o) = =AY / ds g™ ps—m, (5.3)
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and next we decompose ng)g (t) =T (1) + T (t) where

3\ — 2
() = -2 ml (T, / ds (") S — 5.4
)= -2 k§:0:< R D 64
3\ — 2
r{" (t) 7,_5 oM /ds() . —
4= M Tir1)) T, I e 27(s — Thy1)

(5.5)
Note that Fén) (t) is obtained from Féi)gg(t) replacing p¢(x,y) by (27t)~/? (recall
that [dzm'(z) = 2). In conclusion we have

o™ (t Z (¢ (5.6)

Let us define

3 el n
n = _Z<m;nvv( )(Tn+1)> (5-7)
so that, recalling (4.1),
n—1
&= V. (5.8)
k=0
We then set t = T}, 11 in (5.6) and project it on m/, , getting
n—1
=) Ak n (5.9)
k=0
where
S 3 (n)
n = (i), () = =2 T )), i =1,...,10 5.10
7 ;U (2) (i) = =7 (Mg, U (Tag1)), @ (5.10)
i£3
and /T
3 2
Apg = licn - 5.11
v =y TR (5.11)
Note that

n—1
3)=—> Ank v - (5.12)
k=0

Despite its appearance, (5.9) is not a linear equation in the variables ¢,
because the term 7, still depends on the unknowns v(™ (t). We shall however see,
using the a priori bounds of Section 4, that all contributions to 7, which contain
the unknowns vanish as A | 0 (this is not exactly true, as some terms will vanish
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only after averaging over n). As already seen in Section 4 the matrix A := (4, 1))
improves after iterations. Calling ¢ and 7 the vectors whose components are 1,
and 7, (5.9) becomes

Y=n— A . (5.13)
In R™*(M+1 we introduce the seminorms |y|,, := SUPg< <, |Y;| and the correspond-
ing seminorms on matrices as

[M[l5 == sup |[Myl, = sup Z|M”| (5.14)

‘y‘nzl 0<i<n j=0

By the triangular structure of A, see (5.11), we easily get the following lemma.

Lemma 5.1 For each T > 0 there is a constant C = C(1) such that for any A >0

. C
Al < — . 5.15
S (147 = (5.15)
Hence, from (5.13),
1/):2(714)%7: (1+A)" 'y, sup [|(1+4)7Y <C. (5.16)
=0 n<ny(7)

It will be convenient to consider also one iteration of (5.13), i.e.

=n—An+ A% . (5.17)
Explicitly we have
n—1
(A%)pp = Z An,j Ajk Lo<k<n—1 - (5.18)
j=k+1

We conclude the section by showing that A? has a scaling limit.

Proposition 5.2 For each 7 > 0 there is a constant C = C(7) such that

sup [(42), | <o (5.19)

0<k<n<nx(7)
Moreover, for each 6,7 > 0,

9

) 2\ —1 (42 -z
Iﬂ% 0§T§L<1£)1§r ()\ T) (A )”A(Tl)vnk(ﬁ) 2

T1—T2>0

’ =0. (5.20)
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Proof. By (5.11)

(42),,,| < oxr nz_: #ﬁ

j=k+1
which proves (5.19).
By (5.11) we have

9 9
2 —1 (42 -5 =5
()\ T) (A )nA(Tl),H)\(T2) 2 2
ny(m1)—1
S -

o1 VIa(m) =5+ V/na(m) —j — 1

Jj=nx(T2
x 2 o (5.21)
Vi —na(r2) + /7 —na(r2) — 1 . .

Since m = foldx [(1 — 2)]7'/2, by letting 0 = 71 — 72 and changing the index of
summation the r.h.s. of (5.21) equals

g |l 2 2 ! 1
LR SR S N A
2 | Vo) —i+malo) =i -1 VIHVIHT o a(l-a)
(5.22)
which converges, as A | 0, to 0 uniformly for o € [§, 7], as can be easily checked.
Proposition 5.2 is proved. O

6 Bounds on 7

Recalling (5.8)—(5.10), a term n(¢) (as in the previous section, we are here using
vectorial notation) contributing to 1 whose seminorm is |(i)|,, = o(A2T) (i.e. such
that (A2T")~Yn(i)|, vanishes as A | 0) does not contribute to the limiting equation
for &, since n < (A\2T)~17. This is the case for some of the n(i)’s, i.e. n(1), n(7),
and n(10), as we shall see.

Clearly 1, (2) is not negligible because its typical magnitude is MWT. Tt will
be examined in the next section, where we shall see that , summed over n it gives
a finite contribution because of cancellations related to its martingale nature.The
other terms, i.e. n,(), with ¢ from 4 to 9, live on an intermediate stage: they
are smaller than the a priori bound A'~¢y/T, yet not small enough to be directly
negligible. We shall rewrite the factors v(™)(t) via (5.6), with the idea that if we
get two (i), ¢ = 4,...,10 then the corresponding terms become negligible. We
will use the following notation.

Definition 6.1 Let 1y, (i1,...,ik), k > 1, i; € {3,4,5,6,8} when j < k, iy €
{1,...,10}, be the term which is obtained from m,(i1) by replacing the v (-)-
0
i2

function in its expression by ;' (-); then, the new v(w)(') function which appears
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1s replaced by Fgf/)(-) and so forth till the last one, which is not changed. Instead
of an index i; may appear the symbol 3 + 8 or 4 4+ 5, it means that, at that stage
of the iteration, we replace the v (-)~function by Fz(f)(-) + Fg)(-), or respectively

Y4 ¢
by TP+ 1),

We will also consider iy = 9, in which case there is a product of two v-
functions. Then, 0,(9iz, ...,k dh,...,1},) is defined by doing the branching
i9,...,0 (with the previous rules) for the first v function and the branching
ib,...,14}, for the second one (the second branching may be absent).

We define

On = N0 (2) + 10 (4 +5,2) + 1,(6,2) +1a(9]2;2) (6.1)

which will be studied in the next section where we will bound its sum over n
using probabilistic arguments, o,, is in fact a truly stochastic term. The difference
between 7,, and o, is negligible, this being the main result in this section. Let

B;SZ = {w €N : sup Z Ak (2)] < /\2_CT} (6.2)
’ n<nx(7) k<n
WT
8(43 = (weQ: sup T (2)| < AT (6.3)
. n<ny(7) ; vn—k

where 7x(2) and A, are defined in (5.10) and (5.11) respectively. We will prove
in Appendix B that for each 7,{,q > 0 there is C = C(r,(, q) so that

P(BYNBY)=1-0x. (6.4)
Finally define
Tpx 2= ?ip |xn|v L (T) = Ty (1), - (6'5)

Proposition 6.2 Recalling (4.37), let
B =Bl 0B nB{ . (6.6)

Then for each 7 > 0, there is a constant C = C(7) so that for any A > 0 and ¢
small enough

1 — 00| < CXNPT3/4(1 + Toi1) on the set By ; . (6.7)
Proof. We will call negligible a term which is bounded by the r.h.s. of (6.7). We

will next examine one by one all the terms which contribute to n,, — o, and show
that they are all negligible, thus proving Proposition 6.2.
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Step 1. The terms n,(1) and nn(IO) We have that 7,(1) = 0; indeed by (3.8),

since g\ is self-adjoint and ¢\™m/ ml, =, ,

3 _ n n 3 — n
(1) = =5, gy 0 (T) = =S, o (T)) =0 (68)

by (3.2).
To show 7,,(10) is negligible we use the bound (4.22); since we are in the set
By, we get, from (4.7)

sup HI‘%)(t)HOO < OT?/2\3=%¢ hence [7,(10)| < CT?/2\373¢
t€[Thn,Thni1]

