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Abstract

We give here a short review of Takesaki’s seminal paper [5], in which a character-
ization of a commutative measured involutive Hopf~von Neumann algebra is given,
as the algebra L°°(G) of a locally compact Hausdorff topological group G.

While referring the reader to the original paper for the majority of proofs and for
the details of all others, we focus on the measure theoretical tools and implications
underlying the general ideas.

1 Preliminaries

Definition 1.1 (Hopf-von Neumann Algebra). Let $ be a Hilbert C-space and
Ly($) be the C*-algebra of the bounded linear operators on $). A trace-class operator
on § is any operator ¢t € L£,($)) such that trg |t| < co. Let now L£4($)« be the Banach
space of all trace-class operators. The o-weak (read: ultra-weak) topology on Ly($)
is defined as the o(Ly(9), Lu($)«)-topology. A von Neumann algebra M is any unital
o-weakly closed x-subalgebra of Ly($). The tensor product ®;M; of von Neumann
algebras M; acting on Hilbert spaces $; (i = 1,...,n) is defined as the weak closure
of the algebraic tensor product ®;M; acting on ®;;.

A co-multiplication § on M is a unital o-weakly continuous co-associative *-ho-
momorphism 6: M — MM = M®27 where co-associativity is to be understood as
the commutativity of the diagram

M—2 s ®2

L e

M®2 o \®8
SRt
(with ¢:=idy the identity morphism of M).

A Hopf-von Neumann algebra (M,0) is any von Neumann algebra endowed
with a co-multiplication ¢ and is said to be commutative whenever M is. The twist
7: M @ M is defined by 7: (z ® y) — (y ® ). The co-multiplication § is said to be
symmetric or co-commutative if it absorbs 7 (i.e. 70§ = 4). If so, (M, ) is said to
be symmetric.

Everywhere in the following the algebraic tensor product of algebras
is denoted by ®, while the topological one by ®.

Theorem 1.2 (Sakai). Every von Neumann algebra M admits a unique predual
M., i.e. a Banach space such that (M.)* = M (see [6, 1.3.9]). Furthermore, M,
may be regarded as the Banach space of o-weakly continuous functionals on M
(see [4, §1.1.1]).



Lemma 1.3 (Pre-duality for Hopf-von Neumann algebras). Let M be a Hopf-von
Neumann algebra and (M., %) be the predual of M endowed with the convolution *
defined by

Vige M. VeeM  (fxglz)=(f®g|i)).
Then (M., x) is a Banach algebra.

Proof. Straightforward. |

Definition 1.4 (Involutive Hopf-von Neumann algebras). An involution (or an-
tipode) j: M — M is any 2-involutive anti-automorphism (i.e. o-weakly continuous
unital morphism) such that

(1.1) Tojod=(j®j)d.

Lemma 1.5. Setting j. ::j*!M , (M., j«) is an involutive Banach algebra.
Proof. Straightforward. |

Everywhere in the following let j(a):=a” and j.(f)=f"for a € M, f € M..

Definition 1.6 (Trace). A trace p on M is any R” -valued (positively) additive
positively homogeneous function on M which is conjugation-invariant w.r.t. the
unitary operators of M. A trace p is said to be faithful if it is strictly positive
on M7\ {0}, finite if RZ-valued and semi-finite if for all ¢ € M* it holds that
pn(a) = supy +5p<q (b). A o-weakly continuous semi-finite faithful trace is said to
be a measure on M.

Definition 1.7 (Measured involutive Hopf-von Neumann (MIHvN) algebra). An
involutive Hopf-von Neumann algebra is said to be right- (resp. left-)measured
whenever endowed with a measure which is also right (resp. left) invariant, i.e.

(r @ p)[(a®b)d(c)] =(n & p)[(a” ®c)db)]
(resp. (1@ p)[(a®@0)5(c)] =(1 © p) [(c® b)d(a)]).
A right-left invariant measure (resp. algebra) is said to be unimodular.

A morphism 6 of measured involutive Hopf-von Neumann algebras (M, d;, ji, p:)
is any morphism of von Neumann algebras preserving J, j and p in the sense that

foji=jaob (0®0)0dr =0d200 po = Ogp1.

2 MIHvN algebra of a locally compact group

Everywhere in the following, a topological measurable space is always
endowed with its Baire algebra 2, that is the o-algebra generated by
functionally closed subsets of X.

Theorem 2.1 (Canonical MIHvN algebra of a locally compact group). To any
locally compact Hausdorff topological group G it may be naturally associated a
MIHvN algebra.

Proof. Recall that G has a (unique, locally finite, regular) left-invariant Haar measure
u. Letting Mg := L™ (G, p), set

Vs,t € G,Yf € Mg da(f)(s,t) = f(st)

Let 4122 denote the product measure on the g-algebra generated by the squared o-
algebra of G. By Stone-Weierstraf theorem it holds C(K)®C(K) = C(K?) for every



compact subset of G. Since p is locally finite and inner regular w.r.t. closed sets and
G is locally compact, p is also Radon, whence the inclusion C'(K) C L (K,u’K)
is a weak™ dense one. Varying K among the compact subsets of G thus yields
M®? =~ [>(G?, u®?).
Thanks to the properties of Haar measure, it can easily be verified that ¢ is
a co-multiplication; also, jg is trivially an involution and pg is a left-invariant
measure on (Mg, da, ja) (a proof of the latter statement may be easily deduced by
the one of Corollary below).
Thus (Mg, dc, ja, ke) is a left-measured involutive Hopf-von Neumann algebras.
|

Notice that L°°(G, i) is a natural realization of the dual space (L' (G, u1))* and it
is not difficult to verify that it holds (Mg). = L*(G, 1) and the convolution defined
via dg (see Lemma is the usual one.

:Question? When does the converse of Theorem 2.1 hold? Read: when given
a MIHvVN algebra (M, 4, j, u) there exists a locally compact Hausdorff group such
that (Mg, dc, ja, pa) = (M, 0,4, i) in the sense of Definition

Since (Mg, dc,jc, pa) is a commutative algebra, we can restrict ourselves to
the case when (M, 9, 7, p) is a commutative MIHvN algebra (cMIHvVN). Then, the
statement we want to prove is the following.

Theorem 2.2 (Duality realization for cMIHvN algebras). Let (M, 0, j, ) be any
commutative measured involutive Hopf—von Neumann algebra. There exists a locally
compact Hausdorff topological group G such that (M,4,j, n) = (Mg, dc, ja, na)
(see Theorem for the definitions).

As a first step, we want to realize M as the space L°°(X, u) where X is some
locally compact Hausdorff topological space endowed with its Baire o-algebra 2 and
1 is some measure on 2. In fact, this will not be our final realization of M, for we
need to get rid of the dependence on the space X. To achieve this, we shall need
to realize M in some “more canonical” way, using L (X, ) as a starting point to
construct some representations also involving L'(X, 1) and L*(X, u).

Theorem 2.3 (Realization of a commutative von Neumann algebra). Let M be a
commutative von Neumann algebra. Then there exists a locally compact Hausdorff
topological measurable space (X, T, 2) endowed with a o-ideal 9 of 2 such that

M = L®(X, 21, 0).
Proof. See |3} 1.7.3.1]. |

At this time, the dependence of this realization on p is misleading, since no
measure is in fact required in defining a L°° space, for the latter is the datum of a
measurable space (X,2l) endowed with a o-ideal 91 of 2. Nonetheless, the measure
is relevant when we want to identify any such space L™ (X,2[,0) as a *-subalgebra
of Ly($) for some Hilbert space §). Indeed, letting p; (¢ = 1,2) be different measures
on 2 which generate the same ideal 91 = 91, of null-measured sets, the spaces
L>(X,2, p;) are *-isomorphic to each other and they may be both regarded as a
x-subalgebra of Ly(L?(X,A, 1;)) via the (left) multiplication action

L: L®(X,%,0M) > f > (Lg: L*(X, 2, pi) 3 h v fh),

whereas the spaces §; :== LQ(X, 2, ;) need not to be the same.

The absence of a specific measure is not an issue if we confine ourselves to the
study of the Banach algebra structure of M, since, taking e.g. LI(X, 1) to be a
realization of its predual M., this must be isomorphic to any other by Theorem 1.2
Nonetheless, since our main goal is to realize M as induced by a Haar measure
(rather than simply by a o-ideal 9t of null-measured sets), we need to be more careful
in the construction of all spaces involved, for the measure actually plays a key role.