(6.9)
Step 2. The term 1, (7). By (5.3) and (4.51),
D) =hL+hL+Is+1 (6.10)
where
A zn: ds g™ m!! 6.11
5 .’L'k—l'k 1 89t sPs—T, My, ( : )
k=1 n
- xk 7xk 1 3 ¢ ( ///
)\Z dsgt sPs—T, My,
k=1 Tn
e
+ (zx —xk_1)4/ ngtnsps_Tkak_1:| (6.12)
PR zn:<m” oD (Tl o (T)) tdsg(n)p T
16 P Tp—1" Tp—1" . t—st/s— Ly
(6.13)
noot
Li=AY /T ds 9" ps-m, [, R* (1)) (6.14)
k=1"Tn

To bound I; we first consider the term with k = n. We write, for ¢t > T}, + 1,

t (n) Th+1
n
/ dsgtfsps_Tn xn 1 / / dsgt Sps Tn In 1
nt1

n

The first integral is bounded by a constant. In the second integral, as well as in
the integrals in I; when k < n, we write

— /! 81)877-‘;C —

DPs—1,, T =2 T
B M1 s k—1
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and then use (4.17). We thus get recalling the definition (4.3) of ¢*(7), and using
(4.10),

§*(1)\?
[11][oc < CA* (T {logT+Z k+1} O(%) NT|log | .

Since m/! € Li(R,dx), ||pmll_ |loo < Ct~/? and as aj_1 is bounded, using
again (4.10)

n

/t ds (s = Tpp)"1/% + CAS* (1) D (t = Tn)

Ll < CAX6*(7)?
k=1
s\
< T3/2+C’< ) NT2
- < ) WT

Recalling the definition (4.2) of Vi (7) and the definition (4.36) of V*(7), we get

M:

=
Il

1

w

Es]loo < CAVL(r)VE(7)/Trn(r )<c< (XA?\F( ))Vf

Finally, recalling (2.5),

il < OWTmAAV.()* < € (%)BASTW _

Since we are restricting our considerations to the set where §*(7) < A=¢V/T,
Vi (1) < X=SVT and V(1) < A€, we get

S ]Hrg")(t)noo <OXNTXVT  hence  [9,(7)] < CAP2VT . (6.15)
te|Tn, Thy1

Step 3. The term 1n,(8). In order to show 7, (8) is negligible (as specified at the
beginning of the present proof) we cannot use directly the a priori bounds, but we
use equation (5.6) to get

10
7 ( Z M (8,7) +1n (8,3 +8) (6.16)
1;&38

and show each of the terms on the r.h.s. above are negligible.

We have
Z AN (6.17)
where, recalling 2 = (1,7}, ),
3\ [Tntr
ASL =—— ds

4 Jr,
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1
(M, s DTy My, ) — (M, 1) ————ee—=e (1,10}, ) ¢ Lk<n - (6.18)
27'('(8 — Tk.;,_l)

1
2m(s — Thy1)

=/

Let us define (recall that m’ > 0)

B(l) . )\ Tn+1d _,
ok = s [ dx [ dym, (x)
| (6.19)

We are going to prove that for any 7 > 0 there is a constant C' = C'(7) such that
for any 0 < k <n < ny(r)

Ps—Tii1 (‘T - y) -

(1) (1) 2 1
Al <oBll <eafi+a, ] {ﬁ(n —

Proof of (6.20). Let x,,  := z,, — 2 and define, for any § € R and ¢ > 0,

+ 1k_n_1} . (6.20)

e—(y—m—0)2/2t -1

V27t

16.0) = [ [aym' @y w)

Then, after a change of variables in (6.19), its r.h.s. becomes equal to )\fTT"“ds
(8= Thy1, T k)

The case k < m — 1. After changing variables in the time integral, we get, for
k<n-—1,

1
By = )‘T/ dff(T(f +n—1- k),wn,k) : (6.21)
0
Since el — 1| < |¢| and m/(x) decays exponentially to 0 as |z| — oo, we get

1+ 62

f(t,0) SCW

(6.22)

and, from (6.21),

1
1
BY < oAT~V2[1 4 42 /dt
n,k — [ +wn,k:] 0 (t+n—1—k)3/2

which proves (6.20) when k <n — 1.

The case k =n — 1. We have, after a change of variables in the time integral,

T
3511,21—1 = /\/ dtf(tvxn,n—l) .
0

Using the inequality f(¢,0) < 4(27t)~'/? when t < 1 and (6.22) when t > 1, we
get

B < )\/ldt 2 Lo /Tdt IR CA(1+4a2,)
Ty ) -
nn—1 — 0 /_27Tt 1 t3/2 — mn,
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The proof of (6.20) is concluded.

Recall now that

Ma(8,4) = == 3 AN (il TE(Tipr)),  i=1,2,3+8,4,5,6,7,9,10.

The term 7,,(8,1) in (6.16) vanishes by the same argument as in (6.8). Since
we are working in the set Bg\l’)ﬂ see (4.37), we have

n—2

1
W (8,2) < CA(1+22. ., —=————+ 1 AVT
7.(8,2)] < ( T+, ){kz_o /T(n — k)3/2 }
<SONTC (L+ahi.)  (6:23)

which is negligible for ¢ small.
To bound 7,,(8,3 4+ 8) use (6.17), (5.2), and (5.7) to write

n—1 k—1 Thy1
Mn, (8, 3+ 8) =\ Z AS}C Z Bk,h'l/)hy Bk,h = /T ds <’ﬁllzk ,pS,Th’+1ﬁL/zh’> .
k=0 h=0 k

(6.24)

We note that, by (5.7), |[¢)|n < OV, it is also easy to verify By, < CVT(k —
h)~1/2. Plugging this bounds, together with (6.20), into (6.24), we get

n—1

1
0(8,3+8)| < CANVTV,, . [1+22,, ]

{W +1k_n_1}

3 =
= o

1 1
X <OMNpa [1+22,,, {7 + lk—n—l}
};J L — h [ +1, ] P \/T(TL _ k.)3/2

< CAVp [ 422, ] (6.25)

which shows 7, (8,3 + 8) is negligible.

It remains to bound 7,(8,4), i = 4,5,6,7,9,10. The negligibility of those
terms follows directly from (6.17), (6.20), and the bounds (4.18)—(4.22), (6.15).
We thus conclude

1 (8)] < OXNVT [1+22,,] . (6.26)

Step 4. The term n,(4 4+ 5). We claim

3N [T (n)
(4 +5) = T / ds (Mg, ,pr, 1 —sv""(8)) (6.27)

n
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Indeed
3x [Tt 3 ., OPs—s (n
) = -2 /T ds /Tnd3'<m'w"’ Do) ()
3\ Triy1 Tt b .
= 7 . ds’/y ds(rh’zn,pa—sv(")(s'))
3\ [Tntr

- ds' <m/z 7an+1—S”U(n) (S/)> - 7771(5)
4 Jr, "

which proves (6.27).
In order to bound 7, (4 + 5), we use equation (5.6) to get

M4 +5) = Nu(4+5,2) +0,(4+5,3,2) +1a(4 +5,3,3)
10
+ ) (A +5,4) + nn(4+5,3,4)] . (6.28)
i
The term 7, (4+ 5, 2) is in ¢,,. Postponing the analysis of 7,,(4 + 5, 3,2) let us first
show that n,(4 4+ 5,1), i # 2,3 are negligible.