At this point we ask ourselves wether the choice of the measure p generating
the null-sets ideal 91, involved in the definition of L*°(X,2,9M,) may be chosen in
some canonical way. We can answer in the affirmative as soon as we justify calling a
o-weakly continuous semi-finite faithful trace on M a measure on it.

Corollary 2.4 (Canonical realization of a commutative measured von Neumann
algebra). Let (M, u) be a commutative measured von Neumann algebra. Then there
exists a (unique) topological measured space (X, %, 2, 1) such that

M = LOO(X72[7mH)

and p represents p in the sense that
u(h) =l = [ fap.
b's

Proof. The existence of the space (X,¥,2,N) is granted by Theorem so that it
suffices to construct p representing p as above and verify that 91 = 91,,.

Firstly, for any E € 2 set u(F):=pu(lg); since p is faithful and a trace, it is
straightforward that pu(9) = p(le) = p(0) = 0, thus it suffices to show that p is
countably additive on disjoint sets. Let (Ey), be a countable family of -measurable
mutually disjoint sets and set E* :=UFFE,. Then

w(E®) =p(1ge) (semi-finiteness of p)
= sup pu(f)
0<f<1lpos
k
>limsup p(1gk) (positive additivity of g, 15k = Z lE">
k

k
= lim sup r(lg,

=> n(lp,) =) u(En).

For the opposite inequality it is sufficient to take the limit in & in

k
W(EY) = p(1ge) = > p(En) = p(En),

which follows again by positive additivity.
Therefore i is a measure and, since p is faithful it is straightforward that 91, C 91.
On the other hand, if E € M, then p(F) = p(1g) = u(0) =0, hence N=9,. N

Corollary 2.5 (Modular function of a ¢cMIHvN algebra). Let (M,d, 7, u) be a
c¢MIHvN algebra and notice that fi:=poj~! is a measure on p. Let then (X, 2, )
and (X, 2, i) be canonical realizations of (M, d, 7, u) and (M, 4, , f1) respectively.

Then there exists a strictly positive (non necessarily bounded) continuous function
A: X — X such that

Vf € Co(X) /deu:/XfAdﬂ

Proof. Since p and [i are induced by semi-finite traces, they are easily seen to be 7-
additive (i.e. for every net (E,) of increasing measurable sets it holds lim, p(Fo) =
1w(UaEy)). Tt follows by local compactness of X (see Theorem that u is Radon
whenever restricted to a compact subset of X (see |1, 7.2.2.(ii)]). As a consequence,
(1] f) < oo for every continuous compactly supported f.

Since fi is also a measure, by Corollary it holds 91, = My, thus p and
are mutually absolutely continuous w.r.t. each other, whence the Radon—Nikodym
derivative A:=dgp is strictly positive.



The continuity of A is nontrivial consequence of the o-weak continuity of j and
1, which may be deduced by comparing the o-weak topology restricted to C.(X)
with the o(C.(X), #yr)-topology (#yr denoting the Banach space of totally finite
Radon measures on X). |

Finally, as a result of some calculations (see [5, 2.1]), it can be proved that
C.=C.(X) is j-invariant when regarded as a subspace of M and also j.-invariant
when regarded as a subspace of L'(X, ) = M., thus the (C.(X),2, 1) may be
chosen as a canonical realization of (M, d, 7, ). To see the latter invariance property
notice that, for every f € C.

(2.1) = =a""f Af=f"

Indeed, for every continuous compactly supported f, g one has

/Xf“gdu:(/ng“du=/Xf“gdﬂ=/XA*1f“gdu)
— [ atgdi= [ (aprgd
X X

and so "= (Af) for every f € C. by o-weak density of C.(X) in L=(X,2,0N,).
Now since A was continuous by Corollary it follows that AC. = C. and thus
C.” = C.. The invariance now follows, the inclusion C.(X) C L*(X, u) being
o-weakly dense.

Reassuringly, it is straightforward that whenever (M, 6, 7, u) = (Mg, dc, ja, Be),
then fic induces the right-invariant Haar measure on G and A is its modular
function.

3 Interpolation between multiplication and convolution

The main goal is now the construction of some suitable representation of L' (X, ).
To further this task we need some explicit automorphism of the space L? (X@Q, p®2).
In view of the previous results, we drop from now on the p (bold) notation.

Since we deal with a product space, the following verifications are required
(see [5) 3.1&3.2])

3.1) Vfg.heCe  (n@p)

p@ ) [(
(3.2) (1@ p)

f®g)d(h)] =(p@ p) [(h®g)d(f)]
(fe1

[
[ )8(9)] =p(f)r(g)

which follows by the commutation properties of j, 6 and 7 (cfr. (1.1])).

Via the identification of the measure with its concrete counterpart, equation (3.2)
implies that

(3:3) I(f @139 L1y = £l o lgllLa

so that the *-morphism wo: C.®% 5 M®? defined as the linear extension of

(f®g)— (f®1)i(g)

has, by (3.3)) a unique continuous extension

w: (CC®2, - ||L1(Xw) N (M®2 n Ll(X@,u@)) '



It also holds

()]

(L2)?

> (fifs © 1)5(9:85)

¥

=(p® p)

=Zu(f¢fj) (9:35) ‘ @ gi

(L2)2

so that w uniquely extends to an isometry W: L2(X %2, u®?) — L2(X®? 1®?). Tt is
readily seen (see |5, 3.3&3.4]) that W is in fact unitary, since it has an isometric
adjoint W™, for which it also holds

(@ wo(j @) =W"

C.®2"

Thanks to its reflexivity and Riesz Representation Theorem for Hilbert spaces,
L?(X, ) is now the perfect environment to study the convolution. By and
Lemma we can equivalently define the convolution f % g:=0.(f ® g) on M, as
the unique element satisfying

(3.4) wl(fxg)h] = plg(f *h)] = p[f(h*g7)]

for all h € L'(X, ).
When we restrict ourselves to functions in L' (X, ) N L°°(X,M,,), it is possible
to prove a suitable Young inequality.

Lemma 3.1 (Young inequality). For f,g € L*(X,u) N L*(X,MN,) it holds

1 *gllpee < NFllL2 gl 1F % g7l oo < AfIlL2 NlgllL2 -

Proof. First of all notice that the inequality is well-posed and non-vacuous for
f,g € LN(X,pu) N L (X,M,) implies f,g € L*(X, u) by Interpolation Inequality
(see |2 §4.2, Rem.2, p.93]). By definition of convolution, for all h € C. and u € M
such that u |h| = h, we have

I l(f * g7)h)| = (E1)
=|(n®w [(f ® g)3n) (B
=|(n® ) [(h® 9)5(f)] (ulh| = h)
=|(w@w [wn'? @ g)(n> @ Di()]| (def. of w)
~|wew | |h|1/2®g)w(\hl”2®f)” (W bounded)
<|ulel @gl| ,  Wle,ca |2 @ 5], (F witary)
= (12l 1 llgl ufuLz : u

By the previous Lemma the convolution operator
s (LX) N L2(X, M) 7 = L(X,0y,)

is L?-continuous, and may thus be extended to the whole (L*(X, u))? by density
of its original domain in the latter space. In fact, it is possible to prove that
this L?(X, u)-convolution coincides with the original one on (L'(X, u) N L*(X, u))?
(see [5} 4.2]).

4 Involution and representations of predual algebras

Thanks to the properties of the convolution, we are able to define an involution
on L' (X, p) via the following lemma.



Lemma 4.1. Let f,g € L'(X, ) N L*°(X, ). Then
(4.1) (fxg9) =g =f (fxg) =g =f.
Proof. For any h € L (X, 1) we have by (3.1) and

w((f * )R] =p[(f * 9] = (L@ p) [(f ® g)d(h)]
=(peu[(f®g)T( ®@5)d(h)]
=(nep) (g ® f)o(h)]
=ul(g"* f)h].

The conclusion follows by faithfulness of . Proceeding in almost the same way
it is possible to that it also holds (f * g)" = ¢~ * f~ (see [5, 5.3]). |

The previous lemma allows us to define the involution
= LNX,p) 3 f e = e LN(X,p)
making (L'(X, u), —*) an involutive Banach algebra.

Our next goal will be the construction of some representation of the predual
algebra L'(X, u) & M, (at this point an involutive Banach algebra) to further our
construction.