The terms n, (4 + 5,1), i # 2,3. We have

A [T (n) . (n)
nn(4 + 57 1) = I ds <mzn7an+1fsgsznfU (Tn)>

n

since v(")(T;,) is orthogonal to m/, , see (3.2), we can apply (4.11) to deduce that

Tn+1
7 (4 +5,1)] < CA/ ds e (s=Tn) \1=2¢

n

having used that || (T},)| e < CA72¢, see (4.47). Thus |1, (4 +5,1)] < CA2~2%¢
which for ¢ small is negligible.
We next show 7, (4 + 5, 8) is negligible. We have

3 2n—l Tt t
nn(4+5a8) = Z/\ kz_owk /n dt/nds

_ 2
X <m/zn7an+1tgtEn)s l s— m/

We now use the decomposition (4.31) for g,gf)s

> . (6.29)

above. Recalling (6.19), the
term obtained by replacing gff)s(x, y) by (3/4)m), (x)m., (y) in (6.29) is bounded
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by
A Z B(l) |w |/ wn,anH tm > < C\/T)\QVTL’* [1 + xi+17*]

< Z {73/2 + 1k_n-1} < COVTNV [L+25,,,]

where We used (6.20). We next consider the case when we replace 9157—1)5 in (6.29)
by gt .. Since, by (4.14) and (4.32),

Han+1 tgt 7S )ps Trqr M m, < Ceia(tis) ||p5*tk+1mgﬂk||oo

we can bound (6.29) (with g,g )S replaced by gi” J‘)) as

'n.+l
C)\Q |1/)k|/ dt/ ds e—@(t=5)
s = Tk+1

} <C [)\3 <T+A2-<\/T]

<C\/—)\2Vn*2{1k n— 1+\/—k

which is negligible for ¢ small enough.
It remains to show n,(4 + 5,7), i = 4,5,6,7,9,10 is negligible. This follows
from the bounds (4.18)—(4.22), (6.15), and (6.27).

The terms n, (4 +5,3,1). We write

n—1

M(445,3) =3 A2} vy (6.30)
k=0
where
3)\2 Tt Tt n 2
Afz?@ dSI// dSI m/z aan,+1—S’g§/lsN— 1k<n .
4 T, s/ " 271'(5” _ Tk+l)

(6.31)

By using the bounds (4.14) and (4.10), it is easy to show

A\2T3/2

A®) ‘ <C Licn . 6.32
’ nk| = m k< ( )
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From (6.30) we thus get

n—1

(445,30 =3 A% (i) . (6.33)
k=0

The first one, 1, (4+5, 3,1), vanishes, by (6.8). By using the bounds (4.18)—(4.22),
(6.15), (6.26), and (6.32) it is immediate to verify n,(4 + 5,3,4) is negligible for
i # 2,3 if  is chosen small enough.

To bound 7(4 + 5, 3,3) we note that, by (5.12)

n(4+5,3,3) = —A® Ay
with A = (A,,%)) as in (5.11). Hence, recalling (5.16),
n4+5,3,3)=-AD (14 4) 14y . (6.34)
By (6.32), it is easy to show

sup [|AP)||,, < CAT (6.35)

n<nx(T)

so that, by the bound in (5.16),

< .
M (4+5,3,3)| < CAT Y max (6.36)

i#£3

Z Ag i (2)

k<t

By definitions (6.2) and (6.6) the term with ¢ = 2 in the r.h.s. of (6.47) is therefore
negligible. For ¢ = 1,7,8,10 (resp. ¢ = 4,5,6,9) we can use the bounds already
proved (6.8), (6.15), (6.26), and (6.9) (resp. the a priori bounds (4.18)—(4.21))
together with ||Al|, < C to conclude that n,,(4 + 5,3, 3) is also negligible.

We are thus left with the term #, (4 + 5, 3, 2). Recalling (6.33), we write it as

n(4+5,3,2) Z AP nu(2) + Z A2 (6.37)

where
32 "*1 "*1
A(27L) = / N/ w , DT, s’ g( z //1>1k<n
nk 4 \/271' n+l — Tk+1 " e s
3N\2 [Tn+a "“ 2 2
AkaR): / dS///
’ 4 Th s’ \/27'((8” — Tk+1) \/27T(Tn+1 — Tk+1)

x <m;n,pm_s/ggﬁly,1> Licn - (6.39)
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Since, by (4.10)

Tt Ty ()
" Iy n
/ ds / ds <mxn7an+1*S’gs’75”1>
n s

"

<CT?

we have

< ot |3 (6.39)

Z A(2k Wk

which is negligible because we are in the set Bgﬁ, recall (6.3). On the other hand,
by using again (4.10) we get

k=0

(2.R) 2m3/2 1
AP| < ol [1k_n1 + m] (6.40)

whence, recalling (4.5)

n—1
Z Aﬁf}f)nk@)
k=0

which is negligible.

n—2
1
3—Cm2
< CNCT {1+Zm} (6.41)
k=0

Step 5. The term 1, (6). To study this term we are going to use the same strategy
as for 1, (4 + 5). The explicit expression of 7,,(6) is

n+1 Tk+1 ,
IS [ [, Bty e
S

which we decompose as we did for 7,,(4 + 5), i.e. as in (6.28) with 4 + 5 replaced
by 6.

The terms n,(6,1), i # 2,3. We have

3)\ "+1 Tk+1 ) Ope_u
(01 Z/ / s (g, Os g0 p o™ (1)) . (6.43)

Since, by (3.2) and(4.7) [|g") 7, v®) (Ti)[|oe < Ce ' "TON=CYT, by (4.17) the
double integral above for k = n —1is less or equal than

Tn+1 T — 1+T/2 —Ot(s/—Tnf1)A1—C\/T
ds
/ /T . s—[Th-1+1T/2]

n+1 7aT/2 1-¢
/ / NTVT o=y
Tn— 1+T/2

S— S
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On the other hand, for ¥ < n — 1 the double integral in (6.43) is bounded by
C(n—k+1)""]\=¢V/T, so that

17,(6,1)] < CA*VT|log Al (6.44)

which is therefore negligible.
We next consider 7, (6, 8); its explicit expression is

2’!7,7]61

Thi1 Tk+1 s
N (6,8) = 3A Z%/ dt/ /ds’
0 h=0 T

k=

_ Opi—s (k _
X <m;/vn7 ot Sgg_)s/ ps/—Th+1mL/Eh - 271'(8/ T )
— Lh+1

We now use the decomposition (4.31) for gt(ﬁ)s

Ops—
(e 2 )| <

and recalling (6.19), the term obtained replacing g() (z,y) in (6.45) by
(3/4)ml,, (x)ml, (y) can be bounded by

> . (6.45)

above. Since

_C
(t —5)2

1k
Z Z 3/2 < CN 7 T [1+ @y (6.46)
0 h=0

which is negligible. We next consider the case when g(k) , in (6.45) is replaced by

ggk j') By (4.17), (4.32), and (4.14) we have
—a(s—s')
<0f !

| oo_ t=s VS/iThle

hence the r.h.s. of (6.45) with gt(ﬁ)s replaced by g&’j‘) can be bounded by

2
2m(s" — The1)

Opt—s (k1) Do o
ot 9s_s 8" —Thy1 Mg,

N

n—1k—1

1
CN VTV, , — < CON Y logA\VT
CL v e

B
Il
>
Il

which is negligible.
It remains to consider the terms 7, (6,4), i > 4, i # 8. We have

[1(6,8)] < CA[log \|Tmax  sup [|T{" ()] (6.47)
ST e [T, Tt 1)
which, together with (4.18) for ¢ = 4, (4.19) for ¢ = 5, (4.20) for i = 6, (6.15) for
i=17,(4.21) for i =9, (6.9) for ¢ = 10, shows that the terms 7,(6,7), i > 4, i # 8
are all negligible.
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The terms n,(6,3,1). The term 7,(6,3,1) = 0. Analogously to (6.30), we write

n—1
3) =" AP vy (6.48)
k=0
where
nt1 Th
Agf” Z/ dt/ /
h=k+2 -1 T~
_; o Opi—s (n-1) 2
x (ml, () Lhen1 (649
< I’ Ot g 271'(5'ka+1) hen=t ( )

By (4.17), (4.10), and (4.14) it is easy to show

N2T3/2log(n — k)
vn—k

Except for the factor log(n — k) < Cllog A, ASL has the same behaviour as ASL,
compare (6.32) with (6.50). The analysis in St,ep 4 applies and we can therefore
conclude that all the terms 7,,(6,3,14), i # 2, are negligible.