By Lemma and the strong density of the inclusion C.(X) C L' (X, p),

(L*(X,1))? 3 (91, 92) = 1 [f (g1 % g27)]

is a continuous sesquilinear on (L?*(X, u))? and may therefore be represented by
(M(f)—| =) 2 where A(f): L*(X, ) — L*(X, ) is a bounded operator. Again by
Lemma taking the supremum for g1, g2 in the unit sphere of L*(X, p), it follows
that [[A(f)llz, z2(x,) < I fllz1- Furthermore, by (3.4) it holds

AT =A)

for every f € L*(X, i), representing the convolution * in the sense that A(f)g = f*g
for all f,g € Ce(X) (hence in L?(X, ) by density of the former).

Definition 4.2 (Left regular representation of L'(X,u)). At this point we have
proved that

Ar LN ) = Lo(L(X, 1))

is a *-representation of L'(X, u) on L?(X, u). Further calculations (proceeding as for
the usual convolution on R", see [5| 5.1&5.2]) show that X is a faithful representation.

Now we are ready to introduce a second operator V' in £,(L?(X, 1)) which will
allow us to define a right reqular representation of LI(X, w). To this purpose notice

that by and it follows that
A(fxg) = (Af) * (Ag).

Along the same line of reasoning it is possible to see (see |5} 5.4]) that it also
holds

AVE(fxg) = (A2 ) x (A12g).
Using again C.(X) as included in every Lebesgue space on (X, 1), we define

Vi=AT2f



and notice that
VG = [ATHFP) = 2 [ P] = w(f17) = I£1172

whence V uniquely extends to an operator on L?(X, ), which we denote in the
same way.

Lemma 4.3 (Extension of the predual involution j. to L2(X, u1)). Let A2 denote
the (unbounded) multiplication operator induced by the same function and set

J=AY2V: LA(X, ) — L*(X, )

with dom .J :=dom A'/2. Then J is a closed extension of j on L*(X, ) N L™= (X, 1)
and its adjoint J* its a closed extension of j. on L*(X, u) N L*(X, ). The following
also hold

J =AYV =y A2 VJV =J* A=JJ*
J =AYy =y A2 VIV =J VAV =A"!
Vf e LNX,p) N LA(X, ) Jf=f

Proof. 1t is sufficient to notice that Jf = AY2V f = AYV2A=Y2f = f for all f in
Cc(X) and that j. is a || - || 2-isometry on C.(X). All the above equalities are a
consequence of both the definition of J and (2.1)). |

Definition 4.4 (Right regular representation). Another straightforward conse-
quence of the previous lemma is that V is also a self-adjoint operator, thus the
conjugation of A via V defined by

N LNX, ) 3 f s VAV € Lo(LP (X, )

is again a *-representation of L*(X,u) on L?*(X, u). Since one has

this justifies the name of right (and left) regular representation. On the other hand,
these are said to be regular for they coincide, in the case M = Mg, with the regular
representation of G in the usual sense.

Now that we have defined the morphisms A and )\, we set

" "

M) = [ALHX, )] M) = [N (L' (X, )]

to be the von Neumann algebras generated by them (by von Neumann Bicommutant
Theorem).

5 Commutants and dual IHvN algebras

The notation A’ might seem confusing w.r.t. the construction of M (\"), though
it is consistent. It is in fact the major achievement of |5, §6&7] the proof that

Thus, thanks to Tomita’s result |3, p.29], it also holds
— _ _
[M(A)W} = [M(N)]®* = M(\)®2,

With the previous results at hand it is possible to define the dual IHuN algebra of
our MIHvN algebra (M, 4, 7, 1) (see [5, §9] for the proofs). This will be von Neumann
algebra M (), endowed with the co-multiplication

(=) =W (- 1)W



and the involution

— %

K:arra

where —* is the usual adjoint of an operator (recall that M (\) consists of operators

acting on L*(X, 1)) and the conjugate of an operator a is defined by a(f) :==a(f), f
being the complex conjugate.

It turns out that 7 is indeed co-associative and it commutes with k, so that
(M(X), 7, k) is truly a symmetric IHvN algebra.

6 The predual group of a MIHvVN algebra

The main goal of this final section will be the construction of the group G
whose canonical MIHvVN algebra coincides with the assigned (M, 4,7, u). Given
the algebra (M (M), 7, k) constructed above, since X is a faithful representation (see
Definition , it makes sense to push the measure p forward to M(\), by setting

and then extending to the whole algebra by continuity of A\. We will denote this new
trace (which is clearly a measure since p is) by Agp. At this point, (M (X), 7, &k, Agjut)
is a MIHVN algebra, so that we can reason as in §2 and identify it with some L°°-
space, which we denote simply by L (), while its predual will be L*()\) & M. ()\)
as constructed via the measure Ayp.