We are left with 7,,(6,3,2). As in (6.38) we define

n T s
(3 I 3)\2 Thnt1 h
\/27T Th+1 Tk+1 1 Th-1

h=k+42
_, O h—
X <m;n P 0 s

ot
Tn+1 S
ABR) / dt / ds / ds’
' —1 Th-1

h=k+2
Oi—s (h
<m;n, Pt ggh;>1>1k<n_1 (6.51)

‘ASL‘ <C Locn (6.50)

2 2
l\/%r(s’ “Trr1) 27 (This — Tipr)

ot
Setting
Thni1 Th 9
B .= / dt/ ds/ ’<’ Pt=s  (h- 1>1> 6.52
n,h 2\/%11 » T In ot s—s ( )
we have

(6.53)

S e < ol 3 L

h=2 O
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and, using (4.10) and (4.17),

AT

(2)
B <C .
‘ mhl =" _p

Thus, since we are in the set Bg\ ), see (6.3), the Lh.s. of (6.53) is negligible. On
the other hand, by using again (4.10) and (4.17) it is easy to show

(3,R) 2 3/2 1
‘An,k ’ < O og N T o
hence
n—1 n—1 1
3,R _
Z Asz,j )Uj (2)| < CN*C|log A| T? Z =) (6.54)
Jj=0 j=0 j

which is negligible.

Step 6. The term 1, (9). The iterative scheme to estimate 7(9) is the following. We
first branch, using (5.6), one of the v(™)(s) which appears on the r.h.s. of (3.14)
and stop the iteration for the terms n(9]i), ¢ # 2,3. In 1n(9]|3) we use again the
equation (5.6) and stop the iteration. We then branch the other v(™)(s) on the
term 7(9|2) stopping the iteration with the same rule as before. We thus get

n(9) = n(9]2;2) +n(9|2'3 2) +n(912;3,3) +n(913,2) +n(9[3,3)
+ 3 m9i) +n(912;4) + n(9]2;3,4) + (93, 1)] - (6.55)
i#2,3

We need to show that 7(9) — n(9]2;2) is negligible. We start from 7(9]i),
i # 2,3. We have

9 [Tnt

N (9]0) = 1 / dt (m;n,mznv(n)(t)rz(.")(t» ) (6.56)
T,

For i = 1, by (3.2), [lg" v™ (Tn)]lee < CemE=T0) [0 (T;,)||oo, by (4.47)

0T [loo < A1, hence

7 (91)] < CAM=VTA¢ (6.57)

so that it is negligible. On the set B( i ), see (4.37) and (6.6), we can use the
bounds (4.7), (4.18), (4.19), (4.20), (6.15), (4.21), and (6.9), which show n(9]i) is
negligible for i = 4,5,6,7,9,10. To bound 7(9|8) we note that, by (5.5), (4.7),

(using also |||l = 1, m/(z) > 0, and gt(n)( y) > 0), we have

1
1 (918)] < ACVi. wk/ !
17 (918)] Z| | Tn Y
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X /da: dy dz m, (x)gﬁﬁ)s (z,9)

e~ (W=2)%/12(s=Trs1)] _ 1’ ml (2) . (6.58)

Tk

Since g\ is self-adjoint in Lo(R,dz) we have Jdxm!, (2)g\™ (z,y) = m! ().

Then, from (6.19) and (6.20) it follows that
17 (9]8)] < CVi(7)T ZB k|¢k| < CAV(T)* T (L + 22 4,,)

which is negligible because of (4.7).
We next consider 1(93,1), i # 2,3,

n+1 2
(913, 1) dt/ ds ( M, Mg, v v (n)s— .
o Zm [ < R e e

(6.59)
Note that, from (6.8) 7(9|3,1) = 0 and that, for ¢ > 4, from (5.11),
'n.+l
(013,00 < OV Y- Ikt [
Z \/3 — Tk+1
n—1
STCVos > Anilm(i)] - (6.60)
k=0

Since ||A|l, < C, by using again (4.7), (4.18), (4.19), and (4.20)—(6.9), we show
1(93,4), i > 4 is negligible. Next, using (5.12), (5.16) and (6.59),

_ T
n(9]3,3) = —IAZ (1+ A)~'An) / dt/ ds

n 2
P .
whence, recalling ||(1 + A)7 Y|, < C, ||All, < C, n,(1) =0,

Sk

n —

n(913,3)], < CAT(SuplAn |+Z|n )l

=

< CT[NST + A2 %712 (1+xn+1*)]

where we used the bounds (6.8), (6.15), (6.26), (6.9), and (4.18)—(4.21) to estimate
[n(7)| together with the fact that we are on the set By - (see (6.2) and (6.6)). Hence
7(9]3, 3) is negligible.
Since on the set By - (")( t) has the same order as v(™ (t) (see (4.5)) we can
bound 7(9|2; ), n(9]2; 3 z) ; # 2,3, and 7(9]2; 3,3) as above.
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We are left with the bounds of 7(9(3, 2) and 7(9/2; 3,2). We have 1,(9/3,2) =
a9 913,2) + 157 (93, 2) where

9\ <
(L) o
Z ¢ 2 (o1 — Thy)
Tht1 t
[ [ e )
9)\ n—1
7(9]3,2) := = ne(2)
k=0

Tt t 2 2
X / dt/ ds —
Tn Ty \/27T(3 — Tht1) \/27T(Tn+1 — Th1)
x (i1, v ()91 ) (6.62)

Since, by (4.7) and (4.10),

n+1
[ [ s (ot ot

S OA17<T5/2

we have

(6.63)

L>(9|3,2)’ < ON¢T3/2

k=0

which is negligible since we are in the set Bgﬁ, see (6.3). On the other hand, again
by (4.7) and (4.10),

<m;n 111, 0" ()91, 1>

/Tn+1 / 2
ds —
\/271' S — Tk+1) \/27T(Tn+1 — Tk+1)

<N s+ ]
whence, by (4.13) and (4.5)
n—2
I 913,2)| < ca<r® D oy 2 )|+|nn1(2)|] <N
= (6.64)

which is negligible.

Since Fg)(t) has the same order as v(™(t), it follows from (6.56) that the
term 7(92; 3,2) can be analyzed as 1(9|3,2). Proposition 6.2 is thus proved. O
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7 Bounds on the stochastic terms

The stochastic terms in the title are the ones left from the previous section, i.e.
On, see (6.1). As already mentioned we will obtain bounds for the sums of the
components of these vectors rather than for the components themselves. We define

Sp(l) = ink(é), teL:={2,(4+5,2),(6,2),(9/2;2)}
k=0

S, = an(e)zzz::ok (7.1)

LeLl

and call S the vector whose components are .S,,. Analogously ¢ is the vector whose
components are &,, see (5.8).