It is now our task to prove that the group G we are looking for from the beginning
is in fact the spectrum of L*(\).

We replicate here the constructions of §3, in order to construct the space L> (N).
Indeed, set for ¢ € L*(\)

6112 =sup {1 18)]: £ € LX) O L= (X, ), oy < 1)

where the coupling is taken to be the one induced by the dual couple (L'(X), L(X)).
Letting L3(\) be the set of ¢’s with finite || - l| 12(») norm, the closure of Li()\) w.r.t.
-l 25y is a Hilbert space (as realized in its bidual via the canonical embedding),
which we denote by L()).

Now, for any fixed ¢ € L*()\), the map L*(u) > f — (M(f)*|¢) is a bounded
anti-linear (thanks to taking the adjoint of A(f)) functional on L' () for every ¢,
thus it is uniquely represented by some g:=gs € L (X, u) satisfying

u(fg) = (M) 1)
Thus, we can the dual map ~ of A by setting
v L'(\) 3 ¢ — gy € L™ (n).

From the definition of A* it also follows that A\*: L*(A\) N L*(A\) — LY(X,p) N
LA(X,p)isa (|- llz2en 3 1 L2 x, )-isometry, thus it may be extended to an isometry
I: L*(\) = L*(X, p).

At this point it is possible to replicate the reasoning of §3 and §4, I" playing the
role of W, to construct p the left regular representation of L'()\) as acting on the
Hilbert space L*(\). Namely,

p: L'(\) — Lo(Z*(V)

¢ —> — *x .
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Furthermore, notice that + is itself a representation on L'()), this time acting
on L*(X, u), when v(¢) is understood as the multiplication operator induced on
L?(X, ) by the L°° (X, u)-function v(¢)). Also, by definition of ~ it follows that

7(=) =Tp(=)r.

We therefore have constructed representations

where v may be thought of as p’ (the role of V being also played by T').
This triplet of representation morphisms (which turn out to be all faithful) may
be used to show that L'()) is a semi-simple involutive abelian Banach algebra.

By known results of the theory (see |6 3.8&3.11]), the semi-simplicity of L'())
as a Banach algebra yields that the Gel’fand representation ~ is faithful, its kernel
being coincident with the Jacobson radical of the algebra. Thus, L'()\) 2 M.(}\) is
faithfully represented by = on Co(G), where G = ®y, () denotes the spectrum of
the algebra.

We are now able to endow G with a group structure. Indeed, letting s € G and
#(s) the Gel’'fand representation of ¢ € L'*()\) evaluated on s, by faithfulness of the
representation there exists a (unique) unitary vector v € L°(\) such that

(u* | ¢) = ¢(5);

we will denote such vector by A(s). Since A is injective, we may define, for all
s,t €@,

st:=A""[A(s)A(2)].

It is in fact possible to show that A™*(1) =: e is the identity in G and that for
every u € \(G), @* = @~ * also belongs to A\(G) and is the inverse of u, so that G is
in fact a group. The continuity of the operations w.r.t. the topology of G follows by
the coincidence of the strong and weak operator topologies on the closed unit ball of
L (), so that G is a locally compact topological group.

Finally, since [|ul|,, = |lul| o5y = 1 for all u € A(G) whenever regarded as their
corresponding multiplication operator acting on L?()), the morphism X is itself a
faithful unitary group representation of G, whose image generates the von Neumann
algebra L°°(\) 22 M(X).

At this point it is possible to construct (see [5| §11]) a Haar measure pug on G,
which is induced by the representation p. The MIHvN algebra induced by G is then
isomorphic to our original algebra (M, d, 7, i), so that our conclusive theorem holds.

Theorem 6.1 (Duality realization for cMIHvN algebras). Let (M, 4, j, ) be any
commutative measured involutive Hopf-von Neumann algebra.

There exists a locally compact Hausdorff topological group G such that (M, 6, j, u) =

(Mg, dc,jc, pa) (see Theorem for the definitions).
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