Proposition 7.1 Recall that A is the matriz whose entries are defined in (5.11).
Then

£=85—AS+ R+ A%¢  onthe set By, (7.2)
where
n—1 n—1
Ry:=> (m—ox)— Y (Al —ol), . (7.3)
k=0 k=0

Moreover, for each T > 0 there is a constant C = C(1) such that for any A and ¢
small enough

|R|, < CT Y41+ T2 on the set B - . (7.4)
The proof is based on the following simple lemma.

Lemma 7.2 Let M be a lower triangular matriz such that M, j, = M, i» whenever
n—1

n'—k" =n—k. Let alsouw = {up; h = 0,...,n} be a vector and define v, = Y, _ o un
(resp. vo = 0). Then
n—1
> (Mu)y = (Mv), . (7.5)
h=0

Proof. The Lh.s. of (7.5) can be written as

n—1h—1 n—1h—1 n—1h—1

SN Mk (kg1 —vk) =3 Mugvkgr— 3 > Myg vy .

h=0 k=0 h=0 k=0 h=0 k=0
We call ¥ = k + 1 in the first sum and A’ = h — 1 in the second one, getting

n—2 h'

n—1 n—1 h
Z(Mu)h = Z Z Mh,k/fl Vg — Z ZMh/+1»k Vi
0

h= h=0k’'=1 h'/=—1k=0
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We may as well extend the first sum from &’ = 0 because vg = 0. We then get

n—1 n—1 n—2 h
S (Mu)y = My vpavk+ Y [Myg-1— Myp1a] v -
h=0 k=1 h=0 k=0

Note that the second term above vanishes by the assumptions on M, and this
completes the proof of (7.5). O

Proof of Proposition 7.1. From (5.8) and (5.17),

n—1

&= [n—An+ A%, .

k=0

Next, apply Lemma 7.2 for A and A2%. From (7.1) and (5.8), we get (7.2). Since
|A]|» < C, the bound (7.4) follows from Proposition 6.2. O

Our next task is to control the stochastic term S,,.

Proposition 7.3 For any 7 > 0 we have

lim lim P S,(2)|>L|=0 7.6
i e (o I5.01>2) i
limP | sup A 0, (eL\{2}. (7.7)
AL0 n<nx(7) + L, *

Proof of (7.6). By (3.9), (5.10), and (7.1),

M

n—1
3\ _
Sul2) = =22 S (2 ¥ (Tisn) (78)
0

=
Il

which is an Fr,—martingale. In Appendix B it is proved there is a C' so that, for
any n < ny(7) and t € [T}, + 1, T, 11],

sup B <(z(")(t,x)>2p) <C{t-T))P, p=12. (7.9)

Then, by Doob’s martingale inequality, we get, for some constant C,

P ( sup |Sn(2)] > L) < %E (Sur () (2)?) < %@WT (7.10)

n<nx(T)

which proves (7.6).
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Proof of (7.7).
The case £ = (4 + 5,2). We have (recall (6.27))

A2nl

Thi1
Sn(4+5,2)= e Z/T ds (m;h’,pThH_sz(h)(s)) .
h=0""Th

This is again a Fr,—martingale, so that, using again Doob’s inequality, and the

bound
2

Thi N
E / ds (M, ez ()| | < OT?

Th

(which follows from (7.9)) we conclude that for each ¢ > 0 there is a constant
C = C(r,(¢) such that

P ( sup  [Sn(4+45,2)] > T—1/4> < Cna(T)NAT3VT < CA*T%% . (7.11)

n<ny(7)

The case £ = (6,2). By (3.13) and (3.9)

For each h and k above, we write, recalling that me(z) = m(x —§),

w, (2) = ml, (z) - / " deml()

k—1

thus obtaining, by exchanging the sums in (7.12),

Sn(6,2) = —5n(6,2) + Y X (7.13)
where
B )\2 n—1 h Th+1 -
5n(6,2) = s / / / (me, Ops—s' - () (7.14)
h 1 k=1 -1 S
3\ Tn Ops—s h—
X o= / / s (ml, - 2D (") (7.15)
We define

M,gn) ::ZXn,h, k=1,...,n
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with Ml(") = 0. For each fixed n, {M,g");k = 1,...,n} is an Fr,_, martingale
since E(X,, 1| Fr,_,) = 0. The quadratic variation of M,g") is

), = 3 (o - 2= 5
We have

h=2
9gA* T
E(Xflﬂka )= / ds/ ds’/ du/ du/ ”/dxdx dy
k—1 -1 Tk 1
Ops—s' _, Opu—w' _, / / Je] 2
X( ds m)(%)( ou T ) (@) 95— (@) gu—s (@, y)a(N(y + 2k-1))
/ d

Ty Ty
< C’Ha|\go)\4/ ds/ ds' u/ du/ s"
Tk Tk,1 —1 Tk 1

apsfs’ y apufu’ _
m
ou

Tn Tk Tn 1
< C|\a|\§o)\4/ ds/ ds’/ du/ du/ s" 37
Ty Tr-1 Ty Tr—1 Tr-1 ) u—u

< C’HaHgo)\4| log )\|T5/2 .

gs/_s//

ng/—s”lnoo

Since, conditionally on Fr, ,, 2571 is Gaussian we also have
E (Xp k| Friy) < CllalZ A% log AT .

By the BDG inequality (see [16, §6, E. 4.1]) and the above bounds it follows that

E<(M,§")>4> < CIE<[M<">} ) CE (Z )
n—1 n—1k—1
< C {Z EXp,+2) Y E(X7,E(X2,] fTM))}
h=1 k=1 h=1
< On®2¥|log \*T° . (7.16)

We next use the following corollary of the Chebyshev inequality,

P Up| >0 ) <P plP > 0P | <67°P E (|9, |? 7.17
(sup 191> 6) <P | X 19, SEW )

n<N n<N

and get, by (7.16), choosing p = 4,

n—1 nx(7)
]P’( sup | Xnx|>T7 1/4> ST Y Cn?A*|log APT® < CA°T* .
n<nx(7) =1 ne1l
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It remains to bound S,,(6,2). We split it into two terms by using the decom-
position (4.33) for z(*~1). We get

< 1 T’l“ T m! 317 L (k=1,1)
2) = — d de (m T h
Sn (67 ) 4 Z];/ /111 ° /xkl f, (98 (S )>
3 3)\2 h Th+1
l =
Sl6,2) == = Z / /
h=1k=1

h ,
></ d¢ (m{ 6p5 ol ywFH(s) (7.18)
T S

where we set w®) (t) := 2(m/, , 2P (t)).
In Appendix A we prove for each v € (0,1/2) there exists a constant C' such

that 5 o ol
_ Dt PllL
’<m//’ Ew>‘ < e (”90”00 A o ) . (7.19)

77,)\(7') 1 h

|55 (6,2))] T -
sup <C E E ds 3/2||z(k L ()l so
h=1

We thus get

n<ny(r) L+ Lo

77,)\(7') 1 h

= kﬂm sup 2 1)
h=1

te[Tk—1,Tk]

| /\

< OTY? sup sup |25 ()| (7.20)
n<nx(r)te[Tx—1,Tk]

On the other hand, for each v € (0,1/2), since ||, < C, we also have

T — 1||1

nx(t)—1 h

151,(6,2)| ) s
1o . SCA Z Z (s —s) 3/2+'y|w( '
h=1

n<na(r) L+ Tns«

77,)\(7') 1 h

*Y Y G k-0 0)
<C ——~=—  sup w (¢t
h=1 —k+ D e
(k) (¢
< CT™7 sup sup [ )] . (7.21)

n<nx (1) t€[Tk—1,Tk] \/T

Since [w® (t)| < C||z2* D (t)||s by using the Gaussian estimate (4.6) (resp.
(4.35)) and (7.21) (resp. in (7.20)), the bound in (7.7) for S, (6, 2) now follows.

The case £ = (9]2;2). We have S,,(92;2) = > 1, L k(9123 2) where

2 Tk
n6(9]2;2) = 92/T dt (i), g, 2™ (1)?) . (7.22)
k
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We define
Y = E (me(912; 2)| F,) (7.23)

and then decompose
Sn(912:2) = My + > % (7.24)

where M, is an Fr, —martingale with bracket

i
L

(M), =) [E(m(92;2)*| Fr,) — 7] - (7.25)

=
Il

Note that the difference between the bracket (-),, and the quadratic variation [-],
is a martingale, see [16].
We have

-7 /Tkﬂdt/des /d:z:/dym 2)ge—s (2, y)? [a(N (y + z1))* — 1]

(7.26)
where we exploited the identity

[ia [aym @m0 = [dom' @mie)ga. @.0) =0

which holds because z — g;(z, x) is an even function of x.
We claim for each ¢ > logy-1 T = (1 A 3)/20 there is C' = C(q) so that

e < CAT)? {Aﬁ—q + M + e—”/C} . (7.27)

By Taylor expansion

la(N (y + 2x))* — 1

IN

C{N(lyl + 2k )y <r-a + Ljyysa-a}
C{N7"U+ N apu + 1y sr-a} - (7.28)

IN

We use the bound (7.28) in (7.26). There is C so that, for any ¢ € [0,T] (T > 1),

/ds/d:z:/dym V| (x)|gs (x, y)? /ds/dxm )gos(z,x) < CT

the first two terms on the r.h.s. of (7.28) produce the first two terms on the r.h.s.
of (7.27). We estimate next the contribution of the last one. Denoting by E,, ,, ; the
expectation w.r.t. a Brownian bridge from z to y in time ¢, by the Feynman—Kac
formula we get

ge(x,y) = pe(x,y) Eqg yr €xp (/0 ds V”(m(ws))) < e?'py(z,y) (7.29)
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whence
/dw /dy Lgjen-a/2m () gt (@,9)% Ly s a-a

oA 729/ (81))+2t ) e~ AT/ (81)]+2¢
<= dz |dygi(z,y) W (z) =2 —— . (7.30
< [t [tyaan @) S (730)

On the other hand, since m/(x) decays exponentially as © — oo,

/dx/dy1\z\>x—q/2m’($)gt(x,y)21\y\>m < Ce*”/c/dafgzt(x,x) m/(z)

oA T1/Cat
< ———. 7.31
- VAt ( )
Taking ¢ > log, -1 T, from (7.30) and (7.31) we find that the last term on the r.h.s.
of (7.28) yields the last one on the r.h.s. of (7.27).
From (7.27), for any A small enough,

n—1
1
su < CTNP~ 7.32
nSnAp(‘r) Lt . kZ:OPYk B ( )

By choosing ¢ € (logy—1 T, 8 —logy—1 T') (recall we fixed log,-+ T = (1 A 3)/20) it
follows the Lh.s. of (7.32) vanishes as A | 0.

We are left with the bound on the martingale part M,,. By Doob’s inequality,
recalling (7.25),

N

nx(7)
]P’( sup | M| > T1/4> < CVTE((M), () <CVT Y E (m(9]2;2)?)
k=0

n<ny (1)

IN

CVT(\2T)~! (CA2T3/2)2 (7.33)

in the second estimate we used (recall (7.9))

Thy1
VE (n:(9]2;2)2) < C/\2/ dt /d:vm’(x) E (20 (t,2)4) < CA?T3/% .
Tk

From (7.32) and (7.33) (recall x,, . is increasing), (7.7) for ¢ = (9]2;2) follows. O

8 Conclusion of the proof

In this section we prove Theorem 1.1. As before we denote by (m(t), h(t)) the
solution of (1.1)—(1.10) (omitting the dependence on \). Let ¢ be as in Proposition
2.1 and define the stopping time

ts :=inf{t >0 : in}%”m(t) — Myl|oo >0} . (8.1)
ze
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By Proposition 2.1, for each ¢t € [0,ts] the profile m(t) has a well defined center
x(m(t)). We prove the theorem with

2N (1) == z(m(t Ats)) .

Observe the process () (t) is adapted to F;. Moreover, by Proposition 2.1 and
the continuity properties of m(t), the process 2N (t) is continuous.

Proof of (1.11). Given 7,¢ > 0, from Propositions 2.1, 4.1, and recalling (3.1)
there is C' = C(r, () so that, for any A small enough,

ts > A2, sup sup  |zM(t) — 2, < CATSVT  on the set Bg\lz.
n<na(r) t€[Tn,Tni1] '
(8.2)
On the other hand, by (3.1), (4.2), and ||| < 1, we have

sup ||m(t) — My || < Vot sup |z (8) — 22, | Vn o Ty < ts.
t€[Tn Tns1] > t€[Tn, Tna]
(8.3)
From (4.6), (4.7), (8.2), and (8.3), by choosing ¢ small enough (1.11) follows.

To complete the proof of Theorem 1.1 we need to prove the weak convergence
of the scaled process zx(7) := ) (A727). Let £,(7), 7 € Ry, be the (continuous)
process obtained by linearly interpolating the values &) (\2T},) = &,. From (4.6),
(4.35), (4.39), and (8.2), for any 7 and e positive,

hmIP’( sup |Ex(s) — a(s)] > 5) =0,

AL0 0<s<Tt

It is therefore enough to prove the convergence of the process 5. To this end we
shall use that &, solves the equation (7.2).

In Sections 7 and 8 we proved bounds on R and S, see (7.4) and Proposition
7.3 which hold with probability going to 1 as A | 0. They however depend on the
unknown quantities x, .. The a priori bounds of Section 4 yield x, . < nd*(7),
which goes like A™'T~1/2+¢  according to (4.7) and with n = ny (7). With such a
bound, our estimates on R and S become very bad and in any case inadequate to
study the equation (7.2), for which we could only tolerate a bound on z,, , which
diverges very weakly as A | 0.

As mentioned, the bounds of Section 4 on §*(7) are quasi optimal, yet they
yield a bound on z,, . which is far from correct. The point is that z,, is the sum
of the increments z; — xx_1, whose size has indeed the order of §*(7); but there
are a lot of cancellations, which make the absolute value of the sum much smaller
than the sum of the absolute values. Such cancellations are lost using the a priori
bounds of Section 4, we thus need to go back to the equation (7.2) itself (recalling
that &, and z,, are essentially the same, see (4.39)). It seems, at this point, that we
are back to a non linear problem, with the unknown &, in both the “known terms”
R and S hidden through z,,. Such a non linearity is however not really dangerous,
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as in our bounds for R and S the dependence on z,, . is always multiplied by a
function of A which vanishes as A | 0. As we will see, this makes easy the proof of
Proposition 8.1 below.

Let

(1) = sup |G (8.4)

n<nx(T)

and z,(7) be as in (6.5).

Proposition 8.1 For any 7 € R,

Jim lim P(£7(7) > L) =0, (8.5)
th};o 1/\1{101 P(z.(r)>L)=0. (8.6)

Proof. Since (8.6) follows from (8.5) and (4.39), we only need to prove (8.5). Let
(recall (7.1))

S = > Su(0) (8.7)

LeL\{2}

and denote as usual by S(®) the vector whose components are S,(IR).
Given 7 > 0 and ¢ > 0 small enough, let By . be as in (6.6) and define

Gar = A\ NBx (8-8)

where A, 1, is the event
A OS2 <L |51, <74 8.9
ML= qwE QR |S( )|m(r) = vnSSBF(T)m = : (8.9)

From (4.6), (4.35), (6.6), (6.4), and Proposition 7.3 we have, for any 7 > 0,

L—oo A0

We are going to show that given L there is a constant ¢ so that, for all A
small enough, in Gy 1 we have |§,| < ¢ for all n < ny(7) + 1.

Given any Ly > 0, let N(Lq,\) be the first index n < ny(7) for which
|€n| > Lq; otherwise we set N(Lq1,\) = nx(7) + 1. Then what we have to show is
that there is an L; so that for all A small enough, N(L1,A) = nx(7) +1in Gy 1.
Having fixed Lj, there is a A; so that for A < A\; and n < N(L1, ), by (4.39)

(recall Gy 1, C Bg\%f))

|5 < [€nl +1< L1+ 1, on the set Gy 1 -
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Using this, (7.4), and (8.9) we then get there is Ay = A2(A1, L1) € (0, A1) such that
for any A < Ay and n < N(Lq, A),

|R|, <1, [S]n < L+1, on the set Gz r, . (8.11)

Then, by (7.2) and (5.19), for n < N(Ly, \),

n—1

bl SCL+1)+C> NT[&[,  on the set Gy . (8.12)
k=0

By solving this inequality, we conclude that there is a ¢ = ¢(C, L, 7), independent
of Ly, so that |£,] < ¢, for allm < N(Ly, \). By taking Ly > ¢, we have N (L1, \) >

n (7). Proposition 8.1 is proved. O
Setting
n—1
Yo 1= 5n(2) = Y AnkSk(2) (8.13)
k=0
from (7.4), (8.6), (8.10), and || A||, < C, we have, for each £ > 0,
limP | sup [S—AS+R-Y|,>ec| =0 (8.14)
AlO n<nx(7)

so that the analysis of the limiting behavior of the “known term” S — AS + R in
(7.2) reduces to that of Y, which is the content of the following proposition.

Proposition 8.2 Let Y)\(7), 7 € Ry, be the process obtained by linearly interpolating
the values Yx(N\*Ty,) = Yy, n € N. Then

vi(r) 22

3 T b(s)
b(r) — ds
e
where the convergence is in C(Ry), and b(T) is a one dimensional Brownian mo-
tion with diffusion coefficient D = 3 /4.

(8.15)

Proof. We prove first that (5(2))(7) (obtained by linear interpolation from S, (2))
converges weakly to a Brownian motion. We first prove tightness. Boundedness
has already been proved, see (7.6). Since S,(2) is a Fr,—martingale, by Doob’s
inequality, for each € > 0, we have

lim lim I 0 SUP [(S2)a() = (S(2)a(0)] > €
T—0<d
2
<t T SO FINT
310 ALO 5
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To identify the limit we compute the bracket of S, , (+)(2) as follows

nx(7)

> B ((54(2) - 512 ) =2 > B (020w £
k=1 k=1
nx(7)

9)\2

Z /da:ﬁl’ a(N (2 4 25_1))?

which converges to D7 on the set {z*(7) < L} for any L > 0. From (8.6) and rou-
tine manipulation, (S(2))x converges weakly to a Brownian motion with diffusion
D by Levy’s characterization theorem.

To complete the proof, we introduce the family of linear mappings Jy :
C(R4) — C(Ry) defined by

nx(7)—1

JA(@)(T) = Z Anx(‘r)—l,k—l @(Asz)
k=0

when (A2T)~17 is an integer and by linear interpolation otherwise. It is easy to

verify that
3 (7 (s)
g JA()(7) = T = = [as 2L

uniformly for ¢ in a compact set. Since J is continuous, we can apply [6, Thm.
5.3] and get

Hy
z
(=)

IA((5(2)x)(7) in C(Ry) .

V2T / VT —s
Proposition 8.2 is proved. O

Conclusion of the proof of Theorem 1.1. We first show that £, converges by subse-
quences to a continuous process, and then that any limit point solves the integral
equation (1.12). By the uniqueness (in law) of the latter, Theorem 1.1 follows.

The boundedness of &y follows from (8.5). In order to prove equicontinuity,
we note that from (7.2) and (8.14) we have, for each ¢ > 0,

n—1
LimP| sup |, —Y,— (A2)n7k§k >e|=0. (8.16)
Setting
nx(s)—1
E)\(S) = Z (A2)n>\(s),k &k (817)
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we postpone the proof that, for each £ > 0,

lim lim P su Zx(s)—Ex($) > =0 8.18
RN e [Ex(s) = Ex(s")] (8.18)
s’ <

and observe that, by (8.16), Proposition 8.2, and (8.18), for each £ > 0,

li 17}1); S _ / > e =0 8.19
R W LR o
|s—s'|<6

which shows &, is tight in C(R4).
It remains to prove (8.18). Let us fix 0 < ¢’ < s <7, s — s <. We have

ny(s’'—38)—1
Ex(s) —Ea(s) = Z (A% r ()6 = (A ny(s),) &k
k=0
ny(s’)—1
+ > (A sk — (A () &
k=nx(s'—4§)

nx(s)—1

+ Z nk(s),k gk

k= "A(S)

— - . _ 9
Ea(s) = Ea(s)] < 287(r)na(r) N°T s (N°T) " Ay matra) — 5
T1,72 T
T1—T2>0

+3&(m)na(8)  sup (A%
0<k<n<ny(7)

by using (5.19), (5.20), and (8.5) the equation (8.18) follows. We have concluded
the proof that £, is tight.

Finally, by (5.20), Proposition 8.2 and (8.16), we conclude that any limit £
solves

(8.20)

) =)~ = [ as 4§ [t

It is now easy to verify (1.12) and (8.20) are equivalent; indeed the latter is obtained
by an iteration of the former. O
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Appendices

A Some technical estimates

We have p(z,y) = pi(x — y,0) and

0 ,0 1 2 .2
ptgi - VR (28)372 [x? - 1} e (A1)
Proof of (4.17).
0 1 2 1
00| < lellagy [drm0) [1+ 2] = Hiol

Proof of (7.19).

m! % —_(w 32]915
ot 7 * Qwot’

_ ) 1 (z—y)® 3=y @y
_/d:vm () [dy NCEEE TR p e e(y)
1 ) (z—y)?° 3@—y)
:W/dxm(;v)/dypt(:v»y){ T o(y)
hence, by the Young and Holder inequalities, (7.19) follows.
B Gaussian estimates
Proof of (7.9). From (1.3) and (3.9) we have, for ¢t € [T, + 1, Tp+1]
t—T),
E<(")t:17 /ds/dygt (x,y) ()\ﬁy)2§0/ dug(n)( x) .
0
(B.1)

Next, since sup{gq(]l)(:zz,y) s x,y € Ry 2u > 1} < oo (see [7, Lemma A.9]), and
using also (7.29) the desired estimate holds for p = 1. Since the process z(™
conditioned on x, is Gaussian, the estimate also holds for p = 2.

Proof of (4.6). Let us denote by P, the probability P conditioned on the center
Ty, and by E, the corresponding expectation.

From (B.1) and (7.29) to treat the case T,, <t < T,, + 1, it follows there exists
C > 0 such that, for any n < ny(7),

sup sup E, (z(")(t,:r)Q) <CT. (B.2)
te[Tn,Trhi1] TER
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Proceeding as in the proof of [7, Thm. 2.3], (taking ¢ = 1 and u(y) = a(My)),
it follows that given o € (0,1) there exists C such that, for any h,A € (0,1],
t €T, Thta], and z € R,
2
E, ((ZW (t,z +h) — 2™ (t,x)) ) < CTh* . (B.3)
It is not difficult to prove also Holder continuity in ¢:
2

E, ((z(”)(t 4 hyz) — 2™ (t,x)) ) < CT*A Vi . (B.4)

Indeed recall that, from (1.3),
2
t (n) (n) 2
/ ds/dy (gtﬁsﬂz(x»y) _gtﬁs<$7y)> a()‘ﬁy)2

h
+/0 dS/dyggn)(gc,y)2a(/\ﬁy)2 ) (B.5)

Using (7.29) it is easy to see that

h
/ s /dygs")(ﬂﬂ,y)za(kﬁy)2 <CVh.
0

To bound the first term on the r.h.s. of (B.5), we use the following formula for

g™

(M) (g, y) = (x, t s [ dzpi_s(z,2)[1 —3m2 (2)]g"™(2,y) . .
o™ () = pil y>+/0d/dp (,2)[1 - 3m2 (g™ (z) . (B.6)

From the properties of the heat kernel p;, the estimate Sup{gt(n) (x,y); z,y R, t >
1} < oo, the fact that a has compact support and (7.29) for ¢t € (0, 1], one gets
(B.4).

Recall that z, conditioned on z,, is Gaussian, and let us now define

o2 = sup sup E, (z(")(t,x)z) (B.7)
te[Ty, Trhy1] TER

fin = ]En< sup ||Z(")(t)|oo>- (B.8)
t€[Tn,Tn1]

Borell’s inequality (see for instance [1, Thm. 2.1]) tells us that, if p, <
VTAC, then

P, ( sup |20 (1) ]| oo > )\_C\/T> < 4exp [—M—_W] . (B.9)

2
te[Tn, Tnt1] 20n
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To estimate p,, we use (see [1, Cor. 4.15]),
o0
fn < K/ dr \/log N (r), (B.10)
0

where K is a universal constant and N (r) is the minimal number of balls of radius
r needed to cover [Ty, T, +1] X R when considering in that set the metric

d((t,x), (S,y)) = \/En ((z(”)(t,x) - z(”)(s,y))Q) .

Let us then estimate N (r). Recall that, from (B.2), we only need to consider
r < V/CT, since for larger 7, N(r) = 1 and the integrand in (B.10) equals zero.
For each r > 0, consider the sets Ay = [Ty, Tyi1] x [—(A%Pr)~1, (A%r)~1] and
As = ([T, Trnt1] X R) \ A;. Let us estimate first the number of balls needed to
cover As.

From now on, to avoid introducing new constants in the notation we suppose
that the support of a is included in [—1, 1], and that \ is sufficiently small. From
(7.29), and since Ty, 11 — T, = T < A7/20 and r < V/CT, it is easy to see that if
(t, {E) € Ay

t
E, (:"(t2)?) < / ds / dy " Ip_s(2,9)*a(Ny)?
oo N2yt \B)?
< Qe ds exp —(( ) )
T, Vt—s 2(t — s)
2
< exp[-AP/@2?) < L (B.11)

Z .
From (B.11), it follows that we may cover Az with just one ball. From (B.3) and

(B.4), it follows that A; may be covered by (A\7?r?)~! balls of radius r. Then, from
(B.10) it follows that

IN

fn

) VvCT
K/ dr+/log N(r) < K / dr \/1og (1+ (ABp9)—1)
0 0
< KA—75/9/OO gy Ylos(1+4%) SKA—w/g/OO gy oz
A A

~76/9 u? ~76/9 u?
vCT vCT

< C(B)VT|log )| (B.12)

where we have done the change of variables u = A\~ 7%/97=1 and C(f3) is a constant
that depends on 3. Then, we may apply (B.9), to obtain

P, sup |2 (#)]Joo > ATVT | < dexp (—CA/?) . (B.13)
te(Tn,Trnt1]
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Finally, recall that, given x,,, the random variables

{ sup ||Z(n)(t)|oo;n§n>\r}

te(Tn,Trnt1]

are independent, and the estimate (B.13) does not depend on n (in particular, it
does not depend on x,,). Then

na(T)

P (BS}T) > (1 — dexp (fcxé‘/“‘)) (B.14)

and (4.6) follows.

Proof of (4.35). The estimate (4.35) follows by the same procedure used to prove
(4.6). We use the notation introduced in that proof. Recall that

t
2L () = / g dw (@) (s) (B.15)
and define
Oln1y = sup  sup E, (z(”’“(t,x)2> (B.16)
’ te[Tp,Tni1] zER
fn,1) = En< sup ||z("’J‘)(t)|oo>. (B.17)
te[Th, Trhi1)
Then,

B (2 00a?) = [as far (s - 3, o, <y>)2 a(\y)?

<l [t [y (sr-ste) - Swv@m))
= ol [ ts (suten) - Sntw?) s mag

(see [8] for the last inequality). It is easy to see that the estimates (B.3) and (B.4)
also hold for z(™L). Moreover,

E, (z(”’J‘)(t,x)Q) < CE, (z(")(t,x)2> + Ot () (B.19)
(see (4.33)), hence from (B.11) and recalling that m’ is exponentially small as
|x] — oo, it follows that, for A small enough,
2

E, (z(”’J‘)(t,x)2> < % for (t,z) € As . (B.20)
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Then N(r) < 1+ (Ar)71, so proceeding as in (B.12), but now with 7' = 1, we
obtain
tn,1 < Cllog Al (B.21)

and the proof finishes as that of (4.6).

Proof of (6.4). Note that, conditionally on the xj_1’s, the random variables
{nk(2); k < nx(7)} are independent and Gaussian with variance bounded by CT.
Therefore (6.4) is easily deduced from the following elementary lemma.

Lemma B.1 Let {wp, h =1,...,N} be mean zero i.i.d. random variables and set
Y, =3 (n—h+1)"Y2w,. Assume that for each p € [1,00) we have E|w;|P <
0o. Then for each ¢ > 0 and g < oo there exists a constant C = C((,q) such that

P (Sup |V,,| > NC) <CN™9. (B.22)

n<N

Proof. Let Yk(") = Zﬁzl(n —h+1)""2w,, k= 1,...,n, which is a martingale
with quadratic variation

k

[Y(”)]k — Z # 2

w
h:ln_h+1

hence, by the BDG inequality (see [16, §6, E. 4.1]), for each p € [1, 00) there exists
C = C(p) such that

n p/2
B (v, =B (jv{"r) < ce (r,)"") < cE (Z — wi)

h=1

n 1 p/2 n—1 1 p/2
>y @l <€ ( —> =t
h=1

<C

By using (7.17) we thus get

N
P <sup |V,| > N—C) < NTP I E(|Y,[P) < CN'TP (log N)P/?
n<N

n=1

taking p large enough the lemma follows. U
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